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—— Abstract

We construct and analyze a message-passing algorithm for random constraint satisfaction problems

(CSPs) at large clause density, generalizing work of El Alaoui, Montanari, and Sellke for Maximum
Cut [3] through a connection between random CSPs and mean-field Ising spin glasses [1, 55].
For CSPs with even predicates, the algorithm asymptotically solves a stochastic optimal control
problem dual to an extended Parisi variational principle. This gives an optimal fraction of satisfied
constraints among algorithms obstructed by the branching overlap gap property of Huang and
Sellke [50], notably including the Quantum Approximate Optimization Algorithm and all quantum
circuits on a bounded-degree architecture of up to € - logn depth [24].
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1 Introduction

Today’s quantum computers are starting to show signs of advantage over classical machines.
Many people are seeking to use this technology in a practical application as soon as possible.
One such area is combinatorial optimization: even though the problems are NP-hard,
optimization has incredible value to the contemporary world. This industry is also eager to
experiment with quantum computers, perhaps because rigorous worst-case analysis is not
always relevant.

The most popular quantum protocol for classical optimization is the Quantum Approzimate
Optimization Algorithm (QAOA), proposed in [34]. Given an optimization problem, the
protocol associates a qubit to each variable, and evolves a quantum state to a near-ground
state of the problem, depending on choice of hyperparameters. The QAOA has also sparked
the interest of theorists, characterizing the protocol’s performance on canonical problems, and
debating whether it is any more powerful than existing classical algorithms (e.g. [9, 45, 11]).

One key property of the QAOA is its locality: at each layer of the algorithm, a qubit
interacts only with qubits associated with adjacent variables in the optimization problem.
Locality is known to limit the QAOA up to logarithmic circuit depth when the optimization
problem is sparse [32, 33]. This limitation is due to a phenomenon known as the overlap gap
property (OGP), a type of clustering behavior of near-optimal solutions [44]. Notably, this is
an average-case property of many random optimization problems. Recent formulations of the
OGP have led to quantitative obstructions for broad families of algorithms, both quantum
and classical [21, 24, 50].
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In this work, we show that with high probability over a large family of sparse optimization
problems, there is an optimal algorithm among those obstructed by the OGP. Furthermore,
this algorithm is classical, so there can be no quantum advantage by the QAOA up to
logarithmic depth. In fact, this no-go result extends to logarithmic-depth quantum circuits
on fixed, bounded-degree architectures, such as the brickwork circuits [18] used in random
circuit sampling [15]. This is the strongest average-case result known to the authors regarding
quantum advantage in classical optimization.

Our algorithm is related to the theory of message-passing used in random inference
problems [13], and inspired by rich connections to statistical physics models such as the
mean-field spin glass [82]. The parameters of the algorithm are chosen by solving a stochastic
control problem dual to a problem determining the quantitative barrier of the OGP, as
pioneered in [1, 50]. In particular, our algorithm extends work of [3], and uses a sparse-
to-dense connection observed in e.g. [26, 55]. The performance of the algorithm, like that
of [68, 1, 3, 79], is dependent on a technical condition (Assumption 1) which we explain in
the text.

1.1 Background

We study Constraint Satisfaction Problems (CSPs). A CSP instance consists of n variables
and a set of constraints associated with a predicate f: {£1}" — {0,1}.

» Definition 1 (Instance of a random CSP). Consider a function f:{£1}" — {0,1}. Fiz a
constant o > 0. A random CSP instance Z over n variables {;}ic[n) and m = a - n clauses

is generated by the following procedure: For each i =1,...,m, draw iy,..., i, uniformly i.i.d
from [n], draw r random signs €;,, ..., €;. uniformly i.i.d from {£1}, and add the constraint
e to E(T), where e describes the clause fo(ze) = f(es, @i, ... € x5). A clause is satisfied if

it evaluates to 1.

We denote this random model as CSP (). We are interested in the best satisfying fraction
(i.e. largest fraction of clauses satisfied by some assignment in {£1}") an algorithm can
achieve as n — oo when « is a very large constant, i.e. so that instances of CSP(a) are
typically unsatisfiable. This value is related to the rich literature of mean-field Ising spin
glasses. We summarize some relevant results, especially drawing on [1, 3, 55]. Let U denote
the following set of functions:

1
q & {H :[0,1) = R>p : p is non-decreasing, right-continuous, and / wu(t)dt < oo} i
0

Given a univariate polynomial £ : R — R with non-negative coefficients, define the functional
Pe 1 U — R given by

Pe(i) = 00,0~ 5+ [ €0t p(t)a.

where ®* : [0,1) x R — R is a solution of the following partial differential equation:!

Ol (t,x) = —5//2(’5) - (@gz(m) + p(t) - (@g(t,x)f) vVt €[0,1),Yr €R,

1 (1,z) = |z Ve e R.

(1.1)

P¢ is known as the Parisi functional, while Equation (1.1) are known as the Parisi equa-
tions [73]. Let the infimum of P¢ be defined as OPT¢ = inf,,ca, Pe(u).

L For the multivariable function ®H(t,x), we use subscripts to denote partial derivatives.
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» Theorem 2 ([6, 53]). Consider any polynomial & with non-negative coefficients. Then
OPT¢ is achieved by some unique p € U.

Surprisingly, the maximum satisfying fraction of a typical instance Z ~ CSP¢(«) is related
to OPTgZ

» Theorem 3 ([55, Corollary 1.2], building on [73, 85, 70, 71, 26, 80, 72]). Consider T ~
CSP(a). With high probability as n — oo, the mazimum satisfying fraction of T is*

o (1)

where £(s) = 25:1 I f=71%s%, and || f=7||? is the Fourier weight of f at degree j.

We also know that some algorithms are quantitatively obstructed due to the geometry of the
solution space.

» Definition 4 (Overlap-concentrated algorithm, [50, Definition 2.1]). A deterministic algorithm
A is overlap-concentrated with respect to a random family of problems F if the following
is true for every t € [0,1] and constant 6 > 0: Draw two instances I;,Zo ~ F that are
t-correlated.® Let A(L) be the assignment in {£1}" that A generates on instance . Then
the event

% (A(Th), A(Lz)) — E [(A(Th), A(Z2))]| <6 (1.2)

T1,Z>
occurs with high probability over choice of I1,Zs.

For example, local algorithms in the factors of i.i.d. model and certain quantum circuits
up to logarithmic depth [55] are overlap-concentrated on CSP (). A randomized algorithm
is overlap-concentrated if the w.h.p. statement and the expectation in Equation (1.2) also
vary over the algorithm’s internal randomness.

We briefly explain the intuition of why Definition 4 prevents algorithms from succeeding
on certain optimization problems; see [40] for more detail. Suppose the optimal assignments
are clustered; i.e. they are “needles in the haystack”. Then random instances will have
“needles” in random locations in the solution space. But for ¢ € [0,1], consider instances
Z5(t) that are t-correlated with the initial instance Z;. If the algorithm A is successful, the
correlation L Ez, ) [(A(Z1), A(Z2(t)))] measures the correlation of these “needles” (i.e. good
assignments), and so it varies smoothly from 0 to 1 as ¢t goes from 0 to 1. The overlap-
concentrated property is a bound on the variance of this quantity, meaning that with high
probability over {Z5(t)};c(0,1), the quantity (A(Z;), A(Z2(t))) varies smoothly with ¢ from 0
to 1. But this is not possible on problems that exhibit an overlap gap property (OGP)? across
pairs of instances; so A cannot be successful at locating the “needles” or good assignments.

There is an emerging literature generalizing the overlap gap property with increasingly
strong quantitative obstructions [44, 21, 43, 50]. We use the branching OGP of [50], which
gives the strongest quantitative bounds of algorithms known on spin glasses and random
CSPs [55].

Following [26], we use 0g(g(z)) to mean the value is at most some function k(n,z) satisfying “;ZS) —0

as n — 0o, then z — oo.

Instances 71,75 are t-correlated if a ¢ fraction of constraints are identical, and the rest are independent;
see also [55, Definition 6.1].

An overlap gap property exists when an inner product, for example %<A(Il),A(I2)>, is forbidden to
take values within a certain range [a, b].

78:3

APPROX/RANDOM 2026



78:4

Local Algorithms and Sparse Random CSPs

Given a polynomial £ with non-negative coefficients, let £¢ denote the following set of
functions:

1
PLe = {,u :[0,1) = Rxg : p is right-continuous, ||£" || pyio,g < oo VE € [0,1), and / ' Hp(t) dt < oo} .
0
Here, TV][a, b] over an interval [a, b] is the total variance over partitions:

[ flrvias = sup  sup Y[ f(t) = f(ti)]
n a§t°<"'<t"§bie[n]

Furthermore, the definition of P¢ over % can be naturally extended to £¢, with infimum
ALG: = inf Pg(p). 1.3
¢ = nf e(n) (1.3)

Since £L¢ D AU, we have ALGe < OPT,. It turns out that all overlap-concentrated algorithms
over CSP¢(a) are with high probability obstructed to some ALGg:

» Theorem 5 ([55, Corollary 6.10]). Choose any even predicate f. For all € > 0 there is
ag > 0 such that the following is true: For all a > «q, for every overlap-concentrated
algorithm A over CSP (), and with high probability over instances T ~ CSP;(a) as n — oo,
A returns an assignment to T with satisfying fraction at most

ALG&—FG
Va

where £(s) = i 17711787, and || f=7)|? is the Fourier weight of f at degree j.

E[f]+

Note that if ALGs # OPTy, then these overlap-concentrated algorithms are obstructed from
reaching the optimal solution for typical instances of CSPf(c).

1.2 Statement of results

The main result of our work is that there is an optimal algorithm among overlap-concentrated
algorithms over CSP¢(a), subject to a technical condition. This matches analogous results
for Ising spin glasses [1], and for multi-species spherical spin glasses [84, 48].

» Assumption 1 (Proposed in [79, Remark 1.7]). For any polynomial & with non-negative
coefficients and where £"(0) # 0,> ALG¢ is achieved by some . € L. That is, the minimizer
of Equation (1.3) exists.

We include Assumption 1 because our algorithm uses the minimizer p.. As noted in [1,
journal version, Remark 2.4], Assumption 1 should not have a major impact on the algorithm’s
performance, since by an informal continuity argument, using a near-minimizer i, € £,
instead of u. incurs negligible error. We further discuss this in Section 5.

» Theorem 6. Suppose Assumption 1 holds. Choose any predicate f without linear-weight
terms; i.e. ||f=|> = 0. For all € > 0 there is ag > 0 such that the following is true: For
all & > oy, there exists a randomized algorithm A such that A is overlap-concentrated
over CSPy(a), and with high probability over both instances T ~ CSPy(a) and internal
randomness of A as n — oo, A returns an assignment to T with satisfying fraction at least

ALG,E—G
Va o

where £(s) = > |f=711%s7, and || f=7||? is the Fourier weight of f at degree j.

E[f]+

5 Tt is shown in [79] that ALG¢ is not achieved by any u € £¢ when £”(0) = 0. See also Remark 14.
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This is analogous to work of [1], which proves a similar result for mean-field spin glasses. This
also extends the algorithm of [3], which studies Maximum Cut on random regular graphs.
In fact, all of these algorithms are related to the Approximate Message Passing (AMP)
framework, popularized by the results of [13]; see [7] for a recent survey. It was suspected
that such an algorithm could be written down for CSP¢(«) [55, 41].

One immediate impact of this result is in quantum computing. In the gate-based circuit
model, many quantum circuits are overlap-concentrated for instances of CSP ;(a) of depth up
to ¢-logn for some c [24]. This work implies that such quantum circuits, even up to ¢ -logn
depth, cannot outperform classical algorithms on typical instances of a random CSP.

» Corollary 7 (Failure of quantum advantage). Suppose Assumption 1 holds. Choose any
even predicate f. For all € > 0 there exist ag > 0 and ¢ : R®% — R>Y such that the
following is true: For all o > o, and with high probability over instances T ~ CSP¢(«)
as n — 00, no quantum circuit with depth up to c¢(«) - logn that applies 2-local gates on a
fized, bounded-degree architecture can produce an assignment with satisfying fraction that
outperforms classical algorithms by more than ﬁ

Even until now, the promise of quantum advantage for optimization problems has been
unclear. Multiple times, improved analyses of the Quantum Approximate Optimization
Algorithm (QAOA) [34] suggesting a such an advantage [35, 88, 77, 11] led to better classical
algorithms [9, 45, 63, 8, 3]. This work shows that for the QAOA and many other quantum
circuits up to logarithmic depth, there can be no quantum advantage on random CSPs with
even predicates of sufficiently large clause density. Note that unlike related work on the
QAOA [32, 12, 4], this rules out quantum advantage regardless of the presence of overlap
gap phenomena.

We remark on the technical condition of even predicates. This can likely be removed with
two steps. First, the obstruction of overlap-concentrated algorithms only applies to even
predicates. New techniques to prove OGPs for spherical spin glasses [47] can possibly be
ported to all Ising spin glasses; these results would immediately transfer to random instances
of CSPy(a) via [55]. Second, the algorithm we analyze applies when predicates have no
linear-weight terms; adjustments taken in [79] will likely generalize this algorithm. These
steps would extend Corollary 7 to all predicates f.

Previous works noting limitations of logarithmic-depth quantum algorithms on sparse

random optimization problems [32, 33, 24] also rely on the concept of overlap gap property.

As in [1, 48], this work shows the existence of a family of random optimization problems
with an optimal algorithm up to the OGP barrier. All of the optimal algorithms are classical,
which hints that quantum algorithms that cannot pass the OGP barrier offer no additional
power for classical optimization in general.

1.3 Proof overview

Our proof builds on a number of other works, especially [68, 1, 3]. We outline the proof here.

Due to the page limit, some proofs in this paper are deferred to the full version.

In Section 2, we define our model of CSP and describe the algorithm. Instead of CSPs(c),
we run the algorithm on a CSP whose associated constraint hypergraph is locally a regular
hypertree.® This algorithm runs in sterations, where on each iteration, every vertex recomputes
its value using information from adjacent vertices; we parameterize this algorithm by the
functions (two per iteration number) that recompute each vertex’s value.

% In the hypergraph, the variables are vertices and the constraints are hyperedges.
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Table 1 List of important terms used in the analysis of message-passing algorithms for mean-field
spin glasses and random CSPs. Terms in the first row asymptotically approach independent Gaussians
after applying state evolution, and so constitute the Brownian motion (up to normalization) in the
stochastic picture.

Term [68] | [1] [3] | (our work)
Brownian motion (asymptotically independent) | w A u U
sum of Brownian motions - z - w
nonlinearity controller T T T T
value of spin m=f(...) z

We can already study the performance of the parameterized algorithm, analyzing how
information propagates locally through the hypertree. In Section 3, we generalize a set of
o-algebras from [3] to describe this behavior. This allows us to analyze the correlation of
a variable from the algorithm with any other variable from a particular o-algebra. With
these tools in hand, we simplify the expected performance of the parameterized algorithm,
deferring some detailed calculations to the full version of this paper.

We then show how the algorithm, with the right choice of parameters, solves a stochastic
optimal control problem that is dual to the minimization problem in Equation (1.3).

1. First, we show that with high probability as a — oo, the intermediate values in the
algorithm are asymptotically Gaussian. We prove this in Section 4 with an argument
known as state evolution. Notably, this argument works for sparse models (as in [3]), and
for message-passing on hypergraphs, where some values are products of Gaussians. This
allows us to study quantities in the algorithm output as discrete stochastic processes.

2. Then, we take the number of iterations to a very large constant while proportionally
decreasing the step size. Under this process, each discrete stochastic process asymptotically
approximates a continuous stochastic process. In Section 5, we show how to choose the
optimal parameters. We also show that rounding the algorithm’s output to a value in
{£1}"™ does not meaningfully affect its performance.

This work extends [3] in a spiritually similar way that [1] extends [68]; roughly, we extend
from graphs to hypergraphs. This requires more involved calculations and in some cases
new arguments. For example, we require a more complicated proof of state evolution, since
the messages in our algorithm are not Gaussian at fixed degree. Furthermore, our proof of
rounding is new, since we cannot rely on spectral statistics of random graphs. Finally, our
analysis uses an additional symmetry we call indez-reqularity (defined in Section 2) which,
to the best of our knowledge, does not come up in prior work. We show that enforcing this
symmetry has negligible effect (proof deferred to the full version of the paper) and use this
symmetry to simplify some of our analysis.

There are a number of quantities to keep track of. We annotate the important symbols in
Table 1. Following notation in [3], we typically use lowercase for a quantity in the algorithm
(e.g. uf,,), uppercase with step size § for a discrete stochastic process (e.g. UP), and
uppercase with time ¢ for a continuous stochastic process (e.g. Uy).

1.4 Related work

Approximate Message Passing. Approximate Message Passing (AMP) is an algorithmic
framework used to design locally computable, iterative methods for a variety of high-
dimensional statistical inference and recovery tasks [61, 76, 67, 64, 10]. Many of the ideas
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motivating AMP originate from the study of belief propagation, an iterative method rediscov-
ered multiple times in different scientific contexts; see [65, 58] for a broader history. AMP
was first introduced in the context of compressed sensing and signal recovery [29, 57|, partly
inspired by the use of structured priors in decoding low-density parity check codes [75, 69]. In
spin glass theory, AMP is synonymous with computing the fixed points of a certain Thouless—
Anderson—Palmer (TAP) free energy functional [87, 59, 90, 22, 23]. In fact, our algorithm is
inspired by similar connections between the TAP equations and belief propagation [66, 65].

A beneficial feature of AMP is that one can rigorously analyze the asymptotic behavior
of statistics in the framework. This is typically done through the use of state evolution
statements [14, 13]: laws of large numbers which dictate the behavior of such statistics when
the dimension in the problem approaches infinity. This has been subsequently used to compute
approximate ground states of both Ising and spherical mean-field spin glasses [68, 1, 47],
as well as Max-Cut on random sparse graphs [3, 19]. See the surveys of [38, 7] for further
discussion on AMP and its variants. See also [78, 52, 54] for connections to the sum-of-squares
hierarchy.

Ising spin glasses and CSPs. Although mean-field spin glasses with Ising spins were proposed
as mathematical models of materials [82], their connection to combinatorial optimization
has been observed for some time [39, 66]. More recently, a correspondence has emerged
between Ising spin glasses and sparse random CSPs at large enough clause density; this
started with relating the supremum of the two models [26, 80, 72]. This supremum was
calculated using a novel heuristic argument known as “replica symmetry breaking” [73], and
proven to be correct in [85, 70] (see also [71]). Moreover, the duality preserves a phenomenon
known as overlap gap [44], a generalization of solution clustering that obstructs certain
algorithms; see [21, 43, 42, 24, 50, 55, 49], and the expositions of [40, 46]. Notably, a strong
version of overlap gap phenomena [50, 47, 48] is connected to the message-passing algorithms
of [68, 1, 3], and this work. Other topics at the intersection of spin glasses and CSPs include
approximating partition functions (e.g. [83]), sampling from Gibbs measures (e.g. [2, 51]),
and computing thresholds for random CSPs (e.g. [27, 28]).

Quantum algorithms for classical optimization. Recent demonstrations of quantum advan-
tage (e.g. [5, 91]) have led to increased excitement around using contemporary (i.e. NISQ [74])
quantum computers for a practically relevant problem. Although classical optimization is
such a problem, quantum algorithms here are not proven to have any benefit over classical al-
gorithms. The most popular proposal is the Quantum Approximate Optimization Algorithm
(QAOA) [34]. Earlier suggestions of quantum advantage with the QAOA [35, 88, 77, 89]
led to better classical algorithms [9, 45, 63, 8]; note that all of these comparisons were for
very small circuit depth. Recently, [36, 11, 12] find an expression for the performance of the
QAOA on spin glasses and sparse CSPs at any constant depth. For some problems, this is
competitive with known classical algorithms; see [37, 16].

The QAOA is a local algorithm. It was noted that this feature can limit its performance [32,
33]. The authors in [24] unify definitions of quantum and classical local algorithms to show
that the QAOA is obstructed by overlap gap phenomena on sparse problems. Because of this,
[3] rules out quantum advantage through e - log n-depth QAOA on random regular Max-Cut
instances of large degree (up to Assumption 1); our work generalizes this fact to CSPs with
even predicates. Regardless of theory, there are many recent demonstrations of the QAOA
on state-of-the-art quantum computing systems; see for example [31, 81, 62]. It is also known
that the QAOA can solve satisfiability faster than brute force [17]; see also [25] for a related
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protocol with a more-than-quadratic improvement. Some quantum algorithms for machine
learning are known to provide no quantum advantage [86]. Very recently, [56] proposed a
quantum algorithm for classical optimization, but we do not yet know if it gives a quantum
advantage.

2 Local algorithms for sparse CSPs

A CSP instance has an implicit directed hypergraph, with variables as vertices and constraints
as hyperedges.

» Definition 8 (Directed hypergraph of a CSP). Consider a r-uniform CSP instance T with n
variables and constraints E(I), where each constraint e € E(Z) involves r (ordered) variables
in [n]. Then I is associated with the directed hypergraph with vertices [n] and hyperedges
E(T); i.e. G([n], E(2)).

We consider a hyperedge directed when the involved vertices are ordered. For example,
if constraint e involves vertices {vy,v2,v3} in order [2,3,1], then the associated directed
hyperedge is [vg, v, v1]. We denote this ordered list as de. We often refer to the CSP instance
by its hypergraph. The instance is fully specified by its hypergraph, the CSP function f,
and the (ordered) randomness [e.,,. .., €, ] on each constraint e € E(Z). For each variable i,
we use 07 to denote the set of constraints 7 participates in.

The factor graph of a hypergraph G(V, E) is a bipartite graph of order |V|+ |E|, with
edges between each hyperedge ¢ € E and each vertex in de. For more information on the
factor graph formalism, see [60]. Let B;(¢) be the induced subgraph of G given by the ¢-local
neighborhood around vertex i € V.”

» Definition 9. A finite hypergraph G(V, E) is (¢, €)-locally treelike if the factor graph of
Bi(£+ 1) is isomorphic to a tree for at least (1 — €) - n vertices i € V.

This definition is a generalization of locally treelike graphs used in [3]; see Figure 1 for an
illustration.

Every message-passing algorithm is contained in the model of local algorithms presented
n [24]. In this model, the value associated with each variable is uniquely determined by its
local neighborhood.

» Definition 10 (Generic p-local algorithms, [24, Definition 3.1]). Consider a randomized

algorithm A that inputs a r-uniform hypergraph G(V, E) and outputs a label in an alphabet X

to each vertex in the graph, i.e. A(G) € ©V. Then A is generic p-local if for any set S CV,

the following conditions hold:

1. (Local distribution determination) The joint marginal distribution of (A(G)y)ves s
identical to that of (A(G")y)ves, where G' = J,cg Buo(p)-

2. (Local independence) A(G), is statistically independent of A(G), over all vertices
v ¢ By(2p).

This model also includes the Quantum Approximate Optimization Algorithm [34] on typical

instances of CSP¢(«). In fact, any depth-p quantum circuit with a fixed architecture of

bounded degree can be seen as generic p-local by including the architecture in the input

hypergraph. [24] proves that for all p < ¢(«) - logn, generic p-local algorithms are overlap-

concentrated over instances of CSP¢(«) with high probability as n — oco.

7 Note that we define distance as the number of hypergraph vertices in the shortest path; vertices that
share a hyperedge are distance 1 apart.
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Figure 1 Factor graph of the hypergraph with vertices {i1,...,i9} and hyperedges {a,b,c,d}.
Note that this hypergraph is locally treelike.

In our analysis, we make some convenient modifications to the input. First, since our
algorithm is local and the instances are locally treelike on all but a negligible fraction
of vertices®, we analyze the algorithm on an instance which is locally a hypertree, i.e. a
hypergraph whose factor graph is a tree. We also make the hypergraph regular, by embedding
our instance of CSP¢(«) in a locally treelike d-regular instance with d = r - a + 04(1).

On hypergraphs, we need one additional property, which we call index-regular. Here, we
mean that for each ¢ € [r], each variable is used in indez ¢ of a constraint the same number
of times.

» Definition 11 (d-index-regular CSP). Consider a (r-uniform) CSP instance T with n
variables and constraints E(T), such that each constraint e € E(I) has associated variables
0e = [Ve,...,Ver|. Then I is d-index-regular if every variable v € [n] is involved in
d constraints, and moreover, for each 1 € [r], v is the ("*-indexed variable in evactly g
constraints.

We describe our choice of algorithm in Figure 2. This involves some notation we describe
here. A function that depends on zero inputs is a constant; i.e. A) = Fy and 4%, = F., o.
For any scalar quantity that depends on vertex, a bolded version represents a vector quantity.

For example, given da = [i1, ..., 4], 25, ., is the ordered list [zflﬁa, ceey zf,ﬁa], and z5, is
the ordered list [zfl, cey zf] Similarly, 2= is the vector in RV such that (zL)i =2k

8 In particular, for any finite ¢, with high probability our instances are (¢, ¢)-locally treelike for some e,
where € — 0 as n — oo.
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Input: The timestep § > 0, and a d-index-regular hypergraph with girth at least
2L + 2, where L = | 1].

Parameters: The CSP function f: {+1}" — {0,1}, constant K > 0, and nonlineari-
ties

{F,.:R' > [-K, K]}Hwk1 {F,: R - [-K, K]}Hwk1

Algorithm:

1. Initialize the following;:

a. z) ~ N(0,6) for all i € V and 20, , = 2! for all i € da and a € E.

b. w?:0foralli€Vandw?_m:OforallieﬁaandaeE.

2. For each iteration £ =0,..., L — 1:
a. Let AL | =F, ,(ul,,...,uf,), and let A = Fy(ul,... uf).

1
b. For each factor ¢ € E and involved variable i € da, compute:

1
wf——tz = \/dj Z Di;bf(ngab)

bedi\a
+1 _ 4+1 ¢
Uiyqg = Wiyq — Wisg
{41

+1 0 s—1 s
2 = Zisa T E :Ai%a " Uisa
s=1

c. For each variable i € V', compute:

1

041 , 0
w; = 73 E Diinf (2ap-p)
bedi
041 f+1 ¢
u, = w — W
041
zf“ =204 E Af_l ug
s=1

Output: For every i € V', output 1 with probability p; and —1 with probability 1 — p;,

1 if 2L >1,
L
where p; = ¢ T2 if |20 < 1,
0 if 2F < —1.

Figure 2 Description of the message-passing algorithm.

Our analysis makes extensive use of the partial derivative operator. For any factor a and
variable j € Ja, let Dj,, f be the partial derivative of f at the coordinate ¢ such that j is
the ¢th coordinate of da. For example, if da = [k, 4, j] and f(x1,22,23) = T129 + T223, then
Di.of(x1, 22, 23) = x2 and Dy,o f (21,22, 23) = 21 + x3. Note the following:

» Remark 12. Since the domain of f is {£1}", f has a representation as a multilinear
polynomial. As a result, for all factors b and variables ¢ € 9b, Dy, f is independent of the
entry with the same coordinate as i in 0b.
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We additionally require the nonlinearities to satisfy the following two properties:

» Property 1 (Similar node and node-to-factor evolution). For every ¢ > 0, variable i, factor
a € 9i, and m € N, we have E[|AL — AL, |™] = Od(dm%).

» Property 2 (Normalization of second moment). For every ¢ > 0, variable i, and factor
a € 0i, we have E[(A%)?] = E[(A4%., )% = , where vy = w, and & is defined
as in Theorem 6.

Vet1

In Section 5, we show how to choose the nonlinearities based on Equation (1.1), and show
that our choice indeed satisfies Property 1 and Property 2.

» Remark 13. Our analysis of the algorithm above holds even if the CSP predicate depends
on factor a, so long as the absolute value of each Fourier component is fixed (this implies
that all f, are associated with the same £). For example, this implies that the algorithm
achieves the same value for every choice of signs {€;,}ic[n],.c[] in Definition 1.

» Remark 14. If || f=2| = 0, the associated ¢ does not satisfy £”(0) # 0 as in Assumption 1.

We handle this case via the following argument. First, it can be shown that ALG¢ is
continuous in each coeflicient of £ using an explicit form of the Parisi functional and the fact
that ALG¢ > 0 [1, Proposition 4.1]. Then, we can add a small quadratic term to f, and run
the algorithm on the perturbed instance. The error produced by this perturbation may be
absorbed in the € of Theorem 6.

3 Independence claims

Given random variables { X7, ..., X;}, let o(X1,..., Xk) = o({X1,..., Xk}) be the o-algebra
generated by {Xi,..., Xy}. For an introduction to o-algebra and related concepts, see for
example [30].

Consider the algorithm in Figure 2. For every 0 < ¢ < L.° variable v, and factor a € Ov,
we'll reuse the notation B,(¢) as the set of nodes of distance!® at most ¢ from v in the
corresponding hypergraph. We define the set B, _,,(¢) as the set of nodes of distance at most
¢ from v, excluding nodes that reach v through the factor a. We define

Gt défa({z? | i€By(0)}), Gt . Cl:e{a({z? | i €Bussall)}) -

Intuitively, these G/ algebras are the random variables determined by the initial Gaussian
variables in the radius-¢ neighborhood around v; here, £ is a distance. We formalize a series
of information-theoretic claims using these g-algebras, similar to [3, Lemma 2.2]. See also an
illustration in Figure 3.

The first fact about independence informally says that node-to-factor messages never use
information on “the other side” of the factor; once information goes across a, it never comes
back.

» Lemma 15. For every 0 < £1,05 < L, distinct variables i,j, and factors a € 0i,b € 0], if
every path of length at most 2L from i to j goes through a and b, then gf;a and gf:b are
independent.

9 Recall that because the instance has girth at least 2L + 2, all local neighborhoods of radius up to L are
treelike.

10 Once again, we consider distance of i and j as the number of nodes required to pass from i to j; the
factors are not counted.

78:11
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a
é‘s\\\\ /"”f'
giﬁb NIb gi5—>b
ig \\ ’, i5
(D A !
c ' d
® i\ ©
1\
G )\ @
/ \

Since the path from i4 to ¢
0+1

i3—a

Figure 3 An illustration of o-algebras on the hypertree.
goes through factor b, gfﬁb and Qf5%b are independent by Lemma 15. In addition, G

o (Q?S UGt Ugfﬁb) by Lemma 16.

ot

Lemma 15 holds even if the factors are the same, i.e. a = b. We refer to this case as
Lemma 15 around factor a.
The next fact concerns the geometry of local neighborhoods. It allows us to decompose

each o-algebra into o-algebras with distance reduced by one, which is handy for induction.

» Lemma 16. For every 1 < ¢ < L, variable i, and factor a € 0i, we have

‘ v -1 ¢ 0 £-1
gi =0 giﬂa U U gj—>a ’ gi%a =0 g’b U U U g”_m

j€da\i bedi\a veIb\i

The next statement sorts quantities appearing in the algorithm (Figure 2) into appropriate
o-algebras. It proves the intuition that messages at iteration number ¢ are determined by
the local neighborhood of distance at most ¢:

wt ., 2t €gGt

» Lemma 17. For every 1 < ¢ < L, variable i, and factor a, we have ut i —as Zisa i a

i—a’
and uf,wt, zf € G

177

Lemma 17 implies that the ¢'" node message at variable i is determined by the initial

Gaussian variables in the radius-¢ neighborhood around i. Note that the node-to-factor

message uf_,, is not influenced by Gaussians at nodes that pass through a to reach i.
Next, we prove that messages at node ¢ and iteration number ¢ + 1 are uncorrelated with

the initial Gaussians in the radius-f neighborhood around i. Put another way, the “extra

randomness” at distance £ + 1 removes any correlation with Gf. To do this, we show that

the messages {ug _,b}jeab\i are uncorrelated with each other, conditioned on Qf A

' This is subtle. Although {uﬁ_)b}jeab\i are independent by Lemma 15 around factor b, independence
does not imply conditional independence.
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» Lemma 18. Choose any variable i, factor b € 0i, and 1 < ¢ < L. Choose also s; > 0 for
every j € Ob\i. Then

E H (ugab

JEAb\i

H E[ J‘>b

JEOb\i

» Lemma 19. Choose any variable i, factor a € 91, and0 < < L—1. Then E [ufila ‘ Gt =
0 and E [uf“ ‘ Gl =o.

» Corollary 20. Fiz any wvariable i, factor b € 0i, and 0 < ¢ < L. Then
E [Dipf(25_p) | Gf] = Dinf(2h,%) if £ > 1 and 0 otherwise.
3.1 Simplifying the main sum

What is the average value achieved by the algorithm? By linearity, we can look at the value
of any factor a; i.e. E[f(25,)]. Note that E[f(23,)] = f(0,...,0) = E[f], and

L—1
E[f(z5,)] = E[f(25,)] + Y _ (E[f(z5:)] — E[f(25,)])
=0
L—1
=E[f]+ Y _ (BIf(z5:1)] — Elf(25,)]) -
=0

It suffices to compute the difference E[f(z51")] — E[f(25,)] for every 0 < £ < L — 1. We use
the Fourier expansion of f to express this as a sum of dlfferences of monomials.
First, we simplify terms of the form u'Y;* ' []

ve 60,\1 , which we encounter along the

way. This relies on the following consequence of the monotone class theorem:

» Lemma 21 (e.g. [30, Theorem 5.2.2], [3, Lemma 2.3]). Let {Fy,...,Fm, A} be a set of
o-algebras so that F S o(Fi,.. ., Fm) € A. Choose a random variable X € A2 and
suppose for any Y1 € Fi,..., Yy € Fm, E[XY1...Y,,] =0 when the expectation exists. Then
E[XY] =0 (when the expectation exists) for every Y € F.

As a result, to show an expectation is zero, we may replace a variable in o-algebra F with a
product of variables from o-algebras that cover F.

» Lemma 22 (Generalization of [3, Lemma 2.5]). Choose factor a, integers s, > 0 for v € Oa,
and let YJv € Giv. Let i € Oa be such that s; +1 > s, for all v € Oa. Then

[S+1HYSU

vEda

(Di;af(zgiaaa) = s> Disaf( zaa%a H Yy
vEda

where 1>, = 1 if © >y and 0 otherwise.

» Proposition 23. Fix 0 < { < L —1, factor a, and S C da. Then

sz“l —-E Hzf :ZE Aluftt H Zf + Oq (;) (3.1)

jes jes i€s JES\i

12X € A means that o(X) C A.

APPROX/RANDOM 2026
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» Corollary 24. Choose 0 < ¢ < L —1 and factor a. Then

B [f(51)] - B (o)) = 3 B[Rl Dyof(sha)] + 0u (3 ).

i€da

We simplify this expression further, assuming the algorithm’s node and node-to-factor
nonlinearities are similar (Property 1). We choose nonlinearities exhibiting this property
in Section 5.

» Proposition 25. Assume Property 1. Let 0 < { < L —1, a be a factor, and i € da. Then

=3 B ~Elr=5)]) - 7 LS B[] + 0, (;) .

i€V
By these propositions, we get the following;:

» Theorem 26. Assume Property 1. Fix a constant L > 1. Then

1 o L\ _F r L-1 1 B [AL (102 O 1
o LB =B+ = 3 | B Al ) + (d>

a€l £=0 2%

4 State evolution for message-passing on hypergraphs

So far, we’ve shown that the value of the algorithm takes a simple form (i.e. Theorem 26).
From here, we prove a state evolution statement: with some weak conditions on the non-
linearities (Property 2), we analyze the asymptotic behavior of statistics of the algorithm.
State evolution as applied to AMP first appeared in [13]; this was inspired by a proof in
a paper computing the fixed points of the TAP equations for the Sherrington—Kirkpatrick
model [14]. Since then, state evolution has been used in AMP algorithms applied to a variety
of tasks; see for example [38].

Here, we consider functions of the messages {ul_,,}ee(r) (or {uf}se(r)) that are pseudo-
Lipschitz:

» Definition 27. Fiz s > 0. We say that a given function 1 : R® — R is pseudo-Lipschitz if
there exists a constant C > 0 such that

(@) —o(y)| < C- (1+ [zl +lyl) - = —yll,

for every x,y € R®.

As d — oo, the expected value of a pseudo-Lipschitz function ¢ with messages {uf_,,}re(r]
(or {uf}ee(r)) as input approaches the expected value of 1) with independent Gaussians as
input.

» Definition 28. For any predicate f : {£1}" — {0,1}, let £ be defined as in Theorem 6.
For any £ > 1, define the quantity'3

s €10 = €((=1)0)

r

13 Note this is the same parameter v in Property 2.
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» Theorem 29. Assume Property 2. Then for any pseudo-Lipschitz function v : R — R,
variable i, factor a € 0i, 1 < { < L, we have

E [w(ubm v 7uf—>a>} =K WJ(Ul’ veey U@)] + Od<1) ; (4'1>
E [Q;Z)(uzlv ce ’uf)} =E W}(Ula ceey UZ)] + Od(l) )

where Us ~ N(0,vs) independently.

Theorem 29 is inspired by the state evolution statement in [3]. These statements are for
sparse problems, and so do not require a correction term to ensure variables remain Gaussian
(often named the Onsager correction). In [3], the messages {uf_,,}ser) are Gaussian even at
fixed degree! In our algorithm, this is not the case for arbitrary predicates f; we must take
additional care showing that these quantities are close to Gaussian.

We defer the proof of Theorem 29 to the full version of the paper. As a quick overview of
the proof, we first establish that given Property 2, ufﬁa is close to the Gaussian N (0, v)
when d — oo, independently of gf—l. Then, we show that pseudo-Lipschitz functions are
smooth enough so that an input uf .,
input, and use this argument inductively to finish the proof.

may be exchanged with an independent Gaussian

Given Theorem 29, we may convert each spin {zf}0§g§ 1 to a certain Gaussian process.

In Section 5, we do exactly this, and choose the nonlinearities {Af}ogg L to maximize the
expression in Theorem 26 (subject to |zL| < 1).

5 Choosing the nonlinearities

We now design the nonlinearities to maximize Theorem 26. In light of Section 4, we consider
the stochastic optimal control problem of [1]. Define &(s) = i 177|187 Consider any

p € Le, and ®* chosen as in Equation (1.1). Define the stochastic differential equation'4

dX; =" ()p(t)®H(t, X¢)dt + /&"(t)dBy, Xo =0, (5.1)

along with associated martingale

Z, = /0 VE (5)D" (s, X,)dB, . (5.2)

We now crucially use Assumption 1. Let p, € £ be the minimizer of Equation (1.3).

» Lemma 30 ([1, Theorem 3]). Suppose Assumption 1 holds. Then for every e > 0, there
exists n > 0 such that

1-n
/ " (t) E[@%: (t, X;)]dt > ALGe — €.
0

For mean-field spin glasses, Parisi predicted that the minimizer of inf,cq, P¢(p) led to
the correct description of the ground state. While this was true, uniqueness (Theorem 2)
required a stochastic representation of the minimization problem. Later, [68, 1] formulated
an algorithm whose optimal value can be written as a stochastic optimal control problem
dual to Equation (1.3). Surprisingly, the study of overlap gap phenomena is also linked to
Equation (1.3) [50, 55], so this algorithm is optimal among a broad family.'®

" Here, (Bt)¢>o is standard Brownian motion.
15 This is the family of overlap-concentrated algorithms; see Definition 4.
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In a sense, the optimal message-passing algorithm updates its local information in a
way concordant with the Parisi minimizer u,, assuming that u. exists. Nonetheless, even
if Assumption 1 is false, we informally argue that this algorithm succeeds. Since ®# and
®L are continuous in p (e.g., [20, Theorem 4]), using a near-minimizer fi, of Equation (1.3)
changes the value in Lemma 30 by a negligible amount, which can be absorbed into the
choice of €. Furthermore, i, can be precomputed, since finding [, is a task required only
once per CSP predicate f, not once per run of the algorithm. Mathematizing this argument,
however, is a valuable open problem; see [1, Section 6].

In this section, we prove that the algorithm achieves a value affine to Lemma 30 after
taking two sets of limits.

5.1 A finite difference equation

Consider discrete versions of Equations (5.1) and (5.2). Choose § > 0, and consider
independent standard Gaussians {Bj, Ba,...}. Then consider the finite difference

X011 — X =" (00 (50)4= (56, X)) - 5+ /E(5(0+1)) —€'(80) - Beya  X{ =0,
(5.3)

Z8 — Z = \E(S(L+ 1)) — &(60) - D2 (60, X7) - Brsa Z0=0.
(5.4)

The variables are named suggestively. By Section 4, the messages uf _)Wul behave as
independent Gaussians as d — 0o, which we use to imitate By above. To this end, we define

the sequences

T = b 4 € (00) 1 (50)DE (30, 28) - 6 + fr - ul Tt 29 =0,
2 = 20 + € (00 (00D (00,25 ,) - 6+ /T, Tig =0.
We show that in the limit d — oo, the messages {uf,u?_,,} behave as stochastic input

to Equations (5.3) and (5.4). Note that ®#(¢,x) and ®# (¢, z) are Lipschitz in z, since all
z-derivatives are of ®#(¢, ) are bounded:

» Lemma 31 ([1, Lemma 6.4]). For every u € £, € > 0, and j > 2, there exists K =
K(p,j,€) >0 such that the jth derivative in x of ®* is within [—-K, K] for allt € [0,1 — €]
and x € R. In other words, |azJ OH(t,x)| < K for allt € (0,1 —¢€] and z € R.

By induction and using Lemma 31, 2¢ and ®#x (¢, z¢), and z{_,, and ®#2 (¢, z¢_, ) are Lipschitz

in the messages {uf}s<¢ and {’U’L—>a}5Se7 respectively. So we can apply Theorem 29:

» Proposition 32. Assume Property 2. Choose 1 < ¢ < L and any variable i. Then for
every integer k > 1, we have

E[®4; (60, 27)*] = E[®:(5¢, X7)"] + 0a(1).

We now choose the nonlinearities:

)
Al = ol (50, 2t) - : 5.5
7 zz( 7x7,) \/V@rl . ]E[(I)g;(t,xf)ﬂ ( )

)
Al = ok (5t : : 5.6
i—a ( ’wz%a) \/V@+1 E[(I)g;(t 2t )2] ( )

) 1—ra
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These nonlinearities behave as we promised earlier. First of all, by Lemma 31, the
nonlinearities are uniformly bounded for all d (presumed in Figure 2). Furthermore, by
construction, the second moment of the nonlinearities satisfy Property 2. Finally, the
nonlinearities do satisfy Property 1:

» Proposition 33. FEquations (5.5) and (5.6) satisfy Property 1. That is, for every m € N,
we have E[|Af — AL, |™] = Ou(527).

1—a

Note that with this choice of nonlinearities, the value of the spin z* differs slightly from
Equation (5.4) in the large degree limit. By Figure 2, the spin value evolves as
= = 5. Dl (50, X9 ~
Z)—Z) = Bija - Vi 2506, X) . Z3 ~ N(0,6).
E[®%5(60, X7)?]

However, the difference between Zg and Zf is inconsequential for small enough §:

» Proposition 34 ([1, Equation 5.7]). Suppose Assumption 1 holds. Then there exist g, C > 0
such that for every § < §y and £ < %, we have

(€ +1)0) — £'(49)
0

CE[®H (80, X9)?] — 1‘ < CV5.

5.2 Achieving the extended Parisi value

Here we show that Theorem 26 achieves a value affine to ALG¢, the infimum of a Parisi
{41
i

minimization problem. First, note that the expectation E[Af(u{"")2] can be simplified at

large degree:

» Proposition 35. For every variable i and 0 < ¢ < L — 1, we have

1
€, b+1 ¢
‘E [Ai(ui+ )2] — v E [Az” =0Oq (\/g) .
After the large degree limit, we take a second limit sending the timestep to 0; i.e. 6 — 0
or + — co. As a result, the finite difference describing z?, zf_,, converges to Equation (5.1),
and the finite difference describing z{, z{_, , converges to Equation (5.2). We bound the error
when making this approximation, using a statement from [1]:16

» Proposition 36 ([1, Proposition 5.3], see also [3, Proposition 4.8]). Suppose Assumption 1
holds. Then there exists a coupling between (X, Z;)i>0 and (Xg,Zf)geN and a constant
C > 0 such that for every small enough § and ¢ < %, we have E[|Xs, — X{|*] < C§ and
E[|Zs¢ — Z{|?] < C6.

We are now in a position to simplify Theorem 26:

» Theorem 37. Suppose Assumption 1 holds. Then for all € > 0, there exist dy € N and
dg > 0 such that for all d > dy and 0 < § < &y,

ALGE — €

= S B[] 2 Bl +

acE

16 The curious reader may refer to Table 1 to convert between the notation here and in [1].
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Proof. Recall that a = % is the clause density. By Theorem 26 and Proposition 35, we have

S Bl <l + = S (i S v 8 [Agf]> vou(})
=0

aclE eV

Let Ay EC VI E[Af]. At large enough d, Proposition 32 and Proposition 34 imply the
following for all 4:17

Api = veyr - B[@4 (50, X7)] - V(1 + 01(V5)) + 0a(1).
By definition of vy,

ey = 0L Y) 60

By Proposition 36 and Lipschitzness of ®#x (¢, x) in x, using the continuous X, introduces
multiplicative error:

§o(+1)) - ¢80

CE[®4;(66,X7)] - (1+01(V6)) + 04(1) -

Agi = NG -E[®4;(5¢, X50)] - (14 01(V6))* + 0a(1).
Putting it all together,
1 L
— ;315 [/(25.)]
E[f] + — L_1<1ZA >+O <1>
= —= — i al 5
vd =0 \""icv d
L—1
B+ ) 3 (€60 + 1) — €1(60) - 0360, Xan)] - 1+ 03 (V) +04 (3= )
i ° vd
1 & 1
= Bl + 2 3 (€00+1) ~ €060) BIRE60 X (1-+0y(1) + o ()
Applying Lemma 30 with large enough d and small enough § proves the result. |

5.3 Rounding

We have nearly achieved our objective. However, the entries of 27 are continuous, not in
{£1}. We account for this by rounding each entry of 2! without significant impact to the
value of the algorithm.

Let trnc : R — [—1, 1] be the truncation function, defined by

-1 ifz < —1,
trnc(z) =< =z if —1<z<1,
1 ifx>1.

We use a randomized rounding procedure R that acts independently on each vertex i: it
L L
outputs +1 at vertex ¢ with probability %, and —1 with probability Ptmfc(zb) The

7 Note that an error bound in Proposition 32 could improve the scaling beyond o4(1).
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average value of the algorithm is unchanged when replacing trnc(z%) with R(z%).*® This is
because averaging over the randomness in R, we have for every set S C V,

H R(zH)| = H trnc(zl) .

icS icS

E

We also compare the average value of the algorithm when replacing z¥ with trnc(z%); i.e.
the average value of E[f(trnc(2},))] — E[f(z5,)] across factors a. Intuitively, trnc has no
effect because each entry of 2z is almost surely bounded by 1 after taking the limits d — oo
and § — 0:

» Lemma 38 ([1, Lemma 6.2 and 6.5]). Suppose Assumption 1 holds with minimizer u. € £,
and consider the martingale Z; in Equation (5.2) corresponding to .. Then for all t € [0,1],
|Z:] <1 almost surely.

For each factor a, the difference E[f(trnc(z5,))] — E[f(25,)] can be split into at most 2"
terms of the form

| (Lt (1)

for some set S C da where |S| > 2 (since f has no linear terms). We show that each of these
terms is at most 0 - Od(%), where § is the timestep of the algorithm.
Arbitrarily order the elements of set S; then the above term can be written as

[mee)-)

)

[S| k—1 [S|
= ZE <H trnc(zgm)> (trne(zs()) — 2s(x]) H zéM
k=1 =1 t=rk+1

We show that the average value of such terms across factors a is negligible with d as n — oc.

» Proposition 39. For every integer L > 1, clause a, and disjoint subsets Ty, To C Oa such
that Ty UT, # &, we have

E ((H#)Htmc(zf)—(ﬂzf%) Htmcuf%))Q —0i(3):

i€ €Ty i€ i€T>

» Proposition 40. Fiz an integer L > 1 and variable i. For each a € 0i, fix disjoint subsets
Tl,aaTQ,a - 3a\z with Tl,a, @] T2,a, 7é &. Then

2l — trne(2F))?H/?
E (ziL—trnc(ziL))-éZ H zJL H trnc(sz) =0y (EK o = trne(z7))’] )

a€0i jET a J€T2 4 \/g

Although this is enough to show that the difference
1

ﬁ anE (E[f(trnc(25,))] — E[f(25,)]) = Od(ﬁ)’

we want this quantity to be negligible even among terms of size Od(id). We show this as
the timestep § also goes to 0.

18 For convenience, we use the notation trnc(z%) or R(z%) to apply trnc or R entrywise on z%.
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» Proposition 41. Suppose Assumption 1 holds. Then for every integer L > 1, there is a C
such that

,ZE — trne(zf))?] < C + 04(1).

i€V

d;

Proof. Consider the pseudo-Lipschitz function ¢ (x) = (z — trnc(z))2. By Theorem 29,
E[p(z)] = E[p(Z1)] + 0a(1).

We consider the behavior as § goes to zero. Since 1 is bounded by a quadratic function,
E[W(Z})] < Elle(Zs1)] + EIZ3, - Zsc ]

The first term is zero by Lemma 38. The statement follows by Proposition 36. |

We combine these statements with Theorem 37 to achieve our goal:

» Theorem 42. Suppose Assumption 1 holds. Fizx a factor a. Then for all ¢ > 0, there exist
do € N and dg > 0 such that for all d > dy and 0 < § < dy,
ALGE — €

—Z]E R(z5 )] > E[f] + ——.

an Va
We conclude this section by showing the value of the algorithm concentrates around its mean.
This implies that the algorithm is not only good on average, but it finds a good solution
with high probability as n — co.

» Proposition 43 (Generalization of [3, Lemma 4.10]). Fiz a integer L > 1. Then there exists
a constant C such that for all t > 0,

(

Proof. Partition the nodes of the graph G into C' = C(L) sets {W71, ..., W¢} such that any
two nodes 4, j € W, have distance at least 2L + 3. Then the value ZaeE (f(R(=E,)) —E[f])
can be split into C sums as in

% > (f(R(25,)) — E[f(R(z5,)))

> t) < Ce—ntz/(QC) ]
aclE

A déf (f(R(Zaa) ZR Z Dz af zaa ) - ! ZALv

acE 16\/ a€di L:l

where A, = D iew, R(zF) Y coi Disaf (R(25,)). By a union bound, P((A — E[A]) > tan) <

3

ZLC:1 P((A, —E[A,]) > tdn/C). Since each A, is a sum of up to n independent variables

each bounded by d, this probability is at most C' exp(— (tdgz/ﬁf) C exp( nt? ) <

6 Open questions

The first challenge is to either prove Assumption 1, or mathematize the continuity argument
that using a near-minimizer pi, € £¢ in the algorithm incurs negligible error. This would
address the chief concern of Corollary 7.

As mentioned before, our algorithm assumes the CSP predicate f has no linear terms;
e.g. f cannot represent k-SAT. We expect that a preprocessing step fixes this issue, similar
to [79]’s improvement to [1].
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Current techniques obstructing overlap-concentrated algorithms [50, 55] are restricted to
even Ising spin glasses and CSP predicates f. However, a recent technique [47] on spherical
spin glasses seems to circumvent this issue. Applying this technique to Ising spin glasses
could lead to obstructions beyond even models, which automatically transfer to CSP¢(«)
by [55]. We suspect that message-passing is optimal among overlap-concentrated algorithms
for all Ising spin glasses and CSP predicates f.

Furthermore, this work deepens a curious connection between CSP;(«) and Ising spin
glasses [26, 55]. For example, this algorithm and the one in [1] are very similar, and achieve the
same performance up to affine shift. In fact, the same is true for the QAOA for any constant
depth and choice of hyperparameters [11, 12]! (This is known for monomial predicates f but
likely extends to all predicates.) Perhaps there is a way to characterize the equivalence in
energy landscape that explains why some algorithms “can’t see the difference” between the
two models. This equivalence extends beyond overlap gap phenomena, which are defined
only at near-optimal energies.

It seems that understanding optimal algorithms for CSP¢(«) without asymptotics in «
requires new techniques.
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