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—— Abstract

Temporal Graph Neural Networks (TGNN) are used to detect patterns in so-called temporal
graphs (T'G): graphs in which edges may be added or removed over time. Silzer et al. suggested to
study the expressive power of TGNNs through temporal-spatial logics, specifically the combination of
the linear-time temporal logic LTL and modal logic K. In this paper we investigate the computational
complexity of the satisfiability problem for this logic and its natural extension in which the LTL
part is replaced by a linear-time p-calculus, reflecting TGNNs’ ability to recognise not just star-free
(word) languages. We consider their interpretation over a more natural class of models which we
call quasi-temporal graphs (QTGQ), relaxing certain conditions on the temporal evolutions of nodes
that are indifferent to the logic. We formalise this by giving an adjusted notion of bisimulation
which preserves satisfaction in these logics. It turns out that satisfiability over the class of QTGs is
PSPACE-complete for the temporal-spatial logic based on LTL but becomes EXPTIME-complete
when based on the p-calculus. This is in contrast to the situation on words where both logics are
PSPACE-complete. We also discuss consequences for the special satisfiability problems over the
class of TGs.
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1 Introduction

Machine learning models are computational devices that have enabled revolutionary devel-
opments and success in artificial intelligence tasks with numerous applications in all kinds
of industrial, societal, scientific etc. domains. One such model which has gained recent
interest because of its use in the analysis of social networks for example, is that of a Temporal
Graph Neural Network (TGNN) [25, 33]. It builds upon the better known model of Graph
Neural Network (GNN) [18] which can be used to recognise patterns in static graphs, to the
recognition of properties of graphs that are dynamically evolving in time.

Salzer et al. [30] suggested to use product logics as yardsticks for the expressiveness of
TGNNS, specifically two-dimensional products where the operators of one dimension are
used to navigate through the sequence — called the temporal dimension — and the operators
of the other — called the spatial dimension — are used to navigate through a single graph.
This corresponds closely to the functionality of TGNNs. Formally, a TGNN recognises
temporal graphs (TG) which are finite sequences of graphs which share the same node set. A
TGNN processes such a sequence by iteratively updating node representations, combining
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spatial information propagated through graph edges within each graph and with temporal
information carried forward from preceding time steps. Crucially, spatial information is
aggregated only from nodes within a bounded neighbourhood, while temporal information
is passed on recursively in most TGNNs, so that the representation of a node at step i + 1
depends on its own representation at step <.

A natural candidate for a two-dimensional logic to capture the expressiveness of TGNNs
is LTL¢x K, using Linear-Time Temporal Logic on finite traces (LTL¢) [17] in the temporal
dimension and the standard modal logic K in the spatial dimension. This provides some
limited recursive mechanism temporally and no recursive mechanism spatially, i.e. expressible
properties can address moments arbitrarily far in the future, but within a graph they can
only speak about a neighbourhood of a node of fixed radius. This corresponds exactly to the
way that TGNN collect information about a temporal graph, at least when abstracting away
from the difference between real-valued and Boolean-valued information retrieval.

A natural extension of LTLsxK is obtained when LTL is replaced by the linear-time
p-calculus pTL [2, 35], known to exceed the expressiveness of LTL by capturing all regular
properties [11]. This is also motivated by the question after the formal expressiveness of
TGNNSs, as the use of non-linear functions in them permits them to do modulo counting, i.e.
to recognise temporal graphs of even length for example. Hence, LTLsxK may be a natural
logic to consider with respect to TGNN expressiveness from a pragmatic point of view due
to the popularity and simplicity of LTL; but a logic based on uTL instead seems to be better
suited from a technical perspective in order to fully capture the expressiveness of TGNNs.

As with LTL, uTL can of course be interpreted purely on finite words only, leading to the
logic uTL¢ [24] which comes with less combinatorial complexity. In particular, there is no
need to distinguish least and greatest fixpoint operators when formulas are guarded, using
the same kind of reasoning as is possible for the modal p-calculus on acyclic structures [28].
Asymptotically, all four logics — LTL and pTL, interpreted on finite or infinite words — share
the same complexity: their satisfiability problems are PSPACE-complete [32, 35].

Structure and contribution. We study the computational complexity of logics suggested
for temporal graphs, in particular the aforementioned LTLfxK and pTLixK. In Sect. 2, we
formally introduce (quasi-)temporal graphs and the logics LTL¢xK and pTL¢xK. In Sect. 3
we show that their properties are invariant under bisimulations, adapted suitably to the
temporal-spatial setting, while the class of TGs is not, thus justifying the use of the relaxed
model of quasi-temporal graphs (QTG). In Sect. 4 we study the complexity of satisfiability
for LTL¢xK and pTLxK over QTGs, obtaining the perhaps surprising result that — whilst all
the ingredients LTLf, uTLf and K are PSPACE-complete, LTLs xK remains PSPACE-complete
but pTLixK becomes EXPTIME-complete. In Sect. 5 we conclude with remarks on the
complexity of satisfiability over the class of TGs and the expressiveness of TGNNs,; as well
as further work for the future.

Related work. Logical characterisations of static GNNs via modal logics [3, 29] have inspired
analogous questions for temporal architectures. For TGNNs, no connection to logics had been
established prior to [30], where three classes of TGNNs are characterised via two-dimensional
product logics of temporal and modal logics. Questions regarding the exact complexity of
their satisfiability problems as well as their ability to distinguished temporal graphs from
non-temporal graphs were not investigated there.

Many-dimensional logics [16, 27] offer a general framework for combining modal logics,
each capturing a distinct aspect of reasoning such as time, space, or knowledge. The standard
theory distinguishes fusion logics, in which the component logics interact only through
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shared propositional variables, from product logics, in which models carry a Cartesian
product structure. Satisfiability and axiomatisation of two-dimensional product logics
have been studied in depth by Gabbay et al. [16]. There, product logics are, however,
interpreted on structures with static edge sets, in fact products of structures, which enforces
the commutativity axioms ¢ Op < OOp and OOp — OO p. These are not axioms
anymore when edges may change over time.

The work that is most closely related to the present study is on temporal description
logics, cf. [26]. The structures known as temporal graphs in the machine learning community
are known as “temporal interpretations over a constant domain” in the description logic

setting, although they are fairly simple special cases with a single role (binary relation) only.

The logic LTLxK, as considered here, could be seen as a simple description logic over such
structures. A minor difference lies in the treatment of time: while the time line there is
considered to be infinite, it is finite in the study here, hence we consider LTLsxK. The main
difference, though, is that we also study an extension in the temporal dimension, namely the
logic uTLsxK, which is not done in the description logic work, and there the focus lies on
different reasoning problems where complexity is introduced via TBox axioms which is not
present here.

2 Preliminaries

Let AP be a countable set of atomic propositions and V be a countable set of (monadic
second-order) variables. A graph is a triple (S, —, L), where S is a finite set, = C S x S is
the transition relation, and L : S — 2AT is the labeling of the nodes such that |L(v)| < oo for
allv e S.

(Quasi-)Temporal graphs. A quasi-temporal graph (QTG) is a tuple & = (Gy, 09, G1, 071,
ey 0n_2,Gn_1), such that for all 0 < i < n, G; = (S;, =, L;) is a directed, 24-labeled
graph, and for all 0 <i <n—1, g; : S; = S;41 is the i-th time successor function which
is partial in general. A pointed QTG is a triple (&,v,i) where & is a QTG as above,
i€40,...,n—1} and v € S;. Thus, it simply singles out a particular node at a particular

moment in time in the QTG. Intuitively, o;(v) is what v becomes in the i-th time step.

Nodes need not have temporal successors, but if they do, then these are unique. This is why
each o; is a partial function. A node at moment ¢ > 0 can be the temporal successor of more
than one node at moment 7 — 1, though. We introduce some useful notation. Let & be as
above. For ¢, with 0 <7 < j <n — 1 we write 0; ; for the composition ¢;0...00,_1. Here,
composition of partial functions can be seen as relation composition. In particular, nodes in
G; need not have a o; j-successor for j > ¢ but if they do then it is the unique node that is
obtained by following the functions o;,...,0;_1 successively starting from v € S;. Moreover,
in this case we have o0; ;(v) € S; unless it does not exist.

A temporal graph (TG) is a quasi-temporal graph & = (G, 09, G1,01,...,0n-2,Gn_1)
in which each o; is total and bijective for ¢ = 0,...,n — 2. This is clearly equivalent to the
formulation found in the literature which defines a temporal graph as a sequence of edge
relations over the same nodes set.

Linear-time temporal logic for temporal graphs. Let AP be as above. Formulas of LTL¢xK
over AP are defined by the grammar

pu=plone|l-o|OpleleUp| e
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where p € AP. Next (O) and until (U) are the temporal operators, and Diamond (¢) is
the spatial operator. The set sub(yp) of subformulas of an LTL¢xK formula ¢ is defined
straightforwardly. The size of ¢ is || := |sub(p)|.

We define the usual Boolean, temporal and modal abbreviations as follows.

ff:=pA-p for some p € AP t = —ff Og =0
eV Y i=(mp A ) Op==0"p
pRY = (=pU-) Fe:=tUep Gp:=—F-p

An LTL¢xK formula is in negation normal form (NNF) if it is built from literals p and
—p using the operators A,V, O, 0,0, ®,U and R only. It is standard to show that every
formula can equivalently be transformed into NNF with an at most linear blow-up in size.
Equivalence needs a formal notion of semantics of course, which we define next.

Formulas of LTL¢xK are interpreted on pointed QTG (&, v, i) with & = (Gy, 09, - .., opn_2,
Gn-1) and G; = (S;, =4, L;) for i = 0,...,n — 1 as follows.

G uifEDp <~ peL;v)

S uilEpANY <= G u,iEpand 0,01

& v, = —p = B,v,ilE

G.v,iEQp <= i<n-—1land &,0;v),i+1Ep

G v,if=pUy < thereiskst. i <k <nand &,0,5,),k =9

and for all j withi <j<k:86,0,;(v),jE¢
G,u,ifEQp < thereisu € S;st. v—; uand B,u,i =@

Two formulas @, of LTLfxK are equivalent, written ¢ = 1, if for all pointed QTGs &, v,
we have &, v,i |= ¢ iff &, v,i = .

The following is standard knowledge about LTL, resp. LTL¢, and holds in LTL¢xK for
exactly the same reasons.

» Lemma 1. For all ¢, € LTLixK we have
Uy = oV (enO(pUy)) ., ¢oRY = vA(pVO(pRY)).

Fixpoint logic for temporal graphs. The two-dimensional logic uTL¢xK is obtained from
LTL¢xK by replacing the temporal Until operator with a general fixpoint operator rec.
Traditionally, p-calculi are introduced with two different fixpoint operators p and v to denote
the generally different least and greatest fixpoint of a predicate transformer ¢(X) making
use of the Knaster-Tarski Theorem [21, 34]. However, the difference only shows up in limits,
i.e. in infinite unfoldings. This is prevented here by a combination of the finiteness in the
temporal dimension of models and the impossibility to explore paths of infinite length inside
a single graph, ensured by the syntactic restriction of guardedness.

Let AP be given as above. Moreover, let Var = {X,Y, ...} be a countable set of monadic
second-order variables. Formulas of uTLsxK over AP (and, technically, also over Var) are
defined by the grammar

pu=p|X|ohp|=p|OQplrecX.p| e

where p € AP and X € V.
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The set sub(p) of subformulas of ¢ is defined as usual. Again, the size of ¢ is || := |sub(p)].
As with LTL¢xK, we introduce ff, i, V,(® and [J as abbreviations. A uTLsxK formula is
said to be in NNF, if it is built from literals p and —p for any p € AP, as well as variables
X € Var, using only the operators A, V, (), (O, rec,{ and [J. Again, it is standard to show
that every formula can equivalently be transformed into one in NNF with an at most linear
blow-up, with equivalence formally defined below.

The operator rec acts as a binder for the variable X. We only consider sentences, i.e.
formulas without unbound occurrences of variables, as top-level formulas. Formulas with
free variables can of course occur as subformulas of a formula in pTLxK.

We employ further syntactic restrictions on formulas. They are all standard in the
literature on p-caleuli, cf. [6, 7, 12]. (1) Formulas must be well-named: each variable X gets
bound at most once in any subformula of the form rec X.1). Then such a ¢ comes with an
identifier function fp, mapping a variable X that is bound in ¢ to the unique subformula
rec X.4) in which it is bound. (1r) There must be an even number of negation symbols on any
path in the syntax tree of a formula ¢, starting in fp,,(X ) for any X € Var and ending in a
leaf node X. This ensures that fixpoints are well-defined because the underlying predicate
transformers 1)(X) are indeed monotone. (111) Formulas must be temporally guarded. In the
syntax tree there must be at least one occurrence of an operator (), on any path starting in
fp (X ) and ending in a leaf node X, for any variable X.

Unlike (1) and (11), restriction (I11) is in fact a semantic restriction. One cannot simply
use the well-known fact that formulas of the p-calculus can equivalently be transformed into
guarded form [22, 37, 8], because here we require variables in fixpoint formulas not just to
be guarded by some modal or temporal operator, but specifically by a temporal one. Hence,
formulas like rec X.p V ¢ X are guarded from a modal u-calculus perspective but temporally
unguarded regarding condition (111). Such a formula expresses reachability of a p-node in the
current graph at an arbitrary distance, and this is a property that TGNN most likely cannot
check which justifies the restriction to temporally guarded formulas. We leave it as an open
question whether equivalence of an unrestricted formula to a temporally guarded one can be
decided and such a temporally guarded equivalent can be constructed automatically. In any
case, such considerations rely on a formal semantics for uTLfxK which we explain next.

Formulas of uTL¢xK are interpreted in pointed QTGs (&, v, ). It is more convenient to
fix a QTG & = (Gy, 09, ...,0n—2,Gp_1) with G; = (S;, =, L;) for i =0,...,n — 1 over the
same set AP of atomic propositions, and then to define, by induction on the structure of a
given formula ¢, its extension [p]® in &, consisting of all points (v,7) such that &,v,i = ¢
in the same sense as for LTLfxK. Induction on the formula structure bears the burden of
dealing with free variables in subformulas. This is done by extending the interpretation to a
set [[4,0]]%5 of points (v,7) in time that satisfy ¢ under the assumption that any free variable
X is satisfied by the points in p(X). Thus, p : Var — P(U?;Ol S; x {i}). We write p[X — T
to denote the function which maps X to T and behaves like p otherwise.

[p]? ={(v,i) | p € Li(v)}
[X]7 = p(X)
[=els = | (Si x {i}) \ [¢]?
=0

8:5
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lrec X618 = (YT € U 8 x {1} | [9)%x ey € T)
1=0

n—1

[© go]]f = U {(v,i) € S; x {i} | thereisu € S; s.t. v —; v and (u,i) € [[cp]]f}
i=0

It is standard to show that sentences ¢ are invariant under variable interpretations in the
sense that [[go]]ff = [[go]}f, for any &, closed ¢ and p, p’. Hence, in such cases we can simply
write [©]® or, likewise, &, v,i |= ¢ for some v.

The notion of equivalence between two sentences, ¢ = 1), carries over from LTL¢xK to
uTLexK. Since sentences of the latter and formulas of the former are both interpreted in
pointed QTGs, equivalence between these is also well-defined.

We get an embedding of LTL¢xK into uTL¢xK by a straight-forward extension of the
known translation from LTL into pTL where ¢ U ¢ becomes rec X4 V (p A O X).

» Lemma 2. For every p € LTLXK there is ¢’ € uTLexK s.t. |¢'| = O(|g|) and ¢’ = ¢.

For reasoning about fixpoint formulas it is useful to introduce approximants. Since we
are only interested in finite models, we do not need trans-finite ordinals in their construction.
For a fixpoint formula rec X.¢p we define its approximants for all i € N via rec® X.p := ff
and rec’t! X.¢ := ¢[rec’ X.¢/X]. The following enables reasoning about formulas with free
variables by interpreting them as approximants. Its proof is standard, relies on temporal
guardedness and is omitted.

» Lemma 3. Let & be a QTG of some length n. For every rec X.p € uTLixK and every
variable assignment p we have [rec X.¢]® = [rec” X.¢]%.

3 Temporal Bisimulations

We adjust the well-known notion of bisimulation to the setting of QTGs.

» Definition 4. Let ® = (Gy,00,...,0n-2,Gn_1) and & = (G, 00,...,00,_5,Gri_|) be
two QTGs, not necessarily of the same length, with G; = (S, =i, L;) and G = (S}, =", L)
fori=0,....n—1andj=0,...,n — 1.

A relation B between points of & and &’ is a temporal bisimulation if for all (v,4) 8 (u, j)
we have
(1) Litv) = L0
(2) for allv' € S; with v —; v' there is u' € S} with u =} u' and (v',7) B (v', j),
(3) for allu’ € Sj with u =’ u’ there is v’ € S’ with v %l v and (v')1) B (v, 7),
(4) oi(v) exists iff o} (u) e:msts and in case they do, (0i(v),i+ 1) B (oj(u),j +1).
As usual, two points (v,4) and (u,j) are temporally bisimilar, written (&,v,i) = (&, u,j) if
there is a bisimulation B between & and &' such that (v,i) B (u, j).

In condition (4), it should be understood that o;(v) does not exist whenever i =n — 1,
because the function o,,_; itself does not exist (and similarly for when j =n' —1).

In the following, we will simply speak of bisimulations etc. when in fact we mean temporal
bisimulations. No confusion should arise, as ordinary bisimulations play no technical role
here.

The following theorem states that puTLsxK is invariant under temporal bisimulations.
The proof is the same as for one-dimensional p-calculi (see, for instance, [12]). Finiteness of
QTGs in length simplifies the proof because fixpoints are reached after a finite amount of
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Figure 1 Examples of QTGs, resp. a TG (in the middle), concerning temporal bisimilarity.

iterations, cf. Lemma 3. We introduce elementary equivalence between two pointed QTGs
in the usual way: we have (&,v,1) =,711,xk (&', u,j) if for all ¢ € pTLixK: &,v,i |= ¢ iff
&, uj .

» Theorem 5. For two pointed QTGs (&,v,1) and (&', u,j) we have &,v,i = & u,j iff
(6a v, 7’) E;LTLfXK (05/7,“7]')'

The proof is in Appendix A. Whilst Thm. 5 is not surprising, it is significant for a study
of the expressiveness of TGNNs that are interpreted over T'Gs. Note that, unlike the class of
QTGs, the class of TGs is not closed under temporal bisimulations. Specifically, the two
pointed QTGs shown on the left and in the middle of Fig. 1, with spatial neighbourhood
relation shown in solid arrows and temporal successors in dashed arrows, are bisimilar but
only one of them is a TG. These two suggest that QTGs can be “unwound” and given
extra dummy nodes in early graphs of the sequence in order to turn them into a bisimilar
TG. However, the QTG on the right show that this is not possible, specifically when there
are maximal paths from the initial point that do not have the same number of temporal
transitions in them.

One may argue that this calls for a stronger notion of quasi-temporal graph, namely

sequences (Gy, g, ...,0,—2,Gp_1) such that all temporal successor functions o are total.

We call such QTGs (temporally) synchronised. The aforementioned technique of unwinding
temporal paths and potentially completing their pasts yields the following result.

» Theorem 6. For every pointed and temporally synchronised QTG (&,v,0) there is a
pointed TG (&',v,0) with the same temporal length and at most polynomial blow-up in nodes
such that (&,v,0) = (&,v,0).

Thm. 6 does not hold for temporally unsynchronised QTGs. This is also witnessed by
the formula p A O(g A O O fFf A Ott) which is satisfied by the QTG on the right in Fig. 1 but
cannot be satisfied by a synchronised QTG.

4  The Satisfiability Problems

We study the computational complexity of the satisfiability problems for LTLsxK and puTLsxK
over the class of QT'Gs. We begin with lower bounds.

4.1 Lower Bounds

The satisfiability problem for LTL and also LTL¢ is well-known to be PSPACE-complete [32].
The lower bound trivially carries over to LTL¢xK since every formula of LTL¢ is also one of
LTLsxK and a QTG model (&, v,0) of the latter is easily turned into a pure linear-time model
of the form v, 0¢.1(v), 00.2(v), ..., 00,n—1(v) for the respective temporal successor functions

00y.--,0n—2.

» Theorem 7. The satisfiability problem for LTLsxK is PSPACE-hard.

8:7

TIME 2026



8:8

The Satisfiability Problem of Temporal-Spatial Logics over Quasi- Temporal Graphs

In the pure linear-time setting, 4 TL has higher expressiveness than LTL but its satisfiability
problem is not more difficult, at least not more than by a polynomial overhead: it is also
PSpacE-complete [20]. Interestingly, pTL¢xK appears to be more difficult than LTL¢xK. We
show that its satisfiability problem is EXPTIME-hard. This is at least curious in that pTLsxK
appears to be a linear-time temporal logic whose satisfiability problems are typically complete
for space-complexity classes. It is typically the satisfiability problems for branching-time
temporal logics that tend to be complete for time-complexity classes [13, 15, 14, 36, 19]
with the exception of K which is arguably not really a temporal logic as its formulas cannot
“look” arbitrarily deep into a structure. The satisfiability problem for K is also known to be
PSpPACE-complete [23].

So the combination of the PSPACE-complete logics LTL¢ and K into LTLfxK turns out
not to be more difficult than PSPACE — a matching upper bound is given below — whilst the
combination of the PSPACE-complete logics uTL and K becomes EXpPTIME-hard.

We show EXPTiIME-hardness by a reduction from a tiling game problem, known to be
ExpTIME-complete [10] as it captures the essence of the word problem for alternating, space
bounded Turing machines and APSPACE = EXPTIME [9].

» Definition 8. A tiling system is a T = (T, H,V,t1,t,F) where T is a finite set of tiles
with two designated initial and final tiles t;,tp € T such that t; #tp. H,V CT x T are the
horizontal and vertical matching relation.

The n-corridor tiling game is played between players S and C who successively places
tiles on the grid {0,...,n — 1} x N row-by-row, starting with row 0, i.e. placing tiles on the
coordinates (0,0),...,(n—1,0), then filling row 1, etc. The filling of the i-th row is done as
follows.

1. Player S chooses a tile t € T and places it on the coordinate (0,1).

2. Player C chooses tiles t1,...,tn—1 € T places them on the coordinates (1,i),...,(n—1,1).
This can also be seen as the successive construction of a mapping 7 : [n] x N — T. Thus, we
will write 7(j,1) for the tile placed in the j-th column in row i.

Player C wins a play constructing p if one of the following conditions holds.

0(0,0) # tr, i.e. S did not choose the designated initial tile at the very beginning.

There is i € N such that (7(0,7),7(0,i + 1)) € V, i.e. player S has violated the vertical

matching condition when placing a tile.

There are j € [n], i € N such that 7(j,i) = tp, i.e. some player placed the final tile.
Likewise, S wins the play if there is j € {0,...,n—2} and i € N such that (7(j, i), 7(j+1,7)) &
H, i.e. C placed a tile does not match its neighbour horizontally.

The n-corridor tiling game problem is the following. Given a tiling system 7 and an
n € N encoded unarily, decide whether player C has a winning strategy for the n-corridor
tiling game.

» Proposition 9 ([10]). The n-corridor tiling game problem is EXPTIME-complete.
» Theorem 10. Satisfiability for uTLixK over quasi-temporal graphs is EXPTIME-hard.

Proof. By a reduction from the n-corridor tiling game problem. Let T = (T, H,V,t1,tr)
and n € N be given, with n encoded unarily. This means that the construction only needs to
be polynomial in the value of n, not necessarily the size needed to write down n succinctly
in binary encoding for instance.

We construct a formula ®7,, € uTL¢xK that is satisfied in a QTG iff C has a winning
strategy for the game on 7 and n. Intuitively such a winning strategy can be seen as a tree
with nodes representing tiled rows (and separating nodes in between) as shown in Fig. 2.
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Figure 2 Representation of winning strategies in n-corridor tiling games as quasi-temporal graphs.

We use AP =T x [n] and write ¢! for the proposition (¢,%). Note that an entirely tiled row

to,...,tn—1 can be represented in the label of a single graph node v as L(v) = {qé", . ,q;":f }.

Fig. 2 also shows how the tree-like winning strategy can be seen as a quasi-temporal graph
in which every graph has a designated node that is the temporal successor of a node in the
previous graph, and has multiple spatial neighbours. The branching represents the choices
that S makes at the start of each row.

We construct @7, as the conjunction of the following five formulas, resp. properties.

(1) The labeling on the first node and every second one after that needs to represent the

tiling of a row in the sense that for every j € [n] the label contains a unique proposition ¢.

n—1
Prows = recX.( /\ \/qﬁ/\ /\ ﬂq?)/\ODX
7=0teT t'eT

t! £t

(11) The first tile is ¢;. This is expressed simply as @init := qél. (111) The horizontal matching
relation is respected everywhere.

-2

Ohoriz 1= recX.(/\ /\ —\(q§/\q§/+1))/\@DX
§=0 (t,t/)¢H

(1v) The vertical matching relation is respected everywhere that C makes a move.

n—1
Overt 1= recX.(/\ /\ —‘(Q§/\O<>Q§,))/\@DX
J=1(

j Lt gV

(v) The tree representing a winning strategy for C contains all the choices that are possible
for S, unless the final tile has been placed already. We use the abbreviation ¢tV for {¢’ |
(t,t') e V}.

n—1

play 1= recX.((/\ﬁq;F)—>(/\q6—> /\ QQQB/))/\@DX

j=0 teT t'etV

Note that, if tV = () then the corresponding conjunction becomes true, and no diamonds
need to be satisfied. This guarantees the existence of finite models representing winning
strategies in which C wins plays because S has no legal move to play.
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i, D D, T B ,T
(o) —Fn= (Mod) L ok O A0
@1\/3027@ O(I)aQ\I/aOSD17"'7<>QDkaDF7A
, 2, P I LT
(Ana) L F2T (Modo) o1 Pk
SDlASDQ?(b O\II7<>801a"'7<>(pk7|:|FaA
v, ® X, ®
(FP) fo(X) =recX.@ (Var) ———
X, ® rec X.p, ®

Figure 3 Rules for the satisfiability tableaux for puTLexK.

Clearly, @7 » = @rows A\ @init \ Phoriz A\ Pvert A Pplay is of polynomial size in |7| and the
value of n. Moreover, a quasi-temporal graph satisfying it represents a winning strategy
in the way that is sketched above, and vice-versa. This construction therefore facilitates a
polynomial reduction from the n-corridor tiling game problem to the satisfiability problem
of uTLexK. <

4.2 Upper Bounds

We begin with an upper bound for the more general logic uTLixK. We characterise its
satisfiability problem in terms of tableaux as witnesses for satisfiability and then show that
their existence can be decided in exponential time.

We use Greek capital letters to denote sets of formulas. We avoid braces and simply
write ¢, @ for the set {p} U @, additionally implying ¢ € ®. For the modal and temporal
next-operators ® € {0, 0,0, O} we write ®P to denote a set of formulas in which everyone
starts with the operator ®. In the context of such an ®®, ® then denotes the set of all
formulas that are obtained from ®® by stripping of the top-level temporal, resp. modal
operator ®. The symbol A is solely used for a propositionally consistent set of literals, i.e.
a set of formulas of the form ¢ or —¢ that does not contain both the positive and negative
version of any proposition.

» Definition 11. A tableau for an LTL¢xK, resp. uTLixK formula ¢ in negation normal
form is a finite tree whose nodes are labeled with sets of subformulas of ¢, built according to
the rules presented in Fig. 3. The tableau is closed if all its branches end in an azxiom, i.e. a
set of the form OV, O, A with ¥ and T" possibly empty, and A being a consistent set of
literals.

Remember that puTLfxK formulas are required to be temporally guarded. Hence, any
tableau for such a formula ¢ is structured as follows. Starting with the root node there
are a linearly (in |¢g|) bounded number of applications of the rules (0r), (And), (FP) and
(Var), leading to a non-branching growth of the tableau tree until a formula set is reached
that matches the premise of either of the rules (Mod) or (Mody). We call such a sequence of
formula sets a block. The application of either of the latter rules creates a branching of degree
given by the number of {-formulas, i.e. also linear in |po|. From the premises obtained after
the application of either of the modal rules, new blocks can be obtained just like they are
from the root node. Hence, any such tableau can be compressed into a tree whose nodes are
the blocks and whose branching is given by the modal rules.

This tableau calculus is sound and complete w.r.t. satisfiability of uTL¢xK formulas over
the class of QTGs.
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) P, © ) , OpUvy), @ &) v, p, P
U, ® U, ® Ry, ®
o LO(eRY),®
R") ————
Ry, ®

Figure 4 Rules for the satisfiability tableaux for LTL¢xK to replace (FP) and (Var).

» Theorem 12. Let ¢y be a formula of pTLexK. It is satisfiable over the class of quasi-
temporal graphs iff there is a closed tableau for pq.

The proof is in Appendix A and follows standard arguments: a closed tableau can be
collapsed into a tree-like QTG model of the formula, and a given model can be used to guide
the construction of a closed tableau.

An immediate consequence of Thm. 12 is the fact that satisfiability in uTLsxK over
QTGs can be decided in exponential time.

» Theorem 13. The satisfiability problem for uTLexK over QTGs is in EXPTIME.

Proof. We sketch an alternating, polynomially space-bounded algorithm [9]. Note that every
branch of length more than 22 for formulas of size n must repeat some formula set. Hence,
tableaux can be assumed to be of height at most 22”. Then an alternating algorithm can
check for the existence of such a “small” tableau by nondeterministically guessing applications
of rule (0r) and deterministically applying (And), (FP) and (Var) whenever needed. When
eventually rule (Mod) or (Modp) need to be applied, the algorithm universally branches to
follow all premises. Additionally, it maintains a counter that is started at 22 and decreased
in every step of a rule application. If the counter reaches 0, it rejects. It accepts when a
branch can be closed.

The space needed for this is polynomial: it only needs to store a formula set and a counter
of maximal value 22". The latter only requires polynomially many bits. The former is also
only of polynomial size, as it only requires the storing of a single bit per subformula. <

So this raises the question after the exact complexity of LTL¢xK. The crucial use of
unbounded alternations between modal and temporal operators in the fixpoint formulas
constructed to simulate the tiling game problem would suggest that satisfiability for LTLsxK
is not as hard as that for uTL¢xK. The fact that LTLs and pTLs have the same asymptotic
complexity may suggest that so should LTLxK and puTL¢xK. This is not true, though. The
lack of a general fixpoint operator that allows formulas to look arbitrarily deep into graphs
(that are sufficiently far away in a QTG) makes for a simpler complexity, at least up to
common complexity-theoretic assumptions.

To formally reason about satisfiability in LTLsxK we introduce a similar tableau calculus:
simply replace rules (FP) and (Var) by the four rules shown in Fig. 4. Correctness of these
tableau is proved in the same way as in Thm. 12. The only difference here is that the
formulas occurring in a tableau for ¢y are not just subformulas of ¢y. Instead, for each
subformula of the form ¢ U ¢ or ¢ R, the extended subformulas O(¢ U ) and O(¢ R )
may also occur. This is asymptotically harmless. Moreover, no additional reasoning for free
variables is needed in the correctness proof.

» Corollary 14. Let ¢y be a formula of LTLixK. It is satisfiable over the class of quasi-
temporal graphs iff there is a closed tableau for pq.
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The crucial insight leading to an improved upper complexity bound is the observation
that for LTL¢xK a nondeterministic, rather than alternating polynomial-space algorithm
suffices. Then by Savitch’s Theorem [31] we get a PSPACE upper bound. This may seem
strange, though, because rule (Mod) and (Modo) still induce genuine branching in the tableaux,
and nondeterministic choices also need to be made in rule (0r) and the rules for temporal
operators. However, in an LTL¢xK formula, the argument of a modal operator is genuinely
smaller in the sense that in an application of rule (Mod) or (Mody) to a premise containing ¢
one cannot “go back” to ¢ ¢ or [y, at least not through .

» Theorem 15. The satisfiability problem for LTLixK over QTGs is in PSPACE.

Proof. An algorithm can nondeterministically check for satisfiability by successively applying
rules whilst performing guesses for (0r), (U), (UT), (™) and (R'). No guess is needed for
rule (And). When a formula set is reached that forms the end of a block, i.e. that requires an
application of rule (Mod) or (Modg), we proceed as follows. Consider the case of (Mod), as the
one for (Mody) is just a special case of that one. Suppose the number of premises for this
rule application is k. Note that necessarily k < n + 1. The algorithm stores the k — 1 left
premises and continues searching for a tableau for the rightmost premise. Upon successful
termination it backtracks and continues with the next rightmost premise that has not been
explored yet, re-using the space that was needed for the exploration of the previous premise.

Since the input formula is from LTL¢x K, the recursion depth of this backtracking procedure
is bounded: all but the leftmost premise of rule (Mod) have a modal depth that is strictly
smaller than the modal depth of the conclusion. Hence, the call stack for the recursion in
this algorithm has at most linear depth, and each stack frame has at most quadratic size,
yielding an at most cubic space consumption. |

5 Conclusion

This paper studied the computational complexity of satisfiability for the two temporal-
spatial logics LTL¢xK and uTLfxK, interpreted over quasi-temporal graphs. The results
draw a slightly unexpected picture: while satisfiability for the underlying one-dimensional
logics LTLs and pTLs is PSPACE-complete in either case, the two-dimensional combinations
behave differently. LTL¢xK remains PSPACE-complete, whereas pTL¢xK becomes EXPTIME-
complete, a complexity that is more reminiscent of branching-time temporal logics than of
linear-time ones.

The use of QT'Gs rather than the more restrictive class of TGs is justified by the temporal-
spatial bisimulation invariance of uTLsxK established in Thm. 5. The class of TGs is not
closed under bisimulation, which from a logical perspective makes QTGs the more natural
class to consider. Nevertheless, satisfiability over the class of TGs is a meaningful problem in
its own right, not least because TGs are the objects TGNNs reason about. TG-satisfiability is
a strictly stronger condition than QTG-satisfiability as seen with a formula like 0 Off A Ot
which is QT G-satisfiable, but neither satisfiable over synchronised QT Gs nor TGs. Hence,
the decision procedures do not directly transfer to the TG-setting. However, the lower bounds
do. PSPACE-hardness for LTLfxK and ExPTIME-hardness for uTLsxK remain valid over
the class of TGs. For matching upper bounds, the situation is more delicate. The tableau
construction in Thm. 12 yields a QTG whose temporal successor functions are neither total
nor injective. Thm. 6 provides a partial bridge by showing that every synchronised QTG can
be unfolded into a bisimilar TG, but the formula above witnesses that this bridge cannot be
extended to unsynchronised QTGs. We conjecture that TG-satisfiability is no harder than
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QTG-satisfiability for either logic, with the upper bound obtained by an adaptation of the
tableau calculus that enforces totality and injectivity of the temporal successor functions on
closed branches. A precise proof of this, and the question of whether the formulation can be
carried out without further blow-up in complexity, is left for future work.

The original motivation for studying these logics stems from their role as yardsticks for

the expressive power of Temporal Graph Neural Networks. A potential next step is to replace

the spatial logic K by stronger modal logics, such as K [1] or logics with Presburger-style

counting [4], which are often considered in the expressiveness research of TGNNs [29, 5].
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A  Proof Details

Proof of Thm. 5. Let & = (Go,00,...,0n-2,Gn_1) and & = (Gg,00,...,00,_5,GL,_1)
“=" By a slight abuse of notation, we write = for the restriction of the bisimilarity

relation to points in & and &’. It is standard to argue that = is the union of all bisimulation

relations between & and &', and that it is itself a bisimulation between & and &'.

Let T C U;":_Ol S; x {i} and T" C U;L;)l S; x {j}. We say that the pair (T,T") respects
bisimilarity if for all (v,i) = (u,j) we have (v,i) € T iff (u,j) € T'. Hence, our goal is to
show that for all ¢ € uTLxK, the pair ([¢]®, [¢]®) respects bisimilarity. In order to enable
a proof by induction on the structure of formulas, we need to strengthen the claim to cover
free variables. We say that a pair (p, p’) of variable assignments for & and &’ respectively
respects bisimilarity if (p(X), p/(X)) respects bisimilarity for all X € Var. We show that for
all ¢ € pTLexK and all (p, p') that respect bisimilarity, we have that ([¢]?, ﬂgo]]f,,) respects
bisimilarity.

The case ¢ = p € AP follows from condition (1) in Def. 4, and the case of ¢ = X € Var
from the assumption about p and p’. The cases of the boolean operators A and — follow
directly from the hypothesis.

Let ¢ = Q1. Suppose that (v,7) 2 (u,j) and (v,i) € [O¥]S. Then i < n—1, o;(v)
exists and (0;(v),i41) € [¢]?. By condition (4) in Def. 4 we have j < n’—1, o’ (u) exists and
(0i(v),i+1) = (05(u),j +1). By the induction hypothesis, (¢} (u),j+1) € [[1/)]]%5,/ and thus
(u,7) € [O w]]ff,/. The converse implication is treated symmetrically. Hence, ([¢]%, [[(pﬂff,l)
respects bisimilarity.

The case ¢ = {1 is treated similarly, using conditions (2) and (3) of Def. 4.

Finally, let ¢ = rec X.¢b. Suppose that (v,i) = (u,j) and (v,%) € [rec X.z/J]]f. According
to Lemma 3, we have (v,14) € [rec” X.q,b]]f. The crucial insight here is that, while rec™ X.1) is

generally larger than rec X.1¢ and not a subformula of it, rec™ X.1) does not contain X anymore.

By a separate induction on the approximant level n we can infer that (u,j) € [[rec”, X .1/)]}25,/,
making use of the main induction hypothesis for formulas not containing X anymore. A
second application of Lemma 3 then yields (u, j) € [rec X.wﬂfﬁl.

“«<" It suffices to show that =,7(,xk is a temporal bisimulation. Condition (1) is satisfied
because propositions are formulas. Hence, suppose that the pair of points (v,4) and (u, j)
could not be included because L;(v) # L’ (u) then there is some p € AP such that &, v,i = p
and &' u, j £ p or vice-versa.

The reasoning for conditions (2) and (3) is the same as that for pure modal logic. Suppose
that, say, (v,7) has a spatial successor (v’,4) that cannot be matched by any successor (u', 5)
of (u,j). Due to the co-inductive nature of bisimilarity, we can assume that there is a
formula ¢ satisfied by (v’,7) but not by any successor (v/,j) of (u,j). Then &,v,i = Q¢
but &, u,j & O .

The reasoning for condition (4) is also done along the same line. Here the separating
formula is of the form O . <
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The Satisfiability Problem of Temporal-Spatial Logics over Quasi- Temporal Graphs

Proof of Thm 12. “=" Suppose that (&, vy, 0) | ¢g for some QTG & = (Gg, 00, ...,0n_2,
Gpn—1) with G; = (S;, =4, L;) and node v € Sp.

We build a tableau for g, guided by nodes in &, starting with vy and the root node
{@o} of the tableau. Note that, by assumption, we have (&, vg,0) = ¢o. The construction of
the tableau will maintain the invariant that (&,v,i) = ¢ for all ¢ € ®, provided that v is
the current guide node, v € S; and @ is the current formula set at the end of a non-closed
tableau branch. We call i the height of the tableau node.

Suppose that v is the current node, and the current node set ® is not of the form
Oe,0¥,0A, O A. Then it must contain a conjunction 1, A 1o, a fixpoint formula
rec X.1, a variable X or a disjunction 7 V 15. In the first three cases we simply apply rule
(And), (FP) or (Var) to deterministically obtain a new formula set that is the premise of the
rule application. The current node remains to be v. It is easy to see that the invariant is
maintained under rule (And).

For rules (FP) and (Var) this is less obvious because now the formula set may contain free
variables. We refine the invariant as follows, thus also maintaining it with these two rules: if
the current guide node is v € S; and the current formula set is ® then we have (&,v,7) = ¢
for all ¢ € ® where we interpret any variable X € Var as rec” "' X.¢ if fp, (X) = rec X.4).

At last, if ® contains a disjunction 1 V15 then by the invariant we have (&,v,4) | 11 Vbs.
Hence, it is possible to choose one of the two disjuncts with rule (0r) to maintain the invariant.

Now suppose that the current node set is of the form O ®, OV, A, O, A. Since
(&,v,1) |E ¢ for all ¢ in it, the following must be true.

A must indeed be propositionally consistent because ¢ € L;(v) and g & L;(v) is impossible.

If® # () theni < n—1and o;(v) € Si11, and for all ¢ € PUY we have (&, 0;(v),i+1) | ¢.

If A # () then for every ¢ € A there is u, € S; with v —; u, and (&, u,, i) = ¢ for all

Y e{p}UT.

This shows that rule (Mod) can be applied maintaining the invariant for new guide nodes
o;(v) and u, for ¢ € A. The reasoning for rule (Modo) is the same; just the second condition
of the three becomes void.

This shows that, for as long as a tableau branch is not closed, the construction can be
continued, guided by nodes in &. Temporal guardedness ensures that no branch of the
tableau can have two applications of rule (Var) for the same variable without going through
the leftmost premise of rule (Mod). On the other hand, (Var) is the only rule that increases
the current formula set. Hence, the heights of nodes on every tableau branch must eventually
be strictly increasing, but no node can have height > n. Thus, each branch must eventually
be guided by a node with no temporal successor, closing the branch.

“«<” Suppose that ¢y has a closed tableau. According to the observation made above, it
can be collapsed into a tree of blocks. This tree can be rearranged as a quasi-temporal graph
® = (Go,00,G1,...,G,) by assigning each block as a node to graph G; if the path from that
block to the root block of the tableau contains ¢ many steps through the leftmost premise
of (Mod). The other connections between blocks obtained through non-leftmost premises
of (Mod) or applications of (Mody) are translated into edges in the respective graphs. The
temporal successors functions o; map any block to the block (necessarily in the next graph)
that is started by the leftmost premise of the application of (Mod) at the end of the block.

One can then show, for ¢ = n,...,0 and every node v from G; that is obtained as a
collapsed block @1, ..., ®y that (&,v,4) E ¢ for all o € &1 U...UPg. Again, we interpret a
variable X occurring in a block forming a node in G; as rec” "' X.o when fp,, (X) = rec X.¢p.
Consequently, since ¢q is contained in the root block of the tableau, it has a model. |
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