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Abstract
An elastic degenerate string (EDS) is a sequence of sets of strings. In the context of bioinformatics,
EDSes can be used to represent the variations observed in a population from its consensus genome.
Pattern matching and comparison problems on EDSes have been widely studied in the literature, but
their construction has been largely omitted. We fill this gap by showing how algorithms originally
developed for related problems of founder reconstruction can be adapted to minimize the total
cardinality of the EDS sets and total length of the EDS strings in linear time, given suitable multiple
alignments representing the input data.
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1 Introduction

Computing an optimal partition of an interval r1..cs, that is, a segmentation, is a problem
that arises naturally when dealing with the transformation of sequences that are aligned into
c positions, after trivial and contradicting constraints are imposed on the desired features
of the solution. Figure 1 gives an example of such segmentation on a multiple sequence
alignment (MSA) of 6 sequences. In an MSA, the r input sequences are made to be of equal
length c by adding gaps “´” forming a matrix of r rows and c columns which we will denote
MSAr1..r, 1..cs. The quality of such MSA can be measured in many ways, but already the
problem of placing gaps such that the number of columns containing a single symbol is
maximized equals the problem of finding the length of the longest common subsequence
(LCS) of the input sequences, which is NP-hard [19]. Nevertheless, MSAs play a vital role in
bioinformatics, and practical heuristics have been developed to obtain high quality MSAs [23].
In this paper, we assume an MSA to be given as input, and we look for rigorous ways to
convert the MSA into a sequence of sets of strings, that is, into an elastic degenerate string
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(EDS) [18] (also known as elastic-degenerate text). In Figure 1, we can observe that a
segmentation of the MSA directly induces an EDS by interpreting the strings of each segment
to be part of a set.
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Figure 1 Example of an MSAr1..6, 1..24s and a segmentation S containing k “ 7 segments. The
maximum length LpSq is 4, the height HpSq is 4, the cardinality mpSq is 19, the size NpSq is 43, and
the gap-aware size NεpSq is 51.

The transformation from an MSA to an EDS through segmentation can be seen as lossy
compression: we merge together equal strings inside each segment and we ignore the exact
connections between segments. Such lossy compression can be a desired feature, for example,
for hiding the sensitive full sequence input by publishing only the EDS. A more rudimentary
reason for such conversion is that EDSes and related pangenome graphs do compress well
and enable fast processing and analysis of variation in populations [9]. A notable feature
of this scheme is that if a query string occurs in a row of the MSA, then it will also occur
in the EDS, but not the other way around. Various ways to optimize the transformation
to minimize false positives while not sacrificing privacy could be considered. Minimizing
a specific parameter is useful when the downstream analyses of the resulting EDS employ
algorithms whose complexity depends from that parameter.

This paper is initiating the study of EDS optimization by looking at some selected
optimization criteria (Section 3) for which we can modify algorithms from related literature.
We give linear-time algorithms (Section 4) to minimize the total cardinality of the EDS sets
(cardinality) and total length of the strings in the EDS sets (size) under specific assumptions:
the algorithms directly work for gapless MSAs, and they serve as heuristics when gaps are
interpreted as part of the alphabet. In the latter case, the optimization criteria should be
adjusted accordingly: see Section 5 for the multiple problems that we leave open for general
MSAs. We start by reviewing the related work in Section 2.

2 Related work

Founder reconstruction. Ukkonen [25] studied the problem of explaining a given set of r

aligned sequences representing c haplotype sites (thus no insertions or deletions) with
the recombination of a few founder sequences, under the simple crossover model of
recombination (sequence switching at aligned positions); minimizing the founder set is
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trivial if the recombination can happen at any position, but if the recombinations are
allowed only at selected positions, then the resulting segmentation problems – minimizing
the maximum cardinality of a segment (the number of founders in [25]) given a lower
bound on the segment length, or given a target average segment length size to surpass –
can be solved in polynomial time.
Norri et al. [22] solved one of the problems posed by Ukkonen – the segmentation of
aligned sequences minimizing the maximum height given a segment-length lower bound
L – in linear Oprcq time and Opr ` Lq space. The solution proceeds in a dynamic
programming fashion, from left to right, and for each aligned position y it uses the
positional Burrows–Wheeler Transform [10], enhanced by a few other arrays, to efficiently
compute all the possible heights of a segment ending at y and their optimal recursive
values.
Cazaux et al. [8] studied the related problem of maximizing the minimum segment length
or the average segment length of any segmentation that has height of at most a given
H, motivated by the minimization of the size of the resulting pangenomic index based
on founder sequences. To do so, they recognize that the approach by Norri et al. [22]
fits into a more general left-to-right column-stream model of computation, and use range
maximum queries to efficiently compute the recursive values. For this last task, they
modify existing techniques for the semi-dynamic setting where an array is indexed for
amortized constant-time range queries in an online fashion.

Algorithms on EDSes. There is a wide literature on pattern search and comparison on
(elastic) degenerate strings [18, 17, 5, 6, 1, 21, 4, 2, 3] where algorithmic results exhibit
complexity that depend on both the cardinality and the size of input EDSes. Moreover,
the latest algorithms for EDS-based pangenome comparison (intersection, matching
statistics, similarity and distance measures) also depend on the cardinality and size
metrics [15, 14, 16]. These results give further motivation for our focus on optimizing
these measures.

Indexable Founder Graphs. Elastic Founder Graphs (EFGs), introduced by Equi et al. [13],
take the simplified recombination model of founder sequences (recombination at selected
positions only) to transform an MSA of r sequences and c aligned positions – with
insertions and deletions and thus gaps – into an acyclic Elastic Block Graph: the
segmentation results into consecutive blocks of nodes. In the general case, the resulting
graph is still hard to index just like more general graphs [12, 11], so Equi et al. [13]
prove that if each chosen segment spells strings that exclusively occur from the segments’
starting column, then this property is conserved in the resulting graph, which is easy to
index. This results in a framework of linearithmic (i.e. Oprc logprcqq) time constructions
of indexable EFGs, which support fast pattern matching.
Rizzo et al. [24] improved some construction solutions to linear time (i.e. Oprcq) while
studying the problem of minimizing the maximum segment length or maximum height of
a segmentation resulting in an indexable EFG.

MSA covers. While segmentation induces a limited class of acyclic pangenome graph repres-
entations, there is an analogous approach by Cartes et al. [7] to cover MSAs and generate
arbitrary acyclic graphs; the related optimization problems are much harder, although
small instances can be solved using integer linear programming.

Grossi’s Festschrift
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3 Preliminaries

We denote integer interval t1, . . . , nu as r1..ns. Let MSAr1..r, 1..cs P pΣ Y t´uqrˆc be a
multiple sequence alignment of r rows and c columns representing the input sequences (or
strings) and the aligned positions, respectively. It is built from a finite integer alphabet
Σ “ r1..σs (Σ “ tA, C, G, Tu in our examples) augmented with the gap symbol ´ R Σ to
represent insertions and deletions. It is immediate to see that the alignment takes at most
Oprcq words of space, or Oprc log |Σ|q bits of space. We denote the i-th row of the MSA as
MSAri, 1..cs, and the concatenation of its characters from position x to y, with x ď y, as
MSAri, x..ys. We say that MSAr1..r, 1..cs is gapless if no gap symbol is used. The operator
spellpT q removes all the gap symbols from a given string T P pΣ Y t´uqc: for example,
spellpMSAri, 1..csq is the i-th (unaligned) sequence. If T contains only gaps then spellpT q “ ε,
the empty string. Consider the following definition alongside Figure 1.

▶ Definition 1 (Segmentation). Given MSAr1..r, 1..cs P pΣ Y t´uqrˆc, a segmentation of
the MSA is a partition S “ S1, S2, . . . , Sk of r1..cs, i.e. a sequence of contiguous and non-
overlapping intervals covering r1..cs. In symbols

S1 “ rx1..y1s, . . . , Sk “ rxk..yks with
x1 “ 1,

yk “ c, and
yj ` 1 “ xj`1 @j P r1..k ´ 1s.

We denote:
the number of segments of S as |S| “ k;
the maximum segment length maxjPr1..ks|Sj | of S as LpSq, where |rx..ys| “ y ´ x ` 1;
the height maxjPr1..ks HpSjq of S as HpSq, where the height HpSjq of a segment Sj “ rx..ys

is defined as

Hprx..ysq “

∣∣∣! spellpMSAri, x..ysq

ˇ

ˇ

ˇ
i P r1..rs

)
∣∣∣

(note that the empty string is counted by H);
the cardinality

ř

jPr1..ks HpSjq as mpSq;
the size

ř

jPr1..ks NpSjq as NpSq, where the size NpSjq of a segment Sj “ rx..ys is defined as

Nprx..ysq “
ÿ

T P spellpMSAr1..r,x..ysq

|T | with

spellpMSAr1..r, x..ysq “

!

spellpMSAri, x..ysq

ˇ

ˇ

ˇ
i P r1..rs

)

(note that the empty string ε contributes 0 units to Nprx..ysq); and
the gap-aware size NεpSq as above, substituting Nprx..ysq with

Nεprx..ysq “

#

Nprx..ysq ` 1 if ε P spellpMSAr1..r, x..ysq,
Nprx..ysq otherwise.

Consider the problem of finding a segmentation S of minimum cardinality mpSq. If the
MSA contains few but very long sequences, that is, r ! c, the trivial segmentation S” “ r1..cs

might be optimal. We can encourage a certain level of recombination in the corresponding
EDS by setting an upper bound U on the length of the accepted segments.

▶ Problem 2 (min-U -cardinality). Given MSAr1..r, 1..cs and an upper bound U on the segment
length, find a segmentation S containing segments of length at most U and minimizing the
cardinality mpSq.
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On the other hand, consider finding a segmentation S of minimum gap-aware size NεpSq.
In Section 4.1 we show that the trivial segmentation S ” “ r1s, . . . , rcs has always minimum
size in the gapless setting, resulting in a highly recombinant EDS. We can symmetrically
discourage recombination in regions of low sequence similarity by fixing a lower bound L on
the length of the accepted segments.

▶ Problem 3 (min-L-size). Given MSAr1..r, 1..cs and a lower bound L on the segment length,
find a segmentation S containing segments of length at least L and minimizing the gap-aware
size NεpSq.

One crucial data structure that we use in Section 4 is based on sorting iteratively the MSA
rows while reading the alignment from left to right, column by column. Let Σ have an implicit
total order ď on its characters. Given strings S, T P Σc, we say that S is lexicographically
smaller than T , in symbols S ălex T , if Sr1..xs “ T r1..xs and Srx ` 1s ă T rx ` 1s for
some x P r0..c ´ 1s (where Sr1..0s is equal to the empty string ε). Symmetrically, S

is co-lexicographically smaller than T , in symbols S ăcolex T , if Srx..cs “ T rx..cs and
Srx ´ 1s ă T rx ´ 1s for some x P r1..c ` 1s (where Src ` 1..cs “ ε). Moreover, we call Sr1..xs

a prefix of S and Sr1..xs a suffix of S. They are non-empty if x ě 1 and x ď c, respectively.

▶ Definition 4 (Positional Burrows–Wheeler transform [10]). The positional Burrows–Wheeler
transform (pBWT) of a gapless MSAr1..r, 1..cs for position x P r1..cs consists of array
axr1..rs, representing the prefixes MSAri, 1..xs for i P r1..rs sorted co-lexicographically, and
array dxr1..rs, describing the length of the longest common suffixes of adjacent prefixes in
the sorted order. More specifically:

axr1..rs is the permutation of r1..rs such that

MSAraxr1s, 1..xs ĺcolex MSAraxr2s, 1..xs ĺcolex ¨ ¨ ¨ ĺcolex MSAraxrrs, 1..xs;

dxris is an integer in r1..x`1s such that the longest common suffix between MSAraxris, 1..xs

and MSAraxri ´ 1s, 1..xs has length dxris, if i ą 1 and such suffix is non-empty, otherwise
dxris “ x ` 1.

▶ Lemma 5 ([10, 20]). Let MSAr1..r, 1..cs be a gapless MSA over integer alphabet Σ of size
Oprq. Given the positional Burrows–Wheeler transform for position x P r1..c ´ 1s, that is,
arrays axr1..rs and dxr1..rs, arrays ax`1r1..rs and dx`1r1..rs can be computed in Oprq time.

Finally, one last data structure that we use in this paper indexes an integer array to later
find out the minimum value inside a given range of array positions.

▶ Lemma 6 (Semi-dynamic range minimum query data structure [8, Lemma 7]). There exists a
data structure that maintains an integer array Ir1..cs and supports: the append query, which
adds a new element to the end of I and increments c, in Op1q amortized time; and the Range
Minimum Query, which for any given x, y P r1..cs with x ď y, computes a position k P r1..cs

such that Irks “ mintQrℓs : x ď ℓ ď yu, in Op1q time.

4 Solutions

In Section 4.1 we remark useful properties of gapless MSAs. Then, in Sections 4.2 and 4.3 we
provide linear-time solutions to min-U -cardinality and min-L-size for MSAs under this setting.

Grossi’s Festschrift
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4.1 Basic properties and non-trivial settings
Before investigating under which setting problems min-U -cardinality and min-L-size are trivial,
consider the following properties of MSAs without gaps that we will exploit in this section.

▶ Observation 7 (Monotonicity of left extensions [22]). Given MSAr1..r, 1..cs, for any x, y

with 1 ď x ď y ď c we say that rx..ys is a left extension of suffix MSAr1..r, y ` 1..cs. If the
MSA is gapless, the following monotonicity property holds for any left extension rx..ys of
MSAr1..r, y ` 1..cs:

r ě Hprx1..ysq ě Hprx..ysq @x1 ă x.

▶ Observation 8. Given a gapless MSAr1..r, 1..cs, the (gap-aware) size of any segment rx..ys

is equal to the height times the length of the segment, in symbols Nεprx..ysq “ Nprx..ysq “

|x..y|¨Hprx..ysq. Indeed, if the MSA does not contain the gap symbol then spellpMSAri, x..ysq “

MSAri, x..ys for all i P r1..rs and all strings spelled by segment rx..ys have length y ´ x ` 1.

The simplest version of min-L-size occurs when the MSA contains no gap symbol and
there is no lower bound on the segment length, that is, when L “ 1. Intuitively, this
setting presents the same trivial solution as in the founder reconstruction problem (see [25,
Theorem 1]), since transforming each column into its own segment achieves the best possible
compression. Let rxs denote the singleton range rx..xs “ txu.

▶ Theorem 9. An optimal solution to min-1-size for a gapless MSAr1..r, 1..cs is the trivial
segmentation S ” “ r1s, r2s, . . . , rcs.

Proof. Consider any segment rx..ys with |rx..ys| ą 1. Then rx..y ´ 1s and rys are also valid
segments, and since the MSA is gapless

Nrx..ys “ |rx..y ´ 1s| ¨ Hprx..ysq ` 1 ¨ Hprx..ysq (Observation 8)
ě |rx..y ´ 1s| ¨ Hprx..y ´ 1sq ` |rys| ¨ Hprysq (Observation 7)
“ Nprx..y ´ 1sq ` Nprysq.

Thus breaking down segments longer than 1 never increases the size and the (gap-aware)
size of S ” is less than or equal to the size of any other segmentation. ◀

However, the trivial solution is not valid if L ą 1 or it can be suboptimal if the MSA
contains gaps: in the former setting, greedily picking segments of length exactly L can be
suboptimal, and in the latter case each empty string ε contributes 1 to the total size of the
segmentation so the parts of the MSA with long runs of gaps need to be carefully considered.
See Figure 2.

Regarding the problem of minimizing the cardinality of the resulting segmentation, min-
U -card behaves differently than the other segmentation problems, as it does not admit a
trivial optimal segmentation even if there is no upper bound on the segment length (i.e.
U “ c) and the MSA does not have any gap symbol.

▶ Observation 10. Trivial segmentations S ” “ r1s, r2s, . . . , rcs and S” “ r1..cs are not
optimal with respect to min-c-card for some gapless MSAr1..r, 1..cs: on one hand, in regions
of high similarity longer segments can be preferable as they can spell very few strings; on
the other hand, shorter segments generate less strings in regions of high diversity. See the
example MSAr1..10, 1..4s in Figure 3.
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AT{ }
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1
2
3

S =

Nε([x..y])

Figure 2 On the left, a gapless MSA where the optimal solution to min-2-size (i.e. the lower
bound on the minimum segment length is 2) has size 17 and is non-trivial. On the right, an MSA
with gaps for which the optimal solution to min-1-size is non-trivial and has gap-aware size 12.

A T A A
A T A C
A T A G
A T A T
A T C A
A T C C
A T C G
A T C T

1 3 4

AT{ } A
C

{︂ }︂ A
C
G
T

⎧⎨⎩
⎫⎬⎭

1 2 4

1
2
3
4
5
6
7
8

S =

H([x..y])

Figure 3 Example of a gapless MSAr1..8, 1..4s for which the trivial segmentations S”
“ r1..cs “

r1..4s and S ” “ r1s, r2s, r3s, r4s are not a solution to min-4-size, since their cardinality is equal to 8.
Instead, S “ r1..2s, r3s, r4s (shown) is such that mpSq “ 7.

Grossi’s Festschrift
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4.2 Minimizing the cardinality
Given MSAr1..r, 1..cs and U P r1..cs, for any y P r1..cs we define my as the size of an optimal
solution of min-U -cardinality on instance MSAr1..r, 1..ys respecting segment upper bound U .
Then, the following recursion holds, since the cardinality of a segmentation S is the sum of
the individual cardinalities of its segments:

m0 “ 0,

my “ min
xPr0..y´1s

´

mx ` Hprx ` 1..ysq

¯

@y P r1..cs, (1)

and it is easy to see that mc is equal to the cardinality mpSq of an optimal segmentation S.
Norri et al. [22] recognized that, at least for gapless MSAs, all changes in segment height

can be described compactly and in a range fashion by fixing an end column y and considering
values Hprx..ysq for x P r1..ys. This concept was restated and extended to MSAs with gaps by
Rizzo et al. [24] into the extensions of the MSA suffix MSAr1..r, y ` 1..cs that are meaningful.
Consider the following definition alongside Figure 4.

▶ Definition 11 (Meaningful left extensions [22, 24]). Given MSAr1..r, 1..cs, let L, U P r1..cs

be some given lower bound and upper bound on the segment length1, with L ď U . For
any y P r1..cs we denote with Ly “ ℓy,1, ℓy,2, . . . , ℓy,dy

the meaningful left extensions of
MSAr1..r, y ` 1..cs, meaning the strictly decreasing sequence of all positions smaller than or
equal to y such that:
1. y ´ U ` 1 ď ℓy,dy

ă ¨ ¨ ¨ ă ℓy,2 ă ℓy,1 “ y ´ L ` 1, so that Ly captures the left extensions
of MSAr1..r, y ` 1..cs of length at least L and at most U ; and

2. Hprℓy,j ..ysq ‰ Hprℓy,j ` 1..ysq for 2 ď j ď dy, so that each ℓy,j marks a column where the
height of the left extension changes.

If y ă L, i.e. MSAr1..r, y ` 1..cs has no left extension of size at least L, we define Ly “ pq

and dy “ 0. Otherwise, for completeness, we define ℓy,dy`1 “ maxp0, y ´ Uq (see how this is
used later in Equation (2)).

T A T T A A T T T A G T G C G
T A T T A A T T T A G A G C G
T A T T A - - - T A G T G C G
T A T T A A T T T A G G G C G

8 12 135

− − − − − 4 4 4 3 3 3 3 1 − −

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1
2
3
4

= L15

H([x..15])

Figure 4 Example of MSAr1..4, 1..15s and of meaningful left extensions L15 “ 13, 12, 8 (represented
from right to left in the figure), given lower bound L “ 3 and upper bound U “ 10.

The meaningful left extensions Ly are indeed a compact description of how the height of
rx..ys changes when fixing y and moving x: all segments rx..ys with x P rℓy,j`1 ` 1..ℓy,js have
height Hprℓy,j ..ysq; if the monotonicity of left extensions (Observation 7) holds, then dy ď r,

1 For simplicity, the definition accepts both a lower bound and an upper bound on the segment length,
even though min-U -cardinality and min-L-size require only one of the two. If either is unspecified, we
simply assume that L “ 1 or U “ c accordingly, that is, there is no lower or upper bound.
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that is, |Ly| is at most r for each y P r1..cs, and the cumulative count of all meaningful left
extensions and their height values is Oprcq. Regardless of the number of meaningful left
extensions, Equation (1) can be rewritten as

my “ min
jPr1..dys

´

Hprℓy,j ..ysq ` min
xPrℓy,j`1`1..ℓy,j s

mx´1

¯

, (2)

where mx´1 is used due to the different meaning of x in Equation (2) and Definition 11.
Given pairs pℓy,j , Hprℓy,j ..ysqq in input for each y P r1..cs, we can compute values my in
a dynamic programming fashion and we can solve operation minxPrℓy,j`1`1..ℓy,j s mx´1 “

minxPrℓy,j`1..ℓy,j ´1s mx by indexing the array of values my for Range Minimum Queries with
Lemma 6, as shown in Algorithm 1.

Algorithm 1 Segmentation of MSAr1..r, 1..cs with segment-length upper bound U minimizing
the cardinality. Note that bound U is implicitly used in value ℓy,dy`1 “ maxp0, y ´ Uq (see
Definition 11 and Equation (2)).

input : integers r, c P N,
segment length upper bound U P r1..cs, and
meaningful left extensions pℓy,j , hy,jq for y P r1..cs, j P r1..dys

output : minimum cardinality of a segmentation S1, . . . , Sk such that |Si| ď U for
i P r1..ks

Create array mr0..cs holding values in r0..rcs;
Preprocess m for semi-dynamic Range Minimum Queries;
mr0s Ð 0;
for y Ð 1 to c do

mrys Ð `8;
for j Ð 1 to dy do

x Ð RangeMinQuery
`

m, rℓy,j`1..ℓy,j ´ 1s
˘

;
mrys Ð min

´

mrys, hy,j ` mrxs

¯

;
end
Update m for Range Minimum Queries over incremented range r1..ys;

end
return mrcs

Finally, for gapless MSAs the meaningful left extensions can be computed efficiently
with a modification of the positional Burrows–Wheeler Transform (Definition 4). Norri et
al. correctly realized that the pBWT for position y already describes Ly and all changes in
height [22, Lemma 4] and modified the pBWT to obtain values pℓy,j , Hprℓy,j ..ysqq in Oprq

time per each column y.

▶ Lemma 12 ([22, Lemmas 5 and 6]). Let MSAr1..r, 1..cs be a gapless multiple sequence
alignment over alphabet Σ, with |Σ| P Oprq. The meaningful left extensions Ly “ ℓy,1, . . . , ℓy,dy

and their corresponding segment height values Hprℓy,j ..ysq for j P r1..dys can be computed
for y “ 1, . . . , c in Oprcq time and in Opr ` cq working space. Specifically, the values are
computed column-wise in a streaming fashion, from y “ 1 to y “ c, and the space bound does
not include storing the computed values.

By interleaving the computation from Lemma 12 and Algorithm 1 we obtain a linear-time
solution to min-U -cardinality in the case with no gap.
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▶ Theorem 13. Let MSAr1..r, 1..cs be a gapless multiple sequence alignment over alphabet Σ,
with |Σ| P Oprq, and U P r1..cs be an upper bound on the maximum segment length. We can
solve min-U -cardinality (Problem 2) in Oprcq time and Opc ` rq space by finding the optimal
segmentation S respecting U and minimizing the cardinality mpSq.

Proof. The final algorithm is provided by combining Algorithm 1, that utilizes the meaningful
left extensions Ly and their height values from y “ 1 to y “ c, with Lemma 12, that computes
and can provide pairs pℓy,j , Hprℓy,j ..ysqq in the same order. The correctness of Algorithm 1
follows from Equation (2). Since the MSA is gapless, the total number of iterations of the inner
for-loop in Algorithm 1 is Oprcq due to the monotonicity of left extensions (Observation 7),
and by using the Range Minimum Query data structure from Lemma 6 on array m we
obtain the stated time and space complexity. Algorithm 1 can be augmented with standard
backtracking techniques to obtain the actual segmentation, as shown by Rizzo et al. [24,
Section 4.5]. ◀

4.3 Minimizing the size
Similarly to Section 4.2, given MSAr1..r, 1..cs and L P r1..cs, for any y P r1..cs we define Ny

as the size of an optimal solution of min-L-size on instance MSAr1..r, 1..ys respecting lower
bound L. Then the following recursion holds, since the gap-aware size of a segmentation S is
the sum of the individual gap-aware segment sizes:

N0 “ 0,

Ny “ min
xPr0..y´1s

´

Nx ` Nεprx ` 1..ysq

¯

y P r1..cs, (3)

and it is easy to see that Nc is equal to the gap-aware size of an optimal segmentation.
We now concentrate on gapless MSAs. Recall that, in such setting, segment size and

gap-aware segment size coincide, and they are equal to the length of the segment times its
height (Observation 8). Also, consider how the meaningful left extensions (Definition 11) are
a compact description of all possible segment heights, as discussed in Section 4.2. Then, in
the gapless setting, Equation (3) for y P r1..cs can be rewritten as

Ny “ min
xPr0..y´1s

´

Nx ` Hprx ` 1..ysq ¨ py ´ xq

¯

(Observation 8)

“ min
xPr0..y´1s

´

Nx ´ Hprx ` 1..ysq ¨ x ` Hprx ` 1..ysq ¨ y
¯

“ min
jPr1..dys

´

Hprℓy,j ..ysq ¨ y ` min
xPrℓy,j`1..ℓy,j ´1s

´

Nx ´ Hprℓy,j ..ysq ¨ x
¯¯

, (4)

where the last step holds because the meaningful left extensions Ly partition by construction
range r1..y ´ L ` 1s according to the segment height Hprx..ysq for variable x, or in other
words, Hprx ` 1..ysq “ Hprℓy,j ..ysq for all x ` 1 P rℓy,j`1 ` 1..ℓy,js, j P r1..dys. Equation (4)
is suitable for an efficient dynamic programming approach, shown in Algorithm 2:

value Hprℓy,j ..ysq ¨ y inside the outer min operator depends on y and on the height
considered (i.e. the meaningful left extension), as in Equation (2) from Section 4.2;
the addends in the internal min operation depend on x and on the segment height
Hprℓy,j ..ysq P r1..rs, and since the number of possible height values is Oprq we can store
and maintain these recursive values for each column x P r1..y ´ 1s and each height
h P r1..rs.
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Algorithm 2 Segmentation of MSAr1..r, 1..cs with segment-length lower bound L minimizing
the cardinality. Note that bound L is implicitly used in value ℓy,1 “ y ´ L ` 1 (see Definition 11).

input : integers r, c P N,
segment length lower bound L P r1..cs, and
meaningful left extensions pℓy,j , hy,jq for y P r1..cs, j P r1..dys

output : minimum size of a segmentation S1, . . . , Sk such that |Si| ď U for i P r1..ks

Initialize array Nr1..rs with values in r0..rcs;
Initialize matrix Mr1..r, 0..cs with values in r0..rcs;
Preprocess the rows of M for semi-dynamic Range Minimum Queries;
for h Ð 1 to r do

Mrh, 0s Ð 0;
end
for y Ð 1 to c do

Nrys Ð `8;
for j Ð 1 to dy do

x Ð RangeMinQuery
`

Mrhy,js, rℓy,j`1..ℓy,j ´ 1s
˘

;
Nrys Ð min

´

Nrys, hy,j ¨ y ` Mrhy,j , xs

¯

;
end
for h Ð 1 to r do

Mrh, ys Ð Nrys ´ h ¨ y;
Update the Range Minimum Query data structure of row h to cover
incremented range Mrh, 1..ys;

end
end
return Nrcs

▶ Theorem 14. Given a gapless MSAr1..r, 1..cs and a lower bound L P r1..cs on the minimum
segment length, we can solve min-L-size (Problem 3) in Oprcq time and Oprcq space by finding
the optimal segmentation S respecting L and minimizing the size NpSq.

Proof. The final algorithm takes the output of Lemma 12, pairs pℓy,j , hy,jq for y P r1..cs and
j P r1..dys, and directly runs Algorithm 2, whose correctness follows from Equation (4). The
total number of iterations of the two inner for-loops is Oprcq, since the number of meaningful
left extensions is Oprcq (Observation 7) and the possible height values are in the range r1..rs.
The stated time and space complexity follows by applying Lemmas 6 and 12. Similarly to
Algorithm 1, Algorithm 2 can be augmented with standard backtracking techniques to obtain
the actual segmentation, as shown in [24, Section 4.5]. ◀

5 Future work

This initial study on EDS construction opens many interesting directions for further study:
Gaps as symbols yield upper bounds Even though Equations (2) and (3) (but not Equa-

tion (4)) hold for MSAs with gaps, Theorems 13 and 14 work only on MSAs without
gaps. A straightforward way to extend them is to treat them as normal symbols in the
alphabet. After segmentation, the gap symbols can be removed to obtain the final EDS.
With all the quality measures we proposed, this works as an upper bound: for example,
consider the height of a segment that contains A- and -A; height is reduced by one after
gaps are removed. Thus, the removal of gaps cannot increase the height, and it is of
interest to study experimentally how much the measures change after gap removal.
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Gaps as symbols yield exact solutions? For height optimization, it seems possible to char-
acterize the class of MSAs with gaps where the approach above yields an optimal solution,
and not just an upper bound. Such characterization should be possible through forbidding
local sub-optimal alignments like A- and -A. This raises several natural questions: What
is the exact form of the characterization? How to efficiently detect if a given MSA is
part of this class? Do all optimal alignments under some column-wise scoring function
belong to this class? Are there efficient algorithms to convert an MSA into one in this
class without sacrificing the alignment score?

Tailored algorithms with gaps The presented Algorithms 1 and 2 do not find the optimal
segmentation of arbitrary MSAs, so it is natural to ask if there are efficient algorithms
to directly optimize the studied measures on general MSAs. Alternatively, there may
be slight adjustments to the measures that are amenable to efficient algorithms: in a
different context, Rizzo et al. [24] introduced the metric of prefix-aware height, which
was optimized in linear time, and also optimized in linear time the metric of maximum
segment length.
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