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Abstract
The algorithmic efficiency of Newton-based methods for Free Flight Trajectory Optimization is
heavily influenced by the size of the domain of convergence. We provide numerical evidence that the
convergence radius is much larger in practice than what the theoretical worst case bounds suggest.
The algorithm can be further improved by a convergence-enhancing domain decomposition.
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1 Introduction

Today, aircraft are required to take routes in the airway network, a 3D graph over the surface
of the earth. Such routes are longer and less fuel efficient than unconstrained routes. Air
traffic associations in many places, in particular, in Europe and in the US, are therefore
investigating options to introduce Free Flight aviation regimes that allows such routes, in an
attempt to reduce congestion, travel times, and fuel consumption. By giving pilots more
freedom to choose their routes, taking into account factors such as weather conditions, wind
patterns, and individual aircraft performance, Free Flight can improve overall efficiency and
operational flexibility. For a more comprehensive and detailed discussion of the problem and
an overview of solution approaches, we kindly direct the reader to our previous publications
[1, 2, 3, 4] and the references therein.

In [1, 2], we introduced an algorithm that combines Discrete and Continuous Optimization
techniques to obtain a globally optimal trajectory under Free Flight conditions. The approach
involves constructing a discrete approximation of the problem in the form of a sufficiently dense
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graph, which implicitly generates a pool of potential candidate paths. These paths (i) can be
efficiently explored using state-of-the-art shortest path algorithms, and (ii) provide suitable
initial solutions for a locally convergent continuous optimization approach. Specifically, we
proposed the application of Newton’s method to the first-order necessary conditions, an
algorithm that is known as Newton-KKT method or Sequential Quadratic Programming
(SQP) [4].

The efficiency of this hybrid method hinges on the graph density that is required to
guarantee that a discrete candidate path lies within the domain of convergence of the
continuous optimizer. The size of the domain of convergence depends on the wind conditions,
and directly impacts the computational efficiency of the algorithm: A smaller convergence
radius requires a denser graph and thus more discrete candidate paths that need to be
considered.

In this article we provide numerical evidence that the convergence radius exceeds the
theoretical lower bound. This finding greatly enhances the robustness, the speed, and the
practical applicability of the proposed approach beyond the theoretical guarantees that
are currently known. Furthermore, our investigation confirms that the norm that was
introduced in our previous papers to quantify the size of the domain of convergence is an
appropriate choice. It effectively captures the characteristics of the domain and provides
meaningful insights into its extent. We finally propose a nonlinear domain decomposition-
inspired algorithmic modification to increase the convergence radius and enhance optimization
performance.

2 The Free Flight Trajectory Optimization Problem

The vertical component of a flight trajectory is primarily governed by aircraft-specific
performance data and the corresponding reduction in weight due to fuel burn, allowing
for a relatively precise determination beforehand. In contrast, the horizontal component is
predominantly influenced by external factors, with wind conditions being a crucial factor.
As a result, a common approach involves optimizing each component separately (e.g., [6]).
In this paper, we concentrate on the optimization of the horizontal trajectory.

Neglecting any traffic flight restrictions, we consider flight paths in the Sobolev-Space

X = {ξ ∈ W 1,∞((0, 1),R2) | ξ(0) = xO, ξ(1) = xD}. (1)

connecting origin xO and destination xD. A short calculation reveals that an aircraft
travelling along such a path ξ with constant airspeed v through a three times continuously
differentiable wind field w ∈ C3(R2,R2) of bounded magnitude ∥w∥L∞ < v reaches the
destination after a flight duration

T (ξ) =
∫ 1

0
f

(
ξ(τ), ξτ (τ)

)
dτ, (2)

where ξτ denotes the time derivative of ξ and

f(ξ, ξτ ) := tτ = −ξT
τ w +

√
(ξT

τ w)2 + (v2 − wT w)(ξT
τ ξτ )

v2 − wT w
, (3)

see [1, 2, 3, 4].
Among these paths ξ, we need to find one with minimal flight duration T (ξ), since that

is essentially proportional to fuel consumption [7]. This classic of optimal control is known
as Zermelo’s navigation problem [8].
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Since the flight duration T as defined in (2) is based on a time reparametrization from
actual flight time t ∈ [0, T ] to pseudo-time τ ∈ (0, 1) according to the actual flight trajectory
x(t) = ξ(τ(t)) such that ∥xt(t) − w(x(t))∥ = v, the actual parametrization of ξ in terms of
pseudo-time τ is irrelevant for the value of T and we can restrict the optimization to finding
the representative with constant ground speed ∥ξτ (τ)∥. Hence, we will subsequently consider
the constrained minimization problem

min
ξ∈X, L∈R

T (ξ), s.t. ∥ξτ (τ)∥2 = L2 for a.a. τ ∈ (0, 1). (4)

If the constraint is satisfied, L can be interpreted as the path length.

3 Numerical Results

In the following we explore three key aspects of Free Flight Optimization numerically: the
gap between the empirical convergence radius and its theoretical lower bound, the suitability
of the norm used in previous works for assessing convergence accurately, and an algorithmic
approach for increasing the convergence radius.

These points will be studied on a benchmark example of crossing a wind field consisting
of 15 regularly aligned disjoint vortices from xO = (0, 0) to xD = (1, 0) at an airspeed of
v = 1, see Figure 1 a). The wind speed attains its maximum at the center of a vortex with
∥w∥L∞ ≤ 1

2 v and decreases monotonically to 0 towards the boundary. A formal definition is
given in [1].

Traversing a vortex, there are two locally optimal options; using the tailwind on one
side or avoiding the headwind with a detour on the other side (cf. [1], example b)). Hence,
there may be roughly O(2n) locally optimal routes in a wind field with n vortices, posing a
challenging problem for global optimization; moreover, a wind field setting of this complexity
will rarely if ever be encountered in practice.

3.1 Size of the Convergence Radius
It has been shown in [4] that there is a positive convergence radius RC such that the
Newton-KKT method initialized with ξ converges to a minimizer ξ⋆⋆ if

∥ξ − ξ⋆⋆∥L∞(0,1)︸ ︷︷ ︸
distance err.

+ ∥(ξ − ξ⋆⋆)τ ∥L∞(0,1)︸ ︷︷ ︸
angular err.

+|L − L⋆⋆| + ∥λ − λ⋆⋆∥L∞(0,1) ≤ RC . (5)

Since the constraint in (4) is only weakly active, the Lagrangian Multiplier can directly be
initialized with λ = λ⋆⋆ = 0 (see [4]). Moreover, L can reasonably be initialized with the
path length of the candidate route. Hence we concentrate on the first two terms which we
will refer to as distance and angular error. Note that higher order derivatives (e.g., curvature)
do not affect the overall travel time (2). In the following we examine a two-dimensional affine
subspace of the trajectory space that allows us to separate the individual impact of these
error terms (see discussion in Section 3.2);

M := ξ⋆⋆ + R∆ξhf + R∆ξlf , (6)

which is anchored at the global optimum ξ⋆⋆ and spanned by a low- and a high-frequent
deviation, both of the form

∆ξf (τ) = n(τ) sin(kf πτ), f ∈ {hf, lf} (7)
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Figure 1 a) The extremes of the sampled part of the two-dimensional subspace are shown. Blue:
globally optimal route ξ⋆⋆, green: high-frequency deviation ξ⋆⋆ + ∆ξhf , red: low-frequency deviation
ξ⋆⋆ + ∆ξlf . b) Empirical domain of convergence. White: Newton’s method converged back to the
global optimum, gray: it did not. Dashed lines: constant combined norm ∥∆ξ∥W 1,∞ . For the
purpose of illustration the sign is chosen based on the direction of the respective deviation. c) Via
an affine transformation, each of the quadrants of b) is mapped into the space spanned by angular
and distance error.

with klf = 1, khf = 30 and n(τ) ∈ R2 denoting a unit vector perpendicular to the optimal
direction of flight ξ⋆⋆

τ (τ). The norm of such a deviation reads

∥∆ξf ∥W 1,∞(0,1) = ∥∆ξf ∥L∞(0,1) + ∥∆ξf
τ ∥L∞(0,1) = 1 + kf π

and consequently

∥∆ξ∥W 1,∞(0,1) = ∥ahf∆ξhf + alf∆ξlf∥W 1,∞(0,1) = |ahf |(1 + khfπ) + |alf |(1 + klfπ). (8)

From this subspace M candidates ξ are sampled around the global optimum and used as
starting points in order to solve the optimization problem (4) via the Newton-KKT method
as described in [4]. Figure 1 a) shows the global optimum in blue and the extremes of the
sampled region in red and green, solid and dotted, respectively. Figure 1 b) shows whether
the procedure converged back to the optimum (white) or not (gray) with the abscissa and
ordinate indicating the Sobolev-norm of the high- and low-frequency deviation, respectively.
The total Sobolev-distance (8) is indicated by dotted contour lines. It can be shown that
even under mild wind conditions, RC ≈ 10−8 holds. Our numerical experiments, however,
reveal that the domain of convergence is consistently larger than 10−1 – several orders of
magnitude larger than the theoretical guaranty.
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3.2 Relevance of the Error Terms
With the same norm, a low-frequent deviation introduces mostly distance error, while a
deviation with high frequency results in significant angular error. This observation allows
transforming each quadrant of Figure 1 b) into the space of distance and angular error via

Distance error:

||∆ξ||L∞ = |alf | + |ahf | = 1
1 + klfπ

∥∆ξlf∥W 1,∞ + 1
1 + khfπ

∥∆ξhf∥W 1,∞ , (9a)

Angular error:

||∆ξτ ||L∞ = |alf | klfπ + |ahf | khfπ = klfπ

1 + klfπ
∥∆ξlf∥W 1,∞ + khfπ

1 + khfπ
∥∆ξhf∥W 1,∞ , (9b)

as shown in Figure 1 c). Note that both deviations contribute to angular and distance errors.
As a result, cones around the axes (depicted as light gray regions) cannot be represented
using deviations of the specified form.

Both error terms are significant. A viable route can have a large distance error if it is
far from the optimum (Figure 1 a), red paths), but it should exhibit parallel behavior for a
small angular error. On the other hand, if the candidate path zig-zags around the optimum,
it will have a substantial angular error (Figure 1 a), green paths), but it cannot deviate
significantly from the optimal path, leading to a lower distance error.

In terms of distance error, the extent of the domain of convergence is largely determined
by the wind field. At each vortex there are two locally optimal options; passing left or right.
At some point one will inevitably enter the convergence region of the next local optimum.

3.3 Algorithmic Improvement
Our approach focuses on candidate routes with a high angular error, as exemplified by the
red route in Figure 2. This is of importance for the discrete-continuous algorithm, since
graph-based shortest paths tend to zig-zag around an optimizer [3].

It is intuitively clear that on a local scale, an optimal trajectory is nearly straight. We
exploit this for reducing high-frequent errors by solving local trajectories on an overlapping
decomposition of the time domain, thus realizing a nonlinear alternating Schwarz method [5].

We select equidistant points along the initial route, such that the distance between
consecutive points is smaller than significant wind field structures. In the example, the
route was obtained by imposing a large, high-frequency deviation as before and divided into
11 segments, deliberately not a divisor of the frequency. This initial route lies outside the
convergence region (see Figure 2).

In the first step, we calculate the optimal routes on all subintervals (depicted in green).
Next, utilizing this refined segment, we repeat the process with shifted waypoints (depicted
in orange). A significant portion of the oscillation has been smoothed out, resulting in a
notable reduction of the angular error. Using this refined segment as a starting point for
optimizing the entire route leads us to the desired optimum (blue). Figure 3 reveals, that
this improvement enlarges the convergence region significantly.

4 Conclusion

The recently proposed Discrete-Continuous Hybrid Algorithm for Free Flight Trajectory
Optimization relies on the existence of a sufficiently large domain of convergence around a
global minimizer. In our study, we have presented compelling evidence that this condition is

ATMOS 2023
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Figure 2 The initial guess (red) is divided into segments, on which the trajectory is locally
optimized (green). This process is repeated, and the resulting trajectory (orange) is the initial
guess for the optimization of the entire route. Starting from the smoothed guess (orange), Newton’s
method converges to the global optimizer (blue), while from the initial guess (red) it does not.
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Figure 3 The approach has led to a significant increase of the domain of convergence (cf. Fig. 1 b)).

satisfied even under highly challenging conditions and that the measure we have proposed
for assessing it is appropriate. Furthermore, we have introduced a domain decomposition
method to expand the convergence region, which is expected to significantly enhance the
practical performance of the hybrid approach.
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