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Abstract
Reconstructing a three-dimensional structure from partial two-dimensional views requires spatial
reasoning. This paper presents the EQ3D, a dimension-agnostic extension of the Qualitative 3D
(Q3D) model that generalises qualitative volumetric reasoning to arbitrary H ×W ×L configurations.
EQ3D preserves symbolic depth representations while incorporating adjacent-view propagation rules
that increase cross-view inference opportunities. Implemented in SWI-Prolog as a fully declarative
pipeline, EQ3D infers hidden views from three orthographic Front–Right–Up views, producing
correct inferred cells for the Q3D-Dataset which includes 24 objects of varying size and shape, while
ambiguous cells remain explicitly undetermined. Coverage of hidden structure ranges from 26.85% to
82.67%, demonstrating that while inference remains logically sound, the proportion of determinable
volume is inherently configuration-dependent. EQ3D provides an interpretable symbolic framework
for qualitative 3D reasoning that scales across resolutions without size-specific adaptation.
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1 Introduction

Qualitative Spatial and Temporal Reasoning (QSTR) models properties of space (e.g. topo-
logy, orientation, geometry) and their evolution through time. It produces representations
and inferences over spatial and temporal configurations at a symbolic level [25, 2, 15].
Rather than relying on precise numerical coordinates, qualitative models capture structural
properties such as direction, topology, adjacency, or relative depth [32]. This abstraction
allows reasoning under incomplete or imprecise information, while remaining close to human
understanding.

The qualitative description of three-dimensional objects and the inference of their spatial
structure from partial views is a spatial problem. In many contexts, three-dimensional objects
are described through a limited set of canonical projections [30]. Technical drawings and
some educational spatial tasks present three orthogonal views (typically front, lateral and
top) to represent an object [34] and ask to infer the occluded views. The inferential strength
of some descriptions varies significantly: some sets of projections might constrain the hidden
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structure of the object, while others can leave substantial ambiguity [23]. Understanding
what makes a qualitative 3D description informative, and how much of the hidden structure
can be reconstructed from it, is our research question.

The Qualitative 3D depth model (Q3D [10, 37]) addressed this challenge by introducing a
symbolic representation of depth levels across three canonical views. In Q3D, each projection
is described as a matrix of qualitative depth symbols, and logical consistency constraints
govern the relations between opposing and adjacent views. The model demonstrated that
hidden views can be partially reconstructed through symbolic reasoning alone, without
recourse to metric geometry. In its original formulation, Q3D was defined over a fixed
3 × 3 × 3 qualitative partition. This discretisation provides a conceptually transparent
substrate for expressing depth relations and inter-view constraints. However, if qualitative
depth reasoning is to apply to objects of varying size, the underlying constraints must be
formulated independently of a specific dimension instantiation. Achieving such independence
requires a parametrised reformulation in which depth semantics and cross-view consistency
are invariant under arbitrary height (H), width (W), and length (L) dimensions, H ×W ×L.

Thus, this paper presents the Extended Qualitative (EQ3D), a dimension-agnostic refor-
mulation of the Q3D framework, which generalises the qualitative volumetric description
from a fixed 3× 3× 3 partition to arbitrary H ×W × L dimensions, while preserving the
ordinal interpretation of depth symbols and the logical structure of inter-view constraints.
The extension is not achieved by merely scaling the original construction, but by redefining
adjacency relations and boundary correspondences in an index-independent manner. As a
result, the qualitative semantics of depth and consistency become invariant under changes in
resolution and aspect ratio. By establishing this dimensional independence, EQ3D provides
a unified qualitative framework capable of describing objects of arbitrary size within a single
formal system. In addition, the generalised formulation makes the propagation of constraints
across views explicit, enabling a systematic analysis of how structural configurations influence
the reconstruction of hidden perspectives.

The rest of this paper is organised as follows. Section 2 describes related work. Section 3
outlines the Q3D model. Section 4 describes the Extended Q3D model and its inference
mechanisms. Section 5 report the experimental results and coverage analysis. Section 6
discusses the results and structural factors influencing inferential reach. Finally, Section 7
concludes the paper and outlines directions for future work.

2 Related Work

Qualitative models [14] have been developed to solve cognitive spatial reasoning tests, such as
object sketch recognition tests [27], oddity tasks [28], Raven’s Progressive Matrices [29], paper
folding reasoning tests [9, 13], qualitative shape composition [12, 31] and object rotation
tests [11]. As far as we are concerned, there is no qualitative model developed to reason
about the volumetric description of a generalized 3D object of H ×W × L. In the field of
Qualitative Spatial and Temporal Reasoning (QSTR), the most relevant calculi was reported
by Dylla et al. [7], and there are no calculi that reasons about volumes, that we are aware of.

In the field of computer graphics and geometrical modeling, reconstructing three-
dimensional structures/objects from multiple orthographic views has been studied extens-
ively [16, 19]. Early symbolic and geometric approaches assume precise correspondences
between views and rely on deterministic constraints to recover a unique 3D model [35]. Line-
drawing interpretation and projection-consistency methods, for instance, compute spatial
structure through exact geometric reasoning over edges, views, and junctions [21, 26, 38].
While effective under idealised conditions, such approaches presuppose metric precision and
are not designed for qualitative abstraction or symbolic depth representations.
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Some non-probabilistic “soft” approaches have also explored rule-based treatments of
ambiguity while reconstructing 3D objects. Gorgani et al. [17] proposed a fuzzy surface
analysis framework that, like EQ3D, relies on expert-defined rules rather than purely nu-
meric optimisation. However, whereas their model represents uncertainty through graded
membership within a fuzzy setting, EQ3D adopts a fully qualitative symbolic semantics in
which ambiguity arises from logical underdetermination.

Recent work has reframed orthographic reconstruction as a data-driven inference problem.
SPARE3D [18] introduces a benchmark for spatial reasoning over three-view drawings,
including tasks such as view consistency checking, pose recognition, and shape generation.
While these tasks are closely related to EQ3D in that it also starts from Front-Right-Up views,
SPARE3D relies on learned statistical patterns rather than explicit symbolic constraints.
Notably, standard deep neural models perform close to random guessing on several reasoning
tasks [18], highlighting the difficulty of capturing structural spatial constraints implicitly.
Because SPARE3D does not provide qualitative depth encodings, it cannot be directly used
within the EQ3D reasoning framework.

PlankAssembly [20] employs transformer-based architectures to predict “shape programs”
for block-like CAD objects from orthographic views, similarly to EQ3D. By learning structural
priors and encoding constraints implicitly in the decoding process, the system achieves
robustness to noise and incomplete inputs. However, unlike EQ3D’s explicit symbolic rules
and declarative queryable inference mechanisms, its consistency conditions and inference
rules remain embedded in model parameters and not directly explainable or inspectable.

Hybrid neuro-symbolic approaches have also been explored in block-based reasoning
domains [24, 4]. Krishnaswamy, Friedman, and Pustejovsky [24] combined qualitative spatial
relations with learning and heuristic search to acquire structural concepts from sparse and
noisy examples. However, there is not a neuro-symbolic model for constructing 3D objects
from 2D views, as far as we are concerned.

3 Preliminaries: the Qualitative 3D depth model

When reasoning about real objects in space, humans naturally think in terms of three-
dimensional volumes and multiple perspectives. The Q3D model [10] formalises this intuition
by encoding orthographic projections through symbolic depth values rather than numeric
measurements. The Q3D depth Descriptor [10, 37] of an object is defined by three views:

view(F, Object, H, W, Q3Dmatrix(H, W )),
view(R, Object, H, L, Q3Dmatrix(H, L)),
view(U, Object, L, W, Q3Dmatrix(L, W )).

where F , R, and U denote the Front, Right, and Up perspectives, while H, W , and L

represent the height (H), width (W), and length (L) of the object’s bounding box. Each
matrix entry belongs to the symbolic set:

Q3Dmatrix(D1, D2) ⊆ {a, b, c, d, . . . , ∗}.

where D1 and D2 are the dimensions of the matrix (i.e. pairs of 3D dimensions: H, W and
H, L and L, W ) and the elements of each matrix describe ordinal depth layers composed of
equally sized volumetric units: a denotes the surface of the object, b the first level of depth
(one unit removed), c the second level of depth (two units of volume removed), d the third
level of depth (three units of volume removed) and so on. The symbol ∗ indicates that all
volumes along a depth column have been removed, so there is a hole. These symbols encode
relative ordering rather than metric distance.

COSIT 2026
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Figure 1 presents an object described by the Q3D where volumes of a specific size produced
a 3 × 3 × 3 grid with volumetric features for the Front, Right, and Up sides. Note that
another volumetric size could have been used producing other dimensions for the object
descriptor (e.g. 6× 6× 6).

Q3D descriptor for this
3x3x3 object:

Front Right Up
[b, c, c] [∗, c, a] [a, a, a]
[a, b, c] [c, b, a] [a, b, c]
[a, a, a] [a, a, a] [b, c, c]

Logically as Prolog facts:

view(front, obj, 3, 3, [[b, c, c], [a, b, c], [a, a, a]]).
view(right, obj, 3, 3, [[∗, c, a], [c, b, a], [a, a, a]]).
view(up, obj, 3, 3, [[a, a, a], [a, b, c], [b, c, c]]).

Figure 1 Example of (a) an object observed from Front, Right, and Up sides; (b) an intuitive
representation of the Q3D descriptor; (c) the logic facts produced by the Q3D descriptor for this
specific object.

Consistency Checking across Views

Beyond representation, Q3D imposes geometric compatibility constraints between views.
A Q3D description is consistent [10] if all pairwise projections can be jointly realised as
orthographic views of a single three-dimensional object:

consistent_Q3D(F, R, U) ↔ consistent_perspective(F, R) ∧
consistent_perspective(F, U) ∧
consistent_perspective(R, U).

Intuitively, two views are consistent if there exists (at least) a 3D arrangement of
volumetric blocks whose projections simultaneously satisfy the qualitative depth relations
encoded in both views. Thus, Front–Right consistency requires that the volume values in
last column of the Front view are consistent with the depth columns of the Right view,
since they meet in an object edge and therefore these volumes are the same seen from both
views. Front–Right consistency implies Right–Front consistency, which is defined as:

Fi,3(a) ↔ Ri,1(a)
Fi,3(b) ↔ Ri,2(a) ∧ (Ri,1(b) ∨Ri,1(c) ∨Ri,1(∗))
Fi,3(c) ↔ Ri,3(a) ∧ (Ri,1(b) ∨Ri,1(c) ∨Ri,1(∗)) ∧ (Ri,2(b) ∨Ri,2(c) ∨Ri,2(∗))

Fi,3(∗) ↔
3∧

k=1
¬Ri,k(a).

where ∀k, i ∈ {1, 2, 3}. Similarly, Front–Up consistency and Right–Up consistency are defined.

Inference of Depth Values in Occluded Object Sides

The Q3D model also provided deterministic rules for inferring depth values in the occluded
sides of an object: Back, Left, and Down. For that, these rules exploit space continuity and
depth interrelations. For example, Front and Back are opposite sites, if the Q3D include an
item indicating the last level of depth in a view (e.g., level c in Front in an object of 3×3×3
dimension), that involves the existence of the first level of depth (a) in the opposite view,
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that is Back. The same interrelations appear in opposite Right and Left sides and in Up
and Down. Regarding space continuity, the case of holes involves that symbols (∗) propagate
from-to opposite sides of an object.

In summary, the Q3D depth model introduced: (i) a symbolic volumetric representation,
(ii) cross-view consistency constraints, and (iii) inference mechanisms based on space continuity
(e.g. hole continuity) and interrelations (e.g. depth relativity). It successfully showed that
spatial structure and depth relations can be inferred from complementing perspectives. The
Q3D reasoning model was implemented and tested in a SWI-Prolog application using 3×3×3
objects [10] and then it was implemented in a videogame [37] with the goal of training players’
spatial reasoning skills.

In this paper, we extend the Q3D model to any dimension and we also include a
new inference rule for discovering volumes in occluded sides which is based on conceptual
neighbourhood between sides.

4 The Extended Qualitative 3D Depth Model (EQ3D)

The Extended Qualitative 3D depth model (EQ3D) builds directly upon the foundations
established by the original Q3D model [10] by providing descriptors for objects of any
dimension H ×W × L, preserving the qualitative initial representation while extending its
expressive power to a broader range of object geometries. This generalization enables finer
volumetric partitions and supports shapes that are elongated, asymmetric, or otherwise more
detailed than those captured by the original configuration.

Specifically, EQ3D generalizes to arbitrary object size (H ×W × L) while preserving the
underlying qualitative depth semantics, it propagates depth information using adjacency-
based cross-view constraints across neighbouring views.

Moreover, it exploits adjacency relations between views to further extend the inference
capabilities of Q3D by using the consistency checking rules as inference rules discovering
volumes existing in the occluded neighbouring sides (e.g. for inferring new depth values
for Back, we can check the views Right vs. Back, Left vs. Back, Down vs. Back and Up vs.
Back, specifically at the edges of the object, where the volumes seen are the same.) These
new rules exploit local depth continuity across shared boundaries, allowing information to
propagate between neighbouring views. In doing so, EQ3D complements and enriches the
original inference framework, extending qualitative reasoning towards more complex and
realistic 3D interpretations. These generalizations provide a unified qualitative framework
that supports both consistency checking and the reconstruction of hidden views from partial
input.

Notation and Preliminaries. EQ3D retains the original formal foundations of Q3D, where
three canonical perspectives (Front (F), Right (R), and Up (U)) encode qualitative depth
using symbolic letters. Each perspective is expressed as a matrix whose entries belong to:
Σ = Σd ∪ {∗}, Σd = {a, b, c, d, . . . } where a denotes the nearest visible surface, deeper levels
follow the alphabetical order, and ∗ represents enforced absence of volume.

The qualitative structure is now generalized to an arbitrary grid of dimensions (H, W, L),
corresponding respectively to the vertical, horizontal, and depth axes. Each axis is discretized
into uniform volumetric units, without fixing the number a priori, allowing the model to
adjust to the complexity of the described object.

Formally, a perspective P is a matrix of depth symbols: P = [pi,j ], pi,j ∈ Σ, with
dimensions determined by how the view aligns with the (H, W, L) grid.

COSIT 2026
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▶ Definition 1. Let the qualitative reference system of EQ3D be:

EQ3D(H,W,L) =
{

Pv | v ∈ V, Pv ⊆ Σnv×mv , (nv, mv) ∈ {(H, W ), (H, L), (L, W )}
}

,

representing all canonical perspectives with their geometrically determined sizes.

The depth alphabet Σd encodes only ordinal information (near/far ordering), independent
of the chosen grid resolution. This separation ensures that qualitative reasoning is scale-
invariant across different object sizes.

Generalization to Arbitrary Dimensions H ×W ×L. The EQ3D generalizes dimensions by
expressing all adjacency relations between views in an index-agnostic manner: the rules refer
only to the boundary indices that two views share, and therefore remain valid independently
of the absolute size or dimension.

In the EQ3D qualitative partition, each canonical view corresponds to a projection onto
one of the coordinate planes. Adjacent views meet along a one-dimensional boundary, and
the structure of this boundary determines how their symbolic descriptions must agree. For
example, the rightmost column of the Front view coincides with the leftmost column of the
Right view; similarly, the top row of the Front view aligns with the bottom edge of the Up
view; and the upper row of the Right view aligns with the rightmost edge of the Up view,
subject to the natural mirroring imposed by the viewing direction.

▶ Definition 2 (Neighbouring boundary alignments). Let F ∈ NH×W
depths and R ∈ NH×L

depths denote
the Front and Right views. For each row i, the boundary cells F (i, W ) and R(i, 1) describe
the same vertical line of the 3D object. If F (i, W ) = ∗, then the entire R(i, 1) row must be
free of volume units, since there is a hole on the Front view at that location which excludes
the possibility of a visible surface from the Right view. Conversely, if F (i, W ) ̸= ∗, then
row i of the Right view must show a surface at exactly the depth index associated with that
qualitative depth value. A symmetric constraint maps the leftmost column of R back to the
appropriate mirrored column of F , ensuring that both views encode the same shared edge
consistently. The remaining view adjacency pairs in the object follow the same principle, thus:

F (i, W )↔ R(i, 1), i = 1, . . . , H,

F (1, j)↔ U(1, j), j = 1, . . . , W,

R(1, k)↔ U(k, W ), k = 1, . . . , L.

That is, the top row of the Front view shares its boundary with the nearest edge of the
Up view; thus, each symbol F (1, j) constrains the corresponding column of U when read
from bottom to top. Likewise, the upper row of the Right view meets the rightmost column
of the Up view; here, the alignment requires horizontal mirroring due to the opposite viewing
direction, but the constraint itself is structurally identical to the previous cases. Since the
rules quantify only over these boundary indices, and not over fixed-size patterns, then the
adjacency constraints automatically generalize to any choice of (H, W, L). Thus, EQ3D
preserves the structure of Q3D consistency reasoning while allowing objects of arbitrary
resolution and aspect ratio to be described and validated.

Computational implications. Checking pairwise edge consistency across the three adjacent
pairs (F ↔ R, F ↔ U , R↔ U) requires a number of comparisons proportional to the lengths
of shared edges. Summed over all rows/columns, this yields time linear in the total number
of view cells, O(H ·W + H · L + L ·W ). When inference propagates information throughout
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the interior of the volume (e.g., to reconstruct occluded cells or to run completion on all
views), the work scales linearly with the number of volumetric units, O(H ·W ·L). Therefore,
EQ3D preserves linear scaling with problem size at both the surface (views) and volume
levels.

Illustrative example (4×4×3). Consider an object discretized over an EQ3D grid with
dimensions H = 4 (Height, Cartesian axis y), W = 4 (Width, Cartesian axis x), and L = 3
(Length, Cartesian axis z). Figure 1 shows the qualitative description of such an object using
its three canonical perspectives: Front (4× 4), Right (4× 3), and Up (3× 4).

Figure 2 Example of a discretized 3D object showing the Front, Right, and Up views.

Figure 2 shows the EQ3D descriptor for an object of size: 4×4×3. The Front view
specifies, for each of the 4 rows and 4 columns, the nearest visible depth letter along the
front-to-back axis (i.e. Cartesian z axis). The Right view provides the same information
from the right-hand side: for each of the 4 rows and 3 columns, it encodes the nearest
visible depth along the right-to-left axis (i.e. Cartesian x axis). The Up view, of size 3× 4,
corresponds to looking from above (i.e. Cartesian y axis): its 3 rows index depth layers from
nearest to farthest, while its 4 columns align with the horizontal positions shared with the
Front view.

4.1 EQ3D Consistency Checking
The EQ3D model checks that the Front, Right and Up descriptors are logically coherent
between them to produce a robust description of a single 3D object. This is done by enforcing
three layers of consistency constraints: well-formed views, object completeness and cross-view
consistency along shared edges.

A view is well-formed if all rows have the same length, its declared dimensions (rows, cols)
match the actual matrix dimensions, and every entry belongs to Ndepths. Views that violate
any of these conditions are rejected as invalid descriptions and cannot be used for EQ3D
reasoning. Completeness is considered when all size canonical perspectives are available.
In practice, our focus is on the three input views F, R, U , while B, L, D is used as ground
truth for the later inferred views. However, whenever all six views are provided completeness
checking ensures that no view is missing and no extra/non-canonical label is present. This
guarantees that all consistency rules below are defined on a fixed, common set of perspectives.

COSIT 2026
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Adjacency-based consistency. The core of EQ3D consistency checking is the set of adjacency
rules that relate pairs of neighbouring views along their shared edges. Conceptually, these
rules state that whenever two views touch in 3D, their boundary cells must encode compatible
depth information. EQ3D checks three adjacency pairs, each in both directions: (F, R),
(F, U), (R, U) yielding the six constraints FR, RF, FU, UF, RU, and UR. In all rules below,
we assume that each depth letter ℓ ∈ {a, b, c, . . . } is mapped to a depth index idx(ℓ) ∈ N,
starting at 0 for a, 1 for b, and so on.

▶ Definition 3 (EQ3D Consistency Front → Right). For each row i, the last column of the
Front view (rightmost edge) meets the first column of the Right view (leftmost edge). The
rule is:

(FR-*) F (i, W ) = ∗ ⇒ no cell R(i, ·) in that row is a,

(FR-a) F (i, W ) = ℓ ̸= ∗ ⇒ R
(
i, idx(ℓ)

)
= a.

Intuitively, if the last visible point in Front is a hole, Right must not see a surface a along
that row. If instead Front sees depth ℓ, then Right must show a surface at the corresponding
depth index.

▶ Definition 4 (EQ3D Consistency Front ← Right). Symmetrically, we check the first column
of Right against the entire row of Front, but now taking into account horizontal mirroring.
Let W be the number of columns of Front, and mir(k) = W − 1− k the mirrored index. Then
let mir(k) = W − 1− k denote the horizontal mirroring index for a view with W columns.
For each row i:

(RF-*) R(i, 1) = ∗ ⇒ no cell F (i, ·) in that row is a,

(RF-a) R(i, 1) = ℓ ̸= ∗ → F
(
i, mir(idx(ℓ))

)
= a.

FR and RF together ensure that Front and Right encode the same edge in a consistent
way, up to the natural mirroring of the viewing axes.

▶ Definition 5 (EQ3D Consistency Front → Up). The top row of Front shares its boundary
with the front edge of the Up view. For each column j, we compare F (1, j) with the column
of Up at position j when read from bottom to top:

(FU-*) F (1, j) = ∗ ⇒ no cell in the corresponding Up column is a,

(FU-a) F (1, j) = ℓ ̸= ∗ ⇒ the Up column at j has a at depth index idx(ℓ).

Thus, a hole at the top of Front discards surfaces directly above it in Up, whereas a
visible depth letter demands a matching surface at the corresponding vertical dimension
Length (Cartesian axis z) in the Up view.

▶ Definition 6 (EQ3D Consistency Front ← Up). Conversely, the bottom row of Up is aligned
with the full height of Front. For each column j:

(UF-*) U(L, j) = ∗ ⇒ no cell in the Front column j is a,

(UF-a) U(L, j) = ℓ ̸= ∗ → F
(
idx(ℓ) + 1, j

)
= a.

Here, a hole at the bottom of Up excludes any visible surface in the corresponding Front
column, while a depth letter fixes the row at which Front must show a surface.

▶ Definition 7 (EQ3D Consistency Right → Up). The top row of Right is adjacent to the
right edge of Up. For each depth index that is simultaneously valid for both views, the rule is:

(RU-*) R(1, k) = ∗ ⇒ the corresponding mirrored row of Up has no a,

(RU-a) R(1, k) = ℓ ̸= ∗ ⇒ the corresponding mirrored row of Up contains a at index idx(ℓ).
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Each position on top edge of Right must be compatible with the row of Up that represents
the same depth, read with the appropriate horizontal mirroring.

▶ Definition 8 (EQ3D Consistency Right ← Up). The rightmost column of Up is matched
with a family of depth-indexed columns in Right. For each row i of Up (which corresponds to
a depth layer), we enforce:

(UR-*) U(i, WU ) = ∗ ⇒ no a occurs in the corresponding depth column of Right,
(UR-a) U(i, WU ) = ℓ ̸= ∗ ⇒ the Right column at depth idx(ℓ) contains a at row i.

An EQ3D object is said to be adjacency-consistent if all rules (Front ↔ Right ∧ Front
↔ Up ∧ Right ↔ Up) are satisfied simultaneously. In logical terms, each rule is a local
constraint over pairs of boundary cells, but their conjunctions ensure that the three given
views F, R, U could arise from a single coherent 3D configuration. This global consistency
is a prerequisite for the following inference stage, which uses, to some extent, the same
qualitative set and adjacency relations to complete the hidden views B, L, D.

4.2 EQ3D Reasoning Inferences
Assuming the orthographic views Front, Right and Up are provided in an EQ3D description,
we ask: how much of the remaining object can be deduced logically? In particular, can the
Back, Left and Down perspectives be partially computed from the given views?

Each view is represented by a matrix of symbols over {a, b, . . .}∪{∗}, where letters encode
depth along a sightline (a nearest to the observer) and * denotes a hole (an enforced absence).
Unknown or not yet inferred entries are written as “_”:

EQ3D reasons about hidden views using three families of qualitative inference rules:
opposite-view depth relativity, opposite-view hole continuity, and additional adjacent depth
cues that directly constrain Back, Left and Down.

4.2.1 Opposite-view depth relativity
Depth-relativity captures the idea that the deepest visible symbol along one axis guarantees
the presence of a surface in the opposite view. EQ3D distinguishes three depth axes:

deepF B : deepest letter along the Front/Back axis (i.e. Cartesian z axis).
deepLR: deepest letter along the Left/Right axis (i.e. Cartesian x axis).
deepUD: deepest letter along the Up/Down axis (i.e. Cartesian y axis).

Intuitively, depth relativity propagates guaranteed occupancy, hole continuity propagates
guaranteed absence, and adjacent depth cues exploit shared boundaries to refine the structure
of hidden views. For a given object, the maximum number of depth levels are determined
based on the dimension of the axis (e.g. if there are four levels, deepLR = d).

▶ Definition 9 (Inference Depth Relativity Front ↔ Back). Let F be the Front view with N

columns, and B the Back view. For each row i and column j:

F (i, j) = deepLR ↔ B
(
i, mir(j)

)
= a, mir(j) = H − 1− j.

That is, whenever Front sees the deepest possible depth at position (i, j), the mirrored column
mir(j) in the Back row i must contain a visible surface a.

COSIT 2026
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▶ Definition 10 (Inference Depth Relativity Right ↔ Left). Symmetrically, let R be the Right
view with N columns, and L the Left view. For each row i and column j:

R(i, j) = deepLR ↔ L
(
i, mir(j)

)
= a.

Again, a deepest letter on Right at (i, j) enforces a visible surface on Left at the mirrored
position of the same row.

▶ Definition 11 (Inference Depth Relativity Up ↔ Down). For the vertical axis, let U be the
Up view with K rows and M columns, and D the Down view. For each Up cell (i, j):

U(i, j) = deepUD ↔ D
(
mirv(i), j

)
= a, mirv(i) = L− 1− i.

Here, a deepest letter seen from above at row i, column j implies a surface at the mirrored
vertical depth mirv(i) in the Down view at the same horizontal position j. Intuitively, if the
object is “full” as far as the Up view can see at that sightline, then the opposite Down view
must also encounter a surface at the extreme depth.

These depth-relativity rules never introduce holes; they only add certain a cells on the
opposite view, reflecting the idea that reaching the last usable depth from one side guarantees
occupancy when seen from the other side.

4.2.2 Opposite-view hole continuity

Hole continuity states that a hole observed from one side of the object must also appear as a
hole in the directly opposite view, at the mirrored coordinate. This captures the idea that
an enforced absence of volume cannot be “filled” when seen from the other side. For each
axis, the deepest letter is determined by the maximum number of qualitative depth levels
implicit in the corresponding view dimensions. For instance, if four levels are used along the
left–right axis, then deepLR = d.

▶ Definition 12 (Inference Hole Propagation Front ↔ Back). Let F have H columns. For
every cell (i, j):

F (i, j) = ∗ ↔ B
(
i, mir(j)

)
= ∗.

▶ Definition 13 (Inference Hole Propagation Right ↔ Left). Similarly, for Right and Left:

R(i, j) = ∗ ↔ L
(
i, mir(j)

)
= ∗.

▶ Definition 14 (Inference Hole Propagation Up ↔ Down). For Up and Down, using vertical
mirroring:

U(i, j) = ∗ ↔ D
(
mirv(i), j

)
= ∗.

Opposite view hole continuity and depth-relativity are complementary: the former
propagates enforced absences (∗), while the latter propagates guaranteed surfaces (a) from
the deepest observable level. Both act monotonically: they never remove information, only
refine unknown cells “_” into either ∗ or a.
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4.2.3 Additional adjacent depth cues

Beyond the opposite-view constraints, EQ3D incorporates a set of adjacent depth cues that
arise from views sharing not only edges but also orthographic sightlines whose extremal rows
or columns encode depth information. These cues exploit the fact that certain boundary
positions (such as the last column of the Right view, the top row of the Up view, or the
leftmost column of Up) correspond directly to depth indices in the hidden views. As a result,
specific depth letters in these boundary positions can be interpreted as direct constraints on
the Back, Left, or Down views.

Concretely, a depth letter appearing in an extremal row or column of a visible view fixes
the location of a surface cell in the corresponding hidden view. For instance, the last column
of the Right view represents the furthest depth positions along the right-to-left axis; thus,
if R(i, L) = ℓ ̸= ∗, the depth index idx(ℓ) specifies the column of the Back view in which a
surface must appear at row i: R(i, L) = ℓ ̸= ∗ → B

(
i, idx(ℓ)

)
= a.

Analogous forms of depth-index projection apply to the top row of the Up view (informing
Back), the leftmost column of Up (informing Left), and the bottom rows of Right or Front
(informing Down). These cues do not replace the adjacency rules but enrich them by providing
direct depth-to-position mappings that become available whenever the relevant boundary
cells contain explicit depth letters. Together with the previous inference mechanisms, they
contribute to a more complete and deterministic reconstruction of the hidden views B, L,
and D.

5 Results

Dataset and Experimental Setup

The EQ3D model was implemented as first-order Horn clauses using SWI-Prolog1 as the
testing platform [36] following a fully declarative inference pipeline. All experiments were
executed under identical symbolic parameters, without size-dependent hardcoding, ensuring
generality across H ×W × L configurations.

Then it was evaluated on the Q3D-Dataset, which contains 24 objects ranging from
compact cubic configurations (2× 2× 2) to larger rectangular shapes (up to 6× 7× 6) which
was originally created for the Q3D-videogame [37] and it is a compilation of objects from the
literature [1, 3, 34, 10]. Each object was specified through six canonical perspectives (Front,
Right, Up, Back, Left, Down), following the EQ3D reference system introduced in Section 4.

For each object, only the three visible views (Front, Right, Up) were provided as input
facts. The remaining three hidden views (Back, Left, Down) were inferred automatically by the
EQ3D model using the adjacency and depth-consistency rules defined in Section 4.1. Objects
were normalised prior to inference to ensure canonical alignment and to avoid ambiguities due
to symmetry or rotation. All experiments were executed under identical symbolic parameters,
without size-dependent hardcoding, ensuring generality across H ×W × L configurations.
Both the data and the code for this work are available here.2

1 SWI-Prolog: http://www.swi-prolog.org/
2 https://github.com/Ejarque24/Extended-Q3D.git
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Evaluation Protocol

We evaluated the EQ3D model using two measures: correctness and inferential completeness.
Correctness is assessed by comparing every inferred hidden-view cell against its ground-truth
qualitative depth value for each object. Inferential completeness is assessed using a coverage
measure which is defined over the hidden views only (Back, Left, Down), and reported
alongside compact inference indicators.

Correctness. Across all objects, inferred cells match the ground-truth qualitative descriptors
with 100% accuracy. This follows from the soundness of the EQ3D inference rules: the
system derives only information that logically follows from the visible view together with
volumetric continuity and depth relativity. No contradictions or inconsistent configurations
were produced.

Coverage as Inferential Completeness. To quantify inferential reach, we measure how
much of the hidden structure (Back, Left, Down) can be determined from the visible views.
We defined coverage as the proportion of hidden-view cells whose values become determined
(either a depth symbol a,b,c,. . . or a hole *). The hidden-view cells are composed of all the
unseen cells in Back, Left, Down, including the boundary cells shared with the shown views:

Coverage(O) = determined hidden cells(O)
total hidden cells(O) (1)

Thus, coverage quantifies inferential completeness, independently of correctness. Coverage
values range from 26.85% (object 18) to 82.67% (object 9), with a dataset mean of
approximately 60%. This confirms that while inference is uniformly correct, the proportion
of reconstructable hidden structure varies substantially across configurations.

To contextualise coverage, we report three compact global indicators that capture in-
ferential behaviour and visible structural properties. Table 1 shows representative objects
spanning the coverage spectrum. The reported indicators are defined as follows:

Collision Rate (CR): inferential redundancy, measured as the proportion of inference
events that do not expand the set of determined hidden cells (i.e., multiple rule firings
targeting already-determined cells). Lower values indicate broader spatial dispersion of
inference over distinct target cells.
Boundary Share (BSS): the proportion of inference events triggered by the dedicated
inference-boundary rules (Right→Back last-column, Up→Back top-row, Up→Left left-
column, Right→Down last-row, Front→Down last-row). High BSS indicates that inference
is dominated by boundary-propagation rules rather than interior propagation.
INER (Interior Non-Extreme Ratio): the proportion of visible cells excluding
inference-boundary cells whose values are neither holes (*) nor view-dependent maximum
depth symbols. INER provides a compact measure of how much interior visible structure
lacks strong extremal cues.

Coverage Spectrum

Objects cluster into three empirical types:

High coverage (≥ 70%; 7 objects): objects 5, 9, 10, 11, 12, 13, and 21, with object 9
reaching 82.67%.
Medium coverage (50–70%; 9 objects): objects 1, 2, 3, 4, 6, 7, 8, 14, 16, 17, and 24.
Low coverage (< 40%; 4 objects): objects 18, 20, 22, and 23.
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Table 1 Coverage and selected inference indicators.

Object Origin Coverage (%) Collision Rate (CR) Boundary Share (BSS) INER
o1 Q3D [10] 55.56 0.3750 0.6250 0.4286
o2 Q3D [10] 59.26 0.3846 0.5769 0.2857
o3 Q3D [10] 55.56 0.1176 0.8824 0.8571
o4 Q3D [10] 51.85 0.1765 0.8824 0.9286
o5 DST_01 [34] 74.07 0.3548 0.4516 0.0714
o6 DST_02 [34] 55.56 0.2500 0.4500 0.6429
o7 DST_03 [34] 66.67 0.2800 0.3600 0.3571
o8 PAT_5A [3] 66.67 0.1351 0.2162 0.4333
o9 PAT_5B [3] 82.67 0.0746 0.1642 0.1923
o10 PAT_5C [3] 79.17 0.2830 0.3585 0.0333
o11 PAT_5D [3] 72.92 0.1463 0.2927 0.3000
o12 PAT_5Z [3] 75.00 0.5263 0.5263 0.0000
o13 PAT_100 [3] 76.00 0.1618 0.3529 0.3462
o14 PAT_113 [3] 58.33 0.2821 0.3590 0.3333
o15 PAT_222 [3] 48.15 0.1333 0.8667 1.0000
o16 PAT_224 [3] 61.33 0.0800 0.1800 0.4808
o17 PAT_225 [3] 68.75 0.1316 0.4211 0.4000
o18 PAT_230 [3] 26.85 0.0333 0.5333 0.9750
o19 PAT_219 [3] 49.33 0.0750 0.6000 0.7115
o20 PAT_114 [3] 38.27 0.0882 0.7647 0.9074
o21 PAT_200 [3] 79.17 0.0952 0.8095 0.5556
o22 PAT_220 [3] 38.55 0.0857 0.6286 0.8621
o23 PAT_221 [3] 38.89 0.0667 0.8000 0.9167
o24 PAT_689 [3] 52.78 0.0952 0.7143 0.8889

These results demonstrate that EQ3D inference generalises across dimensional con-
figurations while preserving correctness. However, inferential completeness is inherently
configuration-dependent: identical rule sets yield markedly different coverage levels depend-
ing on the distribution of visible depth information. This variability is not random but
systematically linked to the balance between boundary-derived cues and interior visible
structure. The mechanisms underlying this behavior are analysed in the following discussion.

Inference Output

All inferred matrices for the full set of twenty-four objects, including the six canonical
views (FRU and BLD) and the cell-level inference outputs, are released as part of the
open EQ3D dataset. For each object, the dataset contains: (i) the visible input views,
(ii) the inferred hidden faces, (iii) the corresponding ground-truth matrices, and (iv) cell-level
markers indicating determined and undetermined entries. A couple of examples can be seen
in Figure 3.

This enables full reproducibility of all reported coverage values, independent verification
of correctness, and detailed inspection of which cells are logically entailed by the visible pro-
jections and which remain underdetermined. The dataset makes explicit that undetermined
cells are not inference errors, but geometric ambiguity under orthographic constraints.
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o13

FRU
Front Right Up

[∗, ∗, ∗, ∗, ∗] [∗, ∗, ∗, ∗, ∗] [b, c, c, c, c]
[a, ∗, ∗, ∗, ∗] [e, e, e, e, e] [b, c, c, c, c]
[a, a, d, d, d] [d, d, d, a, a] [b, c, ∗, ∗, ∗]
[a, e, e, e, e] [e, e, e, e, a] [b, c, ∗, ∗, ∗]
[a, e, e, e, e] [e, e, e, e, a] [b, c, ∗, ∗, ∗]

Inferred
Back Left Down

[∗, ∗, ∗, ∗, ∗] [∗, ∗, ∗, ∗, ∗] [a, _, ∗, ∗, ∗]
[∗, ∗, ∗, ∗, a] [a, a, a, a, a] [a, _, ∗, ∗, ∗]
[a, a, a, a, _] [_, _, _, _, _] [a, _, ∗, ∗, ∗]
[a, a, a, a, _] [_, a, a, a, a] [a, _, _, _, _]
[a, a, a, a, _] [_, a, a, a, a] [_, a, a, a, a]

BLD (GT)
Back Left Down

[∗, ∗, ∗, ∗, ∗] [∗, ∗, ∗, ∗, ∗] [a, c, ∗, ∗, ∗]
[∗, ∗, ∗, ∗, a] [a, a, a, a, a] [a, c, ∗, ∗, ∗]
[a, a, a, a, a] [a, a, a, a, a] [a, c, ∗, ∗, ∗]
[a, a, a, a, a] [a, a, a, a, a] [a, c, c, c, c]
[a, a, a, a, a] [a, a, a, a, a] [a, a, a, a, a]

o19

FRU
Front Right Up

[d, d, d, d, d] [∗, ∗, ∗, a, a] [a, a, a, a, a]
[d, d, d, d, d] [∗, ∗, ∗, a, a] [a, a, a, a, a]
[e, e, e, e, e] [∗, ∗, ∗, ∗, a] [d, d, d, d, d]
[a, a, a, a, a] [a, a, a, a, a] [d, d, d, d, d]
[a, a, a, a, a] [a, ∗, a, a, a] [d, d, d, d, d]

Inferred
Back Left Down

[a, a, a, a, a] [a, a, ∗, ∗, ∗] [a, a, a, a, a]
[a, _, _, _, _] [_, _, ∗, ∗, ∗] [_, _, _, _, _]
[a, a, a, a, a] [_, ∗, ∗, ∗, ∗] [_, _, _, _, a]

[a, _, _, _, _] [_, _, a, a, a] [_, _, _, _, a]
[a, _, _, _, _] [_, _, _, ∗, _] [_, _, _, _, a]

BLD (GT)
Back Left Down

[a, a, a, a, a] [a, a, ∗, ∗, ∗] [a, a, a, a, a]
[a, a, a, a, a] [a, a, ∗, ∗, ∗] [b, b, b, b, b]
[a, a, a, a, a] [a, ∗, ∗, ∗, ∗] [a, a, a, a, a]
[a, a, a, a, a] [a, a, a, a, a] [a, a, a, a, a]
[a, a, a, a, a] [a, a, a, ∗, a] [a, a, a, a, a]

Figure 3 Inference comparison for objects o13 (76.00% coverage) and o19 (49.33% coverage).

6 Discussion

Scalability and Structural Generality

The experimental results confirm a central design claim of EQ3D: logical soundness is
invariant under dimensional scaling. Across all tested configurations (from compact 2× 2× 2
cubes to larger 6× 7× 6 rectangular volumes) the inference rules required no modification,
tuning, or size-specific adaptation. The rule system operates purely over symbolic adjacency
relations, view correspondences, and ordinal depth constraints. As a consequence, scalability
in EQ3D is structural rather than procedural: increasing grid resolution expands the domain
of indices, but does not alter the reasoning mechanism itself.

At the same time, inferential completeness (measured through coverage) varies significantly
across objects. While correctness remains constant (100% accuracy), coverage ranges from
26.85% (object 18) to 82.67% (object 9). This variability does not reflect instability; instead,
it reveals that the proportion of determinable hidden structure is inherently dependent on
qualitative configuration.
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Front Right Up
[a, d, d, d] [d, d, d, a] [a, a, a, a]
[a, d, d, d] [d, d, d, a] [a, d, d, d]
[a, d, d, d] [d, d, d, a] [a, d, d, d]
[a, a, a, a] [a, a, a, a] [a, d, d, d]

(a) Boundary-driven extreme structure.

Front Right Up
[a, a, a, a] [a, a, a, a] [a, a, a, a]
[a, a, a, a] [a, a, a, a] [a, a, a, a]
[a, a, a, a] [a, a, a, a] [a, a, a, a]
[a, a, a, a] [a, a, a, a] [a, a, a, a]

(b) Uniform structure.

Figure 4 Conceptual contrast between two 4 × 4 × 4 objects. (a) Depth extremes concentrated
along inference boundaries with maximal depth (d) dominating interior cells. (b) Uniform shallow
configuration with no depth variation. The first configuration provides stronger inferential constraints,
while the second admits greater ambiguity in hidden-view reconstruction.

In other words, EQ3D scales deterministically across dimensions, but the degree of
determinacy depends on how informative the visible structure is. Some objects provide strong
symbolic constraints that tightly restrict hidden continuations; others admit multiple logically
consistent completions. This distinction between scalability of reasoning and configuration-
dependent determinacy is fundamental to understanding EQ3D’s behaviour.

Concavity, Extremal Structure, and Inferential Reach

A key factor affecting coverage is the distribution of qualitative depth values across inference-
relevant regions. EQ3D rules propagate information primarily from:
1. Inference-boundary slices (e.g., last column of Right, top row of Up, left column of

Up, last row of Right, last row of Front), and
2. Non-boundary cells containing holes (*) or view-dependent maximum depth symbols.

Visible structure that exhibits strong depth contrasts at these locations tends to produce
higher inferential reach. By contrast, configurations dominated by intermediate depth values
in non-boundary regions leave more degrees of freedom for hidden views. This structural
effect can be illustrated conceptually by contrasting two 4× 4× 4 configurations (Figure 4).

In configuration (a), inference-boundary cells contain minimal depth (a), while interior
cells contain maximal depth (d). This produces strong extremal cues: propagation across
opposite views becomes tightly constrained, and fewer hidden alternatives remain admissible.
Table 2 shows substantially higher coverage (66.67%) and a very low interior non-extremal
ratio (INER = 0.10), indicating that most interior cells are structurally forced rather than
ambiguous.

In configuration (b), uniform depth provides fewer constraints. Although globally con-
sistent, the visible structure does not sufficiently restrict hidden extensions, resulting in
lower inferential reach. This is reflected in Table 2 with the reduced coverage (37.50%) and
maximal INER (1.00), meaning that all interior cells remain non-extremal and thus weakly
informative despite the high boundary-rule share (BSS = 1.00).
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Figure 3 shows this behaviour. Object o13 exhibits higher inferential completeness, with
broader propagation of depth constraints and lower ambiguity in hidden cells. In contrast, o19
shows reduced coverage and more undetermined entries, reflecting weaker interior constraints
and heavier reliance on boundary-driven inference, consistent with the coverage and structural
indicators reported in.

Table 2 Coverage and inference indicators for conceptual objects (a) and (b).

Object Coverage (%) Collision Rate (CR) Boundary Share (BSS) INER
(a) Boundary-driven 66.67 0.3191 0.4255 0.1000
(b) Uniform 37.50 0.1000 1.0000 1.0000

Correlation Patterns and Structural Effects

Correlation analysis between coverage and structural indicators reveals a coherent pattern.
The strongest negative correlation with coverage is observed for V_INTERIOR_OTHER_R (Spear-
man ρ = −0.837). This metric measures the proportion of visible non-boundary cells whose
values are neither holes nor maximum depth. A high value indicates heterogeneous inter-
mediate depth structure. The strong negative correlation confirms that such configurations
reduce inferential determinacy. Conversely, coverage correlates positively with indicators of
extremal qualitative structure:

Maximum-depth ratio (MDR): Spearman ρ = 0.533,
Visible maximum-depth count (V_MAX): Spearman ρ = 0.638,
Combined star/max presence (SAS): Spearman ρ = 0.642.

These results confirm that holes and maximum-depth symbols act as strong inferential
anchors. They reduce the number of admissible hidden completions and increase recon-
structability. Boundary Share (BSS) shows a moderate negative correlation with coverage
(Spearman ρ = −0.600). This suggests that heavy reliance on inference-boundary rules is
characteristic of more ambiguous configurations: when interior propagation is weak, the
system proportionally depends more on boundary-driven inference. Overall, the correlation
profile supports a unified structural interpretation:

Key observation. Coverage increases when visible structure contains strong extremal
qualitative cues and decreases when interior regions exhibit intermediate depths that admit
multiple consistent completions.

Implications for Qualitative Volumetric Reasoning

These findings highlight a central epistemic property of EQ3D: the framework does not
optimise over possible completions, nor does it approximate hidden structure. Instead, it
performs principled symbolic propagation grounded in qualitative constraints.

Variation in coverage therefore reflects intrinsic geometric ambiguity, not algorithmic
deficiency. EQ3D distinguishes between (i) structure that is logically entailed by visible
projections, and (ii) structure that remains underdetermined. This distinction is essential
in qualitative spatial reasoning, where interpretability and constraint-based inference take
precedence over maximal reconstruction.
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Limitations. EQ3D operates over discrete qualitative symbols and assumes perfectly aligned
orthographic views. It does not currently model uncertainty in the input, such as ambiguous
depth assignments or perceptual noise. Depth qualitative values are treated ordinally rather
than metrically, and symmetrical configurations may yield multiple qualitatively valid hidden
completions.

7 Conclusion and Future Work

This paper presented the EQ3D, a dimension-agnostic extension of the qualitative 3D
(Q3D) representation that generalises volumetric reasoning from a fixed 3 × 3 × 3 grid to
arbitrary H×W ×L partitions. EQ3D preserves the symbolic depth vocabulary and the core
logical principles of Q3D – depth relativity, volumetric continuity, and view adjacency, while
removing dimensional constraints. In doing so, it establishes a uniform reasoning framework
capable of handling heterogeneous volumetric resolutions without altering the underlying
rule system.

A central contribution of EQ3D lies in the integration of adjacent-view propagation rules
with the opposite-view constraints. This combination enables additional deductions from
locally shared boundaries and increases inferential reach without introducing procedural
complexity. On the other hand, the reasoning mechanism remains fully declarative and
size-independent: validation and inference both scale linearly with the number of view cells
and hidden targets.

Empirical evaluation across twenty-four structurally diverse objects shows that EQ3D
consistently reconstructs hidden views from three orthographic inputs while preserving
global cross-view coherence. All inferred cells match the ground truth (100% accuracy), and
variation in coverage reflects intrinsic geometric ambiguity rather than algorithmic weakness.

Beyond reconstruction performance, EQ3D provides a principled characterisation of
inferential determinacy. The EQ3D does not approximate or optimise over candidate
completions; instead, it explicitly distinguishes between hidden cells that are logically
involved and those that remain underdetermined. This property is a strength of EQ3D as a
spatial reasoning model rather than merely a reconstruction technique, since it shows robust
explainability.

As future work we intend to explore diverse directions. On one hand, we intend to
explore a probabilistic extension of EQ3D, for instance through a ProbLog-based [5] formu-
lation, allowing uncertain or partially reliable input views to be represented with graded
confidence. Such an extension would enable reasoning under perceptual noise while pre-
serving symbolic traceability of inference. This would relax the current assumption that
the Front–Right–Up descriptions are exact inputs. A complementary direction involves
developing a neural-symbolic EQ3D approach using a neural front-end which might predict
soft Front–Right–Up tables from images, point clouds, or depth maps, while EQ3D might
enforce structural consistency through logical constraints. This would also provide a possible
inference to less regular geometries, since curved, oblique, or non-axis-aligned objects could
first be approximated through voxels or part-based abstractions before being translated into
qualitative EQ3D descriptors. For that, consistency-aware loss functions might ensure that
learned predictions respect adjacency and depth relations, yielding an interpretable hybrid
pipeline. On the other hand, recent advances in 3D object detection architectures suggest
that the voxel-based and part-aware aggregation mechanisms can effectively capture spatial
structure while maintaining computational efficiency [33, 6]. Integrating such representations
with symbolic consistency constraints might provide a bridge between geometric learning
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and logical reasoning. Moreover, as point-voxel transformers model global and fine geomet-
ric structure [22], supporting constraint-aware view prediction, then active-view selection
strategies may be explored, where the system might determine which additional orthographic
projection would maximally reduce hidden ambiguity.

Taken together, these directions suggest a trajectory in which EQ3D evolves from a
purely qualitative inference calculus into a probabilistic, learnable, and perception-aware
reasoning module. By maintaining a strong symbolic core while enabling integration with
statistical and geometric components, EQ3D offers a promising foundation for interpretable
neuro-symbolic reasoning over uncertain inputs and less regular volumetric structures.
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