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—— Abstract

We formulate an approrimate Cauchy-Schwarz inequality and show that it is satisfied by solutions

to the Sherali-Adams linear programming hierarchy (interpreted as “pseudo-distributions”). As a
consequence, we resolve a question left open by the work of O’Donnell and Schramm [13] that they
had explicitly attributed to the lack of such an inequality.

A Cauchy-Schwarz inequality is ezactly satisfied by pseudo-distributions satisfying the constraints
of the sum-of-squares semidefinite programming hierarchy and already has scores of applications.
However, the proof there requires global positive semidefiniteness. Our approximate version, on
the other hand, relies only on local positive semidefiniteness satisfied by the Sherali-Adams pseudo-
distributions. Our formulation loses an additive error that scales with the L1 norm of the coefficients
of the constituent polynomials, and this loss is asymptotically tight. Our proof is elementary and
relies on a simple sampling argument.

As an application, we resolve a question left open in the work of O’Donnell and Schramm that
gives a trade-off between constraint density and the Sherali-Adams degree for refuting random
constraint satisfaction problems. Specifically, for odd arity CSPs, we show that the constraint density
requirement for a given degree can be improved by a polynomial factor in n. Along the way, we
observe that by a simple extension, the results in their work extend to a more general semirandom
setting.
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1 Introduction

A degree d sum-of-squares (SoS) pseudo-distribution on {—1,1}" is a signed measure D :
{-1,1}" — R such that the associated pseudo-expectation functional defined for any
f:{-1,1}" = R by Ep[f] = 3, D(z)f(x) satisfies 1) Ep[1] = 1 and 2) Ep[f?] > 0 for
every polynomial f of degree < d/2. Such pseudo-distributions are equivalent to feasible
points for SDPs from the SoS semidefinite programming hierarchy. Degree d SoS pseudo-
distributions are equivalent to pseudo-moment matrices — matrices M indexed by subsets
of [n] of size < d/2 whose entry at (S,T) is given by IED[HieSAT x;]. Pseudo-moment
matrices are themselves in one-to-one correspondence with the set of all positive semidefinite
matrices that satisfy some natural linear constraints'. The SoS semidefinite programming

! These constraints encode that M (S, T) depends only on SAT and the diagonals of M are 1.
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hierarchy, at a high level, can be thought of as solving (in nO(d) time) the problem of finding

a pseudo-expectation (equivalently, a pseudo-moment matrix) satisfying some additional
linear constraints.

The analysis of algorithms (see the survey [7]) based on the SoS hierarchy requires
reasoning about the pseudo-expectations of various polynomials arising in a given problem.
Such analyses often rely on generalizing natural analytic inequalities that hold for expectations
(w.r.t. probability distributions) to pseudo-expectations (w.r.t. pseudo-distributions). Indeed,
the power of the pseudo-expectation view of SoS solutions comes largely from being able
to “guess” true inequalities for pseudo-distributions by analogy with actual probability
distributions.

The Cauchy-Schwarz Inequality

Perhaps the most fundamental of such general analytic inequalities is the Cauchy-Schwarz
inequality:

Eplfg] < Eplf4"/*Eplg’]*/%,

which is satisfied whenever D is a degree d pseudo-distribution and f, g are polynomials
of degree < d/2. The Cauchy-Schwarz inequality appears in scores of applications of
the sum-of-squares hierarchy, especially in executing the proofs-to-algorithms paradigm in
algorithm design. The proof (and indeed, the truth) of the inequality relies on the positive
semidefiniteness constraint that is often viewed as a global constraint on the pseudo-moments.
Such global positive semidefiniteness constraints are not satisfied by solutions to the
weaker Sherali-Adams linear-programming hierarchy. An R-local Sherali-Adams solution can
also be viewed as a degree 2R pseudo-distribution D : {—1,1}" — R with the key difference
that the associated pseudo-expectation only satisfies a local version of (2). More precisely:

» Definition 1.1 (R-local pseudo-distributions and pseudo-expectation). An R-local pseudo-
distribution over the n-dimensional Boolean hypercube is a function D : {—1,1}" — R such
that the associated pseudo-expectation defined by Ep[f] := Yzei—1,13» D(@)f(2) satisfies:
1. E[1] =1,
2. For every pointwise non-negative f : {—1,1}" — R such that f depends on only < R out
of n possible inputs, we have: IE[f] > 0.
Equivalently, for every non-negative function f that depends only on < R variables, IE[ f]1=0.
The corresponding pseudo-moment matrices now satisfy local positive semidefiniteness
constraints — every principal submatrix that corresponds to pseudo-moments of any set of
at most R variables is positive semidefinite. However, the matrix as a whole may not be
PSD! This weakening allows encoding the constraints of a degree-d Sherali-Adams pseudo-
expectation as an n?@-size linear (as opposed to a semidefinite) program. The weakening to
only satisfying local constraints comes at a cost. Results like the Cauchy-Schwarz inequality
no longer hold, provably (see Theorem 2.2)!
Our goal in this work is to formulate an approximate version of the Cauchy-Schwarz
inequality that can hold for Sherali-Adams pseudo-distributions. Before diving into our
formulation, let us discuss our main motivation:

Sherali-Adams vs Sum-of-Squares

How does the power of the Sherali-Adams linear programming hierarchy compare with
that of the SoS SDP hierarchy? On the one hand, lower bounds for constraint satisfaction
problems such as Max-Cut [4] show that degree 2 SoS SDPs [9] can achieve drastically better
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approximation ratios even as Sherali-Adams LPs of n®-degree fail to appreciably beat simply
returning a uniformly random assignment. On the other hand, O’Donnell and Schramm [13]
and the follow-up work due to Hopkins, Schramm, and Trevisan [11] show that degree n°®
(for fixed ¢ < 1) Sherali-Adams LPs can qualitatively match the performance of SDPs for
Max-Cut! Perhaps more strikingly, they show that O(1/e)-degree Sherali-Adams LPs (thus,
in polynomial time!) can strongly refute (i.e., certify an upper bound of 1/2 + ¢ on the

k/2+e constraints for even k.

normalized value of) random k-XOR instances with m > n
This matches, up to n® factors for an arbitrarily small €, the best-known refutation algorithms

based on spectral methods [2, 3, 6].

The case of odd k

For random k-XOR refutation when k is odd, O’Donnell and Schramm prove a weaker bound
of m > nl¥/21+¢ for the same guarantee that is off of the optimal n*/2? by a fixed (i.e., that
does not improve as ¢ — 0) polynomial factor in n . This is because the argument in [13]
essentially treats an odd k-XOR formula as a (k + 1)-XOR and then applies their result for
even arity XOR.

As an aside, such a gap between the case of even and odd ks has been a fixture in this
line of work. The case of odd k, for which the above bound appears suboptimal, has indeed
proved to be more difficult to tackle in all previous analyses [5, 2, 1, 12, 10] even with more
powerful classes of spectral methods.

In the work of O’Donnell and Schramm [13], the polynomial factor “discrepancy” can be
blamed on the lack of a Cauchy-Schwarz inequality for Sherali-Adams pseudo-distributions.
Indeed, the authors themselves remark (see footnote on page 4): “This is because we do
not know how to relate the Sherali-Adams value of the objective function to its square (local
versions of the Cauchy-Schwarz argument result in a loss). Such a relation would allow us to
apply our techniques immediately to prove that Sherali Adams matches the SOS and spectral
performance for odd as well as even k.”

Our Results

In this work, we prove an approximate Cauchy-Schwarz inequality that holds for Sherali-
Adams pseudo-distributions (so a “local” version as in the above quote) but with an additive
loss that becomes negligible as the locality /degree of the Sherali-Adams LP increases. As an
application, we get the right conjectured bound for refuting random k-XOR formulas for odd
k. Along the way, we also observe a natural generalization of the ideas of [13] to the problem
of semirandom k-XOR refutation where the set of tuples participating in constraints is
arbitrary (i.e., worst-case) while the “right hand sides” are chosen independently at random.

Let us begin with our approximate Cauchy-Schwarz inequality. For any functions f, g, of
& = (21,2, ...,x,) and any distribution D over z, E,p[f(z)g(x)] < E[f(x)?]*/?E[g(z)?]"/2.
The proof crucially relies on the positive semidefiniteness of the moment matrix of the pseudo-
distribution. It provably does not hold for Sherali-Adams pseudo-distributions that only
satisfy local positive semidefiniteness. Indeed, in Section 2.1, we observe the following
seemingly drastic failure of the Cauchy-Schwarz inequality.

» Theorem 1.2 (Sherali-Adams Cannot Satisfy Cauchy-Schwarz Exactly, see Theorem 2.2). For
any R and n > R, there exists an R-local Sherali-Adams psiudo-distributz'on on {N—l, 1
such that for the linear polynomial p(x) = Y, z;, we have: Ep[p(z)?] = 0, and, Ep[p] >

(1 —or(1) 4=
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Despite this failure, we show that there is a natural way to formulate a correct, approximate
Cauchy-Schwarz inequality. To the best of our knowledge, such an approximate formulation
has not appeared in prior works. Notice that the above counter-example rules out an
approximate Cauchy-Schwarz inequality with a multiplicative error. Our formulation has a
bound on the additive error instead.

» Theorem 1.3 (Approximate Cauchy-Schwarz Inequality). Let f,g : {-1,1}" — R be
polynomials of degree < d. Let || f1,]lglli be the L1 norms of the coefficients of f,g,
respectively. Then, for every R-local pseudo-distribution D on {—1,1}" and any positive
integers s,t such that d(s +t) < R, we have:

Biral] < /o - DB+ Ly - D + Loz

» Remark 1.4. Note that || f||1 and ||g||1 are basis dependent quantities. This is to be expected
as Sherali-Adams (unlike sum-of-squares) is not basis independent. Next, our bounds are
written in the {£1} basis. They can, of course, be transformed into the {0, 1} basis, but the
quantities appearing will change. Finally, we present the inequality with s, ¢ as independent
parameters (as opposed to setting them both to be R/2, say) since we anticipate that in
applications, || f]|1,]lg|l1 could be different and the freedom to modulate s,¢ accordingly may
lead to better bounds.

As we observe in Section 2.1, Theorem 1.2 shows that the formulation we prove in
Theorem 1.3 is tight down to the exact constant as n/R — oo.

Applications

We apply Approximate Cauchy-Schwarz to prove tight bounds for CSP refutation.

» Theorem 1.5 (Sherali-Adams Refutation of Random and Semirandom k-XOR; see Theorems 3.4
and 4.2). Suppose we have a random or semirandom k-XOR instance on n variables with
nk/249 expected (in the random case) or total (in the semirandom case) constraints. Then
with high probability, there exists some R = O 5 (1) such that for all R-local Sherali-Adams
pseudodistributions D on {—1,1}", we have Epip(z) < 2¢|H|.

In the case of odd k, we use our approximate Cauchy-Schwarz lemma to show that the
standard spectral certificate used to refute random odd k-XOR instances in [2] implies

k/2+0 constraints. In

a Sherali-Adams refutation, which allows us to refute with just n
addition, we show that we can refute semirandom k-XOR in Sherali-Adams, matching the

SOS algorithms from [1]. This was previously unknown for both even and odd k.

2 Sherali-Adams Proof of an Approximate Cauchy-Schwarz Inequality

In this section, we show that Sherali-Adams pseudo-distributions satisfy a natural approximate
Cauchy-Schwarz inequality. In the next section, we will see how this inequality helps linear-
programming-based refutations of random constraint satisfaction problems.

Let us formulate the approximate Cauchy-Schwarz inequality:
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» Theorem 2.1 (Approximate Cauchy-Schwarz Inequality). Let f,g : {-1,1}" — R be
polynomials of degree < d. Let ||f||1, ||lg|l1 be the L1 norms of the coefficients of f, g respectively
when written in the standard monomial basis over {—1,1}". Then, for every R-local pseudo-
distribution D on {—1,1}", and any positive integers s,t such that d(s +t) < R, we have:

Biral] < /0 - DEL+ Sy - DG+ ol

Our proof is based on a simple sampling scheme that allows us to write f and g as
averages over local functions with some additive “sampling” error.

Proof. We present the proof for d = 1. The case of larger d is the same but, unlike below,
where we “sample” monomials of degree 1, we sample monomials of degree < d instead.

Let f(x) = ao + >, @iwi and g(x) = bo + >_; biz;. We will assume that 0 < [|f[1 =
> lail and 0 < ||glli = >, |bs| (if either of these quantities is O then there is nothing to
prove).

Let us sample an unbiased estimator for f. Define a distribution p on {0,1,2,--- ,n} by
setting p; = III;f\Il' For each i € {0,1,2,--- ,n}, let x;(x) = z; if i > 0 and xo(z) = 1. Draw
i1,149,...,1s independently from p and define:

S

1 a;
F=-Y —“y,(z).
§ 2 )

Then, clearly, F' depends on at most s variables. Further, E[F] = f, where the expectation
is with respect to p. Similarly, construct G from ¢ using t samples.

Now, let D be any R-local pseudo-distribution on x1,xs,...,2, € {£1}. Since F' and G
are s, t-local respectively and s 4+ ¢ < R, we must have:

EplFG)| < Ep[F?/2Ep[G?) /2. 1)
Now, since I’ and G are sampled independently, we also have:
]Esamplinng[FG] = ]E[fg]

Thus, using (1), taking expectations with respect to the sampling process and applying
Jensen’s inequality for the expectation of the square root function gives

‘E[fg]‘ < IEsamplingIED [F2]1/2ED[G2]1/2 < \/(]EsamplingIED[Fz])\/EsamplingED[GQ]- (2)

We will now finish the proof by computing the RHS. Let X, = %xi( (z), so F =
ig

1 S
5 201 Xe-
For two distinct samples ¢ # m, we have:

Eip i [IE[XZXmH = E[fQ]

On the other hand, when ¢ = m, we have:

_ a?
E;, [E[X7]] = Z o (Z Jai))? = II£1I5-
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Thus,

s(s

Esampling[E[FQH — 87;1)1'@[!](2] + S%”f”% _ (1 _ 1/8)@[]02} + @

A similar argument for G gives:
RO — (1 o2 lgl?
IEsampllng[IE:[(;’ H - (1 1/t)E[g } + t .
Plugging back in (2) finishes the proof. <

2.1 A Matching Lower Bound

In this section, we prove that the additive error appearing in our approximate Cauchy-Schwarz
inequality is necessary and, in fact, that our bound is quantitatively optimal.

» Theorem 2.2. Let R,n be such that n/R — oo. Then, there exists an R-local Sherali-
Adams pseudo-distribution on {=1,1}" such that for the linear polynomial p(x) =, x;, we
have: Ep[p(x)?] =0, and,

Eplpl > (1— O(1/R + R/n))

n
VR-T1
» Remark 2.3. Applying Theorem 2.1 with f =p, g =1, s = R—1and t = 1 gives
Ep[p] < n/vR —1. Thus, the additive error in Theorem 2.1 is asymptotically tight with

the correct leading constant. Notice also that this example rules out an approximate
Cauchy-Schwarz inequality with any finite multiplicative error.

Proof. We will define the pseudo-distribution D by describing a local distribution on every
collection T" of R variables. The local distributions will be permutation-invariant on 7" and
thus, the marginal distribution on any 7" C T will depend only on |T’|. Thus, in particular,
local consistency holds: for any 7" C Ty NT5 for two different sets of size R each, the marginal
of the local distributions on T and T3 on T” agree. This implies immediately the existence
of an R-local Sherali-Adams pseudo-distribution with pseudo-moments agreeing with the
local distributions we will construct.

For every T' C [n] of size exactly R, let Yr = ., ., 2;. We will sample Y from a
distribution on [—R, R] and then set the constituent z;s to be uniform conditioned on
satisfying ). x; being equal to the sampled value of Y. This will ensure permutation-
invariance that we desire immediately.

What remains to be described is the specific distribution to sample the random variable
Yr on [—R, R]. We will choose this carefully to have prescribed first and second moments
(which will govern Ep[p] and Ep[p?] respectively).

Let A = w. This will be our prescribed 2nd moment for Y. Notice that A =
R(1 — O(R/n)) and VA = VR(1 — O(R/n)). Choose a to be the largest positive integer
in {—~R,—R+2,---,R— 2,R} such that a < vVA. Set b = a + 2. Choose 6 so that
(1 —0)a® + 0% = A, that is, set § = %. Observe that since a? < A < b2, 6 € [0, 1].

Now, consider the following distribution for Y. With probability 1 — 8, output a, with
probability 6, output b. Choose x7 € {—1,1} to be uniform over all assignments satisfying

Zi T; = YT.
Let’s compute Ep[z;z;] for i # j. Observe that Y7 = R+23,_,, icpxix;. Since
E[Y2] = A, we must have Ep[z;z;] = 1521?1;}%1)) = ——. Thus, Ep[p?] = 0.
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Next, a simple computation gives Ep|z;] = 1/REp[Y7] = 1/R[(1 — 0)a + 0b] = ﬁ(l -
O(1/R+ R/n)).

Thus, Eplp] = (1 — O(I/RJrR/n))ﬁ =(1- O(l/RJrR/n))\/%. <

3 Refuting Random k-XOR

In this section, we will show that Sherali-Adams can refute random k-XOR instances, which
we define below, as an application of approximate Cauchy-Schwarz.

» Definition 3.1. Let k > 2 be an integer. We say that ¥ is a random k-XOR instance
with pn* expected clauses if for all U € [n)*, we add U to H with probability p and sample
an independent Rademacher (£1) sign by. Then we write (z) = > ;4 bu - a¥, where

2V = HZ.GU Ti.

» Remark 3.2. Notice that if an % + v fraction of constraints are satisfied, i.e. we have
by -zY =1 for % + ~y fraction of U € H, then ¢ (x) = 2v|H|. Therefore, certifying that we
cannot satisfy a large fraction of constraints is equivalent to certifying an upper bound on

P().

We also define the following notation that we will use:

» Definition 3.3. Let ¢ = Yo, bu - 2V be a k-XOR instance with clause set H. For all
U¢gH, we let by =0. Define H; :={C € H : Cr =i} be the subset of clauses in H whose
last coordinate is i.

We will prove the following theorem:

» Theorem 3.4. Let k be an odd integer and ¢(z) = 3 ;cq,bu - Y be a random k-XOR
k240 erpected constraints. Suppose we have 2°%) log® n < n%/2. Then for all
Q1) =~ < 1/2, there exists some R = O 5 (1) such that every R-local pseudodistribution
D satisfies Epy(z) < 2v|H)|.

instance with n

» Remark 3.5. Using a standard Fourier analytic reduction, we can generalize this result to
general k-CSPs.

The state-of-the-art refutation algorithms for random (and semirandom) k-XOR instances
are based on spectral certificates. Informally, the idea is to show that the “value” polynomial of
any k-XOR instance (the polynomial that computes the advantage over 1/2 of an assignment)
can be upper bounded at every = by a quadratic form of a certain matrix built from the
instance. One then establishes that when the input instance is random (or semirandom) with
appropriately many constraints, then, the spectral norm of this matrix is small. We will call
a matrix satisfying sufficient conditions for obtaining a Sherali-Adams refutations a spectral
certificate.

» Definition 3.6 (Spectral Certificates). Let k be an odd integer and ¢(z) = 3¢9, bu - 2V
be a k-XOR instance. Define A(x)) to be a n*~' x n*~=1 matriz defined as follows: For all
(S1,Th) # (So, Tp) € [n]F=D/2 x [n)+=1/2 we have

A()(81,82),(Ty,T0) = Z bs,1,ibs,1ei + b1y 5,015 854 5

1€[n]
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and A(Y)(s,,81),(82,8:) = 0. We call A(1)) a d-spectral certificate for H if

A < n ( min) HA(w)(ShSz)H1> :

(51,52

We let D(v)s,,s, = ||As,,s.|l; and write D(v) = diag ({D(1)s,,s,}). Observe that

DA 225 T sl
i U#U'eH;

With high probability over the choice of 9, the matrix A(¢)) is a spectral certificate. The
proof of this is simple and follows from the work of [2], and is deferred to the appendix.

» Lemma 3.7. Suppose ¥ is a random k-XOR instance with n*/>*% constraints such that
20(K) Jog3 n < n¥/2. Then A(Y) is a g—spectml certificate for v with high probability.

One can view the main idea of O’Donnell and Schramm’s work as showing (under
appropriate conditions) that spectral bounds on certifying matrices such as above can be
proven using the Sherali-Adams linear program. We will abstract their analysis into the
following lemma:

» Lemma 3.8 (Abstracting out [13]). Let A be a symmetric matriz with integer entries

with rows and columns indexed by t-tuples of [n], and let D be its degree matriz. Let m, =

m ming ||Ags|l;, p(-) denote the spectral radius of a matriz, and n >
s :

min(my /%, p(DLA)). Take € = H%—‘ and p = [(%)%]. Then for R(A) =

tpl +t, any R-local pseudoexpectation D on x1,--- ,x, satisfies

Ep (29T Az®*

<Y |Asrl,

ST

where £® is the n'-dimensional vector whose entries are indezed by t-tuples of [n] and are
equal to the product of the corresponding entries.

» Lemma 3.9. Let k be an odd integer and ¥(x) = Y cey bu -2V be a k-XOR instance such
that |[H| > 3%‘ and [H;| < |7:—‘(1 +7) for alli. Suppose that A() is a d-spectral certificate
for 1. Then for all Q(1) =~ < %, R = Oy 5,1x(1)-rounds of Sherali-Adams can certify that
W(z) < 29|H|; in other words, for all R-local pseudodistributions D, |Epi(z)| < 2v|H|.

Proof. Let ¢; = Y ¢y buzY, R = max{R(A()), wk(iij-w)?} = O,,5x(1), where R(A(v)))
is the quantity from Lemma 3.8 when n = 2, and E be any R-local pseudodistribution. A
S-spectral certificate A(v) satisfies p(D ™1 (1) A(¢))) < n~° (recall that p(-) is the spectral
radius of a matrix) and therefore by Lemma 3.8,

~ ~ 1~ B B
EY i) =E Y bf + 5BtV A@)atY
% UeH
2 2 2
Y v |H
< i+ TSl - <+ T e,
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so by Theorem 2.1, we have for s > 9“7*7;)2

<Z¢(1—i) By? +
< dnf(1-1 ZE¢2+EZ|’H»|2

H
< VAT + (1 I+ TR 0) < 20 <

)

By (x)| =

Ezm(x)

Proof of Theorem 3.4. For random k-XOR, Chernoff bounds imply that |H;| < %(1 +7)
for all 4 with high probability. Then the result follows directly from Lemma 3.7 and
Lemma 3.9. <

4 Refuting Semirandom k-XOR

In this section, we show that Sherali-Adams can refute semirandom instances of k-XOR.

» Definition 4.1. Let k be an integer and H C [n]¥. We say that ¢ is a semirandom k-XOR
instance with clause set H if for U € H, we sample an independent Rademacher (+1) sign

by and write Y(z) =3 ;eq bu - 2V

» Theorem 4.2. Let k be an integer. i(x) = > ;o bu -2V be a semirandom k-XOR instance
with clause set H such that |H| = nk/2+9 total constraints. Suppose we have v = n~%*4y/15
and 16384k* log® n < n®/'. Then for all Q(1) = ~ < 1/2, with high probability, there exists
some R = 0, 51(1) such that every R-local pseudodistribution D satisfies Eptp(z) < 2v[H|.

For semirandom odd k-XOR, the H; can be much larger than %,

to partition large #H,; into smaller sets to ensure the matrix A(%)) does not have too many

in which case we need

nonzero entries. In addition, we can no longer guarantee that A(v) is a spectral certificate
with high probability. We thus define a notion of a regular partition and a refined notion of
a spectral certificate that allows us to delete a negligible fraction of rows and columns of the
matrix.

» Definition 4.3. For all Hy U UH,, Let H C [n]*. We call a partition P := Ll; P =
Ll; I—'jE[m] 7-[1(]) of the H;s regular if it has a total of at most 2n parts and \"HZ(»])| < “:—‘ for
all i,7.

» Definition 4.4 ((,0)-Spectral Certificates). Let k be an odd integer and 1 (x) =) ;o4 bu -

2V be a k-XOR instance with clause set H. Suppose we have a partition P; = uje[pl.]%?)
of each H;, and let P = (Py, -+, P,). Define Ab(1) to be a n*~1 x n*=1 matriz defined as
follows: For all (S1,T1) # (S2,T3) € [n]*~D/2 x [n]*=1/2 we have

A/P(’IZJ)(S1,SZ),(T1,T2) = Z Z b51T1ib52T2i . 1{S1T1i, SoT5i € 'HEJ)}

i€[n] j€[pi]

+01,5,ib1y 556 - H{T1518, T2.5%i € ng)}’

and A'p(1)($,,51),(82,5.) = 0. Let A(3)) be a principal submatriz of A'p(3)), and define

D()s,.s, = [|Asy,5l, and write D(¢) = diag({D(¥)s,,s,}). We call A(¥) a (v,9)-
spectral certificate of 1) with respect to P if the following hold:

77:9
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A1) can be formed by removing a collection of rows of Alp(¢) and their corresponding
H|(1H| - 1),
p(D~Y(p)A(xp)) < n~%/%, where p(-) denotes the spectral radius of a matriz.

columns whose £1 norms sum to at most 72—2 2 ien] 2ojelp]

k—1

Observe that (abusing notation and treating A(Y) as a n*~! xn matriz where the

removed rows are replaced by zeros), we have

DA =237 3T 3T bwbuata

1 jE[pi] U#U'E’H,(ij)

and

£ (A ) — A) 2D <€ 3 |44 (), 5]

51,52

» Definition 4.5. Let k be an integer and ¥(x) = Y ey bu - z¥ be a k-XOR instance with
clause set H. Then we define ' (z) == Y ven 2V to be the k-XOR instance with the same
constraints but all ones on the RHS.

» Remark 4.6. Note that any entry A% (1) (s,,s,),(1y,13) is the sum of Ap(¥1) (s, s5).(10, 1)
independent Rademacher random variables. In particular, if A'P(zbl)( S1,82),(Ty,72) 7 0, then
Ap(¥)(8y,85),(T1,12) = 0 with probability at most 1.

We will show that the existence of a (v, d)-spectral certificate of v implies that Sherali-Adams
admits a refutation of 1.

> Lemma 4.7. Let k be an odd integer and 1 (x) = Y ;o4 bu - Y be a semirandom k-XOR
instance. Suppose that there exists a (y,0)-spectral certificate for ¢ with respect to a regular
partition P of all H;. Then if v < % and |H| > :—Z, then R = O, 5,x(1)-rounds of Sherali-
Adams can certify that Y(x) < 2y|H|; in other words, for all R-local pseudodistributions D,
[Epy ()] < 29[H].

Proof of Lemma 4.7. Let v =3, ., byxY and A(1)) be a (v, §)-spectral certificate of
Y. Let R = maX{R( (¥)), @} = O4,5,1(1), where R(A(¢)) is the quantity from Lemma 3.8

when 7 = %, and E be an R-local pseudodistribution. Then p(D (1)) A(¥)) < n~%/2 and
thus by Lemma 3.8,

~ ~ 1~
EY N wi@)=EY o+ iEIQ(’“’l)A’@)x@(’“’I)

i jelpil UeH

< M|+ }Ex@(k—1>A(¢)x®<k—1> n EIExQ(k_l)(A/(w) —A())a®FD

<+ (3 )ZZIH (HE - 1)
i jElpi]

392 HP?

<+

where the last line uses the fact that our partition is regular and therefore each ’H( ) has size

at most ”:—‘ Thus by Theorem 2.1, since P has at most 2n parts, we have, for s > %
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o[- EX ¥ ws@| <X X (/(1-3) Bot+ S ol

i j€[ps] i j€lpd]

< |2n (1—)ZZE¢2 |7'”

i j€[ps]

2gyp2 4 2
</ 2n|H| + 372 | H| + < 29|H]. <

Finally, we note that given sufficient regularity conditions on H, there exists a spectral
certificate of 1 with high probability.

» Lemma 4.8. Let i)(x) = > oy bu - 2V be a semirandom k-XOR instance with constraint
set H C [n]* such that |H| = n*/?>*9 and let P be a regular partition of the H;s. Suppose H
has the following properties:
For all S € [n)*=V/2 i € [n], there are at most n®/? total clauses of the form STi or
TSi in H.
For all 1Ty € [n]*=1/2 x [n]*=1/2 there are at most n®/? total clauses of the form
Si1Tyi e H.

Suppose that v > n~%%\/60 and 16384k*log® n < n®/'8. Then with high probability, there
exists a (7,0/9)-spectral certificate of 1 with respect to P.

We defer the proof of this lemma to Section 4.3.

4.1 Refuting induced 2-XOR instances

Unlike the random case, a semirandom XOR, instance 1 does not necessarily have a spectral
certificate: when large groups of variables occur together in a large number of clauses, the
spectral norm of A’(¢) can be large and making it sufficiently small requires pruning a
large (possible almost all) of the rows. Instead, we can partition our set of clauses H into
two subparts H' and H", where for H' is the “approximately regular” part where we can
construct the aforementioned spectral certificate, and for the second part H”, we instead
construct a 2-XOR instance that we can refute using Sherali-Adams. At a high level, this
resembles the approach of [1], however, their method for refuting the 2-XOR instance for H"”
relies on bounding the value of the instance by an infinity-to-1 norm and using the fact that
SOS can recognize Grothendieck’s inequality. This is not known for Sherali-Adams, so we
must handle this case differently.

We define the notion of an induced 2-XOR instance below. This is a 2-XOR instance
formed by splitting each clause U of a k-XOR instance into two parts S U T, defining a
variable yg and y7 for each of the two parts, and replacing the k-XOR constraint byz¥ with
the 2-XOR constraint byysyr. Formally, we have a bijective map between our clause U € H
and the partition (S, T), and using the transformation yg =[]
such that ¢(y) = ¥(x).

» Definition 4.9. Let ¥)(z) = > ;o4 bu-2¥ be a semirandom k-XOR instance with constraint
set H C [n]*. We call a 2-XOR instance ¢ an f-induced 2-XOR instance of 1 if each of
its variables yg is indezed by some S C [n|S* and there exists a set B = B(¢) of pairs of
variables (S,T) and a bijection f : B — H such that ST is a permutation of f(S,T) and ¢
can be written as

¢ = Z brs,TyYsSYT

(8,T)eB

ies Ti, for all z, there exists y
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Let d*(S) = |{U € H : f~Y(U) > S}| denote the number of times the variable ys appears in
the above expression for ¢, which we call the degree of S in ¢. Then we define the weighted
adjacency matriz A’ (@) of ¢ with rows and columns indexed by variables of ¢:

(A(#) g1 = brs)H{(S,T) € B} + byr,5)1{(T,S) € B}

Let A(9) be a principal submatrixz of A’'(¢) and let D(¢) be the degree matriz of A(¢).
We call A(¢) an induced (v, §)-spectral certificate for ¢ if the following hold:

A(9) can be formed by deleting rows of A’(¢) and their corresponding columns whose £y
norms sum to at most v g |A'(#)s7|,

p(D~H(9)A(¢)) <n .

A Sherali-Adams refutation of an induced 2-XOR instance of ¢ implies a refutation of 1
itself, which we prove in the appendix.

> Lemma 4.10. Let ¢(x) = 3 ;;cq bu -2V be a k-XOR instance with constraint set H C [n]"
and ¢ be an f-induced 2-XOR instance of . Suppose that for all R-local pseudodistributions
D', we have Epé(y)| < 2v|H|. Then for all kR-local pseudodistributions D, we have
[Epi(z)] < 2v/H].

Using this, we prove that Sherali-Adams can refute XOR instances with an induced spectral
certificate.

» Lemma 4.11. Let o(z) = > g, bu - 2V be a k-XOR instance and suppose there exists
an induced (v, 0)-spectral certificate for 1. Then R = O~ 5 1(1)-rounds of Shemli—édams can
certify that ¥(x) < 2y|H|; in other words, for all R-local pseudodistributions D, |Epy(z)| <
29|H|.

Proof. Let ¢ be an f-induced 2-XOR instance of ¢ and A(¢) be a corresponding in-
duced (v, d)-spectral certificate. Let R := k- R(A(¢)), where R(A(¢)) is the quantity
from Lemma 3.8 where n = «, and let D be any R = O, s5x(1)-local pseudodistribution.
Since p(D71(¢)A(¢)) < n~%, by Lemma 3.8, for any R(A(¢))-local pseudodistribution D',

we have
~ 1|~
Epo(v) = ;5 [Ey4'(0)y]
1|~ 1~
= 5 [EvTAw)| + 5 [Ev"(4'(6) - A0y
<AIH|+AH] = 2v/#H],

so Eptp(z) < 2y|H| by Lemma 4.10. <

Furthermore, induced 2-XOR instances without too many variables admit an induced spectral
certificate for its parent instance, which we show in Section 4.3.

> Lemma 4.12. Let ¢p(z) = Y ;cq, bu - 2V be a semirandom k-XOR instance with constraint
set H C [n]¥ and ¢ be an f-induced 2-XOR instance of v with variable set S such that
IS| < n=0|H|. If v > n=%? and 4\/Elogn < nd/?°, then with high probability, there exists
an induced (7, g)—spectml certificate for ¢ with respect to (B, f).
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4.2 Proof of Theorem 4.2

Here we prove the main result of this section.

Proof of Theorem 4.2. First, suppose that k is even. For all U = ST € H, where S,T €
[n]*/2 define f(S,T) := U. Construct the f-induced 2-XOR instance ¢ of 1. Then we have at
most n¥/2 = n=%|H| total variables, so by Lemma 4.12, there exists an induced (7, %)—spectral
certificate for 1 with respect to f. Thus by Lemma 4.11, there exists some R = O 5 (1)
such that for all R-local pseudodistributions D, we have [Ept(z)| < 2y|H].

Now suppose that k is odd. We construct a partition H = H' UH"” LUH"" as follows:
1. While there exists some S € [n]*~1)/2 and i € [n] such that there are more than n’/2

total clauses of the form ST'% or T'S7 in H, move all ST and T'Si to a new hypergraph H'.

2. Afterwards, while there exist some (S,T) € [n]*~1/2 x [n]*=1)/2 such that there are
more than n’/? total clauses of the form ST% € H, move all such ST from H to a new
hypergraph H”.

3. Let H"” consist of the remaining clauses.

Now, consider H'. If [H'| < T|H|, then ¥»(H') < T|H]| trivially. Otherwise, each edge
STi € H' consists of one part (S,i) € [n]*~1/2 x [n] and one part T € [n]*~V/2. By
construction, we have at most n*/2+9/2 different (S,7) that occur in H’, since each must
occur in at least n%/2 tuples for it to be added to #’, and there are at most n(*~1/2 total
T. Thus, when we use these clauses to construct an induced 2-XOR instance (letting
f((S,1),T) = STi if (S,1) was the heavy part and f(S, (T,4)) = STt if (T,i) was the heavy
part), we will have < nF/2+9/2 4 p(k=1)/2 < n=9/3|7¢'| total variables. Thus by Lemma 4.12,
there exists an induced (3, 15) -spectral certificate for ¥(H'), so by Lemma 4.11 there exists
some R' = O, /2,5/15,1(1) = O,,5x(1) such that for all R'-local pseudodistributions D', we
have ED/’(/J(H ) < ’7|H |

Similarly for H" either |H"”| < Z|H| and thus 7,/1(%”) < 2|H|, or we can construct an
induced 2-XOR instance whose variables are ST € [n]*~! which occur together in at least

n%/2 clauses and i € [n]. Therefore we will have < n*/2t9/2 4 n < n=9%/3|1"| total variables,
so like before there exists an induced (3, 15) spectral certificate for (") so for all R’-local
pseudodistributions D, we have Ep ) (H") < v|H"|.

Finally, for H"', if [H"'| < Z|H|, then Y(H") < I|H]|. Otherwise, construct a regular
partition P of H" by taking each H}” of size larger than |H | and repeatedly peeling off IHW‘
at a time. Then H'” satisfies the conditions of Lemma 4. 8 so there exists a (%, 9)- bpectral
certificate for ¢)(H""). Thus by Lemma 4.7, there exists some R" = O3 5/9.1(1) = O 51 (1)
such that for all R"”-local pseudodistributions D', we have Epp(H") < v|H"|.

Combining the above and letting R := max(R', R"’), for all R-local pseudodistributions
D, we have

[Bov(@)| < [Eow)(@)] + [Eov (") (@)] + [Epv (") (@)
< 1M+ I+ (R + [+ (1)
< 29|H]. «

4.3 Existence of spectral certificates

Here we prove Lemma 4.8 and Lemma 4.12. We use the following result, which we defer to
the appendix, in the proof of Lemma 4.8.
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» Lemma 4.13. Let (x) = > ;4 bu -2V be a semirandom k-XOR instance with constraint
set H C [n]* such that |H| = n*/?>T9 and let P be a regular partition of the H;s. Suppose H
has the following properties:
For all S € [n]*=V/2 i € [n], there are at most n®/? total clauses of the form STi or
TSi in H.
For all $iTy € [n]*=1/2 x [n]*=1/2 there are at most n®/? total clauses of the form
S1Tvi € H.
Then with high probability, there exists a principal submatriz A(y)) of A'(¢)) such that all of
the following hold:
The deleted rows and columns of A'(v) have ¢1 norms summing to at most

30002 37 >0 w1 - ).

i€[n] j€lpi]

Each row of A(v) has at least n° nonzero entries.

Each row of A(y) has at least % as many nonzero entries as the corresponding row of
A1), where we recall that A’(YY) is the matriz defined with the same H as 1 but with
all by s equal to 1.

Each entry of A() has absolute value at most 4kn®/*\/logn.

> Lemma 4.8. Let ¢)(x) = ey bu - 2V be a semirandom k-XOR instance with constraint
set H C [n]* such that |H| = n*/?>T% and let P be a regular partition of the H;s. Suppose H
has the following properties:
For all S € [n)*=V/2 j ¢ [n], there are at most n®/? total clauses of the form STi or
TSi in H.
For all $iTy € [n]*=V/2 x [n]*=V/2 there are at most n/? total clauses of the form
S1T1i € H.

Suppose that v > n~%/%/60 and 16384k*log® n < n®/18. Then with high probability, there
exists a (vy,0/9)-spectral certificate of 1 with respect to P.

Proof. Let A() be the principal submatrix of A’(v) given by Lemma 4.13. Since v >
V60n =9/, it satisfies the first condition of a (7, §)-spectral certificate with high probability.
Now we prove the second condition. Let D(1)) be the degree matrix of A(v)), D()') be the
degree matrix of A(¢!), and M (1)) be the degree matrix of the support matrix of A(y1),
i.e. a diagonal entry of M (1)) is the number of nonzero entries in the corresponding row of
AW),

Note that we have M(v)) < 3D(v)) entrywise. Define T' := M (¢))~Y/2 A(xp) M (¢)) /2, so

we have

p(D(W) ™ A(y)) < 3p(M (%) T"A()) = 3p(I) < 3|7l -

We start by upper bounding Etr(I'*) = Etr((M =1 (y)A(x))*) for even ¢ by analyzing closed
length-¢ walks V7 — V5 +— --- — Vp — V) in the weighted multigraph whose vertices are
variables of 1 corresponding to the weighted signed adjacency matrix M ~1(¢)A(¢)). Note
that for any edge between two vertices V; = (51, S2) and V41 = (T1,T5), there exists some ¢
such that either both S1T1i, SoT5i € H or both 11511, 1555i € H. Since each U € H comes
with an independent Rademacher sign £y, if some clause U € H appears only once as one
of the two clauses inducing an edge in our walk, then the expected value of the walk is 0.
Therefore, in a walk with a nonzero contribution to the expected trace, each clause which
induces an edge must occur at least twice.
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Then we can define an encoding of any closed walk V; — Vo +— - —= V; — V] by first
choosing a variable V; = (51, S2), of which there are at most n*~1 choices, then choosing
b € {0,1}¢ such that b; is the indicator that both of the two tuples which induce the edge
from V; to Vj41 have not induced a previous step in the walk. Since each edge must occur at
least twice, we note that b; = 0 for at least g values of j.

At each step j, we choose the next step of the walk based on the value of b;: At

= (81, 52), if bj = 1, we simply pick an arbitrary neighbor of V}, while if b; = 0, there
are at most 2j < 2¢ possible U € H to choose from which have 1nduced a previous step
in the walk. Therefore, when b; = 1, there are at most D(y)(V;) possible choices, so

D) (V)
YV em (V) T S M((qu))((\/) < 4lm‘s/4\/logn When b; = 0, without loss of generality,

suppose the tuple we pick is of the form 51717 € H for some i € [n]. Then the second tuple
inducing this edge must be of the form (Ss,7%,%) € ’H(]) for some ¢ € [n], j € [p;], and there
5/2

are at most n°/“ total choices for that, so ZVHeNO( V) (w)(Vj) < %Zjﬁ < 20n9/2 since

M () (V;) = n®. Thus we get

/ 1 1
BT < DL D yywh L 2 M)

bG{O 1} Vign]k—1 S2€Np, (S1)

Z 1{51 S Nbé(Sg)}

M
Se€Np, _; (Se-1) (¥)(Se)
< Qan—l(4kn6/4\/@ ) 2,€n_5/2)£/2
= 2tnF=1(2v/2k L (log n) Y/ 4n%/8)L .
Hherelore, weset £22 Pm%w so by Markov’s inequality, we have
Etr(T*) )

Pr {HI‘H > n"% > 8v/2kn~9/8 log®/* ] <

(8v/2kn—9/8 1og®/* n)¢ pOIY(”k).

> Lemma 4.12. Let ¢(x) = Y ;cq, bu - 2Y be a semirandom k-XOR instance with constraint
set H C [n]¥ and ¢ be an f-induced 2-XOR instance of 1 with variable set S such that
IS| < n =0 |H|. If v = n~%? and 4\/ETogn < n®/?°, then with high probability, there exists
an induced (7, %)—spectml certificate for ¢ with respect to (B, f).

Proof. While A’(¢) contains a row with at most n’/? entries, delete that row and its
corresponding column, and let A(¢) be the result. Then note that the deleted rows contain at
most |S|n®/? < n~9/2|H| entries. Now let D(¢) be the degree matrix of A(¢), and note that all
diagonal entries of D(¢) are at least n9/2. Define I' = D(¢) /2 A(¢)D(¢)~'/?, and note that
p(D(6) "1 A(6)) = p(T) < |IT|. We start by upper bounding Etr(I") = Etr((D~!(6)A())")
by analyzing closed even length-¢ walks S; — S — -+ — Sy — S; in the weighted
graph whose vertices are variables of ¢ which corresponds to the weighted signed adjacency
matrix (D71(¢)A(¢). Note that there exists an edge between two vertices S;, Sy if
either f(S;,S;+1) € H or f(Si+1,Si) € H. Since each U € H comes with an independent
Rademacher sign £y, if some unordered tuple (S,T) appears only once as an edge of the
walk, then the expected value of the walk is 0. Therefore, each edge in a walk with a nonzero
contribution to the expected trace must occur at least twice. Then we can define an encoding
of any closed walk S7 +— Sy — -+ +— Sy — S7 by first choosing a variable S7, of which there
are |[n]*~1| < n* choices, then choosing b € {0, 1}* such that b; is the indicator that the ith
edge of the walk has not occurred in a previous step. Since each edge must occur at least
twice, we note that b; = 0 for at least % values of 7.
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At each step i, we choose the next step of the walk based on the value of b;: At S;_1,
if b; = 1, we simply pick an arbitrary neighbor of S;_;, while if b; = 0, we pick some S;
such that the edge (S;_1, S;) has occurred previously. Then, when b; = 1, there are at most
D(¢)(S;-1) possible choices, 50 3 g cn, (s, ;) 1/D(9)(Si-1) < 1. When b; = 0, there are

at most i — 1 < £ previous edges to choose from SO g eNg(5s_ 1) L/ D(9)(Si—1) < In=°%/2
Combining the above, we get

; 1 1{S1 € Ny, (Se)}
Eal)< > 2 p sa) P EIC RS D(6)(Se)

bE{O 1}¢ 5163 S2E€ Ny, (S1) S¢€Np,_, (Se-1)

< 2€nk(£n—6/2)€/2 ]

Therefore, we set £ = 2 F)M?#—‘ so by Markov’s inequality, we have

Etr(I'* 1
IT|| = n=%° > an=%/*\/klog, n} < r(l) = . <

(4n—9/4/klog,n)¢  poly(nk)
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A Proofs of auxiliary statements

In this section, we fill in the proofs of Lemma 3.7 and Lemma 3.8. The proofs here are all
reformulations of ideas in prior works [2, 13] and are included here for completeness.

A.1 Auxiliary statements for random k-XOR

We show that with high probability, the matrix A(¢) defined in Definition 3.6 is a spectral
certificate.

» Lemma 3.7. Suppose ¢ is a random k-XOR instance with n*/?>T% constraints such that

20(k) 1og® n < n®/2. Then A() is a g-spectml certificate for v with high probability.
This follows directly from the following two statements.

» Fact A.1 ([2, Lemma A.5]). Let ¢(z) =3 ;9 bu - 2V be a k XOR instance with n*/>+9
expected constraints. Then with high probability, ||A()|| < 2°%)ndlog® n.

» Proposition A.2. Let 1(z) = 3 ;o5 bu - 2¥ be a k-XOR instance with n*/>T9 expected
constraints. Then with probability 1 — 1/poly(n), we have min(g, g, ||A(7/’)(51752)||1 >

25
n
mln( . ,6)

Proof. First, suppose that § < % Note that each U € [n]* is included in H independently
with probability p = n=*/2+%. For all S € [n]*=1/2 and i € [n], the number of (STi) € H is
Binomial(n(*~1)/2 n=#/2+9) Then this is nonzero with probability 1—(1—7fk/2+5)”(k_1)/2 >
1—e """ > nd=1/2(1 — o(1)). Recall the notation ¢! from Definition 4.5, and note that
for any (S1,S5) € [n]+=D/2 x [n](k=1/2 A(¢1)(s, 5,) has a total of Diem H3STT €
H}1{3S,Ti € H} nonzero entries, which is Binomial with mean n?°(1 — o(1)) when S; # Ss
or mean n2t9(1 — 0(1)) = n2% when S; = Sy, and thus it has at least n2%/2 nonzero entries
by Chernoff with probability 1 — exp(—Q(n??)). Recall that if an entry of A(y)!) is nonzero,
then the corresponding entry of A(v) is nonzero with probability at least % (see Remark 4.6),
so A(1)(s,,s,) has at least n?’ /4 nonzero entries with probability 1 — exp(—(n??)). The
result thus holds simultaneously for all (Sy,S2) € [n]*~1/2 x [n]*=1)/2 by a union bound.

Now suppose that § > . Then following the § < 1 case, the number of (STi) €

2 2
H is nonzero with probability at least 1 — (1 — n~*/2+32)n LA i o(1). Then
Yiep W3S T € HY1{3S:Ti € H} is Binomial with mean at leabt (1 -1 —0(1))%n, and
thUb A(w )(51,5,) has at least n/3 nonzero entries with probability 1—exp(— ( )) by Chernoff,
and thus A(+)(s,,s,) has at least n/6 nonzero entries with probability 1 — exp(—(n)), and

as before this holds simultaneously for all (S7,.S2) by a union bound. <
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» Lemma 3.8 (Abstracting out [13]). Let A be a symmetric matriz with integer entries
with rows and columns indexed by t-tuples of [n], and let D be its degree matriz. Let m, =

mminsﬂfls”l, p(-) denote the spectral radius of a matriz, and n >
s, T >

min(7r*_1/2,p(D—1A)). Take ¢ = L%W and p == [( 2‘77)221_ Then for R(A) =

tpl +t, any R-local pseudoexpectation D on x1,--- ,x, satisfies

<TIZ|AS,T|,

ST

Ep (29T Az®!

where £® is the n'-dimensional vector whose entries are indexed by t-tuples of [n] and are
equal to the product of the corresponding entries.

We utilize the following reparameterization of results from [13]:

» Fact A.3 ([13, Theorem 3.6, Corollary 3.7]). Let G = (V, E) be a multigraph with signs

buy for all wv € E and signed transition operator K. Suppose we have T, = min,cy ng‘))
. Lo —1/2 7= _ |1 log(y?ms) W _ (22

Given v > min(m, /7, p(K)), take ¢ ’7410g(p(?)/“/) , and take k f(fw) 1. Then for

R =kl +1, it holds that R-local degree-2 SOS can deduce that for all x € {+1}V,

[E] Z bunTuy <

uwvel

Proof of Lemma 3.8. For all S C [n]!, define a variable yg. Define an R-local pseudoexpec-
tation D’ over the ygs by setting, for r < R,

Ep[ys,ys, - ys,) =Ep [[ 2 [[ @i [] -

€851 1€S>2 i€ES,

Applying Fact A.3 with = v, we see that Ep s ¥syrAst < 1) gr|Asr|, and

therefore
E'D( ot TAth Z AS TE’D H ZT; H ZT;
€S €T
=Ep Y Asrysyr <ny_|Asr|. <

ST

A.2 Auxiliary statements for semirandom k-XOR

> Lemma 4.10. Let ¢(x) = Y ;;cq bu -2V be a k-XOR instance with constraint set H C [n]"
and ¢ be an f-induced 2-XOR instance of ¢. Suppose that for all R-local pseudodistributions
D', we have Ep¢(y)| < 2v|H|. Then for all kR-local pseudodistributions D, we have

[Epy(x)] < 27/H].

Proof. Let D be a kR-local pseudodistribution over variables z1,--- ,z,. Letting S be the
variable set of ¢, define an R-local pseudodistribution D’ over variables yg of ¢ by setting,
for r < R,
]ED'[yslysz ey, = Ep H Zi H Ti--- H Zi -
i€S;  i€Sa i€S,

Then we have

Epy(z) = Ep Z bys,T) sz H z; = Epr Z brsmyYsyr = Epé(y) < 2v/H] . <

(8,T)eB i€S €T (8,T)eB
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> Lemma 4.13. Let i(z) = 3 ;9 bu - 2Y be a semirandom k-XOR instance with constraint
set H C [n]* such that |H| = n*/?>T9 and let P be a regular partition of the H;s. Suppose H
has the following properties:
For all S € [n]*=V/2 i € [n], there are at most n®/? total clauses of the form STi or
TSi in H.
For all $iTy € [n]*=1/2 x [n]*=1/2 there are at most n%/? total clauses of the form
S1Tvi € H.
Then with high probability, there exists a principal submatriz A(y)) of A'(¢)) such that all of
the following hold:
The deleted rows and columns of A'(Y) have ¢1 norms summing to at most

30002 37 >0 (- ).

i€[n] j€[pi]

Each row of A(1) has at least n® nonzero entries.
Each row of A(Y) has at least % as many nonzero entries as the corresponding row of
A1), where we recall that A’(1Y) is the matriz defined with the same H as 1 but with
all by s equal to 1.
Each entry of A() has absolute value at most 4kn®/*\/logn.

We use the following concentration result for dependent indicators.

» Fact A.4 (Chernoff Bound for Weakly Dependent Random Variables). [8] Suppose we have a
set S of independent random variables and indicator random variables Y, --- , Y, with mean
u, such that each Y; is a function of some T; C S and no s € S is contained in more than k
total T;’s. Then for any € > 0, we have

PriYi+--+Y,. ¢ (pte)r] < 9e=2e"/k

Proof of Lemma 4.13. Note that since P has at most 2n parts, the total £; norm of A’()') is

; 2
i e (lHé >‘) >2n-1 (%) (1—o0(1)) = tnk=1720 Also, since for all (S1, S2), (T1, T2),

there are at most n%/2 total i such that S1T1i € H or SoThi € H, there are at most n’/2 pairs
of clauses that contribute to each entry of A’(1); in other words, every entry of A’(y!) is
at most n%/2. Consider an arbitrary entry (Si,S2), (T1,T2). We note that A(1) (s, s,),(11.72)
is the sum of A(wl)( $1,82),(Ty,13) Pproducts of independent Rademacher random variables,
all of which are distinct, and thus it is also the sum of independent Rademachers, so
A(’t/))(51752)7(T17T2) < 4k\/A(’¢11)(51,52)7(T1,T2) logn < 4kn6/4\/10@ with probablhty 1-— Tgk
and thus it holds for all n?*~2 entries with probability > 1 — 1/n?.

Now, while there exists some row of A’(x!) indexed by (57, S2) whose total sum is less
than 3n%%/2_ delete that row and its corresponding column. Then the sum of the elements of
A’ (1) we delete is at most 2 - 3nF~1+30/2 L 30n,9/2 Diein] 2-jelp] HD|(|HP| - 1), and
first condition then follows from the fact that the ¢; norm of rows in A’(¢)) is upper bounded
by the sum of the corresponding row in A’(¢!). Let A(t)) and A(¢p!) be the matrices after
the deletion step.

Now consider a surviving row indexed by some (S, .52), whose ¢; norm is at least 3n
Since every entry of A(¢!) is at most n®/2, there are at least 3n° nonzero entries in the
row indexed by (S, S2), each of which are indexed by some (T3, T%). Recall that if an entry
A(wl)(sl,sz),(Tl,T2) is nonzero, then A(%)(s,,s,),(r,,1,) is nonzero with probability at least
%+ (Remark 4.6). Furthermore, each entry in row (S1,52) of A(¢)) depends on variables of
the form bg,r; and bg,7;. Note that anytime some bg,1; appears in row (S, S2), it must
be multiplied with some bg,7/; (in which case it corresponds to the (7,7") entry of that

36/2
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row). However, we are given that there are at most n®/2 total SoT"i € H, and thus bs,Ti
appears in at most n%/? entries in row (51, Ss). Therefore, the family of indicators of entries
in row (S, S2) being nonzero is read-n®/2 with respect to the bys, and thus after coupling
to a family of indicators which occur with probability %, by Fact A.4, with probability
1 — exp(—Q(n®/?)), the number of nonzero entries in row (S1,S2) of A(¢) is at least % the
number of nonzero entries in row (Si,52) of A(y'), which is at least n°. Union bounding
over all < n*~! rows of A’(¢)) gives the desired result. <
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