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—— Abstract

We study generalizations of the classical Vertex Cover and Edge Cover problems that incorporate
group-wise coverage.

Our first focus is the Capacitated Partition Vertex Cover (C-PVC) problem in hypergraphs. In
C-PVC, we are given a hypergraph with capacities on its vertices and a partition of the hyperedge
set into w distinct groups. The objective is to select a minimum size subset of vertices that satisfies
two main conditions: (1) in each group, the total number of covered hyperedges meets a specified
threshold, and (2) the number of hyperedges assigned to any vertex respects its capacity constraint.
A covered hyperedge is required to be assigned to a selected vertex that belongs to the hyperedge.
This formulation generalizes classical Vertex Cover, Partial Vertex Cover, and Partition Vertex
Cover.

We investigate two primary variants: soft capacitated (multiple copies of a vertex are allowed)
and hard capacitated (each vertex can be chosen at most once). Let f denote the rank of the
hypergraph (i.e., the maximum number of vertices contained in any single hyperedge). Our main
contributions are: (i) an (f + 1)-approximation algorithm for the weighted soft-capacitated C-PVC
problem, which runs in polynomial time for constant w, and (i) an (f + €)-approximation algorithm

O(w/€) time.

for the unweighted hard-capacitated C-PVC problem, which runs in n

We also study a natural generalization of the edge cover problem, the Weighted Partition Edge
Cover (W-PEC) problem, where each edge has an associated weight, and the vertex set is partitioned
into groups. For each group, the goal is to cover at least a specified number of vertices using incident
edges, while minimizing the total weight of the selected edges. We present the first exact polynomial-
time algorithm for the weighted case, improving runtime from O(wn®) to O(mn + n?logn) and
simplifying the algorithmic structure over prior unweighted approaches (that rely on the tropical

matching problem).
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1 Introduction

The classical Vertex Cover (VC) problem in graphs is defined as follows: given a graph
G = (V, E) with weights on the vertices, find a minimum size subset of vertices S so that
every edge of the graph is covered, in other words, at least one of its end points is in S. This
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extremely simple problem has a rich history. It was one of the earliest problems shown to be
NP-complete by Karp [30] and was shown to have a polynomial time solution when the graph
is bipartite. On the hardness side, [31] assumes the Unique Games Conjecture and shows
that Vertex Cover is hard to approximate within a factor (2 — €) for every ¢ > 0. Gavril
[22] showed that a simple algorithm that takes all the vertices of any maximal matching is
a 2-approximation (because the cardinality of any maximal matching is a lower bound on
the optimal solution size). Subsequently, this simple algorithm was extended to weighted!
graphs as well, but this required significantly deeper understanding of the role played by
linear programming (LP) relaxations [24] and finally a simple combinatorial algorithm was
developed based on LP duality [6]. This problem also paved the way for improvements
and the well known local ratio technique [7] that found numerous applications. In addition,
approximation algorithms easily follow from the work of Nemhauser and Trotter who showed
that an optimal LP solution has a very simple structure [35]. In the Fixed Parameter
Tractability arena, again Vertex Cover has played a crucial role in the understanding of
kernelization and efficient algorithms.

Several extensions of VC have been studied. One major direction introduces capacities
on vertices, leading to the Capacitated Vertex Cover (CVC) problem. Here, each selected
vertex may cover only a limited number of incident edges. In this problem, a key distinction
arises between soft capacities (where multiple copies of a vertex can be purchased) and hard
capacities (where each vertex is chosen at most once). For soft capacities, Guha et al.[23]
first introduced the problem and provided a 2-approximation using a primal-dual algorithm;
another 2-approximation using dependent randomized rounding was later given by Gandhi et
al. [20]. Notably, these results often hold for the weighted setting where vertices have costs.
The hard capacity variant (VC-HC) presents significantly more challenges. Chuzhoy and
Naor [12] initiated its study, giving a 3-approximation for the unweighted version on simple
graphs. Crucially, they also showed that the weighted version of VC-HC is at least as hard as
Set Cover, which is NP-hard to approximate within a factor of (1 —¢)Inn for every ¢ > 0 [16].
Focusing on the unweighted VC-HC, Gandhi et al. [21] improved the approximation to a tight
2. When generalizing these problems to hypergraphs, approximation guarantees typically
depend on the maximum size of a hyperedge. Let f denote the rank of the hypergraph, defined
as the maximum number of vertices contained in any single hyperedge. A hypergraph whose
rank is bounded by f is commonly referred to as an f-hypergraph. For f-hypergraphs, Saha
and Khuller [36] provided the first O(f)-approximation (specifically min{6f,65}). Cheung,
Goemans, and Wong [11] then improved the bounds to 2f using a deterministic two-stage
LP rounding approach. The gap was finally closed to a tight f-approximation for unweighted
VC-HC on f-hypergraphs, achieved independently by Kao [28] and Wong [37], using iterative
rounding techniques.

A separate parallel line of work relaxes the requirement to cover all edges. Partial Vertex
Cover asks to cover at least a specified number of edges [10, 5, 21]. A further generalization is
Partition Vertex Cover (PVC), where the edge set is partitioned into w groups, the solution
must cover a specified minimum number of edges from each group. PVC was introduced
by Bera et al. [9], who obtained an O(logw)-approximation via a strengthened LP with
exponentially many constraints. They also proved that the problem is at least as hard as Set
Cover when w is unbounded. For f-hypergraphs, Hong and Kao [25] obtained a (f + 1) logw
approximation for the uncapacitated PVC problem. This is particularly relevant as the
techniques in Bera et al. for graphs do not extend naturally to hypergraphs.

! Every vertex has a weight and the aim is to find a minimum weighted subset of vertices.
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For constant w, and unweighted graphs, Bandyapadhyay et al. [3] gave a (2 + €)-
approximation in time n®®/€) later improved to the weighted case with running time
n°®) independently by Liu and Li [32] and Dabas et al. [13].

Combining both dimensions - vertex capacities and partition-based coverage - yields
richer and significantly more challenging models. While Partial VC with capacities has been
investigated?, these methods fail when coverage requirements are partitioned across multiple
groups. In this paper, we close this gap by introducing the Capacitated Partition Vertex
Cover (C-PVC) problem, which unifies the capacitated and partition variants of the Vertex
Cover problem. We study the problem in the general setting of hypergraphs.

Beyond theoretical generalization, C-PVC provides a framework for fair resource allocation
in systems where demands can be served by multiple potential providers. For example,
companies like Amazon solve a massive “Capacitated Coverage” problem to assign specific
fulfillment centers to zip codes for same-day delivery. In 2016, Bloomberg published an
investigation showing that Amazon’s Prime Free Same-Day Delivery excluded predominantly
Black neighborhoods (like Roxbury in Boston and the Bronx in New York) while covering the
white neighborhoods surrounding them [26]. Similar fairness concerns arise in urban mobility,
where car-sharing fleets are often concentrated in high-income and advantaged zones, failing
to improve accessibility in underserved communities [15]. The direct applicability of the
C-PVC framework stems from the fact that these resource allocation challenges are naturally
modeled as Hypergraph Vertex Cover problems rather than simple graph problems. C-PVC
formulation addresses equity by enforcing a coverage threshold p, for each group ensuring
that every demographic/geographic sector receives a minimum standard of service.

» Definition 1 (Capacitated Partition Vertex Cover (C-PVC)). We are given a hypergraph
H = (V,E), where f = max.cpg |e| is the rank of the hypergraph. We are also given, a vertex
weight function w : V. — Rxq, a vertex capacity function k : V. — Z*, a partition of the
hyperedge set E = Ey U EyU---UE,, and a coverage requirement (threshold) py € Z" for
each group Ej.

We denote the capacity of a vertex v by k, and its weight by w,. A feasible solution
consists of a set of integer copy counts {x,}yey (where x, € Z>o) and an assignment
p: E" =V for a subset of covered edges E' C E, satisfying:

1. Valid Assignment: For every edge e € E’, the assigned vertex must be in the edge, i.e.,

p(e) € e.

2. Capacity Constraint: The number of edges assigned to any vertex v is at most its total
capacity:

Hee E' | ple)=v} <zy-ky, YWEV

3. Partition Constraint: For each group g € [w], the number of covered edges from that
group meets its threshold:

|E/mEg‘ > Pyg

The objective is to find a feasible solution that minimizes ) ., Ty - w,. We refer to this as
the soft-capacitated variant. The hard-capacitated variant adds the constraint that x, € {0,1}
forallveV.

2 For hard capacities, Kao et al [29] give an f-approximation using iterative rounding. For soft capacities,
Bar-Yehuda et al [8] give an f-approximation using the local ratio method and Mestre [34] gives a
2-approximation using a primal-dual algorithm.

8:3
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In this work, we present two algorithms for the C-PVC problem. We obtain an
(f + 1)-approximation for the soft-capacitated weighted case.(Theorem 2) and an (f + €)-
approximation for the hard-capacitated unweighted case (Theorem 3). Both algorithms run
in polynomial time with respect to n and m but exhibit exponential dependence on w, which
yields an efficient polynomial-time solution when the number of groups w is constant. This
dependence on w is consistent with previous work on partition-constrained problems. While
the exact problem is known to be W[l]-hard parameterized by the number of groups w
(which rules out exact FPT algorithms), the existence of an FPT approximation algorithm
parameterized by w remains an intriguing open question.

For the weighted variant of the hard-capacitated case, Chuzhoy and Naor [12] showed a
hardness of Q (logn) of any poly-time approximation. Briefly, we can give the same upper
bound for Hard C-PVC. Let H be a hypergraph of rank f. For each group g € [w], add one
vertex v, with capacity |Eq| — pg (the allowed number of uncovered edges of that group)
and w,, = 0. For each hyperedge e € E,, add v, to e. Now, we can solve a full-coverage
instance of weighted vertex cover with hard capacities on hypergraph H’ with rank f + 1
using Chuzhoy and Naor’s approximation algorithm for hypergraph vertex cover. This®
will give an approximation with factor O (log (n +w)) = O(log (n)) for constant w. For this
reason, we only consider the unweighted variant of Hard C-PVC.

» Theorem 2. There exists a (f +1)-factor approzimation algorithm for the Soft Capacitated
Weighted Partition Vertex Cover problem that runs in polynomial time for constant w.

» Theorem 3. For any fized € > 0, there exists an (f + €)-factor approzimation algorithm for
the Hard Capacitated Unweighted Partition Vertex Cover problem that runs in time n°/).

While the vertex cover problem focuses on selecting a subset of vertices to cover all edges,
a natural dual problem is the edge cover problem. In this variant, the goal is to select a
subset of edges such that every vertex is incident to at least one selected edge. Although
structurally similar to vertex cover, the edge cover problem has very different algorithmic
properties—it can be solved in polynomial time via reductions to maximum matching—and
it arises in applications such as network design and resource allocation.

In this paper, we study a natural generalization of the edge cover problem called the
Partition Edge Cover (Partition-EC) problem which is defined as follows.

» Definition 4 (Weighted Partition-EC). We are given a graph G = (V, E) with a weight
function p : E — Rxq, a partition of the vertex set V =V, U---UV,, and a parameter py for
each group. We want to find a minimum-weight subset of edges such that at least pg vertices
from group V, are covered.

Bandyapadhyay et al. [4] studied this problem in the unweighted setting and gave an
exact polynomial-time algorithm with a runtime of O(wn?). Their approach first reduces the
problem to Budgeted Matching, which is then reduced to Tropical Matching, allowing the use
of known algorithms for the latter to obtain an optimal solution.

In this work, we present a simpler algorithm with improved running time (Theorem 5).
Our algorithm avoids the use of tropical matching and runs in time O(mn + n?logn).
Moreover, our approach naturally extends to the more general weighted setting, where edges
have arbitrary non-negative weights.

3 This does not generalize to soft capacities, since we could pick unlimited copies of these additional zero
weight vertices.



R. Dabas, S. Khuller, and E. Rivkin

» Theorem 5. The Weighted Partition Edge Cover problem can be solved ezactly in O(mn +
n?logn) time.

Related Work. The closely related k-center problem has also been well studied in the
partition framework. The first algorithm was proposed by Bandyapadhyay et al. [4], providing
a polynomial time 2-approximation while allowing k+w centers. A subsequent result by Anegg
et al. [1] eliminated the violation in cardinality of centers and obtained a 4-approximation in
time O(n®), which was later improved to a 3-approximation in time O(n“’Q) by Jia et al. [27].
The same framework for facility location and k-median objectives has also been studied; see,
for example, Dabas et al. [14], Bajpai et. al. [2], and the references therein.

Organization of the paper. The remainder of the paper is organized as follows. We highlight
the technical challenges and key ideas used to achieve our results in Section 1.1. Sections 2
and 3 present the (f + 1)-approximation and (f -+ €)-approximation algorithms for soft and
hard capacitated PVC, respectively. In Section 4, we describe the algorithm for W-PEC.
Proofs marked by (t) are deferred to the Appendix.

1.1 Technical Challenges and Key ldeas

Covering problems are extensively studied, but partial versions of these questions (that require
coverage of a given number of elements) make the problems much harder and significant new
ideas and techniques were required to obtain approximation algorithms for Facility Location,
k-median, k-center, Vertex Cover, etc. Despite the seemingly “small” generalization from
w =1 to w > 1, the problems again become much harder. For example, for the k-center
problem with outliers, there is a simple greedy algorithm with a factor 3 and a simple LP
rounding algorithm with a factor 2. As mentioned in the related work, the problem for w > 1
is considerably more involved; the best approximation factor of 3 requires a very high run
time of O(n“z).

The same situation also arises for Vertex Cover, where for w = 1 there is basically no
fundamental difference between full coverage and partial coverage and a matching bound of
2 can be obtained. But for w > 1 there is still no combinatorial algorithm that gives a O(1)
bound.

Soft C-PVC. For the soft-capacitated variant, the main challenge is managing fractional
values in the LP relaxation while respecting the lower bound threshold for each group. Our
algorithm first transforms an optimal fractional solution so that edge coverage is handled
either by an already rounded high vertex or by a unique low vertex. We then formulate a
configuration LP to handle low vertices. A configuration for a low vertex records, for each
group g, how many edges of F, are served by one copy of that vertex (therefore has one block
of variables for each low vertex) and w coverage constraints. The key insight here is that
this configuration LP has at most w fractional vertex blocks. We round one copy for each
fractional block and retain its fractional configuration mixture - a max-flow computation
determines the actual edge assignments. In the weighted case, we control the additive cost
of the at most w rounded blocks by guessing the w most expensive relevant vertices. Our
approach also eliminates the enumerative step for the unweighted case, thereby removing
the running time’s dependence on € present in Bandyapadhyay et al. [3]. While this (f + 1)
ratio is higher than the graph-specific (2 + €) ratio in prior work, the removal of 1/¢ from
the exponent of the runtime is a significant algorithmic simplification and efficiency gain,
particularly for the weighted case.

8:5
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Hard C-PVC. Our algorithm uses an iterative rounding algorithm to fix vertices and
assignments with large fractional values in each iteration. A final enumeration handles the
remaining small solution space. This structure matches the known tight techniques for
hard-capacitated hypergraph VC [37] but the core technical difficulty stems from integrating
the w partition constraints into the iterative rounding framework. The algorithm in Wong [37]
crucially rely on a counting argument applied to the final LP’s extreme point solution. This
argument bounds the cost of rounding the remaining “small” fractional vertices by bounding
their total number. However, introducing w new partition constraints fundamentally alters
the structure of this extreme point, as these w constraints can also be tight. This breaks
the standard counting argument. Our key technical contribution is a modified iterative
algorithm that demonstrates that the number of remaining fractional variables is bounded
by a function of w. We then manage this remaining set via a final enumeration step, yielding
an (f + e)-approximation algorithm whose runtime depends exponentially on w.

Weighted Partition-EC. Prior work by Bandyapadhyay et al. [4] for the unweighted setting
relied on a reduction to Tropical Matching. A major challenge is that it is not clear whether
the tropical matching-based approach can be extended to handle weighted instances, and the
existing method requires heavy algorithmic machinery. We circumvent this by identifying a
simpler structure that allows us to avoid tropical matching entirely. By reducing the problem
to a simpler matching formulation, we are able to handle arbitrary weights and significantly
improve the runtime to O(mn + n?logn).

2 Soft-Capacitated Weighted Partition Vertex Cover

We first present an integer program for the SC-PVC problem. Note that we add an upper
bound of m on the multiplicity z,, since any vertex v has k, > 1 and |§(v)| < m.

minimize Z Wy Ty (IP-SC)
veV
subject to Zyeﬂ, <1 Vee FE
veEe
z(zye,v>ng Voe {1, w)
ecE, \vee

Z Yew < kuTy YoeV
ees(v)
0 < Yew <z Vveee E
x, €{0,1,...,m} YoeV
Yew €{0,1}  VYveeeFE

We will say that an integral solution is feasible if we have an integral multiplicity x, for
each vertex and an assignment function ¢ : E — VU{L} such that |{e € E; : p(e) #L}| > pg
for all g € [w] and |{e € §(v) : p(e) = v}| < kyxy.

We only need z to be integral in a feasible solution (z,y) in order to find a fully integral
solution. The following lemma is utilized in several prior works on capacitated vertex cover
and involves a simple reduction to a network flow problem.

» Lemma 6 (). Let (z,y) be a feasible solution to the linear relaxation of IP-SC such that
x is integral. In polynomial time, we can compute an integral solution § such that (x,§) is
feasible.
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2.1 The Residual LP

We now partition the vertex set and generate a modified instance of the problem.
Let M CV with |[M| = w. For each v € M, let m,, be a fixed integer multiplicity.
Define R={v € V\ M : w, < minyep w, }.

Define Z =V \ (M UR).

We now give a modified linear program for each choice of M and guessed multiplicty for
nodes in M. Denote its value by OPTyes(M).

Our guessing step separates the expensive part of the solution from the residual rounding
problem. If the optimal solution uses at most w vertices, we can enumerate to find the exact
solution. We may therefore assume that the optimal solution uses more than w distinct
vertices. In this case, we guess the set M of w highest weight vertices and their multiplicities.
Under the correct guess, every remaining optimal vertex is no more expensive than the least
expensive guessed vertex, so we may safely exclude all more expensive unguessed vertices.
Later, the guessed vertices also provide the budget for a set of rounded fractional vertices.

minimize Z WLy (LP-RESy)
vER
subject to Zyeyv <1 Ve e E
vee
3 (zy> s p Vee(l )
ecE, \vee
Z Yo < kyy YveV
e€d(v)
0 <Yeow <y Vveee E
0<xz,<m Yv e R
Ty = My Yve M
T, =0 YveZ

For ease of notation, we will use c. := ) . ¥e» to refer to the coverage of an edge.

» Observation 7. Let OPT! be the value of the optimal integral solution to IP-SC. There
exists a set M C V' with selected multiplicites {m.,},,,; such that the resulting LP-RESy\
has integral solution of value OPTL (M) with

OPT/ (M) + > wym, = OPT'.
veM
The proof of the following lemma is somewhat technical and deferred to Subsection 2.3.
» Lemma 8. For any feasible solution (x,y) to LP-RESy, we can construct a feasible

solution (&, ) such that & is integral and has the following properties:
1. for vertices in M,

Z Wydy < f Z Wy Ty
vEM veM
2. for the vertices involved in LP-RESy,
> wydy < (f +1) OPTres(M) + Y wy,
vER veF

where F' C R with |F| < w.

APPROX/RANDOM 2026
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In order to complete the proof of Theorem 2, we need to show how the correct choice
of M C V eliminates the term ZUGF wy. Recall that for all v € F C R and all v; € M,
Wy < wy;. By combining this with Observation 7, we get

g Wyly = g wvaﬁ“v—kg Wo Ty

veV veEM vER
<Y wemy + (f +1) OPToes(M) + Y w,
veM vel
ST Y wemy +(f 1) <0PTI > wvmv> + Y w,
veM veEM vel
= (f+1)OPT! +f Z wymy — (f + 1) Z Wy My + Zwv
veM veEM veEF
= (f+1)0PT! - Z WyMMy + Z Wy
veEM vEF

< (f+1)0PT.

Thus our rounded solution, which is feasible with respect to both group and capacity
constraints, exceeds the integral optimal solution by a factor of no more than f + 1. There
are n?«) possible sets M, and each set has m® different sets of multiplicities. After checking
all possibilities, we output the lowest-cost feasible solution; since this is the correct guess, its
cost is bounded by Theorem 2.

Before we prove Lemma 8, we first describe a rounding scheme starting from the solution
to LP-RESy1.

2.2 The Rounding Scheme

We give a partition of V:
— . 1

—— . 1
L.—{’UER.O<.’IIU<m}

Any vertices with z, = 0 are disregarded, and we set Z, = 0. Now, we round the edge
variables. If any edge is such that all vertices have &, = 0, that edge cannot be covered. For
simplicity, we will remove such edges from consideration going forward (these will remain
uncovered). For each v € L, create an empty set L,. Some edges may include vertices that
are already rounded to 0. For clarity, let L' = LU{v €V : &, = 0}.

The next step preserves the total coverage c. of every edge. It only moves this coverage
between endpoints such that the coverage of each edge is partitioned between vertices in H
or given to one unique vertex in L.

1. en L' = 0: all coverage is handled by vertices in H. Set Je., = ye for all v € e.
2. eN H = (: all coverage is handled by vertices in L. Let v, = argmaxyecent, Yen- S€t
Jewy =Ce and Py, =0V v €€\ ve. Add e to Ly,.
3.enH,enlL 75 (J: coverage is distributed between vertices in L and vertices in H.
a. If yeo, > f+1’ let vy = arg maxyeens Yew- €t Yew, = Ce and Je,, = 0 for all other
v E€e. Add e to Ly,.
b. Otherwise, let ¢! = Y weent, Ye,o and ch = Y veenn Yew- Then, gy = ye o + y(fg ! for
veeNH and §., =0forveenlL.
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Ce

Note that, in case (3), if an endpoint in L is above the threshold 7T
entire edge with an (f + 1)-fold increase; otherwise, the coverage provided by all endpoints in
L is proportionately transfered to the endpoints in H. Therefore, the threshold is carefully
chosen to work for both cases. Also observe that the sets L, are disjoint, meaning that each

it can absorb the

edge has no more than one v € L that is responsible for its coverage. For now, we only round
ve H: &, = [%xv—‘

» Lemma 9 (f). Forallve H,

1
> dew < Lk < R

e€d(v)
Moreover, ifve HNR, &, < (f + 1)y, and if v e M, &, < f - x,.
We are now covering some subset of edges in each group. For g € [w],
hg = Z Z Je,o-
vEH ecd(v)NE,

In Lemma 9, we showed that the rounded multiplicities Z, for v € H can cover all rounded
fractional edges that they are responsible for. Now, we have to open some vertices in L to
cover the remaining p, — hy edges of each group.

2.3 The Configuration LP

Our final task is to round the vertices in L. For these vertices, we will only consider whether
or not we will open one copy of each vertex. For v € L and ¢ € [w], let N, g = E;N L, be
the set of edges of group ¢ that v is responsible for, and let 7, 4 = [Ny g|.

Since each L, is disjoint, some vertex v covering some edge e € L, has no bearing on

whether another vertex v’ can cover some edge ¢ € L,/ even if v and v’ are adjacent.

Therefore, we consider the following question: if we were to open one copy of v, how many
different ways could v cover up to k, edges in L,? With this framing, we simplify the
remaining problem by rendering edges of the same group in each L, indistinguishable.

A feasible configuration for a vertex v € L is a vector A = (A44,...,A,) € Z%, with
Ay <y forall g € w]and 377 ) Ay < k. The coordinate A, records how many owned
edges of group g are served by one copy. The bounds A; < 7,4 and > p Ay <k, enforce
edge availability and capacity, respectively. Let A, be the set of all feasible configurations
for v € L. We now solve this configuration LP:

minimize dwe Y A (LP-CONFIG)
vEL AeA,N\O0
subject to Z Apa=1 YveL (1)
A€A,
S Adazpg—hy  Vge{l,... w} (2)
vEL A€ A,

Av,a >0 Yve L, Ac A,

We consider the zero configuration 0 to mean that the vertex is not chosen, so each A, o
does not contribute to the cost.

We first need to connect the solution of LP-CONFIG to the solution of LP-RESy
restricted to the vertices in L. In order to do this, we will construct a feasible solution to
LP-CONFIG using the solution (z,y) restricted to vertices in L and edges in (J,; L, and
the rounding scheme described in Subsection 2.2.

8:9
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» Lemma 10. LP-CONFIG has a feasible solution of cost no more than (f +1) >, cp WuTy.

Proof. We start by considering the edges in the sets L, for each v € L. If an edge was
rounded using case (2), we have

e = Ce < f Y < (f + 1)y,

If it was rounded using case (3a), v must be such that y., > SO

:’Qe,v = Ce S (f + 1)ye,v S (f + 1)1:1)

We also observe that, because L contains only vertices with z, < ﬁ, we must have
(f + D)z, < 1. Finally, by summing over edges in L,,, we have

e <UD D tew < (f + Dk

ecL, ecL,

from the feasibility of the LP solution. This implies that

Ce
2 <k

e€ L,

Consider the following set of vectors:
Pd, k) = {z ERY:0< |2)loe <1, |2]11 < k} .

This defines a concave set with integral extremal points. Assume that we ordered the edges
of L,. Then, the vector

- (T r)
PN\ Dz, (F D

is contained within P(|L,|, k). Let S, = {S C L, : |S| < k,}. We can now use the set of
indicators 1g of S € S, as a basis for z,. Write z, = ZSeSv Cuv,51g for Zsesu Cv,s = 1.

Next, we want to move from the vectors 1g to feasible edge configurations. Define
the projection m, : RILel — R¥ such that column g is 1y, ,. Each m,1g is a feasible
edge configuration. For each A € A, \ 0, let Sy = {S€S,: 7S =A}. Define A\y 4 =
(f+1Dzu D ges, Co,s and Ao =1 =37 49 Av,a. Therefore, A satisfies the constraints (1).

Now, we look at the constraints (2). For one edge, > ¢, Cus = Fina,- We know that
the edges are sufficiently covered in the rounded solution, so

Yo Ada=d > Ay > Gus(f Dy

vel A€A, vEL A€A,  SESa
=> (F+Dw Y 1n,,  1sCus
veL Ses

=33 > (F+Dzles

vEL SES, e€ESNN, 4

:Z(f'i_l)‘rv Z ZC@S

velL eEN, 4 SDe
Ce
S NIAEIND SR
veL eENy. 4 (f + Dy

:Z Z Ceng_hg

vEL eEN, 4
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Now that the projection defines a feasible solution to LP-CONFIG, we need to show that
the objective function value is bounded:

Zwv Z )\v,A:Zwv Z (f‘i'l)xv ZCv,S

veEL AcA,\O veL AcA,\O S€ESa
= Z wy (f + 1)z, Z Co,8
veL Ses\o
g(f—i—l)Zwvxv. <
veEL

Let F' C L be the set of vertices with fractional A, 4. While we also want to open this
set of vertices, bounding the cost is made difficult by the lack of an integral configuration.

» Lemma 11. Any optimal basic feasible solution A to LP-CONFIG has |F| < w.

Proof. We start by turning constraints (2) into equalities. Our new LP is

minimize g Wy E Av, A

veL  A€A,N\{0}

subject to Z Av,a =1 Vv e L
A€A,
SN Ada=pg—hg+s,  Vge{l,... w}
veL AcA

Ava>0 Yve L, A€ A,

542>0 Vg e{l,...,w}
A solution to this LP has up to |L| 4+ w non-tight variables, meaning that up to |L| 4+ w of the
variables A, 4 and s, are positive. Constraints (1) ensures that at least one A, 4 per v € L

is positive, and at least |L| — w of those constraints has only one positive A, 4, so up to w of
these constraints can have fractional A, 4. |

We now have the machinery to prove Lemma 8. Recall the statement:

» Lemma 8. For any feasible solution (x,y) to LP-RESy1, we can construct a feasible
solution (&, ) such that & is integral and has the following properties:

1. for vertices in M,
Z Wyly < f Z Woy Ty
vEM vEM
2. for the vertices involved in LP-RESy;,
D widy < (f +1) OPToes(M) + ) wy,

vER vEF
where F C R with |F| < w.

Proof. For each v € L, if A, o =1, set &, = 0 and g, = 0 for all e € L,. Otherwise, set
&, =1. If v ¢ F, there is one integral edge configuration. Select a set N(A) consisting of A,
edges from each N, 4, and set Je, = Leen(ay. Ifv € F, let F, = {A € A, : A\y,a} > 0. For
each configuration A € F,, define a set of edges N(A). Then, set Jev = D 4c 7, Av,aleen(a)-

APPROX/RANDOM 2026



8:12 Capacitated Partition Vertex Cover and Partition Edge Cover

Since the solution A is feasible for LP-CONFIG,

Z Z ge,v: Z Z leEN(A)+Z Z Z )‘U,AleEN(A)

vEL eENy ¢4 vEL\F eENy 4 vEF AE€F, eENy 4
:E:AngE: E, E, Av,aAg = pg — hg,
vel vEF A€F, eENy 4

since the L, are disjoint and no edge can be double-counted. Moreover, if v € L\ F,

Z ge,v = iAg < kv = kvlﬁv.
g=1

e€d(v)
IfvekF,
Z ge,v = Z Z Aq;,AleeN(A) = Z Z >\1) AA < kv =k xv
e€d(v) ecd(v) AEF, e€d(v) AEF,

From Lemma 9, the vertices in H respect the capacity constraints. Thus, we can conclude
that (Z,7) over all v € L U H satisfies both the group and capacity constraints. We now
bound the cost of the rounded vertices. We use Lemma 9. For part (1), we can sum over the
bound on %, for all vertices in M. For part (2),

Z wudy < (f+1) Z Wy Loy

vERNH vERNH

From Lemma 10,

Zwvsﬁv < (f—i—l)Zwvxv—&—Zwv.

veEL veL veF

By combining these statements, we have

Zwvjy_ f+1 Zwvmv+zwv— f+1 OPTres )+Zwv7

vER vER veF veF
which concludes the proof of Lemma 8. <

2.4 The Full Algorithm

We end this section with an overview of the algorithm and a discussion of the runtime.

1. Enumerate through every set of vertices of size at most w and every integral multiplicity
from 1 to m. If any set is feasible, take the cheapest feasible set. Otherwise, continue to
the main algorithm. There are (V] + |E|)O(w) such sets.

2. For every set M C V with |[M| < w and every integral multiplicity from 1 to m, solve
LP-RESy. There are (|V|+ |E])°“ such sets.

a. Round the solution using Lemma 9.

b. Solve LP-CONFIG for the vertices in L. The LP has up to |V|(|E|+ 1) variables
and |V| 4 w constraints.

c. Round the fractional vertices using Lemmas 10 and 11.

d. Continue with the lowest-cost feasible solution, which corresponds to the correct guess
of M.

3. Find an integral edge assignment using Lemma 6. The network has O(|V| + |E| + w)
nodes and O(|V| + |E| + w) arcs.

Each step requires time that is polynomial in the |V| + |E|, and we repeat each step a
number of times that is polynomial in |V|+ |E|. Since w is assumed to be constant, the
overall algorithm is polynomial in |V| + |E|. Note that this runtime is independent of the
hyperedge size f. This completes the proof of Theorem 2.
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3 Hard Capacitated Unweighted Partition Vertex Cover

In this section, we study the Hard Capacitated Unweighted Partition Vertex Cover problem
in hypergraphs using iterative rounding. Before detailing the iterative steps, we define the
LP relaxation using fractional vertex variables z and assignment variables y. These variables
are constrained to satisfy the partition thresholds and vertex capacities while ensuring that
no edge assignment exceeds the fractional status of its endpoints. This formulation minimizes
the total fractional vertex count, establishing a baseline solution that informs the subsequent
rounding iterations. The integer program closely resembles IP-SC, so we will not restate it.
The formal relaxation is presented below:

minimize E Ty

veV
subject to:

Zye,v <1 Vee E

vEe

> (Se) =0 W e )

ecE, \vee

ye,vg‘rv Yveee F
Z yeﬂ) S kﬂ"EU VIU E V

e€d(v)

0<z,<1 YveV

Ye,v >0 Yveee F

It is sufficient to find an integral solution for x; an integral assignment y can then be
found efficiently via a max-flow computation. Our algorithm therefore focuses on finding an
integral x with a bounded cost.

3.1 Algorithm

Our algorithm is based on an iterative rounding framework. The core idea is to repeatedly
solve an LP relaxation, fix a subset of variables to integral values based on the solution, and
then re-solve a smaller, updated LP on the remaining problem. This process is guided by a
dynamic LP formulation that adapts to the decisions made in each step (see LP-IP).

We maintain several sets for the iterative rounding algorithm. Let D be the set of vertices
whose final integral counts have been determined, and let T denote the set of edges of group
g that have been definitively assigned to vertex v. We define T' = |, ¢, U;JZI T9 as the set
of all covered edges. Based on the fractional solution from the previous step, we partition the
remaining undecided vertices into two groups: U = {v € V'\ D | ¥ > 1/f}, which contains
vertices with high fractional values, and W = {v € V\ D | 0 < z; < 1/f}, which contains
those with low fractional values. U is further divided into Us = {v € V\ D |z} > 1/f} and
U_={veV\D|zi=1/f}. Let Z={v e V\D |z} =0} Initially the sets T and D are
empty.

8:13
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minimize Z Ty (LP-IP)
veV\D

subject to:

Z Yeo S 1— Z Ye, v’ VBEE\T

vee\D v'€enD

Z Z Yew = Pyg

e€E,\T vee\D

I HEEDY (Z ye,v’> ge{l,...,w}

veV ecE,\T \v'€enD
Yeo < Ty Vee E\T,v€e\D
> Yew < (kv -3 ITU9|> Ty Vo e Us
e€d(v)\T gEw
> Yew S humy YveWw
e€s(\T
1/f<a, <1 Vo € Us
0<uz, <1/f Vo e W
Yep = 0 Vee E\T,vee\D

Note that there is no capacity constraint included for vertices in U~ within LP-IP. This
is because any vertex u entering U- is immediately processed by the algorithm (its value
is fixed to Z,, = 1 and it is moved to the decided set D). Thus, it is no longer an active
variable in the updated LP over V' \ D, and omitting it does not cause the feasible region to
grow. The complete iterative rounding framework is detailed in Algorithm 1. It formalizes
the process of identifying which variables to fix, updating the problem state, and iterating
until a fully integral solution is found.

Note that when a tight edge is found and permanently assigned (Lines 8-11), we inten-
tionally do not fix x,, to 1. The variable z, remains active and fractional in the updated LP
so its residual capacity can be utilized for other incident edges, and to prevent a premature
increase in the LP objective. Since u € U, Lemma 6 guarantees its fractional value remains
at least 1/f, ensuring it will be safely rounded to 1 at the end of the algorithm.

3.2 Analysis

» Lemma 12. Suppose a vertex u satisfies xi, > 1/ f at some iteration. Then x¥ > 1/f in
all subsequent iterations as long as uw ¢ D. Consequently, the final integral value T, will be
at least 1.

Proof. When a7 > 1/f, the vertex u is placed in the set U. We consider two cases based on
its value.
If 2 = 1/f, then v € U—. In the same iteration, the algorithm adds u to the set of
decided vertices D and fixes its final integral value as z, = 1.
If 2 > 1/f, then u € Us. For all subsequent iterations where u remains an undecided
variable, the updated LP-IR includes the explicit constraint z,, > 1/f. This ensures its
fractional value cannot drop below 1/f.
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Algorithm 1 Iterative Rounding Algorithm

1: Solve the initial LP Relaxation to get an extreme point solution (z*,y*).

2: T < 0 for all v € V (which implicitly sets T =0), g € {1,...,w} and D <« 0.

3: Initialize U, Us,U=, W, Z based on (z*,y™).

4: repeat

5: for v € Z do > Handle zero-valued vertices
6: Set Z, + 0.

T D < DU {v}.

8: end for

9: if y2 , = x;, for some u € U and e € §(u) \ T then > Assign tight edges
10: Set Ye,u + 1, and ge,o + 0 for v € e\ {u}.
11: T + TJ U{e} for e € Ey.
12: end if
13: for u € U= do > Handle boundary-valued vertices
14: Set T, < 1.
15: Set Jeu Yo, for e € 6(u) \ T. > Fix edge assignments
16: D <+ DU{u}.

17: end for

18: Solve the updated LP-IR for a new solution (z*,y").

19: Update U, Us,U=, W, Z based on the new (z*,y™).

20: until U= = 0 and Z = @ and no tight edges are found

21: for v ¢ D do > Final rounding step
22: Set Ty «+ [z].

23: end for

24: return integral solution Z.

Eventually, either u enters U~ (and is rounded to z, = 1) or the algorithm terminates with

u ¢ D. In the latter case, it is rounded up in the final step, yielding z,, = [z] > [1/f] = L.

In all possible outcomes, if u ever enters U, its final value x,, is at least 1. <

» Lemma 13. The solution T returned by the algorithm is a feasible integral solution to the
problem.

Proof. The final solution Z is integral by construction. Variables are set to integer values (0
or 1) during the loop, and the final step applies the ceiling function.

Next, the initial LP ensures that the group coverage p, is satisfied fractionally. As the
algorithm fixes variables and assigns edges to T, it reduces the coverage requirement for

subsequent LPs. The final LP solution (x*,y*) satisfies the remaining coverage fractionally.

The final rounding step, z, = [« ], only increases the available capacity, which means at
least as many edges can be covered as in the fractional solution. Thus, the integral solution
meets or exceeds the fractional coverage and satisfies all group coverage requirements.
Finally, we consider capacity constraints for each group of vertices:
For vertices in Us: The capacity used by any “tight” edges is explicitly subtracted
and budgeted for in later steps. When the remaining vertices are rounded up, the new
integer capacity is always greater than or equal to the fractional capacity required by the
LP solution (k[z%] > k,z¥), ensuring the constraint holds.
For vertices in U—: When a vertex is rounded from 1/f to 1, the LP guarantees that its
fractional edge assignments required a capacity of at most (ku — >_ ¢, [T])/f. This is
well within the newly allocated integer capacity of (ku — >_ ¢, [T]), so the assignment
is valid.
For vertices in W: At the end of the algorithm, these vertices are rounded up from
a value less than 1/f to 1. The LP solution’s required capacity was less than the final
integer capacity (k) < ky - 1), so the final assignment is feasible. <

8:15
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» Lemma 14. Let (z*,y*) be the extreme point solution upon which the algorithm terminates.
(W <|U1| +w where Uy = {u e U : z} =1}.

Proof. The proof is by a counting argument on the variables and constraints of the final
LP-IR. As an extreme point solution, it is uniquely defined by a system of linear equations
formed by setting a subset of the LP’s inequality constraints to be tight. A fundamental
property of such solutions is that the number of variables must equal the number of linearly
independent tight constraints.

At termination, the set of undecided vertices is V'\ D = Us UW. The algorithm’s
termination conditions ensure that for any u € U, we have xy, > 1/f and y; , < z;. For
any w € W, we have 0 < z}) < 1/f.

The variables in the final LP are the {z,} for undecided vertices and the associated {ye v}
assignment variables. The total number of variables is

US|+ W[+ > [e\D|=|Us|+[W|+ > |enUs|+ > lenW|.
e€E\T e€E\T e€E\T

Next, we establish an upper bound on the number of linearly independent constraints
that can be tight. For the partition constraints, capacity constraints for U-:, and
upper bounds z, < 1: at most w, |Us|, and |U;| constraints can be tight.

The constraints involving W vertices include the capacity constraint for each w € W
(O" Ye,w < kwyw), the coupling constraints (ye,., < @), and the non-negativity constraints
(Ye,w > 0). The maximum number of constraints from this group is limited for two reasons.
First, for any specific edge e, the constraints ye ., > 0 and ye ., < z,, cannot both be tight
simultaneously. This is because x}, > 0. Thus, for each edge, at most one of these two
boundary constraints can be part of the basis. Second, the entire collection of constraints for
vertex w is linearly dependent. For a given vertex w, if the constraints corresponding to ye
are chosen to be all tight, the tightness of the capacity constraint is a direct consequence and
is therefore redundant; it cannot add a new linearly independent equation to the basis. Due
to these two properties, the maximum number of independent tight constraints associated
with any single vertex w is [6(w) \ T'|. Summing over all vertices in W establishes the total
contribution of at most

S B\ T =3 enw]

weW e¢T

constraints to the basis.

Finally, in order to handle the constraints involving U~ vertices, we do a per-edge
analysis. For each edge e € E'\ T, we analyze the relationship between its edge coverage
constraint and its non-negativity constraints for Us endpoints. Let C, be the edge coverage
constraint

Z ye,vgl_ Z ge,v/v

vee\D v'€enD
and let {N.,} be the set of non-negativity constraints: y., > 0 for all u € eNUs.

> Claim. For any edge e with at least one endpoint in Us, it is impossible for C, and all
constraints in {N. ,} to be tight simultaneously.

Proof. Assume for contradiction that for an edge e where |e N Us| > 1, constraint C, and
all constraints N., are tight. The tightness of all N, , implies y., =0 for all u € e N Us.
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Thus, the edge’s total coverage comes only from W vertices:

Z Yen = Z Ye,w-

vee\D weeNW

Since Y < 1/f for any w € W, we have a strict upper bound:

Z Yew < leNW|/f.

vee\D

The tightness of C, means

Z ye,vzl_ Z ge,v“

vee\D v’'€enD

This right-hand side has a lower bound of |e \ D|/f. Combining these gives

le\D|/f < Z Yeo < leNW]/f.

vee\D
This implies
leNUs|+ lenW] < lenW]|,
which simplifies to |e N Us| < 0, a contradiction. <

This claim implies that for each edge e, the set of 1 4 |e N Us| constraints (consisting
of C. and {N,,}) are linearly dependent when all are tight. Therefore, at most |e N Us| of
them can be chosen for a linearly independent basis. The total number of tight constraints
from this group, summed over all edges, is at most ZeeE\T leNUs|.

By equating the number of variables to the upper bound on the number of tight, linearly
independent constraints, we have:

Us[+W]+ D [enUs|+ Y [enW] S w+|Us|+|U1]+ D [enW]+ Y [enUs|.

e€E\T e€EE\T e€E\T e€E\T
Canceling the common terms from both sides yields the desired result. <
We can now return to the proof of Theorem 3.

» Theorem 3. For any fized € > 0, there exists an (f + €)-factor approximation algorithm for
O(w/e)

the Hard Capacitated Unweighted Partition Vertex Cover problem that runs in time n
Proof. The feasibility of the integral solution x produced by the algorithm is guaranteed by
Lemma 13. We now bound its cost.

Let OPTp be the optimal value of the initial LP relaxation. First, observe that the
optimal value of the LP relaxation does not decrease between iterations. When rounding
decisions are made in the main loop, the problem is modified by either fixing variables or
enforcing stricter inequalities (e.g., x, > 1/f instead of =, > 0). Because we shrink the
feasible region of a minimization problem, the objective value cannot improve. The cost
added to our integral solution during the main loop can be bounded by charging it to the
fractional value removed from the LP. Specifically, when z} > 1/f is rounded to 1, the cost
ratio is at most 1/(1/f) = f.

8:17
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Let Sy, be the set of vertices finalized during the iterative loop and Sp = Us U W be the
set of vertices rounded at the end. An accounting argument based on the above observation
shows that the cost from vertices rounded during the loop, |Sr|, plus f times the cost of the
final LP, f- OPTp, is at most f - OPTp.

The cost from the final rounding step is Cost(Sr) = >_,cp_ w25 ] = [Us| + |[W]. By
Lemma 14, this is bounded by |Us |+ |U;| + w. For any u € Us,, we have 1 < f - . This is
sufficient to show that, for f > 2,

US|+ |0h| < f- ) @) < f-OPTk.

ueUs

Therefore, the cost of the final step is bounded as
Cost(Sp) = |Us|+ |[W| < f - OPTp 4w

Combining the costs from both phases gives the total cost
Cost(z) = |SL| + Cost(SF) < |SL| + f - OPTp +w

Since |Si| + f - OPTp < f - OPTpp, we have a solution with a total cost bounded by
f-OPTp+4w.

We enumerate all possible solutions of size kK = 1,2, ..., [w/e]|. This step takes nOWw/e)
time. If a feasible solution is found, the first one encountered must be an optimal solution,
since we are checking solution sizes in increasing order, and we are done.

Otherwise, if this process is completed without finding a feasible solution, we know that
the optimal integral solution, OPT, has a cost greater than w/e. In this case, we run our
iterative rounding algorithm. By the analysis above, it returns a feasible solution with a cost
bounded by

Cost(z) < f - OPTLp +w

Since OPTp < OPT and we have established that OPT > w/e, we can bound the cost of
our solution as

Cost(z) < f-OPT+e-OPT = (f +¢) - OPT.

This provides an (f + €)-approximation for the problem. <

4 Weighted Partition Edge Cover

We consider the following generalization from [3]:

» Definition 15 (Weighted Budgeted Matching). We are given a graph G = (V, E) with a
weight function p : E — R>q, a partition of the vertex set V =V, U---UV,,, and a parameter
pq for each group. We want to find a minimum-weight matching such that at least pg vertices
from group V4 are matched.

First, we note that the reduction between Partition-EC and Budgeted Matching in Lemma
5 [3] holds in the weighted case.

» Lemma 16 ([3]). If Weighted Budgeted Matching can be solved in time T (n,m), then
Partition-EC can be solved in time T (2n,m +n) + O (m +n). Here n and m refer to the
number of nodes and edges respectively.
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In order to be matched or covered at minimum cost, a vertex will pay for its least
expensive adjacent edge, so we can modify the reduction by giving the edge between each
vertex and its auxillary vertex this minimum adjacent weight. Moreover, we eliminate the
dependence on w.

Now, we give a simple reduction to the standard problem of finding a maximum weight
matching in a graph. This allows us to generalize the problem to weighted graphs, improve
the running time, and avoid the reduction to tropical matching completely. Our algorithm
also admits the use of standard libraries for weighted matching.

1. Let M be large with M > 3" pe.

2. Let H be a copy of G with the following vertex sets added. For each group g add a
set V, of [V,| — py nodes. Add edges between all nodes in V] and V, for each g. The
weight of an edge e in H is 2M — p, when e € E, and the weight of an edge (x,y) where
T € Vg’, y € Vg is M. See Figure 1 for an example

3. Find a maximum weight matching My in H using the algorithm by Gabow [17, 18]
The matched edges induced by the nodes of G should be a minimum weight matching
satisfying the group requirements. If the weight of the maximum weight matching is at
most (n — 1)M then no solution exists.

Figure 1 The reduction from Weighted Budgeted Matching to Maximum Matching for an instance
with p1 = p2 = p3 = 1. Here we let M = 50.

» Lemma 17. If mazimum-weight matching can be solved in time T (n,m), then Weighted
Budgeted Matching can be solved in time T (2n,m + n2).

Proof. For each group g we add ’Vg” < |V4| vertices for a total of at most n additional
vertices. We then add a complete bipartite graph with |st| - |V edges for each color, which
totals at most n? additional edges. <

» Lemma 18 (}). In My, at least p, vertices from each group Vg are matched by edges
from G.

8:19
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» Lemma 19 (}). The matching M = Mgy N E(G) with original edge weights has total
weight equal to the optimum of the Weighted Budgeted Matching problem.

To speed up the algorithm, we do a reduction to the problem of finding a max weight
subgraph with upper bounds on degrees (f-factor). We contract the set Vg' into a single node
V, with edges to all vertices in V; of weight M and give a degree constraint of [Vy| — py to
Vg’. All nodes of V' will have a degree constraint of 1. This new graph has only n + w vertices,
and at most n extra edges, preserving the sparsity of the graph. We now use the algorithm
by Gabow [18] (see also [19]) which gives O(nm + n?logn) running time.

Lemmas 16, 17, 18 and 19 together imply Theorem 5.

5 Conclusion

While our algorithm achieves an (f + €)-approximation for the hard-capacitated problem, the
algorithm for the weighted soft-capacitated (SC-PVC) variant has an approximation factor of
f~+1. Bridging this gap by designing an f-approximation algorithm for the weighted SC-PVC
problem remains an intriguing open question. A natural question is about the dependence
on w in the run-time. Is it possible to derive an f approximation in time O(f(w)n®) so that
the dependence on w in the run-time is not O(n*)? We already know that the problem is
Set Cover hard for unbounded w. The same runtime issue arises in the k-center problem as
mentioned earlier (in related work).

Another interesting direction for future research is to develop an efficient combinatorial
algorithm for the Partition Vertex Cover problem, even in the uncapacitated case. While
such primal-dual methods exist for the related Partial Vertex Cover problem [34], developing
one for the partition generalization is an open question.

For the distinct but related problem of maximizing edge coverage given a budget on the
cardinality of the chosen vertex cover, Marx [33] shows how to obtain an FPT approximation
scheme for unweighted simple graphs for w = 1. It will be interesting to obtain similar results
for arbitrary w.
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A Remaining Proofs from Section 2

» Lemma 6 (}). Let (z,y) be a feasible solution to the linear relazation of IP-SC such that
x is integral. In polynomial time, we can compute an integral solution § such that (x,§) is
feasible.

Proof. We present the construction for completeness. Consider the input instance and a
solution (z,y) with z integral. We construct a network flow instance F. The nodes of F'
are sUFE U (VU{Uy,...,Uy,}) Ut. The source and sink are s and t, respectively. The
nodes Uy, ..., U, correspond to the uncovered sets for each group. We define the arcs and
capacities:

(s,e) for each e € E with capacity 1;

(e, U) for each v € e with capacity 1;

(e,Uy) where e € E, with capacity 1;

(v, ) for each v € V' with capacity kyxy;

(Uy,t) for each g = 1,...,w with capacity |E,| — p.

We know that (x,y) is feasible, so there must be a flow of |E| in F from s to t. The
capacity on each arc is integral, so there exists and integral flow of value |E| from s to t.
Define g, = 1 (meaning that ¢(e) = v) if the flow (e,v) is 1 and ., = 0 otherwise. If an
edge goes unassigned, meaning that the flow from e to Uy is 1, p(e) =L. Then, (z,7) is a
feasible integral solution. |

» Lemma 9 (). Forallve H,

4
Z yeUSka Ty < k.
e€d(v)

Moreover, ifve HNR, &, < (f + Dxy, and if v € M, &, < [ 2.

Proof. We only consider vertices affected by rounding cases (1) and (3b). For (1), the value
of the edge variable is unchanged. In the case of (3b), we know that for all v € en L,
Yep < ﬁ We consider the worst possible case for rounding here. An endpoint in H
handles 1 + ¢ times more edge coverage, which increases as the mass ¢/ increases. This
added rcspons1b1hty is therefore maximized when the edge contains f — 1 endpoints in L

and a single endpoint in v, € H. Hence it suffices to analyze this worst case. Then,

Ye,on = Ce = Ye,op T+ Z Ye,o < Ye,op T (f - 1)

vEeNnL +1

We can then conclude that

N f+1
Ye,vp, = Ce < Tye7vh~

Taking the sum over edges incident to v gives us the first inequality

Now, we bound Z,. For v € H N R, we consider two cases. If j+1 <z, < f , then
. [f+1
Ty = foU <(f+ 1Dxy

Otherwise, we have x, > % In that case,

[ 1 1
Fy = f;_ Ty <f—2|— Ty + 1< (f + Dy
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For v € M, x, € N. Therefore,

JA:U - ’7f+1xu—‘ S ’fov] :f'xv-

2

where the first inequality follows simply because % < f for f > 2 and last equality follows
because both f and z, are integers. |

B Remaining Proofs from Section 4

» Lemma 18 (). In My, at least pg vertices from each group V, are matched by edges
from G.

Proof. Let M* C G be an optimal solution to the budgeted matching problem. We now
construct a matching Mj; in H by including all edges from M?*, and for each vertex in V
not matched in M*, adding an auxiliary edge to a unique free node in Vg' .

Let k; be the number of vertices in V; matched by M*. Since kj > pg, we have,
Vgl =k < [Vy| — pg = |V}, so there are enough auxiliary vertices in V| to complete the
matching without conflict. Thus, Mj; is a feasible matching in H that matches all the
vertices in V; for every g. This also ensures that the cost of the maximum matching in H is
strictly greater than (n — 1)M since each matched node in V' contributes M to the weight of
the matching, and even after subtracting the weight of a few edges we have a solution of
weight between nM and (n — 1)M. Any matching that does not match all nodes of G (that
also belong to H) cannot have weight larger than (n — 1)M.

Now consider the maximum weight matching Mg in H. Suppose, for contradiction, that
My matches fewer than p, vertices from some group V, via edges from G. The number

of vertices matched by auxiliary edges is at most |V,| = [Vy| — p,. Therefore, at least one
vertex u € V; must be unmatched by Mpy. Therefore, for large M, M7, is better than Mg,
which is a contradiction. <

» Lemma 19 (}). The matching M = Mgy N E(G) with original edge weights has total
weight equal to the optimum of the Weighted Budgeted Matching problem.

Proof. We assume n = |V is even. This is perfectly fine because the reduction from Partition
Edge Cover in Lemma 15 yields a Budgeted Matching instance with exactly 2n vertices,
ensuring it is always an even-size instance. Let M* C G be an optimal solution to the
budgeted matching problem with total weight OPT. As in proof of Lemma 18, we can extend
M* to a matching M7 in H by adding auxiliary edges of weight M to unmatched vertices
in V. Since all n = |V| vertices in V are matched in M3;, and exactly n — 2| M*| auxiliary
edges are used, the total weight of M7 is:

> op =Y @M —p)+(n—2M )M =nM - OPT.
eeMy, ee M*

Let Mpy be a maximum weight matching in H, and let M = My N E(G). Note that
My also matches all n vertices in V. Therefore,

doopl =D @M —p)+n—2M)M=nM - p..
eEMpy ecM eeM
Since My maximizes the weight,

> pi= > pl= ) p<OPT.
eEMpy ee M7y, eeM

By Lemma 18, M is a feasible solution to the budgeted matching problem, so equality
must hold and M is optimal. <
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