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� �ªÝ;ÚÍØHßNØ�� Û�� 	�Ú Ù	��	 Þ�
;Þ ��	 Ù^ß � 	 � ÛÆÚLÜ�	�Ú

àrá R âU>WK R K>W@ R DFçÁç T KNBC@4>�B R X¾ì«è�þ VWT @ R K
äá R @ R >ªâ�IJçÁI T @ R X�î R @CBCDïâU>Aç�ìL>W@@ R8ã @ R K R ExBMK]BCá RBC@4>AELK ã IJ@NB4KUõ�àrá R ç R E V BCáÅIAðQBMá R â�IWçFI T @ R X ìL>A@-DïKuBCá R BC@4>�î R çWBMD _ªR IAðÍBCá R BM@M>WELK ã IW@CB �ñBCá RDÁExB R @Cî�>Wç~ì R Bnä R8R EúKCâ4á R X T ç R X"X R8ã >A@CB T @ R BCD _ªR >AELX">A@M@CDFî�>Aç'BCD _ªR ��õuàrá R K T @M@CI T ELX^DFE VBC@4>AELK ã >A@ R ExBHìÍ>A@�DÁçFç T KnBM@M>AB R KHBCá R X R8ã >A@CB T @ R BMD _ªR äDÁEÍX^I�ä7IAð~BMá R BM@M>WELK ã IJ@NB&KNI¾BCáL>ABBCá R âUIWçFI T @ R X¾ìL>A@ _ >�è�ì R ã çï>Wâ R X/>WE«èxäá R @ R äDÁBCáQDFE�BCá R BM@M>WELK ã >A@ R ExBrIWE R õàrá R @ R >A@ R ðñI T @ _ >ADFE�âU>WK R KuðñIJ@Æ>�B T @MEÅBCI�BC@4>AELK ã IW@CB i
BCI&BC@4>AEÍK ã IW@CB j

BCI*âUIWELKCDFX R @ O
R >Wâ4á�IWE R X R KMâ�@MDÁì R X/ì R çÁI�ä õ

Ao

àrá R B T @ME O DÁð-â4áLIJK R E O äDFçÁçüE R î R @â�@MIJKMK]BCá R âUè«âUç R BMD _ªR ì¦IJ>A@4X R @
Dkõ R õ

di + ti + rij ≤ dj

i

j

A1
àrá R B T @ME O Dfð�â4áQIxK R E O DFK]â R @NB4>ADFE�BMI*â�@MIJKMK'BCá R â�è^â�ç R BCD _ªR ìÍIx>A@4X R @ R43 >Wâ)BMçÁèIWELâ R õ^Dkõ R 2

(

di + ti + rij > dj

)

∧
(

di + ti + rij − CT ≤ dj

)

i

j

A2
G _ IW@ R @4>A@ R âU>JK R äáLDFâ4áýáÍ>WK�E R î R @CBCá R ç R KCK&BMIÊì R B4>�� R EúDFEJBMIÇ>JâUâ�I T ExBDFK�äá R EùBCá R B T @ME O DÁð&â4áLIJK R E O DïK�â R @NB4>ADFEùBCIýâ�I�î R @ÅBnä
I ã¦R @MDFI«XLKUõ#5HIAB RBCáL>ABHDÁEòBMáQDïKHâU>JK R �É>WKä R çFçu>JK;KCI _ªR BMD _ªR K O DFE A1

� O Bnä]I�DFELKNBM>WELâ R KIAð-BCá RBC@4>AELK ã IJ@NB'BCáÍ>�Bzâ�@MIJKMK R KuBCá R ì¦IJ>W@MX R @-áL>�î R BCI ì R â�IJELKCDFX R @ R X O IWE R ç R >�î«DFE VBCá R ã¦R @MDÁI^X�>AELX/IWE R R ExB R @CDFE V BCá R ã¦R @MDÁI^X O DÉõ R 2
(

di + ti + rij − CT > dj

)



GHE�÷Æø�âUD R ExBH=[ö P =[I^X R ç¬ðñIJ@���I^â�I _ IABCDFî R ô^â4á R X T çFDÁE V �

ii

j

àráQDFKÆDFK~áÍ>A@4X^çÁè R î R @ÆX R KNDF@M>WìQç RWO >ABÆç R >WKNBÆEQIABÆDÁð�BCá R;ã¦R @MDFI«X�BMD _ªR DïK~çFIWE V DFEâ�I _ªã >W@CDïKCIWE�äDfBMá[BCá R çÁIJE VWR KnBHBC@4>�î R ç�BMD _ªR õÍöhE[BMá R ô^ä R X^DFKCá[@4>ADFç�ðñ@ R D V áxB
ã @CIJìQç RU_ BCá RÅã¦R @MDÁI^XòBMD _ªR DFK�>�ä RUR �[>AELX?BCá R çÁIJE VWR KnBÌBC@4>AELK ã IW@CB;BC@4>�î R çBCD _ÅR ELIW@ _ >WçÁçFè�ç R KMK
BCáL>WE � � áQI T @4K8õ
öhE�BCá R/_ I^X R ç]ì R çFI�ä ä R äDÁçFç ã¦R EL>WçÁDïK R BCáLDFK�âU>WK R BnäDïâ R >JK*áL>W@MXú>JK A1äáQDFâ4á&DFE ã @4>Wâ)BMDFK R-_ªR >AEÍK�BCáL>AB�B T @CELK�IAð«BCáQDïK�Bnè ã¦R >A@ R >Aç _ IxKnB�E R î R @¬ðñI T ELXDÁEý>WE"I ã BCD _ >Aç
KNIJç T BMDÁIJE�õüGHEý>AçÁB R @MEL>ABCDFî R�_ I^X R ç
â�I T çFX"äDÁBCáéKCI _ªR çFIJKMKIAð VWR E R @4>AçFDfBnè/DÁEÍKnB R >WX RD3^ã çFDFâUDfBMçÁè�ðñIW@MìQDïX�BCáQDïKHBnè ã¦R IWð~B T @ME[ì«èòDÁExBC@MI^X T â ëDÁE V â�IJELKNBC@4>ADFEJB4KÌðñIW@4â�DFE V Xij = 0

äá R E R î R @ (

di + ti + rij − CT > dj

)

äáQDFâ4á�ä
I T çïX"DÁE�BMá R¾VJR E R @M>WçÆâU>JK R @ R X T â R BCá R E TQ_ ì R @*IWðìÍI«IWç R >WELK DFEBCá R;_ I^X R çQBCI$áL>AçÁðnõWöhE ã @4>Wâ�BCDïK RJO áQI�ä R î R @ O BCá R;V >ADFEªDFK _ >W@ V DÁEÍ>AçLKCDÁEÍâ R ä RDÁExBC@MI^X T â R BCá R ì¦IxIJç R >AELKÌIWELçÁè�äá R @ R BMá R è[>W@ R E RUR X R X?>WELXòBMáQDFK&â8>WK R DFK>WK>AçF@ R >WXQè _ÅR ExBCDFIWE R X¾@4>A@ R õ
àrá R â8>WK R äá R @ R di + ti + rij > 2CT

â8>AE?ì R KC>Að R çFèòD V EQIW@ R X?KCDFELâ R ä R@ R�êJT DÁ@ R BMá R â�IJELKNBM>AExB4K
BCIÅð T çÁþLç ti + rij ≤ CT
>AELX

ti < CT
õ

G _ IW@ R âUI _ªã ç RD3 âU>JK R I^âUâ T @�äá R EýBMá R BMD _ªR äDÁEÍX^I�ä;K$I�î R @MçF> ã KNIÊBCáL>AB�BMá R B T @ME
_ >�è[IJ@ _ >�èòEQIWB âU@CIxKCK;BCá R âUè«âUç R BCD _ªR ì¦IJ>W@MX R @�IWE R IW@ _ IW@ R BMD _ªR K�ì T B�BMá RªRD3 >Wâ�BE TL_ ì R @;X R8ãÍR ELXQKIJE/BMá R >WKMKND V E _ÅR ExBrIWðüBMá R X RUã >A@CB T @ R BCD _ÅR î�>W@CDï>AìQç R K8õ

0QIW@¾Bnè ã DFâ8>Aç&X^DïKnBM@CDFì T BMDÁIJELK�IAð BCD _ªR äDFELX^I�ä;K/DFE�BCá R @4>ADFçHðñ@ R D V áxB�â8>WK RWO ä R K R8R
_ >WDÁELçÁè�âU>WK R Kräá R @ R BCá R BMD _ªR äDFELX^I�ä çÁD _ DfB4KäDFçÁç ã çF>Jâ R&T KHDÁE[KCDfB T >�BMDÁIJELKäá R @ R ä RâU>AELEQIABX R B R @ _ DÁE R DÁð'ä R >A@ R DFE�â8>WK R A0

IW@
A1
O IWELçÁè�@4>A@ R çFèªäá R BMá R @ä R >A@ R DFE�â8>WK R

A1
IJ@

A2
ì T BÌ>Aç _ IJKNBE R î R @;DFEòIWE R Käá R @ R ä R âU>AELEQIAB R43 âUç T X R >�B;ç R >JKnB;IJE R IAð-BCá RBCáQ@ RUR õ¦àráQDïKHð}>Wâ)B&âU>WE?ì R�T K R XòBMI¾@ R X T â R BMá R E TQ_ ì R @ÌIWðÆìÍI«IWç R >WE[î�>A@MDF>WìQç R K;E R8R X R XDÁE�BCá R _ I^X R çüKCD V EQDfþ¦âU>AExBMçÁèJõöhE¾BMá R VWR E R @4>Aç¬âU>JK R DÁB;DFK ã IxKCKCDÁìLç R BCI�X^DïKNBCDFE VWT DïKCá/BMá R ðñIWçFçFI�äDÁE V K T ì ë âU>WK R K�2

B1
àrá R B T @ME _ >�è/â�@MIJKMKzBMá R â�è^âUç R BCD _ªR çÁD _ DfB;IJELâ R IJ@EQIABH>AB>WçÁç O Dkõ R 2

(

di + ti + rij ≤ dj

)

∧
(

di + ti + rij > dj

)

∧
(

di + ti + rij − CT ≤ dj

)

i

j



� =úõQGH@CIJELKMKNIJE O^P õLS&@ R8TQVWR @ O YÍõLZ]\ R @4X^@ TQ_

B2
àrá R B T @ME _ >�è�â�@MIJKMKzBCá R â�è^âUç R BCD _ªR çÁD _ DfBrBnäDïâ R ì T B _ >�è«ì R IWEQçFè�IWEÍâ R õö)õ R 2
(

di + ti + rij > dj

)

∧
(

di + ti + rij − CT ≤ dj

)

∧
(

di + ti + rij − CT > dj

)

ii

j

B3
àrá R B T @CE _ >�èòâ�@MIJKMKBMá R âUè^â�ç R BCD _ªR ì¦IW@4X R @ÌBnäDïâ RWO IWEÍâ R IJ@HEQIWB�>�B&>AçFçÉõö)õ R 2

(

di + ti + rij ≤ dj

)

∧
(

di + ti + rij − CT > dj

)

i

j

öhEòBCá R âUIWELKNBC@4>ADFExBMK V DFî R Eòì R çÁI�ä ä R äDFçFç#B	? 6 X^DFKNBCDFE VJT DFKCáòì R Bnä R8R EòBMá R K R BCáQ@ RUR K T ì ëâU>WK R K;ì T BHBM@ R >�B;BMá RU_ â�IJçÁç R â�BCDFî R çÁè�>WKH>¾KNDFE V ç R âU>JK R B äáQDïâ4á[äDÁçFç'KCD _Åã çÁDÁðñè¾BMá R$ã @ RUëK R EJB4>�BMDÁIJEùIWð&BCá R?_ I^X R çÉõ]öhEæ> ã @4>Wâ)BMDFâ8>Aç;D _ªã ç RU_ªR ExBM>ABCDFIWE�DÁB �&? �D= _ >�� R K R EÍK R BMIX^DFKNBCDFE VJT DFKCá[ì R Bnä RUR E�BMá RU_ KNDFELâ R ä R E R8R X�BMI�DÁExBM@CI^X T â R Bnä]Iªì¦I«IWç R >AEÍK ãÍR @ ã IJKMKNDFìQç RB T @MEòIWEQçFè�DFE/BMá R B3
âU>WK R äáQDFâ4áòDïKrî R @Cè�@4>A@ R õ

� � ÛÜ�	��ªÞ�ÛzØ�JÙ^Ú��~ßNØ]Ù� �~ØHÜ�Û���� 	üÞ¦ÙQß � 	

àrá R â8>WK R KÌçF>Wì R çÁç R X A0
BMáQ@CI TQV á A2

>Aì¦I�î R >A@ R >AçFç O DÁð T K R XÊ>WKÌB T @CEÍKÌDFE�>/KCIWç T BCDFIWE OX R B R @ _ DFE R X BCI&â�@MIJKMKüBCá R â�è^âUç R BCD _ªR çFD _ DÁB R DÁBCá R @'IJELâ RJO BnäDFâ R IJ@'ELIAB~>�B~>AçFçÉõ�àrá R âU>JK R KçF>Wì R çÁç R X Bi

IWEªBMá R IWBCá R @ÆáL>AEÍX�>A@ R DÁELX R B R @ _ DFEL>�B R >AEÍX�äDFçFçLì R â�IJçÁç R â�BCDFî R çFè R ELâ�I^X R X
T KNDFE V BMá R Bnä
I?ì¦IxIJç R >AEúX R â�DïKNDFIWEúî�>A@MDï>AìQç R K Cij

>AELX
C ′

ij

õ'àuI?ì R >AìLç R BMI[BC@ R >AB*BCá R



GHE�÷Æø�âUD R ExBH=[ö P =[I^X R ç¬ðñIJ@���I^â�I _ IABCDFî R ô^â4á R X T çFDÁE V 


A
>WELX

B
âU>WK R K�K RUã >W@M>AB R çFèòä R äDÁçFç~X R þÍE R ðñI T @ _$T B T >AçFçFè RD3 â�ç T KCDÁî R K T ìLK R BMK�IWðÆBCá R

ã IxKCKCDÁìLç R B T @CELK8õ
� R B

A0 = {〈i, j〉 | (0 < i, j ≤ n) ∧ di + ti + rij ≤ dj}

A1 = {〈i, j〉 | (0 < i, j ≤ n) ∧
(

di + ti + rij > dj

)

∧
(

di + ti + rij − CT ≤ dj

)

}

A2 = {〈i, j〉 | (0 < i, j ≤ n) ∧
(

di + ti + rij − CT > dj

)

}

>AELX
B = {〈i, j〉 | 0 < i, j ≤ n} \ (A0 ∪A1 ∪ A2)

� R äDÁçFç-E RUR X?BMI R43^ã çÁDïâ�DÁBCçFè[@ RUã @ R K R ExBHBMá R X R âUDFKCDFIWE?î�>A@MDï>AìQç R KÌIWEQçFèòðñIW@ÌBCá R â8>WK R
B
õ � ìLK R @Mî R >AçïKCI$BMáL>�B A0,A1,A2

>AELX
B
áL>�î R EQI R ç R8_ÅR ExBMKrDFEòâUI _ª_ IWE�õ

ô«DÁEÍâ R BCá R _ >WDÁEòIWìQ\ R â)BMDÁî R IAðüBMá R _ I^X R ç�DïK
BCI _ DFEQD _ DïK R BCá R E TQ_ ì R @IAð-î R áLDFâUç R K
T K R XÅìxèÅ> KNIJç T BCDFIWE�>AELX�BMáQDFKzâ�IW@M@ R K ã IJELXQK RD3 >Wâ�BCçFè*BMI&BCá R E TQ_ ì R @ÆIAð�î R áQDFâUç R K-B T @CE R XI�î R @*BCá R â�è^â�ç R BCD _ªR çFD _ DÁB O BCá R IWì^\ R â)BMDÁî R ð T ELâ�BCDFIWEýäDFçÁçzBC@ R >AB R >Jâ4áúIAðBCá R K R âU>JK R K
� RD3 â RUã B A0

äáLDFâ4áªâU>WE�E R î R @-âUIWExBC@MDFì T B R BMI&BCá R â�IxKnB �-K R8ã >A@4>�B R çFèWõ � R >WçFKCI�DÁExBC@MI^X T â R>?B R @ _ DÁE BCá R âUIJKNB�ð T EÍâ)BCDFIWEùäáQDïâ4á ã¦R EL>WçÁDïK R K�BCá RòT K R IAðÌ>JXQX^DÁBCDFIWEL>Wç
î R áQDïâ�ç R K�ðñIJ@BC@4>AELK ã IJ@NB4KÆBMáL>�BX^IÅEQIABrE R8R X�BMá RU_ õQàrá R K R >A@ R DFE _ IxKnBâU>JK R KzE R â R KCKM>A@Mè�BCIÅìL>Açï>AELâ RBCá R�� I�ä�IAð¬BMá R�_ I^X R ç�ì T BKNáQI T çïX�ì R >�îWIJDFX R XªDÁð ã IxKCKCDÁìLç R õ«àrá RHã¦R EL>WçfBnèªDïK]ä R D V áxB R XìxèéBCá R �ñB R8_Åã IW@4>Aç �Åç R E V BCá ti
IAð&BMá R BC@4>AELK ã IW@CB�>WELX¼>"ð}>Wâ�BCIW@ pi

K ãÍR â�DÁþÍâ�BCI R >Wâ4áBC@4>AELK ã IJ@NB�õ
àráQDFK$ð}>Wâ�BCIJ@ÅKCáQI T çFXúDFE _ IxKnBªâU>WK R K�ì R K _ >AçFç R @*BCáÍ>AE 1

BCI V DFî R BMá R E TL_ ì R @ÅIAðî R áLDFâUç R KzBMá R > ãLã @CI ã @MDF>AB R DFE �LTLR ELâ R IJE¾BMá R BCIWBM>Wç�â�IJKNB8õ P IAB R ExBCDï>Aç �': = = 7 � � 6� : B'= � ? � 6 =
�ñäDÁBCá"î R áLDFâUç R X RU_ >WELX Si = 0

�ÌäDÁçFç VWR E R @4>AçFçÁèòáL>�î R >�çï>A@ VWR @Hð}>Wâ�BCIW@ pi

BCáL>WE?BCáLIJK RDÁEòäáQDïâ4á�>ªî R áQDïâ�ç R @ R çÁI^â8>�BCDFIWE/DFK>JâUâUI _ªã >AE«è«DFE V >WE R43 DFKNBCDFE V BC@4>AELK ã IW@CB8õ

=[DFEQD _ DïK R

Σ〈i,j〉∈A1
Xij + Σ〈i,j〉∈A2

2Xij + Σ〈i,j〉∈B

(

Yij + Y ′
ij

)

+ Σ0<i≤nEipiti

K T ì^\ R â�BBCI
ÿ õàrá R E TL_ ì R @zIWð¬î R áLDFâUç R K-B T @ME R X�� � ? 9 BM@M>WELK ã IW@CB i

DFK R8êxT >AçLBCI BMá R E TQ_Åëì R @ T K R X/ì«è¾DÁB

∀i((Σj∈{j|ldi=loj}Xij) − Si = 0)

>AEÍXéBMá R E TQ_ ì R @�IAð&î R áQDFâUç R KªB T @CE R X 6 ?"BM@M>WELK ã IJ@NB j
DïK R�êxT >AçrBMIúBCá RE TQ_ ì R @ T K R X¾ì«è�DÁB

∀j((Σi∈{ki|ldi=loj}Xij) − Sj = 0)

àrá R â8>AELXQDFXQ>AB R B T @MELK;>A@ R â4áQIxK R EòK T â4áòBMáL>�B;BMá R X R KnBMDÁEÍ>�BCDFIWE ldi

IAð-BCá RKCI T @4â R BC@4>AELK ã IJ@NB i
>AELX?BCá R IW@MD V DFE loj

IWðÆBCá R KCDÁE � j
DFK�DïX R ExBCDïâU>WçÉõ � E Rär>�è BCI&@ R çï> 3 BCáLDFKÆâUIWELXQDfBMDÁIJEªKCI _ªR äáL>�B-DFKzX R KMâ�@MDÁì R X�DFEªK R â�BCDFIWE � ì R çÁI�ä õ



ÿ � =ýõLG;@MIWELKMKCIWE O«P õLS&@ RUTQVJR @ O YÍõLZ]\ R @4X^@ TQ_

�^õà T @CE�BMD _ªR â�IJELKNBC@4>ADFEJB4KUõ






dj − di + CT Cij + CT C ′
ij > ti + rij

Xij − Yij + M Cij ≤ M

Xij − Y ′
ij + M C ′

ij ≤ M

∀i, j (〈i, j〉 ∈ B)

>AEÍX
Si − Ei = Si ∀i

� õ Cij
O C ′

ij boolean O C ′
ij ≤ Cij� õ

Si
O Xij

�ñD _ªã çFDFâUDfBMçÁè � integer�^õ 
Æ>A@MDï>AìQç R ìÍI T ELXQK di ≤ di ≤ di
O Si ≤ Si ≤ Si

O Xij ≤ Xij ≤ Xij

ðñIJ@
∀ij

� ��� � "�/-.�� � �1��/�� /-"'�(� .

àrá R � I�ä �}âUIWELK R @Mî�>�BCDFIWE �&â�IWEÍKnBM@M>WDÁExBMK � ÿ � R ELK T @ R BMáL>�B R >Wâ4á"BM@M>WELK ã IW@CB*DïK$K TQãQã çFD R XäDfBMá?>WK _ >AE«è�î R áQDïâ�ç R K>JKDfB;E RUR XLK;>AELX/BMáL>�BBMá R � I�ä DFKìÍ>Açï>AELâ R X¬õQàuI R ELK T @ R BCáL>ABBCáQDïK'DFK->AçFär>�è«K ã IxKCKCDFìQç R ä R E R8R X BMIÌDFExBC@MI^X T â R > � K T ø�â�D R ExBCçFè&çF>W@ VJR � K R B'IWð �Nã IWB R ExBMDF>Wç �
ã >WKMKNDFî R BC@4>AEÍK ã IW@CBMK
DFEJBMIªBCá R ã @CIJìQç R8_ õ

�;I�ä BCáLDFK&DïK&X^IWE R DFE VJR E R @M>WçuDïK�EQIAB�ð T @CBCá R @&XQDFKMâ T KMK R X?DFEÇBCáQDïK ã > ã¦R @�õ��;I�ä R î R @>?KnBM@M>WD V áxB ðñIW@Mä
>W@MX"á R8T @CDïKNBCDïâ�BCIÊDÁExBC@MI^X T â R >WXQXQDfBMDÁIJEL>Aç
K T â4á�BM@M>WELK ã IJ@NB4K IAðH>òþ 3«R X
_ > 3 D _�TQ_ X T @4>�BMDÁIJE/DïKI T BCçFDÁE R X/DÁE[K R â)BMDÁIJE � ì R çFI�ä õ
àrá R B T @CEòBMD _ªR âUIWELKNBC@4>ADFExBMK � � �>AEÍX�BCá R DÁ@ T K R IAð-BCá R ìÍI«IWç R >WEòî�>W@CDï>AìLç R K � � �>A@ RBCá R âUIW@ R IAð'BCá R _ I^X R çkõ�5HIAB R BCáL>AB Cij = C ′

ij = 0
DfðÆ>AEÍX/IJEQçFè�Dfð

di + ti + rij ≤ dj
OBCáL>AB

Cij = 1 > C ′
ij

DÁð*>AELXùIWELçÁè Dfð
di + ti + rij − CT ≤ dj

>AELX þLEÍ>AçFçÁèéBCáL>AB
Cij = C ′

ij = 1
DÁð
>WELXÇIWEQçFè[Dfð

di + ti + rij − CT > dj

â�IW@M@ R K ã IJELX^DFE V¾R43 >Jâ)BMçÁèòBMIBCá R BMáQ@ R8R A ë âU>WK R K&>WìÍI�î R õ�5;IWB R >AçïKNI/BCáÍ>�B T EQE R â R KCKM>A@MDÁçFè?>WKMKCD V EQDÁE V 1
BCI

Cij

äáQDFç R
Xij > 0

äDÁçFç~ì Rªã¦R EL>WçÁDïK R XÇìxè?ðñIW@4â�DFE V Yij

BMI�ì R âUI _ªRªR8êxT >WçuBMI Xij

>WELX"KND _ DÁçï>A@MçÁèðñIW@
C ′

ij

>WELX
Y ′

ij

õ
Ei

DFK~X R þLE R X$ì«è BMá RrR8êxT >ABCDFIWE Si−Ei = Si

BMI�ì R BCá R ��� � �D= =
E TQ_ ì R @~IAð¦î R áLDFâUç R KBC@4>�î R çFçFDÁE V äDfBMá¾BM@M>WELK ã IJ@NB i
õ^àrá R @ R8êxT DF@ R8_ªR ExBzBMáL>�B C ′

ij ≤ Cij

@ R8_ I�î R K]>AE¾IJì«îxDFI T KKNè _ª_ªR BC@Mè�ðñ@CI _ BMá RH_ I^X R çÉõxöhE ã @4>Wâ�BCDïK R BMá RHRUí¦R â)B
IAð¬BCáLDFK
â�IJELKnBM@M>WDÁExBÆDïK _ DFEQIW@
KNDFELâ RBCá R â8>WK R äá R @ R ì¦IABMáòìÍI«IWç R >WELKr>A@ R E RUR X R X O >Aç _ IxKnBE R î R @
I^â8â T @4KUõ
G � R èÅð R >AB T @ R IAð�BMá R&_ I«X R ç�>AEÍX�BCá R�_ >WDÁE�@ R >WKCIWE�BMáL>�BDÁB;KCâ8>Aç R K]@ R çF>ABCDFî R çFèªä R çÁçDÁE ã @4>Wâ)BMDFK R DïKÅBCáÍ>�BªBCá R DFExB RUV @M>WçÁDÁBnèúâ�IJELKnBM@M>WDÁExB4K$IJE Si

O >AELX Xij

� � ��E R8R X EQIAB�ì R
R E^ðñIJ@Mâ R X/ìxè¾BCá R KNIJçÁî R @�õxöhE R >Wâ4áòç R >�ð-DÁE�BMá R K R >A@4â4á¾BM@ R8R ìQ@4>AELâ4áQDFE V IWE�BCá R ìÍI«IJç R >AEî�>W@CDï>AìLç R K Cij

>AEÍX
C ′

ij

BCá R&ã >W@NB
IAð�BMá R â�I R ø�âUD R EJB _ >�BM@CD 3 DÁE«îJIWçFîxDFE V BMá R K R î�>W@CDï>AìLç R KäDÁçFçzì R > ãQT @ R�_ DFEQD _ >Wç]â�IxKnB � I�ä �)õüàrá R KC> _ªR DFK$IWì«î«DÁI T KNçFè?EQIWB*BCá R âU>JK R ðñIJ@*BCá R
ã >A@CB]IWð¬BCá R â�I R ø�â�D R ExB _ >ABC@MD 3 DFE«îWIWçFî«DÁE V BCá R X RUã >A@CB T @ R BCD _ªR î�>W@CDï>AìQç R K di

ì T BrKNDFELâ RBCá R K R î�>A@MDF>WìQç R Kz>W@ R @ R çï>�B R XªBMI*BMá R X R â�DïKCDÁIJE�î�>A@MDF>WìQç R K Si

>WELX
Xij

IWEQçFèÅBCáQ@MI TQV á�BCá RìÍI«IWç R >WELK � Cij
O C ′

ij

� OJR >Wâ4á�>WKMKCD V E _ªR ExBÆIAð¬BMá R di

BMáL>�BzDïK
â�IWEÍKNDïKnB R ExBÆäDÁBCá¾>*âUI _ªã ç R B R
�ñDFEJB RUV @M>Wç � >JKCKCD V E _ªR ExB*IWðBCá R ìÍI«IWç R >WELK*äDFçFç
>WçFKCI[ì R â�IJELKNDïKNB R ExB$äDÁBCáýBCá R I ã BMD _ >Aç>WKMKND V E _ªR EJB
BCIªBMá R X R â�DïKNDFIWE�î�>A@MDF>WìQç R K Si

>AELX
Xij

õ
àráQDFK _ÅR >AELK�BMáL>�B BMá R I ã BCD _ >AçzKCIWç T BCDFIWEÇBCIòBMá R�ã @MIWìLç R8_ IWì^B4>ADFE R X"ì«è?@ R çï> 3 DFE VBCá R DÁExB RUV @4>AçFDÁBnè/â�IJELKNBC@4>ADFEJB4K;IJE Si

>WELX
Xij

�ñì T B�EQIWBÌIJE Cij

>WELX
C ′

ij

�äDFçÁç~>WçFKCI�ì R>AE�I ã BMD _ >AçuKNIJç T BMDÁIJE¾BMIÅBCá R IJ@CD V DFEL>Aç ã @MIWìLç R8_ õ



G;Eò÷~ø�â�D R ExBÌ=?ö P =?I«X R ç�ðñIW@��üI^â�I _ IWBCDFî R ô^â4á R X T çFDÁE V ÿJÿ

� � � � ��/�������.(��/-���-� )C��������"�/��� "�� � �	�*)	� / ����� � �(�������

öhE¼>�K R BCBCDFE V äá R @ R ä R KNBM>W@NB�äDÁBCá�> V DFî R EéBMD _ªR B4>AìQç R >AELX @ R çï> 3 BMá R X RUã >A@CB T @ R>AELXý>W@C@MDFî�>WçÆBMD _ªR K�BMI">WçÁçFI�ä >?@ R X T â�BCDFIWE IAðBCá R BMIABM>Wç]î R áQDïâ�ç R @ R8êxT DF@ RU_ªR ExB�IWð;BCá RKCâ4á R X T ç R ä Rz_ >�è*>WçFKCIHär>AExBüBMI _ DFEQD _ DïK R BMá R X R î«Dï>�BCDFIWE*ðñ@CI _ BCá R IW@MD V DÁEÍ>AçJBCD _ÅR BM>WìQç RKnB4>A@CBCDFE V ðñ@MI _ IJE R DÁEÇäáQDFâ4áÇBCá R î R áQDïâ�ç R âUIJKNB�áÍ>WK�ì R8R E _ DÁEQD _ DFK R X�õ�àrá R ðñIJçÁçFI�äDFE VK TQãLã ç R8_ªR ExBM>W@Cè�I ã BCD _ DFKM>�BMDÁIJE/KNB RUã âU>WE�BMá R Eòì R�T K R X�ðñIW@;> V DFî R E/KCIWç T BCDFIWE/DÁE�äáQDïâ4áBCá R Yij
O Y ′

ij
O Cij

>AELX
C ′

ij

î�>A@MDï>AìQç R K
áL>�î R áÍ>�î R ì R8R E[X R B R @ _ DÁE R X¬õ�� R B d
orig
i

X R EQIAB RBCá R IW@MD V DÁEL>Wç � T EQ@ R çF> 3^R X �X RUã >W@NB T @ R BCD _ÅR KÌ>WELXòç R BHBMá R âUIW@M@ R K ã IWEÍX^DÁE V di

î�>W@CDï>AìLç R KáL>�î R BCá R KC> _ªR ì¦I T ELXLK�>JKHDFEÇK R â�BCDFIWE � õ¬àrá R EÇDÁExBC@MI^X T â R BMá R ðñIJçÁçFI�äDFE V >JXQX^DÁBCDFIWEL>Wçî�>W@CDï>AìLç R K42

wi

BCá R > _ I T ExBüIWð^BCD _ªR BMáL>�BuBC@4>ADFE i
DïK'â4áL>AE VJR X&äDÁBCá*@ R K ã¦R â)BuBCIBMá R IW@MD V DÁEL>WçBCD _ÅR B4>AìQç R õ

w−
i

BCá R > _ I T ExBIAðüBMD _ªR BMáL>�BBMá R X RUã >A@CB T @ R IAðüBM@M>WDÁE i
DïK _ I�î R X R >A@MçÁD R @

w+
i

BCá R > _ I T ExBIAðüBMD _ªR BMáL>�BBMá R X RUã >A@CB T @ R IAðüBM@M>WDÁE i
DïK _ I�î R X¾çï>�B R @

=[DFEQD _ DïK R
∑

0<i≤N

wi

K T ì^\ R â�BBCI
ÿ õ ∀i(di + w−

i ≥ d
orig
i )

X R B R @ _ DÁEQDFE V BMá R > _ I T ExB;IAð'BCD _ÅR BCáL>AB;BC@4>AELK ã IW@CB
i
DïK R >W@CçFè

�^õ
∀i(di − w+

i ≤ d
orig
i )

X R B R @ _ DFEQDFE V BMá R > _ I T ExB;IAð'BCD _ÅR BCáL>AB;BC@4>AELK ã IW@CB
i
DïKX R çF>�è R X

� õ w+
i +w−

i −wi = 0
@ R çï>�BMDÁE V&ã IJKCDfBMDÁî RWO E R8V >ABCDFî R >AELXª>WìLKNIJç T B Rr_ I�î RU_ªR EJBIAð~X R8ã >A@CB T @ R IAð'BC@4>ADFE i� õ

∀i, j(di−dj ≤ 2M−M ∗Yij −M ∗Y ′
ij +CT ∗Cij +CT ∗C ′

ij − ti−rij)R EQðñIW@4â�DFE V BCá R B T @CEÍKrIAð~> ã @ R îxDFI T KNçFè�X R B R @ _ DÁE R XòKNIJç T BMDÁIJE�õ

öhE ã @MDÁEÍâ�D ã ç R DÁBòKCáQI T çFXæì R"ã IxKCKCDFìQç R BCI¼â�I _ ìQDFE R BMá R K R Bnä]I _ I^X R çFK�DFExBCI >éBCáLDÁ@4XIWE R ä R D V áQDÁE V X R8ã >A@CB T @ R BMD _ªR X R î«Dï>�BCDFIWEÇ> V >WDÁEÍKnBHî R áQDïâ�ç R âUIJKNBÌì T B&X^IJDÁE V KCI¾DFE?BCá RKnBM@M>WD V áJBCðñIW@Mä
>W@MX�är>�è&ìQ@ R >��^KüBCá R â�ç R >WE�K RUã >W@M>ABCDFIWE*IWðQBCá R XQDFKMâ�@ R B R X R â�DïKNDFIWE$î�>W@CDï>AìLç R K
Xij

>AEÍX
Si

IJEòBCá R IJE R áL>WELX[>AEÍX�BCá R â�IWExBMDÁE T I T K;X R8ã >A@CB T @ R BCD _ªR î�>A@MDï>AìQç R K di

IJE
BCá R IWBCá R @8õÆöhE ã @4>Wâ�BCDïK R K T â4á¼> _ I^X R çHX^I R KªELIAB¾KMâU>Aç R >�B¾>WçÁçä R çFçÉõzöhE¼>JXQX^DÁBCDFIWE¼DÁBä]I T çFX ã @MIWìÍ>AìQçFè*ì R î R @Cè$XQDfø�â T çfBzDFE ã @4>Wâ)BMDFK R BCI*X R B R @ _ DFE R K T DfB4>AìQç R ä R D V áxBMK'ðñIJ@~BCá RX R î«Dï>�BCDFIWEéî�>W@CDï>AìLç R K wi

DÁEéBCá R â�I _ ìQDFE R Xéâ�IJKNB$ð T ELâ)BMDÁIJE�õ-öhEýBCá R/R8_Åã DÁ@MDFâ8>Aç
@ R K T çfB4K@ R8ã IJ@NB R X�ì R çFI�äåBMá R @ R K T çfBIWð _ DÁELD _ DïKNDFE V BCá R X R î«DF>ABCDFIWE¾ðñIW@ R >Jâ4á V DÁî R EòKNIJç T BMDÁIJE�BMIBCá R _ >ADFE ã @CIJìQç RU_ DïK V DFî R E/DFE�BCá R X R î«DF>ABCDFIWEòâ�IWç TQ_ E�õ

� � 
 JÙ 	�� � 	üØ�	�Ú �uÙ 	üÜ  	�Ú	�ßCÞ 	æÙ^Ú��~ßCØ�

û]è¼â4áL>WE V DFE V BCá R � I�ä R8êxT >�BMDÁIJELK � ÿ �ªDFE¼BCá R >Aì¦I�î Rò_ I^X R ç O ä R âU>WE�âU> ã B T @ R BCá RDÁExBC@MI^X T â�BCDFIWE¼IAð �}>JXQX^DÁBCDFIWEL>Wç � ã >WKMKNDFî R BM@M>WELK ã IW@CBMK �ÉK R @Cî«Dïâ R BM@M>WDÁELK � O BCIý@ R X T â R BCá RI�î R @4>AçFç¦E RUR X/IWð'î R áQDïâ�ç R KrKCI _ªR äáÍ>�B8õ



ÿ � =ýõLG;@MIWELKMKCIWE O«P õLS&@ RUTQVJR @ O YÍõLZ]\ R @4X^@ TQ_

� R BÆX^DïKNB (l1, l2) ì R >Ìð T EÍâ)BCDFIWE�X R þLEQDFE V VWR I V @M> ã áQDïâU>Aç«X^DïKnB4>AELâ R ì R Bnä R8R EªçÁI^â8>�BCDFIWEÍK
l1
>WELX

l2
>WELX

m
>"çFD _ DÁB�IWE BCá R X^DïKnB4>AELâ R BC@4>�î R @4K R X�ì«èé>AE �}>JXQX^DÁBCDFIWEL>Wç � ã >JKCKCDÁî RBC@4>AELK ã IJ@NB�õ �RUã çF>Jâ R BCá R � I�ä R8êxT >ABCDFIWELK
DFE�BCá R _ I^X R çu>Aì¦I�î R äDfBMáC2

∀i((Σ
j∈{j|

X^DïKNB
(ldi,loj)≤m}Xij) − Si = 0)

∀j((Σ
i∈{i|

X^DïKnB
(ldi,loj)≤m}Xij) − Sj = 0)

àrá R B T @MEÅBCD _ÅR rij

ðñIJ@ÆK T â4á�B T @CELK i, j _$T KnBÆì R >WXQ> ã B R X*BMI&@ R��LR â�B~BCá R >JXQX^DÁBCDFIWEL>WçBCD _ÅR B4>�� R EÊBMIò@ R çÁI^âU>AB R BCá R î R áQDïâ�ç R >WELXÊBCá R â�IxKnB&ð T EÍâ)BCDFIWE RD3 B R ELX R XÊäDÁBCáú>¾B R @ _BCáL>AB;@ R��LR â�BMK
BCá R â�IJKNBrðñIW@;X^@MDFîxDFE V >ªK R @Cî«Dïâ R BC@4>ADFEC2

Σ〈i,j〉∈CdijXij

äá R @ R C = {〈i, j〉 |
X^DïKnB

(loi, ldj) > 0}
>WELX

dij

DïKÆ> â�IxKnB~ð}>Jâ)BMIW@~BMáL>�B _ >�è$IJ@ _ >�è$EQIWB@ R��LR â�B]BMá R >Jâ)B T >Aç¬X^DïKnB4>AELâ R ì R Bnä RUR E ldi

>AELX
loj

õ«öhE�BMá R&RD3^ãÍR @CD _ªR ExBMK]ì R çFI�ä m
ä
>JK

K R BHBCI¾IWE R áQI T @�>AELX R >Wâ4á dij

BMI/>ªð}>Jâ)BMIW@ÌâUIW@M@ R K ã IWEÍX^DÁE V BCI piti
ðñIW@Ì> ã @ RUã çï>AEQE R X

ã >WKMKNDFî R BC@4>AELK ã IJ@NB
IAðuX T @M>ABCDFIWE ti
IWð�IWE R áQI T @]äáQDïâ4á�DFE¾B T @ME�ä
>JKÆBnäDïâ R IAðüBCáL>AB
IWðü>î R áLDFâUç R >Wâ8â�I _Åã >AE«è«DÁE V >AEò>Wâ�BCDFî R BC@4>AEÍK ã IW@CB
IWðuBMáL>�BHX T @M>ABCDFIWE�õàrá R @ R KnBIAð'BCáLDFK R43 B R EÍX R X _ I«X R ç�DïKDïX R ExBCDïâU>Wç�BCIÅBCáÍ>�B;IAð~K R â)BMDÁIJE � õ

� � � �ÌßNÚLßNÞ � � Ú�	�xÝ��hÙ�

àrá R ðñIWçFçFI�äDÁE Vªã¦R @CðñIW@ _ >AELâ R @ R K T çÁBMK;áL>�î R >AçFçüì RUR E ã @MI«X T â R X T KNDFE V XQ>ABM> R43 BM@M>Jâ)B R Xðñ@CI _æã @MI^X T â)BMDÁIJE*XQ>�B4>rIAðxBCá R çF>W@ VJR KNBüô«ä R X^DïKNá&@4>ADFç�ðñ@ R D V áxBüâ�I _ªã >WE«è��������
	���������~õàrá R âU>JK R â�IJExBM>ADFELK >Wç _ IJKNB$>AçFç~BM@M>WELK ã IW@CBMK�áL>WELX^ç R X"ì«è?BMá R�_ IJKNB$â�I _ª_ IWE"Bnè ã¦R IAðî R áLDFâUç R DÁE T K RWO BCá R]R ç R â)BC@MDïâU>Aç � ó"çFI^â�I _ IWBCDFî RWO >AEÍX$â�I�î R @4Kü>Hð T çFç^ä R8R ��õ�àrá R]ã @CIJìQç R8_ KKNIJçÁî R Xýì R çFI�ä�ä R @ R�VWR E R @4>�B R Xúì«èýDFEJBM@CI^X T â�DFE V >Çþ 3^R X > _ I T ExB�IAð�KCçï>Wâ �"ðñIW@ R >Wâ4áX RUã >W@NB T @ R BMD _ªR DFE�BCá R&ã @MI^X T â)BMDÁIJE ã çF>WE�õàrá R E TQ_ ì R @�IAð
BC@4>AELK ã IJ@NB4K&DÁE R >Wâ4á�IAðrBMá R�VWR E R @4>�B R X ã @MIWìQç RU_ K DïK 1304
õ�àráQDïK

DÁELâUç T X R K >òK _ >WçÁç-E TQ_ ì R @ IAð
KNBM>ABCDïâU>WçÁçFè VWR E R @4>�B R X ã IAB R ExBCDï>Aç ã >WKMKNDFî R BC@4>AELK ã IJ@NB4K�IAðî R áLDFâUç R K T K R X�BCI ìL>WçF>WELâ R BMá R � I�äùDÁEªBMá R E R Bnä]IJ@ ��õ�öhE VWR E R @4>Aç«@ R çFI^âU>�BMDÁIJEªIAð�î R áLDFâUç R K>A@ R�ã¦R @CðñIW@ _ªR X R DÁBCá R @�>WK : � � ? 9��': B � 7 B�A 6�� : B1= � ? � 6 =/BM@M>�î R çFçÁDFE V äDfBMá � @ R >Wç � BM@M>WELK ë
ã IJ@NB4K�IW@�>JK �1: = = 7 � � 6�� : B1= � ? � 6 = �ÉX R >JX^á R >JXQK �Åäá R @ R BCá R î R áQDïâ�ç R BC@4>�î R çFKªì«èéDÁBMK R çÁðBCáQ@MI TQV á�BMá R E R Bnä
IW@ ��õJöhE�ì¦IABCá�BMá R K R â8>WK R K]BCá R E TL_ ì R @rIAð'î R áLDFâUç R KzBM@M>�î R çFçÁDFE V äDfBMá>ÅKMâ4á R X T ç R X¾BC@4>AELK ã IJ@NB R43 â RUR XQK
BCá R _ DFEQD _$TQ_ @ R�êJT DÁ@ R X¾BCI ã¦R @CðñIW@ _ BCá R BM@M>WELK ã IJ@NB�õöhE¼BCá R KNIJç T BMDÁIJELK�@ RUã IW@CB R X¼ì R çÁI�ä O :���� ? 9��1: B�� 7 B A 6�� : B1= � ? � 6 =?áL>WK¾ì R8R E�ðñ@ RUR çÁèDÁExBC@MI^X T â R X � BMáQI TLV á ã¦R EL>WçÁDïK R X �~>WELX _ I�î R XÅ>A@MI T ELXÅì R Bnä R8R EªBC@4>AEÍK ã IW@CBMK-BMáL>�B
>AçFçÁI�äBCá R8_ õ P >WKMKCDÁî R BC@4>AEÍK ã IW@CBMKüIWE BMá R IWBCá R @uáÍ>AELX�>A@ RÆR çFD _ DFEL>�B R X$äá R @ R î R @�BMáL>�B-ç R >WXLK�BMI>AE*D _ªã @CI�î R X�IWìQ\ R â)BMDÁî R õ��Hè«EL> _ DïâU>WçÁçFè VWR E R @4>�B R X&E R ä ã >WKMKNDFî R BM@M>WELK ã IW@CBMK �}>JKüK R â)BMDÁIJE
� �Å>A@ R DFExBC@MI^X T â R XéIJEQçFèýDÁE¼>�K R8ã >A@4>�B R K R B�IAð ã @MIWìQç RU_ K�>AEÍX R î R EéBCá R EùBCá R èé>A@ RçÁD _ DfB R X�BMI$> _ > 3 D _$TL_ BM@M>�î R @4KC>Wç^BCD _ªR IAð 60 _ DÁE T B R K �ñäáQDFç R BCá R >�î R @M> VWR BC@4>AELK ã IW@CBBCD _ÅR DïKª>Aì¦I T BªðñI T @ÅáLI T @4K ��õ'GHçÁçFI�äDFE V >JXQX^DÁBCDFIWEL>Wç ã >WKMKNDFî R BC@4>AELK ã IW@CBMK�DÁE BCáQDïKÅä
>�èBnè ã DFâ8>AçFçÁè�@ R X T â R K*BCá R E TL_ ì R @ÅIAð;î R áQDïâ�ç R KÅKNI _ÅR äáL>�B�ì T BªDÁExBC@MI^X T â R BCá R E R8R X�BMIKCâ4á R X T ç R >WXQX^DÁBCDFIWEÍ>Aç�BM>JK��^KrIJE¾BMá R DÁEQðñ@M>JKnBM@ T â�B T @ R @ R KNI T @4â R K8õ
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