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Abstract. This article continues the study of computable elementary
topology started in [7]. We introduce a number of computable versions
of the topological Ty to T3 separation axioms and solve their logical
relation completely. In particular, it turns out that computable T} is
equivalent to computable T5. The strongest axiom SCT5 is used in [2] to
construct a computable metric.

1 Preliminaries

We use the representation approach to computable analysis [6] as the basis for
our investigation. In particular, we use the terminology and concepts introduced
in [7] (which can be considered as a revision and extension of parts from [6]).

Let X* and X“ be the sets of the finite and infinite sequences, respectively, of
symbols from a finite alphabet X'. A function mapping finite or infinite sequences
of symbols from X is computable, if it can be computed by a Type-2 machine,
that is, a Turing machine with finite or infinite input and output tapes. On X*
and X“ we use canonical tupling functions (-) that are computable and have
computable inverses. Computability on finite or infinite sequences of symbols is
transferred to other sets by representations, where elements of X* or X* are used
as “concrete names” of abstract objects. For representations v; : CY; — M; we
consider the product representation defined by [v1,72](p, ¢) := (71(p1), Y2(p2)).
Let Y =Y1x...xY,, M=M x...xM,and v:Y = M, v(y1,...,yn) =
Y1(y1) X ... X yn(yn)- A partial function h : CY — Y} realizes the multi-function
f:M = My if y90h(y) € f(x) whenever z = v(y) and f(z) exists. This means
that h(y) is a name of some z € f(z) if y is a name of x € dom(f). The function
f is (7,70)-computable, if it has a computable realization.

We will consider computable topological spaces as defined in [7]. Various
similar definitions have been used, see, for example, [4, 3, 5] and the refer-
ences in [7]. In particular, the definition in [6] is slightly different. A computable
topological space is a 4-tuple X = (X, 7, 8,v) such that (X,7) is a topological
To-space, v : C X* — [ is a notation of a base 8 of 7, dom(v) is recursive and
v(u)Nrvw) = Hr(w) | (u,v,w) € S} for all u,v € dom(v) for some r.e. set
SC(dom(v))3.

For the points, the open sets and the closed sets we use the representations
0, 6 and ¥~ that are defined as follows. For p € X* and z € X, 6(p) = z iff p is
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a list of all u € dom(v) such that x € v(u), 6(p) is the union of all v(u) where u
is listed by p, and ¥~ (p) := X \ 6(p).

2 Axioms of Computable Separation

For a topological space X = (X, 7) with set A of closed sets we consider the
following classical separation properties:

Definition 1 (separation axioms).

To:(Ve,ye X, a£y) @AW en) (e e WAygW)V(xgW Ay eW))),
Ti:Vo,ye X, e #y) AW er) (e e WAy g W),

To:(Ve,ye X, #y)3U,Ven)(UNV=0AzeUAyeV),

Ts: (Vee X,VAe Az g A)BU,Ver)(UNV =0AzecUANACV),
Ty: (VA,Be A, ANB=0)3U,Ver)(UNV =0AACU A BCV).

Fori=0,1,2,3, we call X = (X, 7) a T;-space iff T; is true.

For the four axioms, To = Ty = Ty and Tg + T3 = T3, where all the
implications are proper [1]. Th-spaces are called Hausdor(f spaces and Ts-spaces
are called regular. (Many authors, for example [1], call a space T3-space or regular
iff Ty + T3.) We mention that (X,7) is a Ty-space, iff all sets {z} (x € X)
are closed [1]. For computable topological spaces X = (X, 7, 3,v), which are
countably based Ty-spaces (also called second countable), Tz = T».

We introduce computable versions CT; of the conditions T; by requiring that
the existing open neighborhoods can be computed. For the points we compute
basic neighborhoods.

Definition 2 (axioms of computable separation). For: € {0,1,2,3} define
conditions CT; as follows.
CTy : The multi-function to is (8,0, v)-computable where tg maps each
(x,y) € X2 such that x # y to some U € B such that
(xeUandy ¢U) or (x ¢U andy € U). (1)
CTy : The multi-function ty is (6,0, v)-computable, where t; maps each
(x,y) € X? such that x # y to some U € 3 such that x € U and y ¢ U.

CTs : The multi-function to is (6,0, [v, v])-computable, where to maps each
(x,y) € X? such that x # y to some (U,V) € 3% such that
UNV=0,z€U andy€eV.

CTs : The multi-function ts is (6,9, [v, 0])-computable, where t3 maps each
(z,A) such that x € X, ACX closed, and x & A to some
(U, V)e B xT suchthat UNV =0, z €U and ACV.

Obviously, CT; implies T;. We introduce some further computable T;-conditions.
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Definition 3 (further axioms of computable separation)
There is an r.e. set HCdom(v) x dom(v) such that
(2)

WCTO :
(Vz,y,  # y)B(u,v) € H)(x € v(u) N yev(v)) and
v(u)Nv(v) =10
(V(u,v)eH){ (32) v(u) = {z}Cr(v) 3)
Vv Fy)v(v) = {ytcr(u).

SCTy : The multi-function t§ is (6,9, [vn, v])-computable where t§ maps
each (x,y) € X? such that x # y to some (k,U) € N x 3 such that

(k=1,2c€Uandy¢U) or (k=2,2¢U andye€U)

There is an r.e. set HCdom(vy) X dom(v) x dom(v) such that

CTj :
(Va,y, © # y)B(w,u,v) € H)(z € v(u) A yev(v)) and (4)
v(w) N o(v) = 0
(V(’w,u,v)GH){VVN( ) =1A(Fz)v(u) = {z}Cr(v) ()
Von(w) =24 (3Fy)v(v) = {y}Cr(u).
CT) : Thereis an r.e. set H € X* x X* such that
(Vz,y, z #y)3(u,v) € H)(z e v(u) Ay € v(v)) and (6)
viw)Nv(v) =0
(¥(u,v) € H) {\/ (E(ng I/(ug l {z}Cv(v). (7)
CTY,: There is an r.e. set H € X* x X* such that
(Vr,y, z #y)3(u,v) € H)(z e v(u) Ny € v(v)) and (8)
viu)Nv(v) =0
(¥, v) € H) { v (Gz) v(u) = {2} = v(v). ©)
SCTy : There is an r.e. set H € X* x X* such that
(Vx,y, z #y)(F(u,v) € H)(x € v(u) Ay €v(v)) and (10)
(11)

(V(u,v) € Hyv(u)Nv(v) =10.
CT5 . The multi-function t5 is (3, v, [v, ¥~ ])-computable where t maps
each (x,W) € X x 8 such that x € W to some (U, B) such that

U e p, BCX is closed and x € UCBCW.

WCT; : The multi-function t§ is (8, v, v)-computable where t§ maps
each (z,W) € X x 8 such that x € W to some U such that

Uepandxc UCUCW.

SCT3: There are an r.e. set RCdom(v) x dom(v) and a computable function
r: CX* x X% — X% such that for all u,w € dom(v),

U{y (u,w) € R},

( u, )GR:> V( )Y or(u, w)Cr(w).
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CTj, CT} and CT} are versions of CTy, CT; and CTsy, respectively, where
base sets are used instead of points (see Theorem 1 below). Similarly, SCTj3 is
a pointless version of C'T4. In contrast to CTy, in SCT the separating function
gives immediate information about the direction of the separation. Also in CTY,
some information about the direction of the separation is included while no such
information is given in its weak version WCT(. The strong version SCT5 results
from CT) by excluding the case (3z)v(u) = {z} = v(v). Notice that SCTs
results also from WCTy, CT{ and CT} by excluding the corresponding cases.
The following examples illustrate the definitions. Further examples can be found
in Section 4.

Ezample 1. 1. Consider the computable real line R := (R, g, 8,v) such that
Tr is the real line topology and v is a canonical notation of the set of all
open intervals with rational endpoints. R is SCT3 (easy proof).

2. (T but not WCTy) Consider the computable lower real line
R = (R,7<,f<,v<), defined by ve(w) := (vg;o0), which is Ty but not
Ti. Suppose R is WC'Tj. Since for any two base elements U, V', U is not a
singleton and U NV # (), H = () by (3). But H # () by (2).

3. (T1 but not Ty or WCTy) Let X = (N,7,8,v) such that 7 = ( is the
set of cofinite subsets of N and v is a canonical notation of v. Then X
is a computable topological space. It is T} since singletons {z} are closed.
Suppose X is WCTy. Since the intersection of base elements cannot be empty
and singletons are not open the set H in (3) must be empty. But then (2)
cannot be true. The space is not Ty since the intersection of any two non-
empty open set is not empty.

By the next lemma the above computable separation axioms are robust,
that is, they do not depend on the notation v of the base explicitly but only
on the computability concept on the points induced by it. Call the computable
topological spaces X = (X, 7, 3,v) and X = (X, 7, 3,7) equivalent, iff 6 =6 [7,
Definition 21 and Theorem 22].

Lemma 1. 1. Fori € {0,1,2,3} let CT; be the condition obtained from CT;
and let SCT be the condition obtained from SCT, by replacing B and v by
T and 0, respectively. Then CT; <= CT; and SCTy < SCT,.

2. Let X = (X, 1,B,V) be a computable topological space equivalent to X =
(X, 7,B,v). Then each separation axiom from Definitions 2 and 3 for X is
equivalent to the corresponding axiom for X.

The proofs are straightforward. In particular, apply [7, Theorem 22] by which
“equivalence” is equivalent to (v < 6 and v < 0).

3 Implications

In this section we prove the implications between the separation properties, in
the next section we give counterexamples for the proper ones.
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Theorem 1.

1. SCT3 — CT3 — SCTy — CTy — CTy — WCTQ,
2. CT3 <— CTé — WC(CTs3,

3. CTy, <— CT) — CT\ — CTj,

4. CTy <— SCT, — CT(;,

The proofs of SCTy = CT} and CT;y = SCTs need some care. They
are based on the observation that a realizing machine needs only finitely many
steps for finding an appropriate base element for the result. We omit the details
(approximately 2 pages).

Surprisingly, computable T3-spaces are exactly computable T5. We add some
further interesting results. Let “D” be the axiom stating that the topological
space is discrete.

Theorem 2. For computable topological spaces,

if {x} is not open for all x € X then WCTy = SCTy,
SCTs if Ty and {(u,v) | v(u)Nv(v) = 0} is r.e.,
SCTy <= (z#y is(5,0)-r.e.),

CT3 = SCTj if the set {w € X* | v(w) # 0} is r.e.

D —= WCTj;

Grds Codo =

We include only the proof of 4. For the terminology see [7].
Proof: Since finite intersection is computable, there is a computable function g
such that (™ (w) = o g(w). Therefore, the set {w € * | N v5(w) # 0} is r.e.
There is a machine M such that fj, realizes the multi-function ¢5. If z = §(p) €
v(w) then for some u; € dom(v) and ¢ € dom(¢™), faur(p,w) = (u1,q) = t(u1)q
such that

z € v(uy) S (g)Criw). (14)

For computing ¢(u;) some prefix ug € dom ()N X*11 of p suffices. Since §(p) €
v(w) we may assume w < ug. Since x € §[ugl1X%] = N v/S(ug), N (uo) # 0.
We will compute (v (uo) N v(u1) as a union J{v(u) | u € L} of base sets and
add all these (u,w) to R.

There is a machine N that works on input (u,w) as follows:
(S1) If u,w € dom(v), v(u) # 0 and v(w) # 0 then
(S2) N searches for words ug € dom(v®)NX*11 and u; € dom(v) such that w <
uo, M on input (ugl®,w) writes ¢(uy) in at most |ug| steps and u < g(uge(uq)),
(S3) and then writes all words ¢(v) for which there are words us,ug such that
ugug € dom(v), Nv™(ugug) # 0, the machine M on input (uguzl®,w) writes
t(uq)ug in at most |ugus| steps and v < 11ug. (In order to guarantee an infinite
output, N writes 11 from time to time.)
(S4) If (1) is false or the search in (2) is not successful then N computes forever
without writing. Let r := fy and R := dom(fn). Then RCdom(v) x dom(v)
and R is r.e. We must prove correctness.
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We show (12): Suppose z = d(p) € v(w). Then for some u1,q, far(p,w) =
t(u1)q, hence for some prefix ug C p such that w < ug and ug € X*11 (since we
my assume that p has the subword 11 infinitely often), M on input (upl?,w)
writes ¢(u1) in at most |ug| steps. Since x € N v*(ug) and = € v(u;) by (14),
x € 0o g(upt(ur)), hence z € v(u) for some u < g(ugt(u1)). Therefore, there is
some u such that z € v(u) and the machine N on input (u,w) will find some
words such that (S2) is true. Therefore z € v(u) for some (u,w) € R, hence “2”
is true in (12).

On the other hand, suppose (u,w) € R and x € v(u) for some x. Then on
input (u,w) the machine N finds words ug, uy such that the conditions in (S2)
above are true. Since u < g(ugt(uy)) and w < ug, € v(u)Cv®(up)Cr(w).
Therefore, “C” is true in (12).

For showing (13) suppose (u,w) € R and = € v(u) for some z again. Then
on input (u,w) the machine N finds words ug,u; such that the conditions in
(S2) above are true. Since x € (™ (ug), = 5(upp’) for some p’ € *. Since
x € v(w), fu(uep’,w) = (ui,q) = t(u1)q for some g € X* such that (14).
Suppose v < ¢. Then for some us, uz such that ugus € dom((v*), the machine
M on input (ugus1¥,w) writes t(ug)us in at most |ugug| steps and v < ¢t(uq )us,
therefore, v <« r(u,w). By (14),

v(w)*C(q) = U{v(v) | v < ¢} S U{v(v) [v € r(u,w)} = 0 o r(u, w).

This proves ¥~ o r(u, w)Cr(w) in(13).

Finally let v be some word such that ¢(v) is listed by the machine N on input
(u,w), that is, v < 7(u,w). Then there are words us, u3 such that v (uguz) #
(), the machine M on input (ugu2l®,w) writes ¢(u1)us in at most |ugus| steps
and v < 1lug. Since v (ugug) # 0 and w < g, there is some p’ such that
d(upuap’) € v(w) and far(uguap’, w) = t(ug)ugq’ for some ¢'. By (14) v(ui) N
O(usq’) = 0. Since v(u)Cr(uy) (by v < g(ugt(ui)) in (S2)) and v(v)CO(uszq’)
(since v < ug), v(u) Nv(v) = 0.

Since this is true for all v < r(u, w), v(u) N@or(u,w) =0, hence v(u)CYP~ o
r(u, w).

Therefore, we have also proved (13). a

4 Counterexamples

A topological space is discrete iff every singleton {z} is open iff every subset
BCX is open. A discrete space is T; for ¢ = 0,...,4. Let “D” be the axiom
stating that the topological space is discrete. Counterexamples show that the
implications in Theorem 1.1 are proper. Since this is an extended abstract we
include only two of them.
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Theorem 3. For computable topological spaces,

Ty &= WCTy by Example 1.2;
T, &= WCT, by FExample 1.3;
D &= WCTj by Example 2;
D+ WCTy = CTy by FExample 3;
D+ CTy &= CT, by FExample 4;
D+ CTy &= SCT, by Example 5;

WCT;3 + CTy #= SCTy by Example 5;
T4+ SCTy = WCT3 by Fxample 7;

SCTy 7= T} by Example 6;
CT3 %= SCTj by Example 8.
In the following examples let (a;)ien, (b;)ien, -+, (€i)ien be injective families

with pairwise disjoint ranges and let {0,1,...,7}CX.
Ezample 2. (D but not WCTp) Omitted. O

Ezample 3. (D + WCTy but not CTp) Let ACN be some non-r.e. set. Let X :=
{ai,b; | i € N} and let 7 be the discrete topology on X. Below we will define
sets B,C, DCN such that {A, B,C, D} is a partition of N. Define a notation v
of a basis S of the topology as follows.

‘ 01 02 0'3 0912 0'13 023

i€ AUD| {a;} {b;} O O 0 0
1€B {a;} {ai, b} {b;} {a;} 0 {b;}
i€C |ai,bi} {bi} {ai} {bi} {ai} 0

Since v(0°k)Nw(0m) = v(0°%km), v(u)Nv(v) = vog(u, v) for some computable
function g. Therefore X := (X, 7,3,v) is a computable topological space. Let
H = {(0%,071) | i,j € N; k,l € {1,2}; (i # jVk #[}. Then H satisfies (2) and
(3) for the space X. Therefore, X is a WCTy-space.

We show that X is not SCTy.

Let I,r € X* such that vy(I) = 1 and vy(r) = 2. We assume w.l.o.g. that vy
is injective. For i € N let

S; = {(1,01), (r,0%3), (1,0°12), (r,0°23)},
T; = {(r,02), (1,0%3), (r,0"12), (1,0°13)}.

Suppose, the function f:C X« x X« — X* realizes the separation function ¢
for X. If 6(p) = a; and 6(q) = b; then

S;if ieB
ﬂn@e{nﬁiec (15)

since v(u) must be either {a;} or {b;} if f(p,q) = (w, u). Notice that S;NT; = 0.
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For all i € N define p;,q; € X by p; := ¢(0°1)¢(0°1)¢(01) ... and ¢; =
¢(0%2)¢(0%2)1(0°2) .. .. Let F be the set of all computable functions f : C X% x
XY@ — 3* such that f(p;,q;) exists for all i € A. Consider f € F. Then [’ : i+
f(pi»qi) is computable such that ACdom(f’). Since A is not r.e. and dom(f")
is r.e., dom(f’) \ A is infinite. Since F is countable, there is a bijective function
g : E — F for some ECN such that ¢ € dom(g}) \ A for all i € E (g; := g(i)).
Then ANE = ().

For each i € E we put ¢ to B or C' in such a way that g; does not realize the
separating function t§ for SCT).

B:={ic E|gi(pi,a) € Si},
C:={ie E|gipiq) € Si},

and D := N\ (AUBUC). Since ANE =0, E=BUC and BNC = 0,
{A, B,C, D} is a partition of N.

Suppose some computable function f realizes t§. Since for i € A,0(p;) = a;
and §(q;) = bi, f(pi,q:) exists for all i € A, hence f = g; for some i € E.

If i € B then g;(pi, ¢;) € Si, hence by (15) the function g; does not realize ¢§.
If i € C then g;(p;,q;) € S;, hence not in T; since S; N T; = 0. By (15) the
function g; does not realize t§.

From this contradiction we conclude that X is not SCTy. By Theorem 1 X
is not CTj. O

Ezample 4. (D and CTy but not C'T7) Omitted. O

Ezample 5. (D and CT, but not SCT,) Let ACN be an r.e. set with non-r.e.
complement. Define a notation v by
v(011) := {a;}, v(0°2) := {a;} for i € A,
v(011) := {a;}, v(072) := {b;} for i ¢ A
for all ¢ € N. Then v is a notation of a base § of a topology (the discrete topology)
7 on a subset X CN such that X = (X, 7, 5, v) is a computable topological space.
The space X is T; for ¢« = 0,...,4 since it is discrete. It is C'I; but not
SCTy: The set H := {(0%,071) | i,j € N, k,l € {1,2}} satisfies CT}. Therefore,
the space is CT,. Suppose SCTs. Let H be the r.e. set for SCTy. By (10),
i ¢ A = (0'1,0'2) € H and by (11), i € A = (0°1,02) ¢ H. Since H is
r.e., the complement of A must be r.e. (contradiction). Notice that x # y is not

(0,0)-r.e., see Theorem 2.3. It can be shown easily that X is WCTs. |
Ezample 6. (SCT> but not T3) Omitted. O
Ezample 7. (T4 and SCT, but not WCT3) Omitted. o

Ezample 8. (CTs but not SCT3) Define a notation I of the open rational inter-
vals by I(u,v) := (vg(u); vg(v))CR. Let R.CR be the set of (p-) computable real
numbers. There is a computable function g : X* — X* such that R.CJ;cn 1 o
g(0") and ",y length(I o g(0")) < 1 [6, Theorem 4.2.8]. Let z := inf{a €
Q | [a:1]CSU;en 0 9(0")}. Then 0 < z < 1, z is ps-computable and not p-
computable, hence not p.-computable [6]. Furthermore for all k, z & I o g(0%).
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Let X := R.U{z}. Define a notation v of subsets of X by v(0v) := I(v)NX
and v(1v) := I(v) N (—o00;2)NX (v € dom(I)).Then S := range(v) is a base of a
topology 7 such that X := (X, 7, 8,v) is a computable topological space. Notice
that for < z, z € clsx((z;2) N X). Let § be the inner representation for the
points of X.

Proposition 1: The multi-function h : £ = a mapping each x € X such that
x < z to some a € Q such that x < a < z is (J, vg)-computable.

Proof 1: If < z and = € Tog(0%), then sup Iog(0¥) < z, since z £ inf Tog(0¥)
(since x < z), z ¢ Tog(0%) and 2 # sup Tog(0) (since z € Q). There is a machine
M that on input p searches for some k € N such that 0g(0*) < p and writes
some u such that vg(u) = sup I o g(0%). Let 6(p) = = < z. Since x € R,., there is
some k such that @ € I o g(0%), hence 0g(0*) < p. We obtain vg o fas(p) < 2.
Therefore, the multi-function h is (4, vg)-computable.

Proposition 2: The multi-function f : (x,U) =V mapping each (z, (a;b)) €
X x range(I) such that © € (a;b) to some (c;d) € range(I) such that z €
(¢;d)Cle; d]C(a;b) is (4, I, T)-computable.

Proof 2: Every é-name of x lists arbitrarily short rational intervals contain-
ing x. Search for a sufficiently short interval (¢;d).

We show that t; from Definition 3 is computable. Suppose z € W € S.
If W = v(0w) = I(w) N X for some w then W' := I(w). f W = v(lw) =
I(w) N (—o0; z) N X for some w then by means of h find some e € Q such that
x<e<zandlet W :=I(w)N(—o0;e). Then z € W' N XCW. By means of f
from z and (a;b) := W’ find (c;d) € range(I) such that = € (¢;d)C[e; d]C(a; b).
Then x € (¢;d) N XCle;d] NaCWV.

From a, b, ¢ and d some u and ¢ can be computed such that v(u) = (¢;d)N X
and ¢~ (¢) = [¢;d]NX. Then x € v(u)C¢~ (¢)CW. Therefore, tj is (6, v, [v,¥7])-
computable.

Suppose, X is SC'T5. Let R be the r.e. set for SCT3 from Definition 3. There is
some w such that v(w) = (0; 2)NX. Suppose (u,w) € R. Then v(u)Cv(w), hence
for some a,b € Q such that a < b < z, v(u) = (a;0) N X or v(u) = (a;2) N X. If
v(u) = (a;2) N X, then z € clsx(v(u)), but clsx (v(u))Crv(w) = (0;z) by SCTs,
hence z € v(w) = (0;z) (contradiction). Therefore, sup v(u) = (a;b) for some
rational numbers a, b such that a < b < z.

The function U — supU for all U = (a;z) € 8 such that z < z is (v, 1g)-
computable. Since R is r.e., the number y := sup{supv(u) | (u,w) € R} is
p<-computable such that y < z. Since (0;2) = v(w) = U(u,w)eR v(u), for every
x < z there is some (u,w) € R such that < supv(u). Therefore, y = z, hence z
is p<-computable. Contradiction. Therefore, X is not SCT3. Notice that U #
is not v-r.e. |

Further results can be obtained in combination with the positive results from
Theorem 1. Figure 1 visualizes the interplay between the computable versions of
T; for i = 0,1,2,3 from Definitions 2 and 3 we have proved. “A — B” means
A = B, “A #/— B” means that we have constructed a computable topological
space for which A A =B, and A 7& B” means that we have constructed a
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computable topological space for which (AAC)A—B. Remember that SCTy <=

CTy < CT), CT; < CT} < CTy < CT}, and CT3 < CTj.

WCT3 T3

T To D
T4 T4 \\\\

SCT3 =——= CT3 <—T’ SCTy =——= CTy =——= CTy =——=WCTy
4

Fig. 1. The relation between computable To-, T1-, T>- and T3-separation.

5 Further Results

For a computable topological space X = (X, 7,3,v) and BCX the subspace
Xp = (B,78,08,vE) of X to B is the computable topological space defined by
dom(vg) := dom(v), vp(w) := v(w) N B. The separation axioms from Defini-
tions 2 and 3 are invariant under restriction to subspaces.

Theorem 4. If a computable topological space satisfies some separation aziom
from Definitions 2 and 3 then each subspace satisfies this axiom.

Proof: Straightforward. m]

The product of two T;-spaces is a T;-space for ¢ = 0, 1,2, 3. This is no longer
true for some of the computable separation axioms. By definition for the product

X; x Xy = X = (X1 x Xo,7,3,7) of two computable topological spaces X; =
(X1,71,B1,v1) and Xo = (Xo, 72, B2, v2), U{ur, u2) = vi(u1) X va(us).

Ezxample 9. The space X from Example 5 is CTy but not SCTs. Let R be the
computable real line from Example 1.1. We show that the product X x R is not
WCT,. Suppose, X x R is WCTy. Since every base element of X x R has the
form v(u) x (a;b) (a,b € Q, a < b) no singleton {(z,y)} (x € X, y € R) is open.
By Theorem 2.1, X x R is SCT5. By Theorem 1 the relation (x,2') # (y,y’) is
([0, pl, [6, p])-r.e. where ¢ is the inner representation of the points of X. There is a
machine M that halts on input ((p,p’), {(g,p’)) for p, ¢ € dom(d) and p’ € dom(p)
iff 5(p) # 6(q). There is a computable element p’ € dom(p). Therefore, there is
a machine N that halts on input (p,q) iff §(p) # 6(q), hence x # y is (4, 0)-r.e.
By Theorem 1, X must be SCT5. But X is not SCT5.

Theorem 5. 1. The SCT-, WCT3-, CT3- and SCTs-spaces are closed under
product.
2. The WCTy-, CTy- and CTy-spaces are not closed under product.
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Proof: 1. Suppose, X; and Xy are SCTy. By Theorem 1, z; # y; is (d;,0;)-
r.e. for i = 1,2, hence (z1,22) # (y1,92) is ([01, 2], [01, I2])-1.€., hence again by
Theorem 1, X; x Xy is SCT5.

Suppose, X; and Xy are WCTs. Let (z1,22) € Wi x Wa. From z; and W;
we can find U; € B; such that x; € U;CU;CW,; (for i = 1,2). Then (z1,z2) €
U1 X Ungl X U2 = U1 X Uzgwl X WQ.

Suppose, X; and X, are CT4. We consider computability w.r.t. v;, d;, ¥, , 7,

6 and ¢ . Suppose (z1,22) € (W1, W) € B1 X Ba. From ((1,z2), (W1, W2)) we
can compute 1, x2, W1 and Ws. Using t5 for X3 and Xo we can compute (U;, B;)
such hat U; € 8; B;CX; is closed and z; € U;CB;CW,; (i = 1,2). Observe that
(1‘1,332) € Uy x UyCBy X BoCWy x Wy, Form (Ul,Bl) and (UQ,BQ) we can
compute ((u1,uz), (B1, B2)).

Suppose, X; and Xy are SCT3. For X; (i = 1,2) let R; be the r.e. set and let
r; be the computable function for SCT3 from Definition 3. There is a computable

function h such that ¢, (p1) x ¥y (p2) =¥ (p1,p2). Let

R := {((u1,u1), (w1, wa)) | (u1,w1) € Ry A (uz, w2) € Ra},

F({u1, u1), (wy,ws)) := h(ry(uy,wy), r2(uz, ws)) .

A straightforward calculation shows that R is the r.e. set and 7 be the computable
function for SCT3 from Definition 3 for the product X; x Xs.

2. In Example 9, the spaces X and R are C'T,, CTy and W CTy. Their product
X x R, however, is not W Ty, hence not CTy and not CT5. O
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