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Abstract
The expressiveness of Metric Temporal Logic (MTL) has been extensively studied throughout the
last two decades. In particular, it has been shown that the interval-based semantics of MTL is strictly
more expressive than the pointwise one. These results may suggest that enabling the evaluation
of formulae at arbitrary time points instead of positions of timed events increases the expressive
power of MTL. In this paper, we formally argue otherwise. We demonstrate that under standard
models of finite or non-Zeno infinite (action-based) timed executions, the interval-based and the
pointwise semantics are incomparable. We then propose a new mixed semantics that embeds both
the pointwise and the interval-based ones.
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1 Introduction

Metric Temporal Logic (MTL) [22] is a popular timed extension of the Linear-time Temporal
Logic LTL [28]. The importance of MTL motivated a large body of research investigating its
expressive power [14, 9, 10, 20, 27, 19]. In this paper, we focus on the expressiveness of the
pointwise semantics of MTL as compared to its interval-based one. In order to present the
existing results on such comparison, we first (informally) introduce the model of timed words.

A timed event is a couple containing a letter, representing an action, and a real number
corresponding to its timestamp, i.e., the global time at which it occurred. A timed word
is a finite or infinite sequence of timed events. Following the least constrained model of
timed words [2, 25, 26], which we refer to hereafter as the general model, a (finite or infinite)
timed word satisfies time monotonicity, i.e., timestamps are non-decreasing, and an infinite
timed word obeys time divergence (also called non-Zenoness), that is global time does
not converge towards some bounded value. For instance, over the alphabet {a, b, c}, the
sequence (a, 0)(b, 1)(c, 1)(a, 5.3) is a finite timed word whereas (a, 0)(b, 1)(c, 0.8) is not (time
monotonicity is violated). Similarly, the infinite timed word (a, 1

2 )(b, 3
4 )(b, 7

8 )(c, 15
16 ) . . ., i.e.,

where the difference between two consecutive timestamps is halved at every next action, is
excluded (global time converges towards 1).

Under the pointwise semantics, formulae are evaluated at the positions of timed events
within the timed word, whereas the interval-based semantics is given over continuous intervals
within a timed signal [27]. To enable the comparison between both semantics, D’Souza &
Prabhakar [14] interpret the interval-based semantics over timed words (instead of timed
signals), allowing the evaluation of formulae at arbitrary time points (including those not cor-
responding to a timestamp). They demonstrate accordingly that the interval-based semantics
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1:2 Revisiting the Expressiveness of Metric Temporal Logic

is strictly more expressive than the pointwise one over finite timed words, using a constrained
model where time monotonicity is strict (e.g., the timed word (a, 0)(b, 1)(c, 1)(a, 5.3) used as
an example above is excluded by design). We refer to this existing result as ER:

ER: The interval-based semantics is strictly more expressive
than the pointwise one over strictly monotone finite timed words.

However, we argue that while strict monotonicity of time is reasonable in many cases,
it is not justified in general. Indeed, simultaneous interleaving in timed systems, theorised
since [13, 3], is of sheer importance when formally reasoning about concurrent behaviour,
e.g., in multiprocessor real-time scheduling (see for instance [16, 11, 18]), and distributed
applications [24, 15, 23]. There is therefore a need to complete the picture of ER and, in
case of incomparability of the interval-based and the pointwise semantics, unify them in
order to benefit from their respective advantages.

In a remotely related work, Bouyer et al. proved in two seminal papers [9, 10] that
TPTL [4] is strictly more expressive than MTL. These two publications [9, 10] are of
particular interest to us for the following two reasons:

They use a clever encoding of timed words into timed state sequences to reason over
the interval-based semantics. This encoding will inspire our incomparability proofs
(contributions C1, C2 and C3 below).
While considering the general model of infinite timed words [9, Sect. 2][10, Sect. 2], they
make the following side claim [10, Section 1][9, Sect. 1]:

“As side results, we get that MTL is strictly more expressive under
the interval-based semantics than under the pointwise one”

We formally show that this claim does not hold (Theorem 3.27).

Contributions. In this paper, we (i) answer the comparability question in the negative
under the general model of timed words and (ii) devise a new mixed semantics that remedies
such incomparability. More precisely, we provide the following contributions:

C1 The interval-based and the pointwise semantics are incomparable under the general
model of finite timed words,
C2 The interval-based and the pointwise semantics are incomparable under the general
model of infinite timed words,
C3 The incomparability holds even under reasonable restrictions such as non-stuttering,
C4 A mixed semantics embedding both the interval-based and the pointwise ones is
proposed.

C1, C2 and C3 complete the picture of ER, showing that it does not hold under the more
general (non-strict) monotonicity, regardless of whether timed words are finite or infinite. In
addition, the mixed semantics (C4) conjugates the expressive powers of the interval-based
and the pointwise ones, while embedding both semantics through automatic compilers.

Outline. Section 2 is dedicated to preliminaries, whereas the core of our contributions
is detailed in Section 3 (contributions C1, C2 and C3) and Section 4 (contribution C4).
Section 5 wraps up with concluding remarks and future work directions.

2 Preliminaries

2.1 Binary relations and functions
Let X and Y be two non-empty sets.
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▶ Definition 2.1 (Binary relation). A binary relation R over X and Y is a subset of the
cartesian product X × Y . The inverse relation R−1 of R is defined as R−1 = {(y, x) ∈
Y ×X | (x, y) ∈ R}.

For any x ∈ X, we let R[x] = {y ∈ Y | (x, y) ∈ R} denote the set of all images of x by R.
R is said left total iff every element of X has at least an image by R, i.e., ∀x ∈ X : R[x] ̸= ∅,
right total iff R−1 is left total, and total if it is both right and left total.

▶ Definition 2.2 (Function). A binary relation R over X and Y is called a function from X

to Y iff every element in X has exactly one image in Y , i.e., ∀x ∈ X : |R[x]| = 1. We use
the standard notation for functions, i.e., R : X → Y for “R a function from X to Y ” and
R(x) = y (instead of R[x] = {y}) for “y is the image of x by R”.

▶ Definition 2.3 (Injective, surjective and bijective functions). A function R is said:
injective iff all images are distinct: ∀y ∈ Y : |R−1[y]| ≤ 1,
surjective iff it is right total (R−1 is therefore a total relation),
bijective iff it is both injective and surjective (R−1 is therefore a bijective function).

2.2 Timed words and timed state sequences
Let s be a sequence over a non-empty set X. We let sequences start at position 0, and |s|
denote the length of s defined in the usual way, with |s| = ω if s is infinite.

2.2.1 Timed words
The definitions provided in this subsection follow the general model of timed words, they
can be seen as a generalisation of those given in [9] to both finite and infinite timed words.

▶ Definition 2.4 (Time sequence). A time sequence τ is a non-empty sequence over R≥0
satisfying the following conditions:

Monotonicity: ∀i ∈ N, 0 < i < |τ | : τi−1 ≤ τi,
Time divergence: |τ | = ω ⇒ (∀t ∈ R≥0 ∃i ∈ N : τi > t).

▶ Remark 2.5. In Definition 2.4, time divergence is only required for infinite time sequences.
This is because every finite time sequence satisfying monotonicity is a prefix of a time-divergent
infinite time sequence [5].

Let Σ be a non-empty, finite set of letters, Σ+ and Σω denote, respectively, the set of
non-empty finite and infinite words over Σ, and Σ∞ = Σ+ ∪ Σω.

▶ Definition 2.6 (Timed word). A timed word is a pair ρ = (σ, τ) with σ ∈ Σ∞ and τ a time
sequence such that |σ| = |τ |. The length of ρ is |ρ| = |σ|, and each (σi, τi) is called a timed
event. For some i ∈ N, i < |ρ|, τi is called the timestamp of σi.

Accordingly, if ρ = (σ, τ) is finite, say of length n ∈ N>0 (resp. infinite), σ = σ0σ1 . . . σn−1
is a finite word in Σ+ and τ = τ0τ1 . . . τn−1 is a finite time sequence (resp. σ = σ0σ1 . . . is an
infinite word in Σω and τ = τ0τ1 . . . is an infinite time sequence). The duration of ρ, denoted
µ(ρ), equals the timestamp of the last letter if ρ is finite, i.e., µ(ρ) = τ|ρ|−1. Otherwise,
µ(ρ) = ∞ thanks to time divergence (Definition 2.4). We sometimes use the alternative
notation of sequences of timed events (e.g., (σ0, τ0)(σ1, τ1) . . . (σ|ρ|−1, τ|ρ|−1) instead of (σ, τ)
for some finite timed word). We denote by mρ, m < |ρ|, the prefix of ρ = (σ, τ) up to and
including position m, i.e., mρ = (σ0, τ0) . . . (σm, τm).
▶ Remark 2.7. A timed word ρ = (σ, τ) inherits the properties of the time sequence τ , i.e.,
time monotonicity and, if ρ is infinite, time divergence (Definition 2.4).

TIME 2026



1:4 Revisiting the Expressiveness of Metric Temporal Logic

▶ Example 2.8. Let Σ = {a, b, c}. The sequence ρ1 = (a, 1)(b, 1.3)(c, 3.5)(b, 3.5) is a timed
word of length 4 and duration 3.5. The sequence ρ2 = (a, 1)(b, 1.3)(c, 1.2)(b, 3.5) is not a timed
word (violation of time monotonicity). The sequence ρ3 = (σi, τi), i ∈ N defined next is an
infinite timed word: σ2i = a, σ2i+1 = b; τ0 = 0 and for all i in N>0: τi = τi−1+1 if i mod 3 = 0
and τi = τi−1 otherwise. Its prefix 6ρ3 equals (a, 0)(b, 0)(a, 0)(b, 1)(a, 1)(b, 1)(a, 2).

We now define some subclasses of timed words. A strongly stutter-free (resp. strictly
monotone) timed word is exempt of the behaviour where two occurrences of the same letter
(resp. of any two letters) happen at different positions with the same timestamp.

▶ Definition 2.9 (Stutter freeness and strict monotonicity). A timed word ρ = (σ, τ) is said:
1. stutter free iff ∀i ̸= j ∈ N, i, j < |ρ| : τi = τj ⇒ σi ̸= σj.
2. strictly monotone iff τ is strictly monotone: ∀i ∈ N, 0 < i < |τ | : τi−1 < τi.

▶ Remark 2.10. While strict monotonicity implies stutter freeness, none of them is related to
time-divergence. For instance, the infinite timed word ρ3 of Example 2.8 is time divergent
but not stutter free (and therefore not strictly monotone).

▶ Example 2.11. (a, 0)(c, 3) is strictly monotone (and therefore stutter free),
(a, 0)(b, 1)(a, 1)(c, 3) is stutter free, and (a, 0)(b, 1)(a, 1)(b, 1)(c, 3) is not stutter free.

2.2.2 Timed state sequences
The definitions given in this subsection generalise the model of infinite timed state sequences
given in [9, 10] to both the finite and infinite cases.

A non-empty interval I over R≥0 has the form [l, u], (l, u], [l, u) or (l, u) with its left
bound I l = l ∈ R≥0, right bound Iu = u ∈ R≥0 ∪ {∞}, I l ≤ Iu if I is right- and left-closed
(i.e., has the form [l, u]) and I l < Iu otherwise, and ∞] excluded; let I be the set of all such
intervals. An element of I denotes a non-empty convex subset of R≥0 defined uniquely in
the usual way. Two intervals I1, I2 ∈ I are adjacent iff I1 ∩ I2 = ∅, I1 ∪ I2 ∈ I and x < y for
every x ∈ I1 and y ∈ I2. An interval I is punctual iff it denotes a singleton set, i.e., it has
the form [l, l].

▶ Definition 2.12 (Interval sequence). An interval sequence ι is a non-empty sequence over
I satisfying:

Adjacency: ∀i ∈ N, 0 < i < |ι| : ιi−1 and ιi are adjacent,
Progress: |ι| = ω ⇒ ∀t ∈ R≥0 ∃i ∈ N : t ∈ ιi.

▶ Definition 2.13 (Timed state sequence). Let AP be a finite set of atomic propositions. A
timed state sequence over AP is a pair κ = (η, ι) where η is a sequence over P(AP ) (the
powerset of AP), ι an interval sequence and |η| = |ι|.

Similarly to timed words, given a timed state sequence κ = (η, ι), we (i) sometimes use
the alternative sequence notation (ηi, ιi), i ∈ N, i < |κ| instead of (η, ι) and (ii) define µ(κ),
the duration of κ as ιu|κ|−1 if κ is finite (requiring, without loss of generality, ι|κ|−1 to be
right closed), and ∞ otherwise (thanks to the progress condition, Definition 2.12). Moreover,
given t in R≥0 (satisfying t ≤ µ(κ) if κ is finite), we denote by κ(t) the set ηi where t ∈ ιi
(such ιi is uniquely defined thanks to the adjacency property).

▶ Example 2.14. Let AP = {p, q}. The sequence ({p}, [1, 2))({p, q}, [2, 3])({p}, [3, 3.4])
is not a timed state sequence (violation of interval adjacency). The sequence κ =
({p}, [1, 2))({p, q}, [2, 3))({q}, [3, 3]), ({p}, (3, 3.4]) is a timed state sequence with length 4
and duration 3.4, and we have κ(1.2) = κ(3.1) = {p}, κ(2.2) = {p, q} and κ(3) = {q}.
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2.3 Timed words vs. timed state sequences
A timed word is a natural representation of an action-based execution of a timed system.
For example, (a, 2)(b, 2)(c, 4.1) corresponds to an execution where the system waited for
two time units, performed action a then immediately b, then waited for 2.1 time units and
finally performed c. A timed state sequence, on the other hand, is suitable for signals: e.g.,
({p}, [0, 2))({q, r}, [2, 3]) represents a signal where p held for two time units (excluding 2),
then q and r held for one time unit. While there is a two-way translation between the
untimed versions of these models modulo bisimulation [12], this is not the case in the timed
setting, see e.g., the discussion on signals vs. timed words in [7] (this heterogeneity led to
the proposition of signal-event frameworks as in [8]). We adopt an action-based view for
the simple reason that it is the only way to enable any comparison involving the pointwise
semantics. We still need timed state sequences as their use to encode timed words [9, 10]
inspire our incomparability proofs.

2.4 Metric Temporal Logic (MTL)
Let Iq be the set of all non-empty intervals over R≥0 with rational endpoints, i.e., defined
similarly to I (Section 2.2.2) but with l ∈ Q≥0, u ∈ Q≥0 ∪ {∞}. In order to define clean
syntax and semantics of MTL under both the pointwise and the interval-based semantics, we
equate hereafter the sets of atomic propositions AP and letters (actions) Σ and refer to both
as Σ. The syntax of MTL is given below with a ∈ Σ and I ∈ Iq.

ϕ, ψ := a | ¬ϕ | ϕ ∧ ψ | ϕ UI ψ

where UI denotes the timed Until operator (note that we use its standard strict version [9,
27, 25]). The syntactic sugar is defined as usual: ϕ ∨ ψ ≡ ¬(¬ϕ ∧ ¬ψ), ⊤ ≡ a ∨ ¬a,
⃝I ϕ ≡ (¬

∨
a∈Σ a) UI ϕ (next ϕ), ♢I ϕ ≡ ⊤ UI ϕ (eventually ϕ) and □I ϕ ≡ ¬♢I ¬ϕ

(globally ϕ). We will use often the handy formula φΣ =
∨

a∈Σ a (utilised to define the next
operator above) hereafter. We omit the subscript I when I = [0,∞).

Let ρ = (σ, τ) be a timed word and κ = (η, ι) a timed state sequence. Following [9, 14],
we force τ0 to equal 0 and ι0 to be left closed at 0 without loss of generality. We let P and K
be, respectively, the set of all such timed words and timed state sequences. We give below the
pointwise semantics (over elements of P) and the two versions of the interval-based semantics
(one over P as in [14], and one over K following [9]).

2.4.1 Pointwise semantics
Formulae are evaluated over a timed word ρ = (σ, τ) ∈ P and a position i ∈ N with i < |ρ|.
To avoid unnecessary cluttering of notation, j < |ρ| is assumed in the semantics of ϕ UI ψ.

ρ, i |=pw a iff σi = a

ρ, i |=pw ¬ϕ iff ρ, i ⊭pw ϕ

ρ, i |=pw ϕ ∧ ψ iff ρ, i |=pw ϕ and ρ, i |=pw ψ

ρ, i |=pw ϕ UI ψ iff ∃j > i : τj − τi ∈ I and ρ, j |=pw ψ and ∀i < k < j : ρ, k |=pw ϕ

2.4.2 Interval-based semantics
Over timed words. Formulae are evaluated over a timed word ρ = (σ, τ) ∈ P and a
timepoint t ∈ R≥0 (with t ≤ µ(ρ) if ρ is finite). To avoid heavy notation, |ρ| ≠ ω ⇒ t′ ≤ µ(ρ)
is assumed in the semantics of ϕ UI ψ.

TIME 2026



1:6 Revisiting the Expressiveness of Metric Temporal Logic

ρ, t |=itw a iff ∃i < |ρ| : σi = a and τi = t

ρ, t |=itw ¬ϕ iff ρ, t ⊭itw ϕ

ρ, t |=itw ϕ ∧ ψ iff ρ, t |=itw ϕ and ρ, t |=itw ψ

ρ, t |=itw ϕ UI ψ iff ∃t′ > t : t′ − t ∈ I and ρ, t′ |=itw ψ and ∀t < t′′ < t′ : ρ, t′′ |=itw ϕ

Over timed state sequences. Formulae are interpreted over a timed state sequence κ =
(η, ι) ∈ K and a timepoint t ∈ R≥0 (with t ≤ µ(κ) if κ is finite). We give the definition for
ϕ = a only, the remaining cases can be obtained from |=itw by replacing ρ with κ.

κ, t |=its a iff a ∈ κ(t)

We say that ρ satisfies ϕ, written ρ |=sem ϕ iff ρ, 0 |=sem ϕ with sem ∈ {pw, itw} and
similarly κ |=its ϕ iff κ, 0 |=its ϕ. Let sem ∈ {pw, itw, its}. We write JϕKf

sem (resp. JϕKinf
sem)

to denote the set of all finite (resp. infinite) sequences s such that s |=sem ϕ, and let
JϕKsem = JϕKf

sem ∪ JϕKinf
sem . For instance, JϕKpw = {ρ ∈ P | ρ |=pw ϕ}. When sem ∈ {pw, itw},

each of JϕKf
sem, JϕKinf

sem and JϕKsem defines a timed language.

▶ Example 2.15. Let ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3), ζ1 = ♢ (b ∧ ⃝[0,0] a) and ζ2 =
♢(0,1) ♢[0,3.5] c. For the formula ζ1, that reads “eventually b will occur followed imme-
diately by an a”, we have ρ1 |=pw ζ1 but ρ1 ⊭itw ζ1 (the closest formula to ζ1 under |=itw
is ♢ (a ∧ b) where the order is lost, see below). On the other hand, for ζ2 that reads “from
some time within (0, 1), c will occur between 0 and 3.5 time units” we have ρ1 |=itw ζ2 but
ρ1 ⊭pw ζ2.

The above example is an excellent motivator for the remainder of this paper: its counterin-
tuitive outcome (as ρ1 “should” satisfy both formulae) owes to the fact that the pointwise
semantics can reason only at positions of timed events, whereas the interval-based one loses
the notion of order over simultaneous events as we will see throughout Section 3.

3 The Pointwise and Interval-Based Semantics are Incomparable

3.1 Main observation
Over finite words. To explain the intuition behind the incomparability of both semantics, an
excellent starting point is the existing result ER (Section 1), since D’Souza and Prabhakar [14]
use a clean version of pointwise and interval-based semantics both interpreted over finite
timed words, i.e., the satisfaction relations |=pw and |=itw (Section 2.4) where |ρ| < ω. To
arrive at ER, the authors use the formula ϕdp defined below1 over Σ = {a, b} and prove
formally that there exists no formula ψ such that JψKf

pw = JϕdpKf
itw.

ϕdp = ¬♢ (a ∧ (¬φΣ U a) ∧ (¬a U (¬a ∧ ♢[1,1] (a ∨ b))))

The language JϕdpKf
itw contains all finite timed words such that for every two consecutive

occurrences of the action a at times t and t′, there is no action that occurs within the interval
[t+ 1, t′ + 1]. This is an important expressiveness result, yet we argue that half of the picture
is missing: the authors require timed words to be strictly monotone [14][Sect. 1], which
impairs the expressive power of the pointwise semantics. To explain this, let us fall back on
the general model of finite timed words, i.e., consider the set {ρ ∈ P | |ρ| < ω}. Consider now

1 We slightly rewrote this formula in terms of the standard (strict) Until used in this paper.
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the formula ζ1 = ♢ (b ∧ ⃝[0,0] a) of Example 2.15. In the pointwise semantics, this formula
captures exactly its informal description (Example 2.15), i.e., Jζ1 Kf

pw defines the language
containing all finite timed words such that there exists a position i > 0 with τi = τi+1, σi = b

and σi+1 = a. Under |=itw, however, the language Jζ1 Kf
itw is empty, and the closest language

to Jζ1 Kf
pw is JφKf

itw with φ = ♢ (a ∧ b). Yet, JφKf
itw is more permissive than Jζ1 Kf

pw. Let us
show this through an example.

▶ Example 3.1. Consider ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3) from Example 2.15 and ρ2 =
(a, 0)(a, 1)(b, 1)(c, 3.3). Then we have ρ1 ∈ Jζ1 Kf

pw and ρ2 /∈ Jζ1 Kf
pw, but both ρ1 and

ρ2 belong to the language JφKf
itw.

That is, ζ1 can distinguish between ρ1 and ρ2 under the pointwise semantics, whereas φ
cannot under the interval-based one. As we will demonstrate later, there is in fact no MTL
formula that distinguishes between ρ1 and ρ2 under the interval-based semantics.

Over infinite timed words. The same observation above continues to hold for infinite timed
words as illustrated in the following example.

▶ Example 3.2. Consider the two infinite timed words ρ = (σ, τ) and ρ′ = (σ′, τ ′) s.t.
3ρ = ρ1, 3ρ′ = ρ2 and ∀i > 3 : σ′

i = σi = c ∧ τ ′
i = τi = τi−1 + 1, with ρ1 and ρ2 as defined

in Example 3.1. That is, ρ and ρ′ have respectively ρ1 and ρ2 as a prefix and agree otherwise
on an infinite suffix containing only c actions. The above observation carries on to ρ and ρ′

as we have ρ ∈ Jζ1 Kinf
pw , ρ′ /∈ Jζ1 Kinf

pw but no formula can distinguish between ρ and ρ′ under
|=itw (this will be proven formally later on).

We observe the same weakness of the interval-based semantics over timed state sequences,
i.e., when considering the relation |=its instead of |=itw. To explain this, we rely on the clever
remark in Bouyer et al. [9][Sect. 2], [10][Example 1]:

“an [infinite] timed word can be seen as a special case of timed state sequences, e.g., ρ =
(a, 0)(a, 1.1)(b, 2) . . . corresponds to the timed state sequence κ = ({a}, [0, 0])(∅, (0, 1.1))({a},
[1.1, 1.1])(∅, (1.1, 2))({b}, [2, 2]) . . .”

Which clearly holds under strict monotonicity. However, under the general model, the
clearly different ρ and ρ′ of Example 3.2 will correspond to the same timed state sequence
starting with ({a}, [0, 0])(∅, (0, 1))({a, b}, [1, 1])(∅, (1, 3.3))({c}, [3.3, 3.3]). That is, under non-
strict monotonicity of time, the encoding from infinite timed words to infinite timed state
sequences, suggested in Bouyer et al.’s remark above, cannot correspond to an injective
function, and therefore timed words become no longer a special case of timed state sequences.
If one tries to have two different images for ρ and ρ′, e.g., by enforcing an order for the
counterpart of ρ, they would obtain the κ̂ = ({a}, [0, 0])(∅, (0, 1))({b}, [1, 1])({a}, [1, 1]) . . .,
where interval adjacency is violated and κ̂(1) is no longer defined.

3.2 Approach
3.2.1 Equating |=its and |=itw

In order to prove the incomparability between the pointwise and interval-based semantics,
we first need to deal with the heterogeneity between timed words and timed state sequences.
In other words, there is no way to compare |=pw and |=its if we allow arbitrary timed
state sequences, due to the notable difference in nature with timed words, as explained
in Section 2.3. For example, the timed state sequence ({a, b}, [0, 1))({c}, [1, 1]) does not make
much sense in the context of action-based timed executions: actions a and b, atomic by

TIME 2026



1:8 Revisiting the Expressiveness of Metric Temporal Logic

definition, cannot remain true continuously over the dense interval [0, 1). We need therefore
to isolate the largest subset of timed state sequences that faithfully represents action-based
timed executions modulo the interval-based semantics.

We show that such subset, which we call Ka, can be obtained using natural properties of
action-based timed executions. In mathematical terms, Ka is the largest set of images of
elements of P by a total relation F guaranteeing that |=its and |=itw coincide.

Action-based timed state sequences. To construct Ka, we use the fact that actions occur
only at punctual intervals. Then, since the first action occurs at 0 and the execution, if finite,
terminates with an action, the first interval is [0, 0] and the last interval, if exists, is punctual.
Finally, between every two punctual intervals, we have a non-punctual one with no action
associated. This gives us an alternation of punctual intervals with sets of actions at even
positions and non-punctual ones with empty sets at odd positions.

▶ Definition 3.3 (Action-based timed state sequences). The set of action-based timed state
sequences Ka is defined as follows:

Ka = {κ = (η, ι) ∈ K | ι0 = [0, 0] and
|κ| ∈ N ⇒ ι|κ|−1 is punctual and
∀i ∈ N, i < |κ|, i mod 2 = 0 : ηi ̸= ∅ and ιi is punctual and
∀i ∈ N, i < |κ|, i mod 2 = 1 : ηi = ∅ and ιi is not punctual }

▶ Example 3.4. ({a}, [0, 0])(∅, (0, 1))({a, b}, [1, 1]) is an element of Ka, corresponding to
an action-based execution where a occurred at time 0, and a and b at time 1. In contrast,
({a}, [0, 0])({a, b}, (0, 1))(∅, [1, 1]) and (∅, [0, 0])({b}, (0, 1))({a, b}, [1, 1]) do not represent any
action-based execution and are naturally not elements of Ka.

▶ Lemma 3.5. The length of any finite element in Ka is an odd number.

Relating P and Ka. In order to define a relation between P and Ka, and to avoid heavy
notations, we use an intermediary representation that allows to group events happening
simultaneously while preserving their order. We refer to such representation, which uses the
notions of flat time sequences (Definition 3.6) and maximal flat subsequences (Definition 3.7),
as compact timed words (Definition 3.8).

▶ Definition 3.6 (Flat time sequence). A finite time sequence τ is said flat iff ∀i ∈ N, 0 <
i < |τ | : τi−1 = τi.

▶ Definition 3.7 (Maximal flat subsequence). Let τ be a time sequence and i, j ∈ N such that
i ≤ j < |τ |. The finite sequence τ ′ = τiτi+1 . . . τj is called a maximal flat subsequence (MFS)
of τ iff τ ′ is a flat sequence and:

i > 0 ⇒ τi > τi−1 and
j + 1 < |τ | ⇒ τj < τj+1.

Note that when i = j the MFS is trivial (contains only one element). It is easy to see
that every time sequence τ is a sequence of MFSs. The number of MFSs is finite if τ is
finite and infinite otherwise. If τ is infinite, the finiteness of each MFS is guaranteed by time
divergence. Examples will follow.

Let sτ be the sequence over N defined as follows:
sτ0 = j s.t. τ0 . . . τj is an MFS of τ ,
sτi+1 = k s.t. τsτi+1 . . . τk is an MFS of τ .
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That is, sτi corresponds to the index of τ delimiting its ith MFS, and |sτ | corresponds to
the number of MFSs in τ . Now we are ready to define the compact version of an arbitrary
timed word. In the following, let P̃ denote the set of all pairs (σ̃, τ̃) where σ̃ is a (finite or
infinite) sequence of non-empty finite sequences over Σ, τ̃ a strictly monotone time sequence
starting at 0 and |σ̃| = |τ̃ |.

▶ Definition 3.8 (Compact timed word). We define the function C : P → P̃ as follows.
C(ρ = (σ, τ)) = (ρ̃ = (σ̃, τ̃)) iff:
1. |ρ̃| = |sτ |,
2. ∀0 ≤ i < |ρ̃| : τ̃i = τsτi ,
3. σ̃0 = σ0 . . . σsτ0 and ∀0 < i < |ρ̃| : σ̃i = σsτi−1+1 . . . σsτi

.

That is, C relates every ρ = (σ, τ) ∈ P to its compact version, i.e., where every τi . . . τj

MFS of τ is reduced into a single element associated with the sequence of actions σi . . . σj .

▶ Example 3.9. Consider ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3) and ρ2 = (a, 0)(a, 1)(b, 1)(c, 3.3)
from Example 3.1. Then we have ρ̃1 = ((a), 0)((b, a), 1)((c), 3.3) and ρ̃2 =
((a), 0)((a, b), 1)((c), 3.3).

▶ Lemma 3.10. C is bijective.

Relating P̃ and Ka. We now move to define a relation between compact timed words and
action-based timed state sequences, where we use the function setof () that transforms a
sequence over Σ to a set preserving its elements.

▶ Definition 3.11 (Relation between P̃ and Ka). Let R : P̃ → Ka be the function defined as
follows. R(ρ̃ = (σ̃, τ̃)) = (κ = (η, ι)) iff:
1. |κ| = |ρ̃| = ω if ρ̃ is infinite, |κ| = 2|ρ̃| − 1 otherwise and
2. ∀i ∈ {1 . . . |ρ̃| − 1} : η2i = setof (σ̃i), ι2i = [τ̃i, τ̃i], η2i−1 = ∅ and ι2i−1 = (τ̃i−1, τ̃i) and
3. η0 = setof (σ̃0), ι0 = [τ̃0, τ̃0].

▶ Example 3.12. Consider ρ̃1 = ((a), 0)((b, a), 1)((c), 3.3) and ρ̃2 =
((a), 0)((a, b), 1)((c), 3.3) from Example 3.9. We have R(ρ̃1) = R(ρ̃2) =
({a}, [0, 0])(∅, (0, 1))({a, b}, [1, 1])(∅, (1, 3.3))({c}, [3.3, 3.3]).

In other words, the “holes” between the timestamps in ρ̃ are “filled” by the timed state
sequence R(ρ̃) (i.e., thanks to the non-punctual intervals between the punctual ones).

Notice how R is not injective due to the first component of a timed state sequence being
a sequence of sets. We will show that this captures exactly the weakness of the relations
|=its and |=itw alike, hinted at in Section 3.1.

▶ Lemma 3.13. R is surjective.

▶ Lemma 3.14. R is not injective.

Proof. The proof is straightforward through the counterexample given in Example 3.12. ◀

In the following, we let F = R ◦ C.

▶ Lemma 3.15. F is total.

Proof. F is a surjective function since (i) C is a function and (ii) R is a surjective function
(Lemma 3.13). Therefore F is right and left total and consequently total. ◀

TIME 2026
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|=itw and |=its are equivalent. We are now ready to equate |=its and |=itw. The following
proposition is central as it shows that |=itw and |=its enjoy exactly the same expressive
power over all timed words and all action-based timed state sequences. Note that we do
not need to prove the equivalence for the version with every κ ∈ Ka and elements of F−1[κ]
since F is total (Lemma 3.15).

▶ Proposition 3.16. For every ϕ ∈ MTL, ρ ∈ P and t ∈ R≥0 (t ≤ µ(ρ) if |ρ| ∈ N):

ρ, t |=itw ϕ ⇔ F(ρ), t |=its ϕ

The main takeaway is summed by the following theorem, a direct consequence of Propos-
ition 3.16 and Lemma 3.15, stating that F preserves the full expressiveness of |=its and |=itw
over all timed words and all action-based timed state sequences.

▶ Theorem 3.17. For every ϕ ∈ MTL:
JϕKfi

its ∩ Ka = {F(ρ) | ρ ∈ JϕKfi
itw} and JϕKfi

itw =
⋃

{F−1[κ] | κ ∈ JϕKfi
its ∩ Ka} with

fi ∈ {f , inf },
JϕKits ∩ Ka = {F(ρ) | ρ ∈ JϕKitw} and JϕKitw =

⋃
{F−1[κ] | κ ∈ JϕKits ∩ Ka}.

3.2.2 Proving Incomparability

Since |=its and |=itw are proven equivalent, we can devise our incomparability proofs for |=pw
vs. |=itw only, while exploiting the equalities of Theorem 3.17.

We first formalise the notion of incomparability. Let JMTLKf
sem denote the set of all

languages over finite timed words (i.e., a set of sets) defined by MTL formulae under the
semantics corresponding to sem ∈ {pw, itw}: JMTLKf

sem = {JϕKf
sem | ϕ ∈ MTL}. Similarly,

JMTLKinf
sem = {JϕKinf

sem | ϕ ∈ MTL} and JMTLKsem = JMTLKf
sem ∪ JMTLKinf

sem. Let # be the
binary operator defined over sets as: S1#S2 ≡ S1 ⊈ S2 ∧S2 ⊈ S1, i.e., none of its arguments
is included in the other. We can now formally define incomparability of |=pw and |=itw over
MTL.

▶ Definition 3.18 (Incomparability). The MTL semantics defined by |=pw and |=itw are
incomparable over:

Finite timed words iff JMTLKf
pw# JMTLKf

itw,
Infinite timed words iff JMTLKinf

pw # JMTLKinf
itw.

The semantics defined by |=pw and |=itw are incomparable iff they are incomparable over
finite and infinite timed words, i.e., JMTLKpw# JMTLKitw.

In order to show that e.g., JMTLKf
pw#JMTLKf

itw, it suffices to find two formulae ϕ1, ϕ2 ∈
MTL such that for all ψ ∈ MTL, the language of finite timed words defined by ϕ1 (resp. ϕ2)
under |=pw (resp. |=itw) is different from the language defined by ψ under |=itw (resp. |=pw)
as generalised by the following proposition.

▶ Proposition 3.19. JMTLKf
pw#JMTLKf

itw iff ∃ϕ1, ϕ2 ∈ MTL ∀ψ ∈ MTL:
Jϕ1 Kf

pw ̸= JψKf
itw and

Jϕ2 Kf
itw ̸= JψKf

pw.
(The equivalence with JMTLKinf

pw #JMTLKinf
itw is defined analogously).
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Proving JMT LKf
pw#JMT LKf

itw. We start with proving JMTLKf
pw ⊈ JMTLKf

itw. It suffices
to find two distinct finite timed words that have the same image by F and a formula ϕ that
distinguishes between them under |=pw. By definition, no formula under |=its can distinguish
between their images through F (since it is the same image) and we conclude that no formula
can distinguish between ρ1 and ρ2 under |=itw since |=its and |=itw are equally expressive.

▶ Lemma 3.20. Let ζ1 = ♢ (b ∧ ⃝[0,0] a) from Example 2.15. The following statement holds:

∀ψ ∈ MTL : Jζ1 Kf
pw ̸= JψKf

itw

Proof. Let ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3) and ρ2 = (a, 0)(a, 1)(b, 1)(c, 3.3) from Example 3.1.
We have ρ1 ∈ Jζ1 Kf

pw and ρ2 /∈ Jζ1 Kf
pw. Now, ρ1 and ρ2 have the same image by F that

we will refer to as κ. By definition, for every ψ ∈ MTL, we have either κ ∈ JψKf
its, and

by Theorem 3.17, ρ1 ∈ JψKf
itw and ρ2 ∈ JψKf

itw, or κ /∈ JψKf
its, and again by Theorem 3.17

ρ1 /∈ JψKf
itw and ρ2 /∈ JψKf

itw. And therefore Jζ1 Kf
pw ̸= JψKf

itw. ◀

▶ Remark 3.21. Note that this weakness of the interval-based semantics has a direct con-
sequence on the coherence between MTL and its untimed version, LTL. Consider e.g., ρ1
and ρ2 above. Their untimed counterparts are, respectively, the words abac and aabc which
are temporally different (in terms of LTL). Yet, under |=itw or |=its alike, it is impossible to
distinguish between them whenever the two letters in the middle occur simultaneously.

For the part JMTLKf
itw ⊈ JMTLKf

pw, we depart from

ϕdp = ¬♢ (a ∧ (¬(φΣ U a) ∧ (¬a U (¬a ∧ ♢[1,1] (a ∨ b))))

The formula proven to have no equivalent under |=pw over strictly monotone finite timed
words [14] (Section 3.1). The idea here is rather simple: find a formula γ1 that captures
exactly the language of ϕdp under the general model of finite timed words then conclude.

▶ Lemma 3.22. Let γ1 = ϕdp ∧ ϕs with2 ϕs = (¬
∨

a̸=b∈Σ(a ∧ b)) ∧ □ (¬
∨

a ̸=b∈Σ(a ∧ b))
The following statement holds: ∀ψ ∈ MTL : Jγ1 Kf

itw ̸= JψKf
pw

Proof. The language Jγ1 Kf
itw contains the set of strictly monotone (satisfying ϕs) finite timed

words satisfying ϕdp. The proof then follows directly from [14][Sect. 3]. ◀

▶ Proposition 3.23. The pointwise and the interval based semantics are incomparable over
finite timed words.

Proof. From Lemma 3.20, Lemma 3.22 and Proposition 3.19 we get JMTLKf
pw#JMTLKf

itw
and conclude by Definition 3.18. ◀

Proving JMT LKinf
pw #JMT LKinf

itw . We first prove JMTLKf
pw ⊈ JMTLKf

itw, using the same
formula from Lemma 3.20.

▶ Lemma 3.24. Let ζ1 = ♢ (b ∧ ⃝[0,0] a). The following statement holds:

∀ψ ∈ MTL : Jζ1 Kinf
pw ̸= JψKinf

itw

Proof. The proof is very similar to that of Lemma 3.20, with ρ ∈ Jζ1 Kinf
pw and ρ′ /∈ Jζ1 Kinf

pw
(Example 3.2) having the same image by F. ◀

2 The first clause of ϕs is necessary due to the strict nature of the Until operator, from which □ is derived.
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For JMTLKinf
itw ⊈ JMTLKinf

pw , we use a formula already proven in [9][Prop. 1 and Sect. 3.2]
to have a language over infinite words that is not expressible under |=pw. This language
is informally defined as “all infinite timed words containing an occurrence of b within the
absolute interval (0, 2) and an occurrence of c within the absolute interval (1, 2], such that
the latter happens after the former within the relative interval (0, 1)”.

▶ Lemma 3.25. Let γ2 = ♢[0,1] (♢[0,1) b ∧ ♢[1,1] c). The following statement holds:

∀ψ ∈ MTL : Jγ2 Kinf
itw ̸= JψKinf

pw

▶ Proposition 3.26. The pointwise and the interval-based semantics are incomparable over
infinite timed words.

Proof. From Lemma 3.24, Lemma 3.25 and Proposition 3.19 we get JMTLKinf
pw #JMTLKinf

itw
and conclude by Definition 3.18. ◀

And finally we conclude with the following theorem, a direct consequence of Proposi-
tion 3.23 and Proposition 3.26.

▶ Theorem 3.27. The pointwise and the interval-based semantics of MTL are incomparable.

Incomparability under stutter freeness. Our incomparability results continue to hold under
the reasonable restriction of stutter freeness (Definition 2.9, Item 1). For the finite case, the
formula ζ1 given in Lemma 3.20, as shown in the proof of the same lemma, distinguishes
between two stutter-free finite timed words under |=pw whereas no formula under |=itw can
do so (and the same goes for the infinite case, Lemma 3.24 and its proof). The only technical
difference when disallowing stuttering is the fact that a finite timed state sequence, element
of Ka, will then have an image of finite cardinality by the inverse relation F−1, which has no
effect on the incomparability theorem.

4 Mixed Semantics

In this section, we present a new mixed semantics that embeds both the pointwise and
the interval-based ones. We do so in three steps. First, we present an intuitive version
of the mixed semantics over MTL that, leveraging the expressive power of the interval-
based semantics, is strictly more expressive than the pointwise one (Section 4.1). Second,
in Section 4.2, we conjecture that such version is incomparable with the interval-based one
(due mainly to the fact that the latter is more suited for signals). Third, we show that
extending the syntax of MTL with a single atomic formula unleashes the power of the mixed
semantics leading to the embedding of both the pointwise and the interval-based semantics,
conjugating therefore their full expressive powers (Section 4.3). The embedding is automated
through syntax-driven compilers.

4.1 Dual reasoning on time and positions
In this subsection, we undertake the first step described above, i.e., we propose to increase the
power of the pointwise semantics using the flexibility of the interval-based one. The reason we
do it in this direction (rather than the other way around) is the fact that the interval-based
semantics is more suitable for signals (Section 2.3) whereas we focus on action-based timed
executions (another example on the counter-intuitiveness of the interval-based semantics
over timed words will be given in Section 4.2). We still provide in Section 4.3 an extended
version of the mixed semantics that embeds both the pointwise and the interval-based ones.
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Given a compact timed word ρ̃ = (σ̃, τ̃), we define its duration in the obvious way, i.e.,
µ(ρ̃) = µ(C−1(ρ̃)). For any t ∈ R≥0 (with t ≤ µ(ρ̃) if ρ̃ is finite), we let ρ̃(t) equal σ̃i where
τ̃i = t (such τ̃i is uniquely defined if it exists) and the singleton sequence (⊢) otherwise, where
⊢ is a “helper” symbole that represents “no action”, i.e., it will be semantically nothing else
than equivalent to ¬φΣ.

The idea is to evaluate an MTL formula over a compact timed word ρ̃ = (σ̃, τ̃), a time
point t ∈ R≥0 (with t ≤ µ(ρ̃) if |ρ̃| < ω) and a position 0 ≤ j < |ρ̃(t)|. It is important to
remark here that the condition 0 ≤ j < |ρ̃(t)| is by no means impractical for verification
purposes, as the satisfaction of some formula ϕ by some ρ̃ boils down to the satisfaction of ϕ
by ρ̃, t0 = 0 and j0 = 0 (examples will follow).

Now we are ready to formalise the mixed semantics:

ρ̃, t, j |=mx a iff a = ρ̃(t)(j)
ρ̃, t, j |=mx ¬ϕ iff ρ̃, t, j ⊭mx ϕ

ρ̃, t, j |=mx ϕ ∧ ψ iff ρ̃, t, j |=mx ϕ and ρ̃, t, j |=mx ψ

ρ̃, t, j |=mx ϕ UI ψ iff ∃(t, j) < (t′, j′) : t′ − t ∈ I and ρ̃, t′, j′ |=mx ψ and
∀(t, j) < (t′′, j′′) < (t′, j′) : ρ̃, t′′, j′′ |=mx ϕ

Where the relation <, used for the UI operator, denotes a lexicographic order3 defined
in the usual way. We say ρ̃ satisfies ϕ, written ρ̃ |=mx ϕ, iff ρ̃, 0, 0 |=mx ϕ.

Let us explain, relying on the rules of the semantics above, how the relation |=mx
increases the expressive power of |=pw (we will formally prove this soon). The real t enables
the evaluation at any arbitrary time point, whereas the natural j allows to “access” the
positions of ordered events occurring at t, if any. The semantics of UI reflects this increased
power of expressiveness: ϕ UI ψ is evaluated at any timepoint and any position of the
sequence of events occurring at t. Such position is guaranteed to exist: in particular, if t
belongs to a “hole” in ρ̃ (i.e., strictly comprised between two timestamps), then ρ̃(t)(0) exists
and is equal to the ⊢ symbole which plays otherwise a transparent role as, in such case,
ρ̃, t, 0 |= ¬φΣ and ρ̃, t, 0 |= ⊤ as expected. The following example illustrates the intuitive
nature of the mixed semantics.

▶ Example 4.1. Consider the setting of Example 2.15 with ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3),
ζ1 = ♢ (b ∧ ⃝[0,0] a) and ζ2 = ♢(0,1) ♢[0,3.5] c. As explained within the same example, ρ1
should, intuitively, satisfy both formulae, yet we have ρ1 ⊭itw ζ1 and ρ1 ⊭pw ζ2.

Under the mixed semantics, both formulae are satisfied thanks to the flexibility of
|=mx , taking both time points and positions into account. To illustrate this, let us first
encode in the obvious way ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3) into its compact counterpart ρ̃1 =
((a), 0)((b, a), 1)((c), 3.3).

Then we have ρ̃1 |=mx ζ1 since ρ̃1, 0, 0 |=mx ζ1: we have ρ̃1, t
′, j′ with (t′ = 1, j′ = 0),

greater then (0, 0) in lexicographic order, satisfies b (since ρ̃1(1)(0) = b) and in turn,
ρ̃1, t

′′, j′′ with (t′′ = 1, j′′ = 1), greater than (1, 0) satisfies a within [0, 0] and (i) for every
(0, 0) < (t1, j1) < (t′, j′), ρ̃1, t1, j1 |=mx ⊤ and (ii) for every (t′, j′) < (t2, j2) < (t′′, j′′),
ρ̃1, t2, j2 |=mx ¬φΣ (vacuous truth).

Dually, ρ̃1, 0, 0 |=mx ζ2 because for any couple (t′, j′ = 0) with t′ ∈ (0, 1), we have
ρ̃, t′, j′ |=mx ♢[0,3.5] c since at (t′′ = 3.3, j′′ = 0) we have ρ̃1, t

′′, j′′ |=mx c (since ρ̃1(t′′)(j′′) =
c) and t′′ − t′ ∈ [0, 3.5].

3 Compact timed words are similar to weakly-monotonic observations [3] over which the authors also
mention lexicographic order. While we were unaware of these similarities when realising this work, all
our contributions summarised in Section 1 and developed in Section 3 and Section 4 are novel.
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4.1.1 |=mx is strictly more expressive than |=pw

The mixed semantics is strictly more expressive than the pointwise one. To show this, we
proceed as follows. First, we devise a compiler L−Mpw over MTL such that LϕMpw under |=mx
is equivalent to ϕ under |=pw (using the bijective function C to move between timed words
and their compact version). Second, we give an example of a formula not expressible in the
pointwise semantics (from Section 3.2) and show that it is expressible in the mixed semantics.

From |=pw to |=mx. We reason following the main observation that, in |=pw, formulae are
evaluated only at timepoints where actions occur. Thus, LϕMpw must satisfy φΣ, regardless
of its argument. The case for UI is the involved one. Given a formula ϕ UI ψ interpreted
under |=pw, to get its equivalent formula under |=mx , we need also to ensure that (i) ψ holds
at a timepoint corresponding to an action occurrence and (ii) ϕ does not need to hold at
timepoints where no action occurs, as formalised by Lϕ UI ψMpw in the following definition.

▶ Definition 4.2 (|=pw-preserving compilation). The compiler L−Mpw is defined inductively:
LaMpw = a,
L¬ϕMpw = φΣ ∧ ¬LϕMpw,
Lϕ ∧ ψMpw = φΣ ∧ LϕMpw ∧ LψMpw,
Lϕ UI ψMpw = φΣ ∧ (LϕMpw ∨ ¬φΣ) UI (LψMpw ∧ φΣ).

▶ Proposition 4.3. For every ϕ ∈ MTL and ρ ∈ P : ρ |=pw ϕ ⇔ C(ρ) |=mx LϕMpw.

A language definable under |=mx but not under |=pw. Consider the formula γ2 =
♢[0,1] (♢[0,1) b ∧ ♢[1,1] c) from Lemma 3.25. As states the same lemma, γ2 has no equivalent
under the pointwise semantics over infinite timed words. The following lemma states that γ2
does have an equivalent under |=mx over infinite timed words.

▶ Lemma 4.4. Let γ2 = ♢[0,1] (♢[0,1) b ∧ ♢[1,1] c) and γ3 = ♢(0,1] (♢[0,1) b ∧ ♢[1,1] c). Then:

Jγ2 Kinf
itw = {C−1(ρ̃) | ρ̃ ∈ Jγ3 Kinf

mx}

▶ Remark 4.5. Note the subtlety in γ3 where the interval of the outer eventually operator
is left-open at 0. Under |=itw, γ2 and γ3 are equivalent because the time point satisfying
the formula must be greater than 0 by the definition of the (strict) Until operator from
which ♢[0,1] is derived. Under |=mx , on the other hand, we have Jγ3 Kinf

mx ⊊ Jγ2 Kinf
mx since e.g.,

(t = 0, j′ = 2) is greater than (t = 0, j = 0) (but t is not greater than 0); we have therefore
the compact version of any infinite timed word starting with (a, 0)(c, 0)(b, 0)(c, 1)(c, 3) in
Jγ2 Kinf

mx but not in Jγ3 Kinf
mx . Hence the explicit exclusion of 0 from the interval.

▶ Theorem 4.6. The mixed semantics is more expressive than the pointwise one.

Proof. Direct from Lemma 4.4 and Proposition 4.3. ◀

4.2 Mixed semantics vs. interval-based semantics
We now explain the fundamental difference between |=itw and our |=mx and why we argue
that |=mx is more suitable for action-based executions. Let ϕ = (a ∨ ¬φΣ) U[1,2] b and
ρ = (a, 0)(a, 0.5)(c, 0.5)(c, 1.5)(b, 1.5). The (action-based) intuition would suggest that ρ
should not satisfy ϕ, two occurrences of c at different dates take place (which correspond to
neither an a nor “no action”) before b does, and indeed ρ̃ does not satisfy ϕ under the mixed
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semantics. In contrast, we have ρ |=itw ϕ, since the interval-based semantics is more suitable
for signals. If ρ was a signal, it would naturally make sense for it to satisfy ϕ since at every
time point, either the proposition a held or no proposition did until b within [1, 2].

Because of this “permissive” nature of the UI operator at its first argument under
|=itw(and its more “restrictive” nature at its second argument, see the second example below),
we conjecture that the satisfaction relations |=mx and |=itw are incomparable over timed
words. The proof of this conjecture is already halfway since we know that the |=mx is strictly
more expressive than |=pw (Theorem 4.6), and given that |=itw and |=pw are incomparable
(Theorem 3.27), |=mx is either more expressive than or incomparable with |=itw. Actually,
we can relatively easily construct an MTL formula defining a language under |=mx (after
un-compacting with C−1) that cannot be characterised by any MTL formula under |=itw or
|=pw alike, as states the following lemma.

▶ Lemma 4.7. Let γ3 = ♢(0,1] (♢[0,1) b ∧ ♢[1,1] c) from Lemma 4.4, ζ1 = ♢ (b ∧ ⃝[0,0] a)
from Lemma 3.20, γ4 = □(0,2] ¬φΣ and γ5 = γ3 ∨ (ζ1 ∧ γ4). Then for all ϕ ∈ MTL:

JϕKinf
pw ̸= {C−1(ρ̃) | ρ̃ ∈ Jγ5 Kinf

mx}
JϕKinf

itw ̸= {C−1(ρ) | ρ̃ ∈ Jγ5 Kinf
mx}

To have a less biased view, let us now look at a trickier example that rather pleads in
favour of |=itw. Let ρ = (c, 0)(c, 0.5)(c, 1.5)(b, 1.5) and ϕ = (c ∨ ¬φΣ) U[1,2] (b ∧ ¬c). Here,
we have ρ̃ |=mx ϕ but ρ ⊭itw ϕ. This is because b ∧ ¬c is trivially satisfied at (t, j) = (1.5, 1)
under |=mx , whereas it is not at t = 1.5 under |=itw. It is however legitimate for a user to
mean by this formula “verify that only occurrences of c are seen until an occurrence of b
takes place between times 1 and 2 and c does not occur simultaneously with such b”. The
mixed semantics fails to capture this, and at first glance the naive way to remedy this issue
would be to use an immediate past operator that allows to look behind (t, j) = (1.5, 1) while
maintaining the same timepoint, i.e., at (1.5, 0). In the next subsection, we show that this
“immediate past” is an overkill as we can instead use a single atomic formula to extend the
syntax of MTL in order to strictly embed the full expressive power of |=itw into |=mx .

4.3 Extending mixed semantics
Following the examples given in Section 4.2, and in order to embed |=itw, the satisfaction
relation |=mx needs to be able to force the evaluation of a formula at index 0 within any ρ̃(t),
looking forward at the whole sequence returned by ρ̃(t) (instead of complexifying the syntax
of MTL, and |=mx thereof, with an immediate past operator). Let us consider the example
(a ∨ ¬φΣ) UI b satisfied by some ρ, t under |=itw, and let t correspond to no timestamp of ρ
to simplify the explanation. To satisfy the same formula at ρ̃, t, 0 under |=mx , intuitively we
need to check for (a∨♢[0,0] a) only at position 0 for every ρ̃(t′) ̸= (⊢), t′ > t until (b∨♢[0,0] b)
becomes true at position 0 of some ρ̃(t′′) satisfying t′′ − t ∈ I.

To do this in a simple and efficient way, the idea is to interpret the mixed semantics
over Σ ∪ {β}, where β is an atomic proposition not in Σ. The syntax of MTL is accordingly
extended with the atomic formula β, we call such extended syntax MTLβ . The semantics of
β is defined simply to hold only at the beginning of a sequence ρ̃(t):

ρ̃, t, j |=mx β iff j = 0

This seemingly minuscule addition comes with a major expressiveness gain. The mixed
semantics now embeds the interval-based one using the compiler L−Mitw : MTL → MTLβ

defined inductively as follows:

TIME 2026



1:16 Revisiting the Expressiveness of Metric Temporal Logic

LaMitw = a ∨ ♢[0,0] a,
L¬ϕMitw = ¬LϕMitw,
Lϕ ∧ ψMitw = LϕMitw ∧ LψMitw,
Lϕ UI ψMitw = (β ⇒ LϕMitw) UI (β ∧ LψMitw).

The following proposition states that |=mx over MTLβ embeds |=itw over MTL.

▶ Proposition 4.8. For all ϕ in MTL and ρ ∈ P: ρ |=itw ϕ ⇔ C(ρ) |=mx LϕMitw.

Strict expressiveness superiority follows directly from Proposition 4.8 and Theorem 4.6.

▶ Remark 4.9. The embedding of |=itw into |=mx (Proposition 4.8) looks asymmetrical since
we allow an extended syntax for |=mx but not for |=itw. However, adding a straightforward
interpretation of β under |=itw, i.e., ρ, t |=itw β iff t = 0 is effectless: since we have ρ |=itw ϕ

iff ρ, 0 |=itw ϕ, we get ρ |=itw β iff ρ, 0 |=itw β, and therefore JβKitw = P = J⊤Kitw. In other
words, the expressive power of |=itw over MTL and MTLβ would be identical.

We conclude with showing that the set of languages characterised by |=mx over MTLβ is
strictly larger than that characterised by the union of the two sets of languages characterised
by |=itw and |=pw over MTL.

▶ Theorem 4.10.

JMTLKpw ∪ JMTLKitw ⊊ {{C−1(ρ̃) | ρ̃ ∈ JϕKmx} | ϕ ∈ MTLβ}

Proof. Direct from Proposition 4.3, Proposition 4.8 and Lemma 4.7. ◀

Note that the witness formula for the strict inclusion in Theorem 4.10 is γ5 in Lemma 4.7,
which does not use the atomic formula β. This is an interesting observation: |=mx over MTL
already characterises at least one language that can be expressed neither in |=itw nor in |=pw.

5 Conclusion

In this paper, we revisited an important aspect of the extensively studied expressiveness
of MTL, namely that of its pointwise semantics as opposed to the interval-based one. We
have demonstrated that the two semantics are incomparable over the general models of
action-based timed executions, giving thereby a clear answer, in the negative, to the question
on whether reasoning over arbitrary time points instead of ordered positions of timed events
increases the expressive power of MTL. To get the better of both worlds over action-based
executions, we proposed a new mixed semantics that embeds the interval-based and the
pointwise ones, therefore conjugating their full expressive powers. For future work, the results
presented within this paper call for further research on at least two fronts.

On the complexity front, an interesting future direction would be to investigate that
of monitoring under the mixed semantics, already shown to be tractable for the pointwise
semantics e.g., in [21]. In particular, offline monitoring is a promising venue to reason on
executions of distributed systems where the order over simultaneous events is a key aspect [24,
15, 23]. On the expressiveness front, it would be interesting to consider extending our mixed
semantics to reason on mixed signal-event executions while maintaining reasonable complexity.
This would require to define a mixed structure, e.g., ((a, b), [0, 0])({p, q}, (0, 1))((c), [1, 1])
where a, b and c are in the actions set and p,q in the atomic propositions one, then further
extend our mixed semantics to both sets. In the same vein, we aim to investigate relating
the mixed semantics to the different semantics of more expressive logics such as TPTL [4]
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and T lin [6]. Finally, our incomparability results are likely to hold when restricting MTL to
its decidable fragment MITL [1], where only non-punctual intervals are allowed in formulae.
Surprisingly, the non-containments JMITLKf

pw ⊈ JMITLKf
itw and JMITLKinf

pw ⊈ JMITLKinf
itw

are easy to prove: Lemma 3.20 and Lemma 3.24 still hold if we replace the interval [0, 0]
in ζ1 by any other interval I ∈ Iq such that I is left-closed at 0. We leave it open whether
JMITLKf

itw ⊈ JMITLKf
pw and JMITLKinf

itw ⊈ JMITLKinf
pw .
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