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Preface

We are delighted to welcome you to the 33rd International Symposium on Temporal Repres-
entation and Reasoning (TIME 2026). This year, TIME 2026 is co-located with the 37th
International Conference on Principles of Diagnosis and Resilient Systems (DX’26) and is
hosted from the 1st to the 3rd of September 2026 at the University College of Cork.

TIME has been for more than twenty years the only yearly multidisciplinary international
event dedicated to the topic of time in computer science. The purpose of the symposium
is to bring together active researchers in different scientific fields involving temporal and
spatio-temporal data, information, and/or knowledge management. Such a concern arises in
a number of different though often related research domains, namely Artificial Intelligence
(both symbolic approaches based on explicit Logic or Constraint-based models, and numerical
data-based approaches such as Deep Learning and Large Language Models), Databases
and Data Mining, or System Specification and Verification. In an effort to broaden the
symposium program we considered in TIME 2026 three types of submissions:

Original long papers (15 pages), presenting unpublished theoretical (algorithms, models,
proofs) or applied (systems, evaluations, applications) work;
Survey papers (15 pages), offering concise overviews of established research areas;
Extended abstracts (4 pages), initially intended to stimulate discussion and include
work-in-progress, project reviews, PhD summaries, or summaries of papers published
elsewhere.

This year, we received 26 submissions. Following a rigorous single blind peer-review
process, 16 papers were accepted for presentation: 15 original long papers and 1 short paper
(submitted extended abstracts). There were no survey papers among the submissions for this
edition. Following requests from the respective authors, two papers accepted for presentation
at the conference have been withdrawn from publication in these proceedings. These papers
were presented as part of the conference program, but are intentionally omitted from this
volume. Accordingly, the proceedings include all accepted contributions for which publication
in the proceedings was authorized by the authors.

The program also features two invited talks by Kristin-Yvonne Rozier, Iowa State University,
USA, and (shared with DX 2026) Alessandro Cimatti, Fondazione Bruno Kessler, Italy. The
details of the talks are not available in this moment.

This year we also organized an open session where all participants may present interesting
questions, open problems, highest priority locks that prevent the field from progressing, etc.
This is for fostering interactions and possibly leading to new collaborations and synergies
among attendees.

We are deeply grateful to the members of the program committee for their diligence and
commitment to maintaining the scientific quality of the symposium, as well as to all authors
for the care taken in their submissions and final versions of their articles and in their oral
presentations, including our invited speakers.

In view of the high quality of these contributions, we have decided to give the best
paper award is Revisiting the Expressiveness of Metric Temporal Logic which
author is Mohammed Foughali. This paper provides a significant theoretical contribution by
revisiting the expressiveness of Metric Temporal Logic, demonstrating the incomparability of
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its pointwise and interval-based semantics, and introducing a novel mixed semantics that
unifies both approaches, offering a deeper understanding of temporal reasoning over timed
executions.

We also thank the DX organizing team, Ingo Pill, Gregory Provan, and Marina Zanella,
for their dedication in making this event a success, and express our appreciation to OASIcs for
publishing the proceedings and supporting open-access dissemination of scientific knowledge.

We hope that TIME 2026 provides a stimulating and collaborative environment for all
participants and contributes meaningfully to the advancement of temporal representation
and reasoning.

TIME 2026 Program Committee Chairs
AndreA Orlandini, National Research Council of Italy, Italy
Sophie Pinchinat, IRISA Laboratory/University of Rennes, France
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Revisiting the Expressiveness of Metric Temporal
Logic
Mohammed Aristide Foughali #

Université Paris Cité, CNRS, IRIF, F-75013, Paris, France

Abstract
The expressiveness of Metric Temporal Logic (MTL) has been extensively studied throughout the
last two decades. In particular, it has been shown that the interval-based semantics of MTL is strictly
more expressive than the pointwise one. These results may suggest that enabling the evaluation
of formulae at arbitrary time points instead of positions of timed events increases the expressive
power of MTL. In this paper, we formally argue otherwise. We demonstrate that under standard
models of finite or non-Zeno infinite (action-based) timed executions, the interval-based and the
pointwise semantics are incomparable. We then propose a new mixed semantics that embeds both
the pointwise and the interval-based ones.

2012 ACM Subject Classification Theory of computation → Logic and verification
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1 Introduction

Metric Temporal Logic (MTL) [22] is a popular timed extension of the Linear-time Temporal
Logic LTL [28]. The importance of MTL motivated a large body of research investigating its
expressive power [14, 9, 10, 20, 27, 19]. In this paper, we focus on the expressiveness of the
pointwise semantics of MTL as compared to its interval-based one. In order to present the
existing results on such comparison, we first (informally) introduce the model of timed words.

A timed event is a couple containing a letter, representing an action, and a real number
corresponding to its timestamp, i.e., the global time at which it occurred. A timed word
is a finite or infinite sequence of timed events. Following the least constrained model of
timed words [2, 25, 26], which we refer to hereafter as the general model, a (finite or infinite)
timed word satisfies time monotonicity, i.e., timestamps are non-decreasing, and an infinite
timed word obeys time divergence (also called non-Zenoness), that is global time does
not converge towards some bounded value. For instance, over the alphabet {a, b, c}, the
sequence (a, 0)(b, 1)(c, 1)(a, 5.3) is a finite timed word whereas (a, 0)(b, 1)(c, 0.8) is not (time
monotonicity is violated). Similarly, the infinite timed word (a, 1

2 )(b, 3
4 )(b, 7

8 )(c, 15
16 ) . . ., i.e.,

where the difference between two consecutive timestamps is halved at every next action, is
excluded (global time converges towards 1).

Under the pointwise semantics, formulae are evaluated at the positions of timed events
within the timed word, whereas the interval-based semantics is given over continuous intervals
within a timed signal [27]. To enable the comparison between both semantics, D’Souza &
Prabhakar [14] interpret the interval-based semantics over timed words (instead of timed
signals), allowing the evaluation of formulae at arbitrary time points (including those not cor-
responding to a timestamp). They demonstrate accordingly that the interval-based semantics
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1:2 Revisiting the Expressiveness of Metric Temporal Logic

is strictly more expressive than the pointwise one over finite timed words, using a constrained
model where time monotonicity is strict (e.g., the timed word (a, 0)(b, 1)(c, 1)(a, 5.3) used as
an example above is excluded by design). We refer to this existing result as ER:

ER: The interval-based semantics is strictly more expressive
than the pointwise one over strictly monotone finite timed words.

However, we argue that while strict monotonicity of time is reasonable in many cases,
it is not justified in general. Indeed, simultaneous interleaving in timed systems, theorised
since [13, 3], is of sheer importance when formally reasoning about concurrent behaviour,
e.g., in multiprocessor real-time scheduling (see for instance [16, 11, 18]), and distributed
applications [24, 15, 23]. There is therefore a need to complete the picture of ER and, in
case of incomparability of the interval-based and the pointwise semantics, unify them in
order to benefit from their respective advantages.

In a remotely related work, Bouyer et al. proved in two seminal papers [9, 10] that
TPTL [4] is strictly more expressive than MTL. These two publications [9, 10] are of
particular interest to us for the following two reasons:

They use a clever encoding of timed words into timed state sequences to reason over
the interval-based semantics. This encoding will inspire our incomparability proofs
(contributions C1, C2 and C3 below).
While considering the general model of infinite timed words [9, Sect. 2][10, Sect. 2], they
make the following side claim [10, Section 1][9, Sect. 1]:

“As side results, we get that MTL is strictly more expressive under
the interval-based semantics than under the pointwise one”

We formally show that this claim does not hold (Theorem 3.27).

Contributions. In this paper, we (i) answer the comparability question in the negative
under the general model of timed words and (ii) devise a new mixed semantics that remedies
such incomparability. More precisely, we provide the following contributions:

C1 The interval-based and the pointwise semantics are incomparable under the general
model of finite timed words,
C2 The interval-based and the pointwise semantics are incomparable under the general
model of infinite timed words,
C3 The incomparability holds even under reasonable restrictions such as non-stuttering,
C4 A mixed semantics embedding both the interval-based and the pointwise ones is
proposed.

C1, C2 and C3 complete the picture of ER, showing that it does not hold under the more
general (non-strict) monotonicity, regardless of whether timed words are finite or infinite. In
addition, the mixed semantics (C4) conjugates the expressive powers of the interval-based
and the pointwise ones, while embedding both semantics through automatic compilers.

Outline. Section 2 is dedicated to preliminaries, whereas the core of our contributions
is detailed in Section 3 (contributions C1, C2 and C3) and Section 4 (contribution C4).
Section 5 wraps up with concluding remarks and future work directions.

2 Preliminaries

2.1 Binary relations and functions
Let X and Y be two non-empty sets.
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▶ Definition 2.1 (Binary relation). A binary relation R over X and Y is a subset of the
cartesian product X × Y . The inverse relation R−1 of R is defined as R−1 = {(y, x) ∈
Y ×X | (x, y) ∈ R}.

For any x ∈ X, we let R[x] = {y ∈ Y | (x, y) ∈ R} denote the set of all images of x by R.
R is said left total iff every element of X has at least an image by R, i.e., ∀x ∈ X : R[x] ̸= ∅,
right total iff R−1 is left total, and total if it is both right and left total.

▶ Definition 2.2 (Function). A binary relation R over X and Y is called a function from X

to Y iff every element in X has exactly one image in Y , i.e., ∀x ∈ X : |R[x]| = 1. We use
the standard notation for functions, i.e., R : X → Y for “R a function from X to Y ” and
R(x) = y (instead of R[x] = {y}) for “y is the image of x by R”.

▶ Definition 2.3 (Injective, surjective and bijective functions). A function R is said:
injective iff all images are distinct: ∀y ∈ Y : |R−1[y]| ≤ 1,
surjective iff it is right total (R−1 is therefore a total relation),
bijective iff it is both injective and surjective (R−1 is therefore a bijective function).

2.2 Timed words and timed state sequences
Let s be a sequence over a non-empty set X. We let sequences start at position 0, and |s|
denote the length of s defined in the usual way, with |s| = ω if s is infinite.

2.2.1 Timed words
The definitions provided in this subsection follow the general model of timed words, they
can be seen as a generalisation of those given in [9] to both finite and infinite timed words.

▶ Definition 2.4 (Time sequence). A time sequence τ is a non-empty sequence over R≥0
satisfying the following conditions:

Monotonicity: ∀i ∈ N, 0 < i < |τ | : τi−1 ≤ τi,
Time divergence: |τ | = ω ⇒ (∀t ∈ R≥0 ∃i ∈ N : τi > t).

▶ Remark 2.5. In Definition 2.4, time divergence is only required for infinite time sequences.
This is because every finite time sequence satisfying monotonicity is a prefix of a time-divergent
infinite time sequence [5].

Let Σ be a non-empty, finite set of letters, Σ+ and Σω denote, respectively, the set of
non-empty finite and infinite words over Σ, and Σ∞ = Σ+ ∪ Σω.

▶ Definition 2.6 (Timed word). A timed word is a pair ρ = (σ, τ) with σ ∈ Σ∞ and τ a time
sequence such that |σ| = |τ |. The length of ρ is |ρ| = |σ|, and each (σi, τi) is called a timed
event. For some i ∈ N, i < |ρ|, τi is called the timestamp of σi.

Accordingly, if ρ = (σ, τ) is finite, say of length n ∈ N>0 (resp. infinite), σ = σ0σ1 . . . σn−1
is a finite word in Σ+ and τ = τ0τ1 . . . τn−1 is a finite time sequence (resp. σ = σ0σ1 . . . is an
infinite word in Σω and τ = τ0τ1 . . . is an infinite time sequence). The duration of ρ, denoted
µ(ρ), equals the timestamp of the last letter if ρ is finite, i.e., µ(ρ) = τ|ρ|−1. Otherwise,
µ(ρ) = ∞ thanks to time divergence (Definition 2.4). We sometimes use the alternative
notation of sequences of timed events (e.g., (σ0, τ0)(σ1, τ1) . . . (σ|ρ|−1, τ|ρ|−1) instead of (σ, τ)
for some finite timed word). We denote by mρ, m < |ρ|, the prefix of ρ = (σ, τ) up to and
including position m, i.e., mρ = (σ0, τ0) . . . (σm, τm).
▶ Remark 2.7. A timed word ρ = (σ, τ) inherits the properties of the time sequence τ , i.e.,
time monotonicity and, if ρ is infinite, time divergence (Definition 2.4).
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1:4 Revisiting the Expressiveness of Metric Temporal Logic

▶ Example 2.8. Let Σ = {a, b, c}. The sequence ρ1 = (a, 1)(b, 1.3)(c, 3.5)(b, 3.5) is a timed
word of length 4 and duration 3.5. The sequence ρ2 = (a, 1)(b, 1.3)(c, 1.2)(b, 3.5) is not a timed
word (violation of time monotonicity). The sequence ρ3 = (σi, τi), i ∈ N defined next is an
infinite timed word: σ2i = a, σ2i+1 = b; τ0 = 0 and for all i in N>0: τi = τi−1+1 if i mod 3 = 0
and τi = τi−1 otherwise. Its prefix 6ρ3 equals (a, 0)(b, 0)(a, 0)(b, 1)(a, 1)(b, 1)(a, 2).

We now define some subclasses of timed words. A strongly stutter-free (resp. strictly
monotone) timed word is exempt of the behaviour where two occurrences of the same letter
(resp. of any two letters) happen at different positions with the same timestamp.

▶ Definition 2.9 (Stutter freeness and strict monotonicity). A timed word ρ = (σ, τ) is said:
1. stutter free iff ∀i ̸= j ∈ N, i, j < |ρ| : τi = τj ⇒ σi ̸= σj.
2. strictly monotone iff τ is strictly monotone: ∀i ∈ N, 0 < i < |τ | : τi−1 < τi.

▶ Remark 2.10. While strict monotonicity implies stutter freeness, none of them is related to
time-divergence. For instance, the infinite timed word ρ3 of Example 2.8 is time divergent
but not stutter free (and therefore not strictly monotone).

▶ Example 2.11. (a, 0)(c, 3) is strictly monotone (and therefore stutter free),
(a, 0)(b, 1)(a, 1)(c, 3) is stutter free, and (a, 0)(b, 1)(a, 1)(b, 1)(c, 3) is not stutter free.

2.2.2 Timed state sequences
The definitions given in this subsection generalise the model of infinite timed state sequences
given in [9, 10] to both the finite and infinite cases.

A non-empty interval I over R≥0 has the form [l, u], (l, u], [l, u) or (l, u) with its left
bound I l = l ∈ R≥0, right bound Iu = u ∈ R≥0 ∪ {∞}, I l ≤ Iu if I is right- and left-closed
(i.e., has the form [l, u]) and I l < Iu otherwise, and ∞] excluded; let I be the set of all such
intervals. An element of I denotes a non-empty convex subset of R≥0 defined uniquely in
the usual way. Two intervals I1, I2 ∈ I are adjacent iff I1 ∩ I2 = ∅, I1 ∪ I2 ∈ I and x < y for
every x ∈ I1 and y ∈ I2. An interval I is punctual iff it denotes a singleton set, i.e., it has
the form [l, l].

▶ Definition 2.12 (Interval sequence). An interval sequence ι is a non-empty sequence over
I satisfying:

Adjacency: ∀i ∈ N, 0 < i < |ι| : ιi−1 and ιi are adjacent,
Progress: |ι| = ω ⇒ ∀t ∈ R≥0 ∃i ∈ N : t ∈ ιi.

▶ Definition 2.13 (Timed state sequence). Let AP be a finite set of atomic propositions. A
timed state sequence over AP is a pair κ = (η, ι) where η is a sequence over P(AP ) (the
powerset of AP), ι an interval sequence and |η| = |ι|.

Similarly to timed words, given a timed state sequence κ = (η, ι), we (i) sometimes use
the alternative sequence notation (ηi, ιi), i ∈ N, i < |κ| instead of (η, ι) and (ii) define µ(κ),
the duration of κ as ιu|κ|−1 if κ is finite (requiring, without loss of generality, ι|κ|−1 to be
right closed), and ∞ otherwise (thanks to the progress condition, Definition 2.12). Moreover,
given t in R≥0 (satisfying t ≤ µ(κ) if κ is finite), we denote by κ(t) the set ηi where t ∈ ιi
(such ιi is uniquely defined thanks to the adjacency property).

▶ Example 2.14. Let AP = {p, q}. The sequence ({p}, [1, 2))({p, q}, [2, 3])({p}, [3, 3.4])
is not a timed state sequence (violation of interval adjacency). The sequence κ =
({p}, [1, 2))({p, q}, [2, 3))({q}, [3, 3]), ({p}, (3, 3.4]) is a timed state sequence with length 4
and duration 3.4, and we have κ(1.2) = κ(3.1) = {p}, κ(2.2) = {p, q} and κ(3) = {q}.
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2.3 Timed words vs. timed state sequences
A timed word is a natural representation of an action-based execution of a timed system.
For example, (a, 2)(b, 2)(c, 4.1) corresponds to an execution where the system waited for
two time units, performed action a then immediately b, then waited for 2.1 time units and
finally performed c. A timed state sequence, on the other hand, is suitable for signals: e.g.,
({p}, [0, 2))({q, r}, [2, 3]) represents a signal where p held for two time units (excluding 2),
then q and r held for one time unit. While there is a two-way translation between the
untimed versions of these models modulo bisimulation [12], this is not the case in the timed
setting, see e.g., the discussion on signals vs. timed words in [7] (this heterogeneity led to
the proposition of signal-event frameworks as in [8]). We adopt an action-based view for
the simple reason that it is the only way to enable any comparison involving the pointwise
semantics. We still need timed state sequences as their use to encode timed words [9, 10]
inspire our incomparability proofs.

2.4 Metric Temporal Logic (MTL)
Let Iq be the set of all non-empty intervals over R≥0 with rational endpoints, i.e., defined
similarly to I (Section 2.2.2) but with l ∈ Q≥0, u ∈ Q≥0 ∪ {∞}. In order to define clean
syntax and semantics of MTL under both the pointwise and the interval-based semantics, we
equate hereafter the sets of atomic propositions AP and letters (actions) Σ and refer to both
as Σ. The syntax of MTL is given below with a ∈ Σ and I ∈ Iq.

ϕ, ψ := a | ¬ϕ | ϕ ∧ ψ | ϕ UI ψ

where UI denotes the timed Until operator (note that we use its standard strict version [9,
27, 25]). The syntactic sugar is defined as usual: ϕ ∨ ψ ≡ ¬(¬ϕ ∧ ¬ψ), ⊤ ≡ a ∨ ¬a,
⃝I ϕ ≡ (¬

∨
a∈Σ a) UI ϕ (next ϕ), ♢I ϕ ≡ ⊤ UI ϕ (eventually ϕ) and □I ϕ ≡ ¬♢I ¬ϕ

(globally ϕ). We will use often the handy formula φΣ =
∨

a∈Σ a (utilised to define the next
operator above) hereafter. We omit the subscript I when I = [0,∞).

Let ρ = (σ, τ) be a timed word and κ = (η, ι) a timed state sequence. Following [9, 14],
we force τ0 to equal 0 and ι0 to be left closed at 0 without loss of generality. We let P and K
be, respectively, the set of all such timed words and timed state sequences. We give below the
pointwise semantics (over elements of P) and the two versions of the interval-based semantics
(one over P as in [14], and one over K following [9]).

2.4.1 Pointwise semantics
Formulae are evaluated over a timed word ρ = (σ, τ) ∈ P and a position i ∈ N with i < |ρ|.
To avoid unnecessary cluttering of notation, j < |ρ| is assumed in the semantics of ϕ UI ψ.

ρ, i |=pw a iff σi = a

ρ, i |=pw ¬ϕ iff ρ, i ⊭pw ϕ

ρ, i |=pw ϕ ∧ ψ iff ρ, i |=pw ϕ and ρ, i |=pw ψ

ρ, i |=pw ϕ UI ψ iff ∃j > i : τj − τi ∈ I and ρ, j |=pw ψ and ∀i < k < j : ρ, k |=pw ϕ

2.4.2 Interval-based semantics
Over timed words. Formulae are evaluated over a timed word ρ = (σ, τ) ∈ P and a
timepoint t ∈ R≥0 (with t ≤ µ(ρ) if ρ is finite). To avoid heavy notation, |ρ| ≠ ω ⇒ t′ ≤ µ(ρ)
is assumed in the semantics of ϕ UI ψ.
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1:6 Revisiting the Expressiveness of Metric Temporal Logic

ρ, t |=itw a iff ∃i < |ρ| : σi = a and τi = t

ρ, t |=itw ¬ϕ iff ρ, t ⊭itw ϕ

ρ, t |=itw ϕ ∧ ψ iff ρ, t |=itw ϕ and ρ, t |=itw ψ

ρ, t |=itw ϕ UI ψ iff ∃t′ > t : t′ − t ∈ I and ρ, t′ |=itw ψ and ∀t < t′′ < t′ : ρ, t′′ |=itw ϕ

Over timed state sequences. Formulae are interpreted over a timed state sequence κ =
(η, ι) ∈ K and a timepoint t ∈ R≥0 (with t ≤ µ(κ) if κ is finite). We give the definition for
ϕ = a only, the remaining cases can be obtained from |=itw by replacing ρ with κ.

κ, t |=its a iff a ∈ κ(t)

We say that ρ satisfies ϕ, written ρ |=sem ϕ iff ρ, 0 |=sem ϕ with sem ∈ {pw, itw} and
similarly κ |=its ϕ iff κ, 0 |=its ϕ. Let sem ∈ {pw, itw, its}. We write JϕKf

sem (resp. JϕKinf
sem)

to denote the set of all finite (resp. infinite) sequences s such that s |=sem ϕ, and let
JϕKsem = JϕKf

sem ∪ JϕKinf
sem . For instance, JϕKpw = {ρ ∈ P | ρ |=pw ϕ}. When sem ∈ {pw, itw},

each of JϕKf
sem, JϕKinf

sem and JϕKsem defines a timed language.

▶ Example 2.15. Let ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3), ζ1 = ♢ (b ∧ ⃝[0,0] a) and ζ2 =
♢(0,1) ♢[0,3.5] c. For the formula ζ1, that reads “eventually b will occur followed imme-
diately by an a”, we have ρ1 |=pw ζ1 but ρ1 ⊭itw ζ1 (the closest formula to ζ1 under |=itw
is ♢ (a ∧ b) where the order is lost, see below). On the other hand, for ζ2 that reads “from
some time within (0, 1), c will occur between 0 and 3.5 time units” we have ρ1 |=itw ζ2 but
ρ1 ⊭pw ζ2.

The above example is an excellent motivator for the remainder of this paper: its counterin-
tuitive outcome (as ρ1 “should” satisfy both formulae) owes to the fact that the pointwise
semantics can reason only at positions of timed events, whereas the interval-based one loses
the notion of order over simultaneous events as we will see throughout Section 3.

3 The Pointwise and Interval-Based Semantics are Incomparable

3.1 Main observation
Over finite words. To explain the intuition behind the incomparability of both semantics, an
excellent starting point is the existing result ER (Section 1), since D’Souza and Prabhakar [14]
use a clean version of pointwise and interval-based semantics both interpreted over finite
timed words, i.e., the satisfaction relations |=pw and |=itw (Section 2.4) where |ρ| < ω. To
arrive at ER, the authors use the formula ϕdp defined below1 over Σ = {a, b} and prove
formally that there exists no formula ψ such that JψKf

pw = JϕdpKf
itw.

ϕdp = ¬♢ (a ∧ (¬φΣ U a) ∧ (¬a U (¬a ∧ ♢[1,1] (a ∨ b))))

The language JϕdpKf
itw contains all finite timed words such that for every two consecutive

occurrences of the action a at times t and t′, there is no action that occurs within the interval
[t+ 1, t′ + 1]. This is an important expressiveness result, yet we argue that half of the picture
is missing: the authors require timed words to be strictly monotone [14][Sect. 1], which
impairs the expressive power of the pointwise semantics. To explain this, let us fall back on
the general model of finite timed words, i.e., consider the set {ρ ∈ P | |ρ| < ω}. Consider now

1 We slightly rewrote this formula in terms of the standard (strict) Until used in this paper.



M. A. Foughali 1:7

the formula ζ1 = ♢ (b ∧ ⃝[0,0] a) of Example 2.15. In the pointwise semantics, this formula
captures exactly its informal description (Example 2.15), i.e., Jζ1 Kf

pw defines the language
containing all finite timed words such that there exists a position i > 0 with τi = τi+1, σi = b

and σi+1 = a. Under |=itw, however, the language Jζ1 Kf
itw is empty, and the closest language

to Jζ1 Kf
pw is JφKf

itw with φ = ♢ (a ∧ b). Yet, JφKf
itw is more permissive than Jζ1 Kf

pw. Let us
show this through an example.

▶ Example 3.1. Consider ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3) from Example 2.15 and ρ2 =
(a, 0)(a, 1)(b, 1)(c, 3.3). Then we have ρ1 ∈ Jζ1 Kf

pw and ρ2 /∈ Jζ1 Kf
pw, but both ρ1 and

ρ2 belong to the language JφKf
itw.

That is, ζ1 can distinguish between ρ1 and ρ2 under the pointwise semantics, whereas φ
cannot under the interval-based one. As we will demonstrate later, there is in fact no MTL
formula that distinguishes between ρ1 and ρ2 under the interval-based semantics.

Over infinite timed words. The same observation above continues to hold for infinite timed
words as illustrated in the following example.

▶ Example 3.2. Consider the two infinite timed words ρ = (σ, τ) and ρ′ = (σ′, τ ′) s.t.
3ρ = ρ1, 3ρ′ = ρ2 and ∀i > 3 : σ′

i = σi = c ∧ τ ′
i = τi = τi−1 + 1, with ρ1 and ρ2 as defined

in Example 3.1. That is, ρ and ρ′ have respectively ρ1 and ρ2 as a prefix and agree otherwise
on an infinite suffix containing only c actions. The above observation carries on to ρ and ρ′

as we have ρ ∈ Jζ1 Kinf
pw , ρ′ /∈ Jζ1 Kinf

pw but no formula can distinguish between ρ and ρ′ under
|=itw (this will be proven formally later on).

We observe the same weakness of the interval-based semantics over timed state sequences,
i.e., when considering the relation |=its instead of |=itw. To explain this, we rely on the clever
remark in Bouyer et al. [9][Sect. 2], [10][Example 1]:

“an [infinite] timed word can be seen as a special case of timed state sequences, e.g., ρ =
(a, 0)(a, 1.1)(b, 2) . . . corresponds to the timed state sequence κ = ({a}, [0, 0])(∅, (0, 1.1))({a},
[1.1, 1.1])(∅, (1.1, 2))({b}, [2, 2]) . . .”

Which clearly holds under strict monotonicity. However, under the general model, the
clearly different ρ and ρ′ of Example 3.2 will correspond to the same timed state sequence
starting with ({a}, [0, 0])(∅, (0, 1))({a, b}, [1, 1])(∅, (1, 3.3))({c}, [3.3, 3.3]). That is, under non-
strict monotonicity of time, the encoding from infinite timed words to infinite timed state
sequences, suggested in Bouyer et al.’s remark above, cannot correspond to an injective
function, and therefore timed words become no longer a special case of timed state sequences.
If one tries to have two different images for ρ and ρ′, e.g., by enforcing an order for the
counterpart of ρ, they would obtain the κ̂ = ({a}, [0, 0])(∅, (0, 1))({b}, [1, 1])({a}, [1, 1]) . . .,
where interval adjacency is violated and κ̂(1) is no longer defined.

3.2 Approach
3.2.1 Equating |=its and |=itw

In order to prove the incomparability between the pointwise and interval-based semantics,
we first need to deal with the heterogeneity between timed words and timed state sequences.
In other words, there is no way to compare |=pw and |=its if we allow arbitrary timed
state sequences, due to the notable difference in nature with timed words, as explained
in Section 2.3. For example, the timed state sequence ({a, b}, [0, 1))({c}, [1, 1]) does not make
much sense in the context of action-based timed executions: actions a and b, atomic by

TIME 2026



1:8 Revisiting the Expressiveness of Metric Temporal Logic

definition, cannot remain true continuously over the dense interval [0, 1). We need therefore
to isolate the largest subset of timed state sequences that faithfully represents action-based
timed executions modulo the interval-based semantics.

We show that such subset, which we call Ka, can be obtained using natural properties of
action-based timed executions. In mathematical terms, Ka is the largest set of images of
elements of P by a total relation F guaranteeing that |=its and |=itw coincide.

Action-based timed state sequences. To construct Ka, we use the fact that actions occur
only at punctual intervals. Then, since the first action occurs at 0 and the execution, if finite,
terminates with an action, the first interval is [0, 0] and the last interval, if exists, is punctual.
Finally, between every two punctual intervals, we have a non-punctual one with no action
associated. This gives us an alternation of punctual intervals with sets of actions at even
positions and non-punctual ones with empty sets at odd positions.

▶ Definition 3.3 (Action-based timed state sequences). The set of action-based timed state
sequences Ka is defined as follows:

Ka = {κ = (η, ι) ∈ K | ι0 = [0, 0] and
|κ| ∈ N ⇒ ι|κ|−1 is punctual and
∀i ∈ N, i < |κ|, i mod 2 = 0 : ηi ̸= ∅ and ιi is punctual and
∀i ∈ N, i < |κ|, i mod 2 = 1 : ηi = ∅ and ιi is not punctual }

▶ Example 3.4. ({a}, [0, 0])(∅, (0, 1))({a, b}, [1, 1]) is an element of Ka, corresponding to
an action-based execution where a occurred at time 0, and a and b at time 1. In contrast,
({a}, [0, 0])({a, b}, (0, 1))(∅, [1, 1]) and (∅, [0, 0])({b}, (0, 1))({a, b}, [1, 1]) do not represent any
action-based execution and are naturally not elements of Ka.

▶ Lemma 3.5. The length of any finite element in Ka is an odd number.

Relating P and Ka. In order to define a relation between P and Ka, and to avoid heavy
notations, we use an intermediary representation that allows to group events happening
simultaneously while preserving their order. We refer to such representation, which uses the
notions of flat time sequences (Definition 3.6) and maximal flat subsequences (Definition 3.7),
as compact timed words (Definition 3.8).

▶ Definition 3.6 (Flat time sequence). A finite time sequence τ is said flat iff ∀i ∈ N, 0 <
i < |τ | : τi−1 = τi.

▶ Definition 3.7 (Maximal flat subsequence). Let τ be a time sequence and i, j ∈ N such that
i ≤ j < |τ |. The finite sequence τ ′ = τiτi+1 . . . τj is called a maximal flat subsequence (MFS)
of τ iff τ ′ is a flat sequence and:

i > 0 ⇒ τi > τi−1 and
j + 1 < |τ | ⇒ τj < τj+1.

Note that when i = j the MFS is trivial (contains only one element). It is easy to see
that every time sequence τ is a sequence of MFSs. The number of MFSs is finite if τ is
finite and infinite otherwise. If τ is infinite, the finiteness of each MFS is guaranteed by time
divergence. Examples will follow.

Let sτ be the sequence over N defined as follows:
sτ0 = j s.t. τ0 . . . τj is an MFS of τ ,
sτi+1 = k s.t. τsτi+1 . . . τk is an MFS of τ .
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That is, sτi corresponds to the index of τ delimiting its ith MFS, and |sτ | corresponds to
the number of MFSs in τ . Now we are ready to define the compact version of an arbitrary
timed word. In the following, let P̃ denote the set of all pairs (σ̃, τ̃) where σ̃ is a (finite or
infinite) sequence of non-empty finite sequences over Σ, τ̃ a strictly monotone time sequence
starting at 0 and |σ̃| = |τ̃ |.

▶ Definition 3.8 (Compact timed word). We define the function C : P → P̃ as follows.
C(ρ = (σ, τ)) = (ρ̃ = (σ̃, τ̃)) iff:
1. |ρ̃| = |sτ |,
2. ∀0 ≤ i < |ρ̃| : τ̃i = τsτi ,
3. σ̃0 = σ0 . . . σsτ0 and ∀0 < i < |ρ̃| : σ̃i = σsτi−1+1 . . . σsτi

.

That is, C relates every ρ = (σ, τ) ∈ P to its compact version, i.e., where every τi . . . τj

MFS of τ is reduced into a single element associated with the sequence of actions σi . . . σj .

▶ Example 3.9. Consider ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3) and ρ2 = (a, 0)(a, 1)(b, 1)(c, 3.3)
from Example 3.1. Then we have ρ̃1 = ((a), 0)((b, a), 1)((c), 3.3) and ρ̃2 =
((a), 0)((a, b), 1)((c), 3.3).

▶ Lemma 3.10. C is bijective.

Relating P̃ and Ka. We now move to define a relation between compact timed words and
action-based timed state sequences, where we use the function setof () that transforms a
sequence over Σ to a set preserving its elements.

▶ Definition 3.11 (Relation between P̃ and Ka). Let R : P̃ → Ka be the function defined as
follows. R(ρ̃ = (σ̃, τ̃)) = (κ = (η, ι)) iff:
1. |κ| = |ρ̃| = ω if ρ̃ is infinite, |κ| = 2|ρ̃| − 1 otherwise and
2. ∀i ∈ {1 . . . |ρ̃| − 1} : η2i = setof (σ̃i), ι2i = [τ̃i, τ̃i], η2i−1 = ∅ and ι2i−1 = (τ̃i−1, τ̃i) and
3. η0 = setof (σ̃0), ι0 = [τ̃0, τ̃0].

▶ Example 3.12. Consider ρ̃1 = ((a), 0)((b, a), 1)((c), 3.3) and ρ̃2 =
((a), 0)((a, b), 1)((c), 3.3) from Example 3.9. We have R(ρ̃1) = R(ρ̃2) =
({a}, [0, 0])(∅, (0, 1))({a, b}, [1, 1])(∅, (1, 3.3))({c}, [3.3, 3.3]).

In other words, the “holes” between the timestamps in ρ̃ are “filled” by the timed state
sequence R(ρ̃) (i.e., thanks to the non-punctual intervals between the punctual ones).

Notice how R is not injective due to the first component of a timed state sequence being
a sequence of sets. We will show that this captures exactly the weakness of the relations
|=its and |=itw alike, hinted at in Section 3.1.

▶ Lemma 3.13. R is surjective.

▶ Lemma 3.14. R is not injective.

Proof. The proof is straightforward through the counterexample given in Example 3.12. ◀

In the following, we let F = R ◦ C.

▶ Lemma 3.15. F is total.

Proof. F is a surjective function since (i) C is a function and (ii) R is a surjective function
(Lemma 3.13). Therefore F is right and left total and consequently total. ◀

TIME 2026
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|=itw and |=its are equivalent. We are now ready to equate |=its and |=itw. The following
proposition is central as it shows that |=itw and |=its enjoy exactly the same expressive
power over all timed words and all action-based timed state sequences. Note that we do
not need to prove the equivalence for the version with every κ ∈ Ka and elements of F−1[κ]
since F is total (Lemma 3.15).

▶ Proposition 3.16. For every ϕ ∈ MTL, ρ ∈ P and t ∈ R≥0 (t ≤ µ(ρ) if |ρ| ∈ N):

ρ, t |=itw ϕ ⇔ F(ρ), t |=its ϕ

The main takeaway is summed by the following theorem, a direct consequence of Propos-
ition 3.16 and Lemma 3.15, stating that F preserves the full expressiveness of |=its and |=itw
over all timed words and all action-based timed state sequences.

▶ Theorem 3.17. For every ϕ ∈ MTL:
JϕKfi

its ∩ Ka = {F(ρ) | ρ ∈ JϕKfi
itw} and JϕKfi

itw =
⋃

{F−1[κ] | κ ∈ JϕKfi
its ∩ Ka} with

fi ∈ {f , inf },
JϕKits ∩ Ka = {F(ρ) | ρ ∈ JϕKitw} and JϕKitw =

⋃
{F−1[κ] | κ ∈ JϕKits ∩ Ka}.

3.2.2 Proving Incomparability

Since |=its and |=itw are proven equivalent, we can devise our incomparability proofs for |=pw
vs. |=itw only, while exploiting the equalities of Theorem 3.17.

We first formalise the notion of incomparability. Let JMTLKf
sem denote the set of all

languages over finite timed words (i.e., a set of sets) defined by MTL formulae under the
semantics corresponding to sem ∈ {pw, itw}: JMTLKf

sem = {JϕKf
sem | ϕ ∈ MTL}. Similarly,

JMTLKinf
sem = {JϕKinf

sem | ϕ ∈ MTL} and JMTLKsem = JMTLKf
sem ∪ JMTLKinf

sem. Let # be the
binary operator defined over sets as: S1#S2 ≡ S1 ⊈ S2 ∧S2 ⊈ S1, i.e., none of its arguments
is included in the other. We can now formally define incomparability of |=pw and |=itw over
MTL.

▶ Definition 3.18 (Incomparability). The MTL semantics defined by |=pw and |=itw are
incomparable over:

Finite timed words iff JMTLKf
pw# JMTLKf

itw,
Infinite timed words iff JMTLKinf

pw # JMTLKinf
itw.

The semantics defined by |=pw and |=itw are incomparable iff they are incomparable over
finite and infinite timed words, i.e., JMTLKpw# JMTLKitw.

In order to show that e.g., JMTLKf
pw#JMTLKf

itw, it suffices to find two formulae ϕ1, ϕ2 ∈
MTL such that for all ψ ∈ MTL, the language of finite timed words defined by ϕ1 (resp. ϕ2)
under |=pw (resp. |=itw) is different from the language defined by ψ under |=itw (resp. |=pw)
as generalised by the following proposition.

▶ Proposition 3.19. JMTLKf
pw#JMTLKf

itw iff ∃ϕ1, ϕ2 ∈ MTL ∀ψ ∈ MTL:
Jϕ1 Kf

pw ̸= JψKf
itw and

Jϕ2 Kf
itw ̸= JψKf

pw.
(The equivalence with JMTLKinf

pw #JMTLKinf
itw is defined analogously).



M. A. Foughali 1:11

Proving JMT LKf
pw#JMT LKf

itw. We start with proving JMTLKf
pw ⊈ JMTLKf

itw. It suffices
to find two distinct finite timed words that have the same image by F and a formula ϕ that
distinguishes between them under |=pw. By definition, no formula under |=its can distinguish
between their images through F (since it is the same image) and we conclude that no formula
can distinguish between ρ1 and ρ2 under |=itw since |=its and |=itw are equally expressive.

▶ Lemma 3.20. Let ζ1 = ♢ (b ∧ ⃝[0,0] a) from Example 2.15. The following statement holds:

∀ψ ∈ MTL : Jζ1 Kf
pw ̸= JψKf

itw

Proof. Let ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3) and ρ2 = (a, 0)(a, 1)(b, 1)(c, 3.3) from Example 3.1.
We have ρ1 ∈ Jζ1 Kf

pw and ρ2 /∈ Jζ1 Kf
pw. Now, ρ1 and ρ2 have the same image by F that

we will refer to as κ. By definition, for every ψ ∈ MTL, we have either κ ∈ JψKf
its, and

by Theorem 3.17, ρ1 ∈ JψKf
itw and ρ2 ∈ JψKf

itw, or κ /∈ JψKf
its, and again by Theorem 3.17

ρ1 /∈ JψKf
itw and ρ2 /∈ JψKf

itw. And therefore Jζ1 Kf
pw ̸= JψKf

itw. ◀

▶ Remark 3.21. Note that this weakness of the interval-based semantics has a direct con-
sequence on the coherence between MTL and its untimed version, LTL. Consider e.g., ρ1
and ρ2 above. Their untimed counterparts are, respectively, the words abac and aabc which
are temporally different (in terms of LTL). Yet, under |=itw or |=its alike, it is impossible to
distinguish between them whenever the two letters in the middle occur simultaneously.

For the part JMTLKf
itw ⊈ JMTLKf

pw, we depart from

ϕdp = ¬♢ (a ∧ (¬(φΣ U a) ∧ (¬a U (¬a ∧ ♢[1,1] (a ∨ b))))

The formula proven to have no equivalent under |=pw over strictly monotone finite timed
words [14] (Section 3.1). The idea here is rather simple: find a formula γ1 that captures
exactly the language of ϕdp under the general model of finite timed words then conclude.

▶ Lemma 3.22. Let γ1 = ϕdp ∧ ϕs with2 ϕs = (¬
∨

a̸=b∈Σ(a ∧ b)) ∧ □ (¬
∨

a ̸=b∈Σ(a ∧ b))
The following statement holds: ∀ψ ∈ MTL : Jγ1 Kf

itw ̸= JψKf
pw

Proof. The language Jγ1 Kf
itw contains the set of strictly monotone (satisfying ϕs) finite timed

words satisfying ϕdp. The proof then follows directly from [14][Sect. 3]. ◀

▶ Proposition 3.23. The pointwise and the interval based semantics are incomparable over
finite timed words.

Proof. From Lemma 3.20, Lemma 3.22 and Proposition 3.19 we get JMTLKf
pw#JMTLKf

itw
and conclude by Definition 3.18. ◀

Proving JMT LKinf
pw #JMT LKinf

itw . We first prove JMTLKf
pw ⊈ JMTLKf

itw, using the same
formula from Lemma 3.20.

▶ Lemma 3.24. Let ζ1 = ♢ (b ∧ ⃝[0,0] a). The following statement holds:

∀ψ ∈ MTL : Jζ1 Kinf
pw ̸= JψKinf

itw

Proof. The proof is very similar to that of Lemma 3.20, with ρ ∈ Jζ1 Kinf
pw and ρ′ /∈ Jζ1 Kinf

pw
(Example 3.2) having the same image by F. ◀

2 The first clause of ϕs is necessary due to the strict nature of the Until operator, from which □ is derived.

TIME 2026
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For JMTLKinf
itw ⊈ JMTLKinf

pw , we use a formula already proven in [9][Prop. 1 and Sect. 3.2]
to have a language over infinite words that is not expressible under |=pw. This language
is informally defined as “all infinite timed words containing an occurrence of b within the
absolute interval (0, 2) and an occurrence of c within the absolute interval (1, 2], such that
the latter happens after the former within the relative interval (0, 1)”.

▶ Lemma 3.25. Let γ2 = ♢[0,1] (♢[0,1) b ∧ ♢[1,1] c). The following statement holds:

∀ψ ∈ MTL : Jγ2 Kinf
itw ̸= JψKinf

pw

▶ Proposition 3.26. The pointwise and the interval-based semantics are incomparable over
infinite timed words.

Proof. From Lemma 3.24, Lemma 3.25 and Proposition 3.19 we get JMTLKinf
pw #JMTLKinf

itw
and conclude by Definition 3.18. ◀

And finally we conclude with the following theorem, a direct consequence of Proposi-
tion 3.23 and Proposition 3.26.

▶ Theorem 3.27. The pointwise and the interval-based semantics of MTL are incomparable.

Incomparability under stutter freeness. Our incomparability results continue to hold under
the reasonable restriction of stutter freeness (Definition 2.9, Item 1). For the finite case, the
formula ζ1 given in Lemma 3.20, as shown in the proof of the same lemma, distinguishes
between two stutter-free finite timed words under |=pw whereas no formula under |=itw can
do so (and the same goes for the infinite case, Lemma 3.24 and its proof). The only technical
difference when disallowing stuttering is the fact that a finite timed state sequence, element
of Ka, will then have an image of finite cardinality by the inverse relation F−1, which has no
effect on the incomparability theorem.

4 Mixed Semantics

In this section, we present a new mixed semantics that embeds both the pointwise and
the interval-based ones. We do so in three steps. First, we present an intuitive version
of the mixed semantics over MTL that, leveraging the expressive power of the interval-
based semantics, is strictly more expressive than the pointwise one (Section 4.1). Second,
in Section 4.2, we conjecture that such version is incomparable with the interval-based one
(due mainly to the fact that the latter is more suited for signals). Third, we show that
extending the syntax of MTL with a single atomic formula unleashes the power of the mixed
semantics leading to the embedding of both the pointwise and the interval-based semantics,
conjugating therefore their full expressive powers (Section 4.3). The embedding is automated
through syntax-driven compilers.

4.1 Dual reasoning on time and positions
In this subsection, we undertake the first step described above, i.e., we propose to increase the
power of the pointwise semantics using the flexibility of the interval-based one. The reason we
do it in this direction (rather than the other way around) is the fact that the interval-based
semantics is more suitable for signals (Section 2.3) whereas we focus on action-based timed
executions (another example on the counter-intuitiveness of the interval-based semantics
over timed words will be given in Section 4.2). We still provide in Section 4.3 an extended
version of the mixed semantics that embeds both the pointwise and the interval-based ones.
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Given a compact timed word ρ̃ = (σ̃, τ̃), we define its duration in the obvious way, i.e.,
µ(ρ̃) = µ(C−1(ρ̃)). For any t ∈ R≥0 (with t ≤ µ(ρ̃) if ρ̃ is finite), we let ρ̃(t) equal σ̃i where
τ̃i = t (such τ̃i is uniquely defined if it exists) and the singleton sequence (⊢) otherwise, where
⊢ is a “helper” symbole that represents “no action”, i.e., it will be semantically nothing else
than equivalent to ¬φΣ.

The idea is to evaluate an MTL formula over a compact timed word ρ̃ = (σ̃, τ̃), a time
point t ∈ R≥0 (with t ≤ µ(ρ̃) if |ρ̃| < ω) and a position 0 ≤ j < |ρ̃(t)|. It is important to
remark here that the condition 0 ≤ j < |ρ̃(t)| is by no means impractical for verification
purposes, as the satisfaction of some formula ϕ by some ρ̃ boils down to the satisfaction of ϕ
by ρ̃, t0 = 0 and j0 = 0 (examples will follow).

Now we are ready to formalise the mixed semantics:

ρ̃, t, j |=mx a iff a = ρ̃(t)(j)
ρ̃, t, j |=mx ¬ϕ iff ρ̃, t, j ⊭mx ϕ

ρ̃, t, j |=mx ϕ ∧ ψ iff ρ̃, t, j |=mx ϕ and ρ̃, t, j |=mx ψ

ρ̃, t, j |=mx ϕ UI ψ iff ∃(t, j) < (t′, j′) : t′ − t ∈ I and ρ̃, t′, j′ |=mx ψ and
∀(t, j) < (t′′, j′′) < (t′, j′) : ρ̃, t′′, j′′ |=mx ϕ

Where the relation <, used for the UI operator, denotes a lexicographic order3 defined
in the usual way. We say ρ̃ satisfies ϕ, written ρ̃ |=mx ϕ, iff ρ̃, 0, 0 |=mx ϕ.

Let us explain, relying on the rules of the semantics above, how the relation |=mx
increases the expressive power of |=pw (we will formally prove this soon). The real t enables
the evaluation at any arbitrary time point, whereas the natural j allows to “access” the
positions of ordered events occurring at t, if any. The semantics of UI reflects this increased
power of expressiveness: ϕ UI ψ is evaluated at any timepoint and any position of the
sequence of events occurring at t. Such position is guaranteed to exist: in particular, if t
belongs to a “hole” in ρ̃ (i.e., strictly comprised between two timestamps), then ρ̃(t)(0) exists
and is equal to the ⊢ symbole which plays otherwise a transparent role as, in such case,
ρ̃, t, 0 |= ¬φΣ and ρ̃, t, 0 |= ⊤ as expected. The following example illustrates the intuitive
nature of the mixed semantics.

▶ Example 4.1. Consider the setting of Example 2.15 with ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3),
ζ1 = ♢ (b ∧ ⃝[0,0] a) and ζ2 = ♢(0,1) ♢[0,3.5] c. As explained within the same example, ρ1
should, intuitively, satisfy both formulae, yet we have ρ1 ⊭itw ζ1 and ρ1 ⊭pw ζ2.

Under the mixed semantics, both formulae are satisfied thanks to the flexibility of
|=mx , taking both time points and positions into account. To illustrate this, let us first
encode in the obvious way ρ1 = (a, 0)(b, 1)(a, 1)(c, 3.3) into its compact counterpart ρ̃1 =
((a), 0)((b, a), 1)((c), 3.3).

Then we have ρ̃1 |=mx ζ1 since ρ̃1, 0, 0 |=mx ζ1: we have ρ̃1, t
′, j′ with (t′ = 1, j′ = 0),

greater then (0, 0) in lexicographic order, satisfies b (since ρ̃1(1)(0) = b) and in turn,
ρ̃1, t

′′, j′′ with (t′′ = 1, j′′ = 1), greater than (1, 0) satisfies a within [0, 0] and (i) for every
(0, 0) < (t1, j1) < (t′, j′), ρ̃1, t1, j1 |=mx ⊤ and (ii) for every (t′, j′) < (t2, j2) < (t′′, j′′),
ρ̃1, t2, j2 |=mx ¬φΣ (vacuous truth).

Dually, ρ̃1, 0, 0 |=mx ζ2 because for any couple (t′, j′ = 0) with t′ ∈ (0, 1), we have
ρ̃, t′, j′ |=mx ♢[0,3.5] c since at (t′′ = 3.3, j′′ = 0) we have ρ̃1, t

′′, j′′ |=mx c (since ρ̃1(t′′)(j′′) =
c) and t′′ − t′ ∈ [0, 3.5].

3 Compact timed words are similar to weakly-monotonic observations [3] over which the authors also
mention lexicographic order. While we were unaware of these similarities when realising this work, all
our contributions summarised in Section 1 and developed in Section 3 and Section 4 are novel.
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4.1.1 |=mx is strictly more expressive than |=pw

The mixed semantics is strictly more expressive than the pointwise one. To show this, we
proceed as follows. First, we devise a compiler L−Mpw over MTL such that LϕMpw under |=mx
is equivalent to ϕ under |=pw (using the bijective function C to move between timed words
and their compact version). Second, we give an example of a formula not expressible in the
pointwise semantics (from Section 3.2) and show that it is expressible in the mixed semantics.

From |=pw to |=mx. We reason following the main observation that, in |=pw, formulae are
evaluated only at timepoints where actions occur. Thus, LϕMpw must satisfy φΣ, regardless
of its argument. The case for UI is the involved one. Given a formula ϕ UI ψ interpreted
under |=pw, to get its equivalent formula under |=mx , we need also to ensure that (i) ψ holds
at a timepoint corresponding to an action occurrence and (ii) ϕ does not need to hold at
timepoints where no action occurs, as formalised by Lϕ UI ψMpw in the following definition.

▶ Definition 4.2 (|=pw-preserving compilation). The compiler L−Mpw is defined inductively:
LaMpw = a,
L¬ϕMpw = φΣ ∧ ¬LϕMpw,
Lϕ ∧ ψMpw = φΣ ∧ LϕMpw ∧ LψMpw,
Lϕ UI ψMpw = φΣ ∧ (LϕMpw ∨ ¬φΣ) UI (LψMpw ∧ φΣ).

▶ Proposition 4.3. For every ϕ ∈ MTL and ρ ∈ P : ρ |=pw ϕ ⇔ C(ρ) |=mx LϕMpw.

A language definable under |=mx but not under |=pw. Consider the formula γ2 =
♢[0,1] (♢[0,1) b ∧ ♢[1,1] c) from Lemma 3.25. As states the same lemma, γ2 has no equivalent
under the pointwise semantics over infinite timed words. The following lemma states that γ2
does have an equivalent under |=mx over infinite timed words.

▶ Lemma 4.4. Let γ2 = ♢[0,1] (♢[0,1) b ∧ ♢[1,1] c) and γ3 = ♢(0,1] (♢[0,1) b ∧ ♢[1,1] c). Then:

Jγ2 Kinf
itw = {C−1(ρ̃) | ρ̃ ∈ Jγ3 Kinf

mx}

▶ Remark 4.5. Note the subtlety in γ3 where the interval of the outer eventually operator
is left-open at 0. Under |=itw, γ2 and γ3 are equivalent because the time point satisfying
the formula must be greater than 0 by the definition of the (strict) Until operator from
which ♢[0,1] is derived. Under |=mx , on the other hand, we have Jγ3 Kinf

mx ⊊ Jγ2 Kinf
mx since e.g.,

(t = 0, j′ = 2) is greater than (t = 0, j = 0) (but t is not greater than 0); we have therefore
the compact version of any infinite timed word starting with (a, 0)(c, 0)(b, 0)(c, 1)(c, 3) in
Jγ2 Kinf

mx but not in Jγ3 Kinf
mx . Hence the explicit exclusion of 0 from the interval.

▶ Theorem 4.6. The mixed semantics is more expressive than the pointwise one.

Proof. Direct from Lemma 4.4 and Proposition 4.3. ◀

4.2 Mixed semantics vs. interval-based semantics
We now explain the fundamental difference between |=itw and our |=mx and why we argue
that |=mx is more suitable for action-based executions. Let ϕ = (a ∨ ¬φΣ) U[1,2] b and
ρ = (a, 0)(a, 0.5)(c, 0.5)(c, 1.5)(b, 1.5). The (action-based) intuition would suggest that ρ
should not satisfy ϕ, two occurrences of c at different dates take place (which correspond to
neither an a nor “no action”) before b does, and indeed ρ̃ does not satisfy ϕ under the mixed
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semantics. In contrast, we have ρ |=itw ϕ, since the interval-based semantics is more suitable
for signals. If ρ was a signal, it would naturally make sense for it to satisfy ϕ since at every
time point, either the proposition a held or no proposition did until b within [1, 2].

Because of this “permissive” nature of the UI operator at its first argument under
|=itw(and its more “restrictive” nature at its second argument, see the second example below),
we conjecture that the satisfaction relations |=mx and |=itw are incomparable over timed
words. The proof of this conjecture is already halfway since we know that the |=mx is strictly
more expressive than |=pw (Theorem 4.6), and given that |=itw and |=pw are incomparable
(Theorem 3.27), |=mx is either more expressive than or incomparable with |=itw. Actually,
we can relatively easily construct an MTL formula defining a language under |=mx (after
un-compacting with C−1) that cannot be characterised by any MTL formula under |=itw or
|=pw alike, as states the following lemma.

▶ Lemma 4.7. Let γ3 = ♢(0,1] (♢[0,1) b ∧ ♢[1,1] c) from Lemma 4.4, ζ1 = ♢ (b ∧ ⃝[0,0] a)
from Lemma 3.20, γ4 = □(0,2] ¬φΣ and γ5 = γ3 ∨ (ζ1 ∧ γ4). Then for all ϕ ∈ MTL:

JϕKinf
pw ̸= {C−1(ρ̃) | ρ̃ ∈ Jγ5 Kinf

mx}
JϕKinf

itw ̸= {C−1(ρ) | ρ̃ ∈ Jγ5 Kinf
mx}

To have a less biased view, let us now look at a trickier example that rather pleads in
favour of |=itw. Let ρ = (c, 0)(c, 0.5)(c, 1.5)(b, 1.5) and ϕ = (c ∨ ¬φΣ) U[1,2] (b ∧ ¬c). Here,
we have ρ̃ |=mx ϕ but ρ ⊭itw ϕ. This is because b ∧ ¬c is trivially satisfied at (t, j) = (1.5, 1)
under |=mx , whereas it is not at t = 1.5 under |=itw. It is however legitimate for a user to
mean by this formula “verify that only occurrences of c are seen until an occurrence of b
takes place between times 1 and 2 and c does not occur simultaneously with such b”. The
mixed semantics fails to capture this, and at first glance the naive way to remedy this issue
would be to use an immediate past operator that allows to look behind (t, j) = (1.5, 1) while
maintaining the same timepoint, i.e., at (1.5, 0). In the next subsection, we show that this
“immediate past” is an overkill as we can instead use a single atomic formula to extend the
syntax of MTL in order to strictly embed the full expressive power of |=itw into |=mx .

4.3 Extending mixed semantics
Following the examples given in Section 4.2, and in order to embed |=itw, the satisfaction
relation |=mx needs to be able to force the evaluation of a formula at index 0 within any ρ̃(t),
looking forward at the whole sequence returned by ρ̃(t) (instead of complexifying the syntax
of MTL, and |=mx thereof, with an immediate past operator). Let us consider the example
(a ∨ ¬φΣ) UI b satisfied by some ρ, t under |=itw, and let t correspond to no timestamp of ρ
to simplify the explanation. To satisfy the same formula at ρ̃, t, 0 under |=mx , intuitively we
need to check for (a∨♢[0,0] a) only at position 0 for every ρ̃(t′) ̸= (⊢), t′ > t until (b∨♢[0,0] b)
becomes true at position 0 of some ρ̃(t′′) satisfying t′′ − t ∈ I.

To do this in a simple and efficient way, the idea is to interpret the mixed semantics
over Σ ∪ {β}, where β is an atomic proposition not in Σ. The syntax of MTL is accordingly
extended with the atomic formula β, we call such extended syntax MTLβ . The semantics of
β is defined simply to hold only at the beginning of a sequence ρ̃(t):

ρ̃, t, j |=mx β iff j = 0

This seemingly minuscule addition comes with a major expressiveness gain. The mixed
semantics now embeds the interval-based one using the compiler L−Mitw : MTL → MTLβ

defined inductively as follows:

TIME 2026
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LaMitw = a ∨ ♢[0,0] a,
L¬ϕMitw = ¬LϕMitw,
Lϕ ∧ ψMitw = LϕMitw ∧ LψMitw,
Lϕ UI ψMitw = (β ⇒ LϕMitw) UI (β ∧ LψMitw).

The following proposition states that |=mx over MTLβ embeds |=itw over MTL.

▶ Proposition 4.8. For all ϕ in MTL and ρ ∈ P: ρ |=itw ϕ ⇔ C(ρ) |=mx LϕMitw.

Strict expressiveness superiority follows directly from Proposition 4.8 and Theorem 4.6.

▶ Remark 4.9. The embedding of |=itw into |=mx (Proposition 4.8) looks asymmetrical since
we allow an extended syntax for |=mx but not for |=itw. However, adding a straightforward
interpretation of β under |=itw, i.e., ρ, t |=itw β iff t = 0 is effectless: since we have ρ |=itw ϕ

iff ρ, 0 |=itw ϕ, we get ρ |=itw β iff ρ, 0 |=itw β, and therefore JβKitw = P = J⊤Kitw. In other
words, the expressive power of |=itw over MTL and MTLβ would be identical.

We conclude with showing that the set of languages characterised by |=mx over MTLβ is
strictly larger than that characterised by the union of the two sets of languages characterised
by |=itw and |=pw over MTL.

▶ Theorem 4.10.

JMTLKpw ∪ JMTLKitw ⊊ {{C−1(ρ̃) | ρ̃ ∈ JϕKmx} | ϕ ∈ MTLβ}

Proof. Direct from Proposition 4.3, Proposition 4.8 and Lemma 4.7. ◀

Note that the witness formula for the strict inclusion in Theorem 4.10 is γ5 in Lemma 4.7,
which does not use the atomic formula β. This is an interesting observation: |=mx over MTL
already characterises at least one language that can be expressed neither in |=itw nor in |=pw.

5 Conclusion

In this paper, we revisited an important aspect of the extensively studied expressiveness
of MTL, namely that of its pointwise semantics as opposed to the interval-based one. We
have demonstrated that the two semantics are incomparable over the general models of
action-based timed executions, giving thereby a clear answer, in the negative, to the question
on whether reasoning over arbitrary time points instead of ordered positions of timed events
increases the expressive power of MTL. To get the better of both worlds over action-based
executions, we proposed a new mixed semantics that embeds the interval-based and the
pointwise ones, therefore conjugating their full expressive powers. For future work, the results
presented within this paper call for further research on at least two fronts.

On the complexity front, an interesting future direction would be to investigate that
of monitoring under the mixed semantics, already shown to be tractable for the pointwise
semantics e.g., in [21]. In particular, offline monitoring is a promising venue to reason on
executions of distributed systems where the order over simultaneous events is a key aspect [24,
15, 23]. On the expressiveness front, it would be interesting to consider extending our mixed
semantics to reason on mixed signal-event executions while maintaining reasonable complexity.
This would require to define a mixed structure, e.g., ((a, b), [0, 0])({p, q}, (0, 1))((c), [1, 1])
where a, b and c are in the actions set and p,q in the atomic propositions one, then further
extend our mixed semantics to both sets. In the same vein, we aim to investigate relating
the mixed semantics to the different semantics of more expressive logics such as TPTL [4]



M. A. Foughali 1:17

and T lin [6]. Finally, our incomparability results are likely to hold when restricting MTL to
its decidable fragment MITL [1], where only non-punctual intervals are allowed in formulae.
Surprisingly, the non-containments JMITLKf

pw ⊈ JMITLKf
itw and JMITLKinf

pw ⊈ JMITLKinf
itw

are easy to prove: Lemma 3.20 and Lemma 3.24 still hold if we replace the interval [0, 0]
in ζ1 by any other interval I ∈ Iq such that I is left-closed at 0. We leave it open whether
JMITLKf

itw ⊈ JMITLKf
pw and JMITLKinf

itw ⊈ JMITLKinf
pw .
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1 Introduction

Reasoning about time in terms of future and past, as well as about space in terms of
directional relations is a natural idea.

Several qualitative temporal and spatial calculi have been developed for formalizing and
reasoning about direction or ordering relations. At the algebraic level, these include the Point
Calculus [19], which defines three ordering relations for points in a single-dimension Euclidean
space, Allen’s Interval Calculus [2], with thirteen relations between intervals on a linear
order, the Cardinal Direction Calculus [14], extending Point Calculus in two dimensions, and
the Rectangle Algebra [6], extending, in turn, Allen’s algebra to the two dimensional case.
Similarly, at the logical level the main separation among different proposals corresponds to
points versus extended areas (in this case, intervals or rectangles) as atomic objects. The most
important contributions generally come from the realm of propositional modal logic, and, on

© Pietro Casavecchia, Guido Sciavicco, and Leonardo Serrentino;
licensed under Creative Commons License CC-BY 4.0

33rd International Symposium on Temporal Representation and Reasoning (TIME 2026).
Editors: AndreA Orlandini and Sophie Pinchinat; Article No. 2; pp. 2:1–2:16

OpenAccess Series in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:pietro.casavecchia@unife.it
https://orcid.org/0009-0000-9117-234X
mailto:guido.sciavicco@unife.it
https://orcid.org/0000-0002-9221-879X
mailto:leonardo.serrentino@unife.it
https://orcid.org/0009-0004-9884-0194
https://doi.org/10.4230/OASIcs.TIME.2026.2
https://drive.google.com/file/d/1OZa315mjSRp5lSrkG62lEVQfEj8PaK9Q/view
https://drive.google.com/file/d/1OZa315mjSRp5lSrkG62lEVQfEj8PaK9Q/view
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/oasics
https://www.dagstuhl.de


2:2 Core Fragments of Compass Logic

a single temporal dimension, include Linear Temporal Logic with Future and Past (LTL[F,P],
often presented as fragment of LTL, the Linear Temporal Logic with Since and Until) for the
point-based case, and Halpern and Shoham’s Modal Logic of Allen’s Relations (HS) [12] for
the interval-based case, and, in two temporal dimensions, Compass Logic (CL) [16], that
is, the logical counterpart of Cardinal Direction Calculus for the point-based case. The
immediate logical counterpart to Rectangle Algebra is the full product (in the sense of [11])
of HS with itself, encompassing 169 relations, and probably not very natural; the fragment
of the Logic of Topological Relations (LRCC8) [15] restricted to axes-parallel rectangles can
also be mentioned in this context. Many other temporal and spatial logical frameworks exist,
in fact too many to be reviewed here; however, for the purposes of this paper, we focus on
logical languages inspired by, or that can assimilated to bi-temporal relations.

Sub-propositional fragments of modal logic are obtained by limiting the applicability of
Boolean operators in formulas, in the spirit of Horn propositional logic. By focusing on binary
clauses only, one obtains the so-called Krom fragments; binary Horn fragments are known as
core fragments. In general, Horn and core fragments disallow the usual existential/universal
duality, effectively generating different languages, with and without either of them, that can
be partially ordered by expressive power. It is natural to ask how temporal and bi-temporal
logics behave, computationally speaking, when restricted to sub-propositional fragments.

This line of investigation has been pursued in the case of Modal Logic interpreted in
the classes of general (K), transitive (K4), reflexive (T), and transitive and reflexive frames
(S4) [9], and revealed that the satisfiability problem reacts positively in several combinations
of restrictions and class of frames: in all mentioned cases the satisfiability problem, which
is PSPACE in the case of the full language, remains so in the Horn fragment, becomes
P -complete in the case of the Horn fragment without diamonds, is between NLOGSPACE
and P in the case of core fragment without diamonds for in all cases except K, which is
NLOGSPACE-complete; the case of Horn S5 had already been mentioned in [3], and proved
to be NP -complete. As for the temporal case, the sub-propositional fragments of LTL[F,P],
with and without an additional universal operator, have been studied in [5], over the integers:
as it happens, the satisfiability problem, which is NP for the full language, reduces to P -
complete in the case of Horn without diamonds, and to NLOGSPACE-complete in the case
of core without diamonds. This same approach in the case of linear temporal logic of intervals
was attempted in [8] by tackling sub-propositional fragments of HS, whose satisfiability
problem is generally undecidable, and revealed a more involuted situation. Indeed, HS
interpreted on irreflexive frames (the usual interpretation) is still undecidable (i) under the
core restriction even without boxes, and (ii) the Horn restriction even without diamonds, in
the discrete case; it is PSPACE-hard under the core restriction, even without boxes, in the
discrete case; it is P (resp., P -complete) under the core (resp., Horn) restriction without boxes.
Moreover, HS interpreted on reflexive frames (a less intuitive and common interpretation)
is undecidable under the core restriction even without boxes; PSPACE-hard under the
Horn restriction, and in P (resp., P -complete) under the core (resp., Horn) restriction even
without diamonds. Finally, both the reflexive and irreflexive cases still present several open
problems.

In light of the above, stepping from one to two orthogonal temporal dimensions seems
very natural; the situation can be graphically represented as in Fig. 1. Compass Logic,
originally presented in [16] as a logic to reason about spatial situations (although Venema
suggested the idea of Compass Logic and its notation in [18]), can be seen as the full product
of LTL[F,P] with itself, allowing independent reasoning on both directions. Satisfiability in
CL is undecidable, regardless of the properties of the underlying frame, and the quest for
decidable and well-behaved fragments includes two relevant contributions. One of them is
Cone Logic [17], which is a decidable weakening of CL obtained by enforcing the restriction
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modal logic
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Figure 1 A representation of the current status of research on sub-propositional temporal and
bi-temporal logics. Bi-temporal logics can also be seen as spatial logics: in this regard, other
prominent frameworks could show computational behaviour improvements under the Horn and core
restrictions.

that quantifications along one axis can be used only after a similar quantification along the
other axis; in this way, the modalities can be seen as north-east, north-west, south-east, and
south-west, and the expressive power of the resulting language lowers to the point that its
satisfiability problem becomes decidable. The other one is in fact the collection of all results
concerning decidable fragments of HS [1, 7], which can be geometrically interpreted over two
dimensions; such a geometric interpretation gives rise to (somewhat unnatural) operators
that can be defined within Compass Logic, effectively converting any fragment of the former
in a fragment of the latter. In both cases, however, the bi-temporal (and sometimes even
the spatial) nature of the logic is lost. Finally, CL itself can be seen as a fragment of the
bi-temporal logic proposed in [10], the fragments of the former, even those studied here, can
be seen as fragments of the latter. Here, we prove that the satisfiability problem for CL,
which is undecidable in the Boolean case, remains so for its core fragment with both universal
and existential operators, and becomes P (and NLOGSPACE-hard) without existential
operators, in the finite (i.e., has a formula φ a finite model?), the infinite discrete (has φ a
model with each axes isomorphic to the integers?), and the general discrete case (has φ a
discrete model?), assuming, as usual, irreflexivity of the frames (i.e., the relation < is strict).

All proofs can be found in the extended version of this paper.

2 Compass Logic

Let P be a (possibly infinite, but countable) set of proposition letters (or, simply, propositions).

▶ Definition 1. The well-formed formulas of (propositional) Compass Logic (CL) are
generated by the following grammar:

φ ::= p | ¬φ | φ ∧ φ | φ,

where p ∈ P and ∈ { , , , }. The size of φ, denoted by |φ|, is the number of its
symbols.

TIME 2026
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Intuitively, formulas of CL will be interpreted on bi-dimensional Kripke structures, and
(resp., , , ) will be interpreted as exists to the left (resp., right, down, up). The

standard abbreviations apply: ⊤, ∨, and → respectively for true, Boolean disjunction, and
Boolean implication, and one box operator for each diamond, defined as p ≡ ¬ ¬p, for

∈ { , , , }. In the following, we use |φ| to denote the length of φ, that is, the number
of its symbols.

▶ Definition 2. Let D = ⟨D,<⟩ be a linearly ordered set. A bi-dimensional Kripke frame (or,
simply, a frame) is an object of the type F = D × D. Fixed a set P of propositional letters, a
bi-dimensional Kripke structure (structure) M is a bi-dimensional Kripke frame enriched
with a valuation function V : D ×D → 2P , that is, M = ⟨F ,V⟩. The truth of a formula φ
on a bi-dimensional model M at a point (i, j) is given by the following recursive rules:

M, (i, j) ⊩ p iff p ∈ V(i, j);
M, (i, j) ⊩ ¬φ iff M, (i, j) ̸⊩ φ;
M, (i, j) ⊩ φ ∧ ψ iff M, (i, j) ⊩ φ and M, (i, j) ⊩ ψ;
M, (i, j) ⊩ φ iff there is k < i s.t. M, (k, j) ⊩ φ;
M, (i, j) ⊩ φ iff there is k > i s.t. M, (k, j) ⊩ φ;
M, (i, j) ⊩ φ iff there is k < j s.t. M, (i, k) ⊩ φ;
M, (i, j) ⊩ φ iff there is k > j s.t. M, (i, k) ⊩ φ.

CL has an obvious geometric interpretation, in which the operators can be interpreted as
to the north, south, east, and west; it also has an equally obvious bi-temporal interpretation
in which the operators can be interpreted as in the future and past along two orthogonal
temporal dimensions. Satisfiability of formulas of CL can be studied for several classes of bi-
dimensional frames. Here, we are interested in the classes of (strongly) discrete frames, such
as the class of all finite frames and the class of all frames based on the set of natural/integer
numbers. In general, we shall assume that D is either finite of cardinality 2 ·N + 1 (from
−N to N), and in this case we say that M has size N (denoted |M| = N), or D = Z. From
now on, we focus on the satisfiability of a CL-formula at the point (0, 0) of some discrete
model, and we say that φ is (finitely) satisfiable if and only if it is satisfied on some (finite)
discrete structure M at the point (0, 0) (we also refer to this case as the finite/discrete case);
the satisfiability problem for CL is the problem of establishing if a given formula is satisfiable,
and it is denoted by SAT (CL).

There are several additional operators that can be expressed in the language of basic CL,
and that will be useful later. First, four partial universal modalities, ensuring a formula to
be true everywhere up-right (resp., up-left, bottom-right, bottom-left) of the current point,
excluding it (irreflexive version):

φ ≡ φ ∧ φ ∧ φ, φ ≡ φ ∧ φ ∧ φ,
φ ≡ φ ∧ φ ∧ φ, φ ≡ φ ∧ φ ∧ φ,

and including it (reflexive version):

φ ≡ φ ∧ φ, φ ≡ φ ∧ φ,
φ ≡ φ ∧ φ, φ ≡ φ ∧ φ.

Then, a bidirectional universal operator, placing φ everywhere on the same horizontal line,
vertical line, and cross, excluding the current point (irreflexive version):

φ ≡ φ ∧ φ, φ ≡ φ ∧ φ, φ ≡ φ ∧ φ,

and including it (reflexive version):

φ ≡ φ ∧ φ, φ ≡ φ ∧ φ, φ ≡ φ ∧ φ.
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CLcore

CL

CLcore,□

a

CLKrom

CLHorn,□
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CLKrom,♢ CLHorn,♢CLKrom,□

CLcore,♢

undec. [1
6]

undec. Thm. 10

∈ P

NLOGSP ACE-hard,
Thm. 21

Figure 2 Relative expressive power by containment and known complexity results of fragments
of CL in the finite/discrete case. The status of red fragments is unknown.

Finally, the classical (full) universal operator, which ensures that φ holds everywhere in a
model:

φ ≡ φ ∧ φ ∧ φ ∧ φ.

All newly defined operators have, of course, an existential counterpart.

3 Sub-Propositional Fragments of Compass Logic

One way to define sub-propositional fragments of modal logics, that is, fragments of modal
logic whose propositional expressive power is lower than that of standard Boolean logic, has
been suggested in [9].

▶ Definition 3. A formula of CL is said to be in clausal form if and only if it is produced by
the following grammar:

λ ::= ⊤ | p | λ | λ

C ::= ¬λ1 ∨ . . . ∨ ¬λn ∨ λn+1 ∨ . . . ∨ λn+m | C

φ ::= C | φ ∧ φ,

where ∈ { , , , }, and n,m ∈ N. We use ∗ in front of a clause to denote an arbitrary
finite number of repetitions of some symbol .

Objects of the type λ and ¬λ are called literals (this concept in fact generalizes the idea of
literal in the propositional language) and objects of the type ∗(. . .) are called clauses. Given
a CL-formula φ, let Λφ be the set of all literals that are sub-formulas of φ and their negations.
Observe that, when in the clausal form, a formula φ is essentially a set (i.e., a conjunction) of
clauses; a clause C can always be represented in its implicative form, which we shall always
adopt. While there exist alternative definitions of modal clausal forms, as argued in [9] the
previous one is the most general one. Some authors prefer clauses to be always universally
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quantified, in the spirit of logic programming; since the universal operator is definable in
the language, and since by adding enough fresh propositional letters we can always simulate
the behaviour of a non-universal clause with universal ones, the two definitions are in fact
equivalent up to satisfiability.

The clausal form of modal logic is Boolean-complete; however, it allows one to identify
sub-Boolean, or sub-propositional, fragments, as follows.

▶ Definition 4. A CL-clause

∗(¬λ1 ∨ . . . ∨ ¬λn ∨ λn+1 ∨ . . . ∨ λn+m)

is said to be Horn if and only if m ≤ 1, Krom if and only if n+m ≤ 2, and core if it is both
Horn and Krom.

The Horn, Krom, and core fragments of CL are denoted, respectively, CLHorn, CLKrom,
and CLcore. While in the full Boolean language universal and existential operators are
mutually definable, this, in general, is no longer true in sub-propositional ones. Thus, for
♠ ∈ {Horn,Krom, core} it makes sense to define and study the fragments CL♠,□, allowing
only the universal version of the operators, and CL♠,♢, allowing only the existential one.
These restrictions give rise to the natural taxonomy in Fig. 2. For a fragment L of CL, the
corresponding satisfiability problem is denoted by SAT (L).

Sub-propositional fragments may come across as too weak to be useful, especially when
devoid of existential operators. However, when CL is seen as a bi-temporal logic, one could
take advantage of its ability of expressing statements on two orthogonal dimensions, such
as valid and transaction time in a temporal database, and formalize interesting statements.
Just to limit ourselves to a single example, consider a temporal database with employees’
information, and the case of a fired employee, for which the information fired should be
persistent, that is, once someone is fired he/she is never hired back, and the system should
never forget about it:

(fired → ( fired ∧ fired)).

In fact, one could express also interesting situations such as those modeled in [8, 10], at
least in some reduced form. More in general, the fragment LHorn,□ of a propositional modal
logic L, and therefore its fragment Lcore,□, translates to the Horn fragment of first-order
logic via standard translation, underlying its naturalness, and, as it turns out, on top of the
classical fields of automatic theorem proving and logic programming Horn fragments are
often considered in recent contributions that focus on machine learning [4, 13], and having
well-behaved fragments of bi-dimensional logic under Horn-like restrictions allows one to
imagine similar applications specialized to the bi-dimensional case.

In the rest of this paper, focusing on finite/discrete structures only, we study the
decidability of the satisfiability problem of sub-propositional fragments of CL, and we show
that for CLcore this problem is still undecidable, while it becomes decidable for CLcore,□.

4 Undecidability of CLcore

The idea of the proof stems from the original undecidability argument for the non-clausal
case [16]; we shall use a similar schema, and partially inherit the notation. Unlike the original
result, however, we prove that the satisfiability of CLcore is undecidable via reduction from
the acceptance problem of a deterministic Turing machine with empty input, rather than
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from some tiling problem; the tiling problem used for the original reduction is inherently non-
deterministic, making it incompatible with the determinisitic nature of the core restriction.
We denote by ACCEPTS the acceptance problem of a deterministic Turing machine on
empty input; we aim at proving:

ACCEPTS ≤m SAT (CLcore).

Let us fix a deterministic Turing machine A = (Q,Σ,Γ, δ, qi, qa, qr), where qi stands for
the initial state, qa for the acceptance state, and qr for the rejection state, with Σ = {0, 1}
and Γ = {0, 1,⊔}. To obtain a reduction, we need to produce a CLcore-formula φA such
that φA is satisfied on a finite/discrete model if and only if A accepts on an empty input. In
our construction, φA is designed to have a finite model if A accepts on empty input, and no
discrete models at all otherwise; thus, the reduction holds in the finite case, in the discrete
case, and in all cases of specific classes of discrete structures (e.g., based on N × N, etc.).
In the following, the textual explanations and annotations to the reduction use the spatial
interpretation of CL modalities, rather than the bi-temporal one, for an easier visualization.

About shortcuts in core clauses. Three considerations should be made. First, core (resp.,
Horn) clauses with a leading ∗, where ∈ { , , , , , , , , , , , , , , } can
always be translated into equivalent conjunctions of core (resp., Horn) each with a leading ∗,
where ∈ { , , , }. Second, a similar equivalence holds for their existential counterparts,
when used to form literals. Third, while strictly speaking ¬λ is not a literal, it is semantically
equivalent to ¬♢λ, which is allowed.

Setting p-points. In this first step, we place a propositional letter (p) exactly on points of
the type (i, i), using an auxiliary letter (u) on points of the type (i, i+ 1), that is, a single
unit above p-points. The ps are arranged in a staircase, that starts at (0, 0) and grows up
until a predetermined level denoted by the letter e, after which we do not force the existence
of any further p. The auxiliary letter pe holds on p-points that are yet below the limit.

Consider the following clauses:

e ∧ (e → ē) ∧ p ∧ pe ∧ ¬p ∧ (e → ¬p) ∧ (p → ¬p), (1)
(pe → ¬u) ∧ (pe → u) ∧ (u → p), (2)

( e → pe) ∧ (pe → p). (3)

▶ Lemma 5. If M, (0, 0) ⊩ (1) ∧ (2) ∧ (3), then there exists a sequence of points (i0, i0), . . . ,
(ik, ik) such that:

(i) M, (i, i) ⊩ p for every 0 ≤ i ≤ ik;
(ii) M, (i, i+ 1) ⊩ u for every 0 ≤ i ≤ ik, and
(iii) M, (i, j) ̸⊩ p for any other point (i, j).

In our construction, special propositional letters are sitting precisely on p-points. These
are collected in the set:

L = {∗, 0, 1,⊔, f, t, l, g} ∪
⋃

q∈Q,c∈{0,1,⊔},v∈{f,g}

{q, qc, qc,v, rc};

the intended meaning of some of them will be clear later in the proof. For such letters, we
can already impose:∧

z∈L
(z → p). (4)
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Figure 3 To the left: a partial representation of a model satisfying (1) ∧ . . . ∧ (15). Observe, in
particular, how l′′ holds to the right of a a∗-point, and l′ to the left of a l-point; since the former
implies that t′ holds everywhere above it (and including it), and the latter implies that t′ holds
everywhere below it (and including it), every point at height 0 whose horizontal coordinate is strictly
between that of an a∗ and that of an l is such that t′ holds everywhere above it, and this, in turn,
implies that t holds somewhere above it. To the right: a partial representation of a model satisfying
(1) ∧ . . . ∧ (24). By way of example, observe how a ∗-point is connected to the next one and how a
t-point is connected to the next one.

Finally, taking advantage of the sequence of p-points so defined, we can also use:

z ≡ z′ ∧ (z′ → u) ∧ (z′ → z) ∧ (z → p)

and

z ≡ z′ ∧ (z′ → u) ∧ (z′ → z) ∧ (z → p)

on p-points to place a propositional letter z on the next (resp., previous) p-point.

Preparing the sequence of configurations. Now, we define the notion of machine configur-
ation as a sequence of p-points between two consecutive ∗-points. We use the letter a∗ to
connect one ∗-point to the next one, using e and the new letters ∗e and e∗ to avoid forcing
an infinite sequence. Thus, we have:

∗ ∧ ( e → e), (5)
(e → e∗) ∧ (e → e∗) ∧ (∗ → e∗), (6)

∗e ∧ ( e∗ → ∗e) ∧ (∗e → p), (7)
(∗e → a∗) ∧ (a∗ → ∗), (8)
(∗ → a∗) ∧ (a∗ → ∗), (9)

(a∗ → ¬∗) ∧ (a∗ → ¬a∗) ∧ (a∗ → ¬a∗), (10)
l ∧ (∗ → l) ∧ (l → ∗), (11)

(l → l′) ∧ (a∗ → l′′), (12)
(l′ → t′) ∧ (l′′ → t′), (13)

(l′ → t′) ∧ (l′′ → t′), (14)
( t′ → t). (15)

Fig. 3 (left-hand side) shows a partial representation of this part of the construction.
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The first configuration is always constituted by a single tape cell, and the s-th configuration
must be exactly one tape cell longer than the (s− 1)-th. To achieve this, similarly to what
already done with of ∗-points, t- and l-points belonging to a configuration too will be
connected to their corresponding ones in the next configuration, and this connection is
mediated by the letter at. As before, such connections cannot force a model to be infinite;
thus, t- (resp., l-) points that are below the level of e are marked by te (resp., le), and such a
construction makes use of the auxiliary letter et (resp., el) to carry the information of the
position of a t (resp., l); from an abstract point of view, the construction that makes this
possible is quite similar to that used before to connect successive ∗-points. This is realized
by saying:

(e → et) ∧ (t → et), (16)
(e → el) ∧ (l → el), (17)

( et → te) ∧ (te → t), (18)
( el → le) ∧ (le → l), (19)

(te → at) ∧ (le → at) ∧ (at → t), (20)
(t → at), (21)

(at → ¬at) ∧ (at → ¬at), (22)
(a∗ → ¬at) ∧ (at → ¬a∗) ∧ (at → ∗), (23)∧

z1,z2∈{l,t,∗},z1 ̸=z2

(z1 → ¬z2). (24)

Fig. 3 (right-hand side) shows a partial representation of this part of the construction.

▶ Lemma 6. Suppose that M, (0, 0) ⊩ (1) ∧ . . . ∧ (24), and let (i0, i0), . . . , (ik, ik) be the
sequence of p-points whose existence is guaranteed by Lem. 5. Then:

(i) there exists a finite sequence (j0, j0), (j1, j1), . . . of ∗-points on top of the sequence
(i0, i0), . . . , (ik, ik) whose existence is guaranteed by Lem. 5, no other points are ∗-
points, and js ≤ k for every s;

(ii) for each s ≥ 2, (js − 1, js − 1) is an l-point, and no other points are l-points;
(iii) for each s ≥ 1, all points between (js + 1, js + 1) and (js+1 − 2, js+1 − 2), included, are

t-points, and no other points are t-points, and
(iv) for each s ≥ 2, js+1 − js = js − js−1 + 1.

We say that every ∗-point starts a configuration.

Introducing the transition function. Now we encode the transition function. To this end,
we re-label tape cells in order to separate the first tape cell of each configuration (denoted
with f) from any other tape cell (denoted by g). This construction is no different from the
one already used to label all p-points between a ∗-point and its corresponding l-point, and
makes use of the auxiliary symbols f ′, f ′′, g′, and b∗:

(∗ → f), (25)
(∗ → b∗) ∧ (b∗ → ∗) ∧ (b∗ → ¬∗), (26)

(f → f ′) ∧ (b∗ → f ′′), (27)
(f ′ → g′) ∧ (f ′′ → g′), (28)

( g′ → g) ∧ (f → ¬g) ∧ (g → ¬f). (29)
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Figure 4 To the left: a partial representation of a model that satisfying (1) ∧ . . . ∧ (37). By
way of example, assume that the fourth configuration starts with 0, in the state q, and with the
reading head on the first tape cell; then, we encode this situation by making sure that q0,f holds
on that tape cell too. To the right: a partial representation of a model that satisfies the formula
(1) ∧ . . . ∧ (47): observe how one combined letter transfers the information to the next t-point using
the auxiliary letter at.

▶ Lemma 7. Suppose that M, (0, 0) ⊩ (1) ∧ . . . ∧ (29), and let (j0, j0), (j1, j1), . . . be the
sequence of configurations whose existence is guaranteed by Lem. 6. Then:

(i) for each s ≥ 1, (js + 1, js + 1) is a f -point, and no other points are f -points;
(ii) for each s ≥ 1, all points between (js + 2, js + 2) and (js+1 − 1, js+1 − 1), included, are

g-points, and no other points are g-points.

In the reduction the actual tape symbols, denoted here by the letters 0, 1, and ⊔, label
f -,l-, and t-points, and they must be placed according to the transition function from one
configuration to the next one. For each state q ∈ Q we use a letter q to denote both the state
in which the machine is in a particular configuration and the letter denoting it; the particular
t-point on which q holds also denotes the tape symbol being read. Moreover, we use q0, q1, q⊔
(resp., r0, r1, r⊔) to denote the combined information of the machine reading 0, 1, or ⊔ and
being in the state q (resp., the machine not reading that particular tape position which is
holding 0, 1, or ⊔). Finally, we use the subscript f or g to take into account the fact that
the position being read is the first one of the configuration or it is not. In the rest of this
construction, q ranges in Q, c ranges in {0, 1,⊔}, and v ranges in {f, g}, to form the sets of
letters qc,v and rc; for example, q0,f holds on some p-point only when both q and 0 hold on
it and the position of the cell is the first one in the configuration.

Stepping from individual tape symbols, state symbols, and positions, to combined symbols
(for example, from a t-point that also satisfies 0, q, and it is the first one in a configuration
to having q0,f holding on the same t-point) is achieved as follows. In correspondence of every
tape symbol z, an auxiliary letter z′ is placed somewhere below it. Then, depending on the
particular symbol currently placed on a particular t-point, such an auxiliary letter is forced
to appear above the horizontal line (when it is 0), below it (when it is 1), or on it (when it
is ⊔), and this information is later used to decide what combined letter is placed on that
particular t-point. For combined letters of the type rc, this construction is enough, as we
do not need to codify their relative position within the configuration. To combined letter
of the type qc, on the other hand, we need to add the position information; we do so via
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the auxiliary letters q′
c, that are forced to appear somewhere below each occurrence of a

qc, and particularly strictly above the horizontal line for first positions and strictly below
it for non-first positions, and depending on where they actually occur, the final combined
letters of the type qc,f and qg,f are built and placed on the same t-point. This construction
is exemplified in Fig. 4 (left-hand side). We proceed by asserting:∧

z∈Q∪{r}

( ( 0 → ¬z′) ∧ ( 0 → ¬z′)), (30)

∧
z∈Q∪{r}

( ( 1 → ¬z′) ∧ ( 1 → ¬z′)), (31)

∧
z∈Q∪{r}

( ( ⊔ → ¬z′) ∧ ( ⊔ → ¬z′)), (32)

∧
z∈Q∪{r}

(z → z′), (33)

∧
z∈Q∪{r}

( (z′ → z⊔) ∧ ( z′ → z0) ∧ ( z′ → z1)), (34)

∧
q∈Q,c∈{0,1,⊔}

( ¬q′
c ∧ ( f → ¬q′

c) ∧ ( g → ¬q′
c)), (35)

∧
q∈Q,c∈{0,1,⊔}

( (qc → q′
c)), (36)

∧
q∈Q,c∈{0,1,⊔}

( ( q′
c → qc,f ) ∧ ( q′

c → qc,g). (37)

▶ Lemma 8. If M, (0, 0) ⊩ (1) ∧ . . . ∧ (37) and (i0, i0), (i1, i1), . . . , (ik, ik) is the sequence
of p-points whose existence is guaranteed by Lem. 5, then:

(i) if (is, is) satisfies q for some q ∈ Q, c for some c ∈ {0, 1,⊔}, and f (resp., g), then it
also satisfies qc,f (resp., qc,g);

(ii) if (is, is) satisfies r and c for some c ∈ {0, 1,⊔}, then it also satisfies rc.

The last part of the reduction requires forcing configurations to behave according to the
transition function δ. This implies making sure that the first configuration represents the
Turing machine A starting with a 1-symbol tape holding ⊔, the reading head currently on
the first position, and the machine itself in state qi. Reasoning by induction, and assuming
that a particular configuration holds a particular sequence of tape symbols (on t-points)
and that a particular letter q (for q ∈ Q) holds on some t-point (indicating that the reading
head is currently on that position), the previous lemma ensures that all t-points consistently
satisfy the letters qc,f , qc,g, and rc, for c ∈ {0, 1,⊔}. Our task is now that of transferring the
information to the next configuration, in terms of symbols 0, 1,⊔ and q. This is achieved by
means of the auxiliary letter at (introduced in Lem. 6) and the auxiliary letters of the type
q′

c,f,M , with M ∈ {R,L} (to denote a right or left movement of the reading head) and r′
c,

that are forced to hold on a at point above some t-point and transfer the information on the
corresponding t-point on its right, as well as q′′

c,f,M , r′′
c , that hold on t-points. Separating the

situations in which the reading head is sitting, or not, on the first position in a configuration
allows us to respond correctly to the particular case in which δ requires a left movement,
which, in that case, must be ignored. An example is shown in Fig. 4 (right-hand side). Thus,
we set:
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qi ∧ ⊔ ∧
∧

q∈Q

(q → ¬∗), (38)

∧
(q,c)→(q̄,c̄,M)∈δ,v∈{f,g}

(qc,v → q̄′
c̄,v,M ) ∧

∧
c∈{0,1,⊔}

(rc → r̄′
c), (39)

∧
q∈Q,v∈{f,g},M∈{R,L},c∈{0,1,⊔}

( (q̄′
c̄,v,M → q̄′′

c̄,v,M ) ∧ (r̄′
c → r̄′′

c )), (40)

∧
q∈Q,v∈{f,g},M∈{R,L},c∈{0,1,⊔}

( (q̄′
c̄,v,M → at) ∧ (r̄′

c̄ → at)), (41)

∧
q∈Q,v∈{f,g},M∈{R,L},c∈{0,1,⊔}

( (q̄′′
c̄,v,M → t) ∧ (r̄′′

c̄ → t)), (42)

∧
q∈Q,v∈{f,g},c∈{0,1,⊔}

( (q̄′′
c̄,v,R → q̄) ∧ (q̄′′

c̄,v,R → c̄)), (43)

∧
q∈Q,v∈{f,g},c∈{0,1,⊔}

( (q̄′′
c̄,g,L → q̄) ∧ (q̄′′

c̄,g,L → c̄)), (44)

∧
q∈Q,v∈{f,g},c∈{0,1,⊔}

( (q̄′′
c̄,f,L → q̄) ∧ (q̄′′

c̄,g,L → c̄)), (45)

∧
c∈{0,1,⊔}

(r̄′′
c → c), (46)

∧
c1,c2∈{0,1,⊔}

(c1 → ¬c2) ∧
∧

q1,q2∈Q

(q1 → ¬q2). (47)

▶ Lemma 9. If A = (Q,Σ,Γ, δ, qi, qa, qr) is a deterministic Turing machine, M, (0, 0) ⊩
(1)∧. . .∧(47), and (j0, j0), (j1, j1), . . . is the sequence of ∗-points whose existence is guaranteed
by Lem. 6, then, for every n ≥ 0 and m ≥ 1:

(i) if (js+d, js+d) satisfies q for some q ∈ Q, c for some c ∈ {0, 1,⊔}, and f (resp., g), and
if (q, c) → (q̄, c̄, R) ∈ δ, then (js+1 +d, js+1 +d) satisfies c̄ and (js+1 +d+1, js+1 +d+1)
satisfies q̄;

(ii) if (js + d, js + d) satisfies q for some q ∈ Q, c for some c ∈ {0, 1,⊔}, and g, and if
(q, c) → (q̄, c̄, L) ∈ δ, then (js+1 + d, js+1 + d) satisfies c̄ and (js+1 + d− 1, js+1 + d− 1)
satisfies q̄;

(iii) if (js + d, js + d) satisfies q for some q ∈ Q, c for some c ∈ {0, 1,⊔}, and f , and if
(q, c) → (q̄, c̄, L) ∈ δ, then (js+1 + d, js+1 + d) satisfies both c̄ and q̄;

(iv) if (js +d, js +d) does not satisfies q for any q ∈ Q, and satisfies c for some c ∈ {0, 1,⊔},
then (js+1 + d, js+1 + d) satisfies c.

Completing the reduction. Consider now the formula:

(1) ∧ . . . ∧ (47) ∧ qa. (48)

▶ Theorem 10. Given a Turing machine A, the CLcore-formula (48) is satisfiable on
a finite/discrete structure if and only if A accepts on the empty input. Therefore, the
satisfiability problem for CLcore in the finite/discrete case is undecidable.

5 Decidability of CLcore,□

In this section, we prove that excluding diamonds from the grammar of the core fragment of
CL entails regaining the decidability of its satisfiability problem in classes of discrete frames,
as an effect of the low expressive power of this language.
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Minimal extended structures. Let us start by introducing the concept of minimal extended
structure.

▶ Definition 11. Given a bi-dimensional Kripke frame F , a bi-dimensional extended Kripke
structure (or, simply, extended structure) M+ is a bi-dimensional Kripke frame enriched
with an extended valuation function V+ : D ×D → 2Λφ , that is, M+ = ⟨F ,V+⟩, such that,
for every point (i, j) ∈ F :

¬λ ∈ V+(i, j) iff λ /∈ V+(i, j),
λ ∈ V+(i, j) iff λ ∈ V+(k, j) for every k < i,

λ ∈ V+(i, j) iff λ ∈ V+(k, j) for every k > i,

λ ∈ V+(i, j) iff λ ∈ V+(i, k) for every k > j,

λ ∈ V+(i, j) iff λ ∈ V+(i, k) for every k < j.

The notion of a structure M satisfying a formula φ can be lifted to a notion of an extended
structure M+ satisfying the formula φ by simply replacing the base case in Def. 2 with:

M+, (i, j) ⊩ λ iff λ ∈ V+(i, j).

The following result is an immediate consequence of the definition.

▶ Lemma 12. Let φ be a CLcore,□-formula. Then, φ is satisfiable if and only if it is satisfied
on some extended structure.

Since satisfiability of CLcore,□-formulas can be reduced to satisfiability on extended structures,
we use the same notation and terminology for structures (resp., models) and extended
structures (resp., models).

▶ Definition 13. Given a structure M = ⟨F ,V⟩, a point (i, j), and a literal λ such that
λ ∈ V(i, j), we say that a (i, j, λ)-reduct of M is any structure M′ = ⟨F ,V ′⟩ such that
λ /∈ V ′(i, j). A structure M is said to be minimal for a CLcore,□-formula φ if and only if
M, (0, 0) ⊩ φ and for every (i, j, λ)-reduct M′ of M it is the case that M′, (0, 0) ̸⊩ φ.

▶ Lemma 14. Let φ be a CLcore,□-formula. Then, φ is satisfiable if and only if it is satisfied
by some minimal structure.

Minimal structures are a standard notion in Horn-like fragments of propositional (modal)
logic, based on the observation that in such fragments there cannot be a disjunction of
positive literals; this allows one to partially order structures by containment, which, in
spatial logic, becomes pointwise containment. Since satisfiability of CLcore,□-formulas can be
reduced to satisfiability on minimal structures, again, we make the notation and terminology
uniform by using structure (resp., model) instead of minimal extended structure (resp.,
minimal extended model).

Ultimately constant structures. In order to understand the properties of (minimal extended)
structures that satisfy CLcore,□-formulas, first we prove that positive literals cannot exist in
isolated points except on (0, 0).
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Figure 5 To the left: a pictorial representation of influence area and Lem. 16. To the right: a
pictorial representation of an ultimately constant model and Lem. 19.

▶ Definition 15. Let φ be a CLcore,□-formula, F a structure, (i, j) ∈ F a point. The
influence area of (i, j) w.r.t. φ, denoted I(i, j, φ), is defined by the following rule. For every
(i′, j′), it is the case that (i′, j′) ∈ I(i, j, φ) if and only if:

i′ ≥ min{i, |φ|}, j′ ≥ min{j, |φ|}, if i > 0, j > 0,
i′ = 0, j′ ≥ min{j, |φ|}, if i = 0, j > 0,
i′ ≤ max{i,−|φ|}, j′ ≥ min{j, |φ|}, if i < 0, j > 0,
i′ ≤ max{i,−|φ|}, j′ = 0, if i < 0, j = 0,
i′ ≤ max{i,−|φ|}, j′ ≤ max{j,−|φ|}, if i < 0, j < 0,
i′ = 0, j′ ≤ max{j,−|φ|}, if i = 0, j < 0,
i′ ≥ min{i, |φ|}, j′ ≤ max{j,−|φ|}, if i > 0, j < 0,
i′ ≥ min{i, |φ|}, j′ = 0, if i > 0, j = 0.

▶ Lemma 16. Let φ be a CLcore,□-formula, M = ⟨F ,V⟩ a model for φ, and λ a literal. Then,
if M, (i, j) ⊩ λ for some point (i, j) ̸= (0, 0), then M, (i′, j′) ⊩ λ for every (i′, j′) ∈ I(i, j, φ).

A pictorial representation of the effects of Lem. 16 can be found in Fig. 5 (left-hand side).

Now, when we look at points far away from the point (0, 0) we see that structures have a
very well-defined shape.

▶ Definition 17. Let φ be a CLcore,□-formula, and M = ⟨F ,V⟩ a model for φ. The up
(resp., up right, right, down right, down, down left, left, up left) area, denoted A♣, for
♣ ∈ {u, ur, r, dr, d, dl, l, ul}, is defined as follows:

Au = {(i, j) | −|φ| < i < |φ|, j ≥ |φ|};
Aur = {(i, j) | i ≥ |φ|, j ≥ |φ|};
Ar = {(i, j) | i ≥ |φ|,−|φ| < j < |φ|};
Adr = {(i, j) | i ≥ |φ|, j ≤ −|φ|};
Ad = {(i, j) | −|φ| < i < |φ|, j ≤ −|φ|};
Adl = {(i, j) | i ≤ −|φ|, j ≤ −|φ|};
Al = {(i, j) | i ≤ −|φ|,−|φ| < j < |φ|};
Aul = {(i, j) | i ≤ −|φ|, j ≥ |φ|}.
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▶ Definition 18. Let φ be a CLcore,□-formula and M = ⟨F ,V⟩ a model for φ with size
|M| > |φ|. We say that M is ultimately constant if and only if for every pair of points
(i, j), (i′, j′) and every ♣ ∈ {ur, dr, dl, ul}:
1. if (i, j), (i′, j′) ∈ A♣, then V(i, j) = V(i′, j′);
2. if (i, j) ∈ Au, then V(i, j) = V(i, j + 1);
3. if (i, j) ∈ Ar, then V(i, j) = V(i+ 1, j);
4. if (i, j) ∈ Ad, then V(i, j) = V(i, j − 1), and
5. if (i, j) ∈ Al, then V(i, j) = V(i− 1, j).

▶ Lemma 19. Let φ be a CLcore,□-formula. Then, if φ is satisfied on a structure M with
size |M| > |φ|, then M is ultimately constant.

A pictorial representation of the effects of Lem. 19 can be found in Fig. 5 (right-hand side).

Satisfiability of CLcore,□ is in P . Decidability of satisfiability in CLcore,□ in the discrete
case is an immediate consequence of Lem. 19 and the fact that ultimately constant models
are finitely representable. Decidability in the finite case is proven by observing that a given a
CLcore,□-formula φ is finitely satisfiable if and only if it is satisfied on some minimal model
of size N = |φ|.

▶ Lemma 20. Let φ be a CLcore,□-formula. Then, if φ is finitely satisfiable, then there exists
a structure M = ⟨F ,V⟩, where F = D × D and D = ⟨D,<⟩, such that, first, M, (0, 0) ⊩ φ

and, second, |M| ≤ |φ|.

▶ Theorem 21. The satisfiability problem for CLcore,□ in the class of all finite structures,
the class of all infinite structures, and the class of all discrete structures, is in P and
NLOGSPACE-hard.

6 Conclusions

Despite the naturalness of Compass Logic (CL), its properties have been scarcely investigated,
probably because it was introduced at the same time that its undecidability was proven,
discouraging its use. Curiously, the same happened with Halpern and Shohams’ Modal
Logic of Allen’s Relations (HS), which was immediately shown to be undecidable; yet, in
the latter case a number of syntactical, semantical, and also clausal fragments were studied,
contributing to the identification of a very complex landscape. In the case of CL, there have
been only two previous attempts at finding well-behaved sub-languages.

In this paper we initiated the analysis of clausal fragments of CL, inspired by similar
previous investigations. We unveiled a small, still undecidable fragment of CL, which turns
out to be technically interesting due to the complexity of the undecidability proof, and an even
smaller fragment of it, which, on the contrary, is decidable in deterministic polynomial time.
Despite CL and HS being both bi-dimensional, their behaviour under Horn-like restrictions
is different; in the case of CL, in particular, the core fragment turns out to be decidable in
the discrete irreflexive case, which is precisely the most outstanding case left open in the
case of the core fragment of HS. Whether the decidability of the satisfiability problem of core
fragment of CL can be pushed further, say, to the Horn fragment, or whether its complexity
can be pinpointed in a tighter way, are open problems at the moment.

Modal logics for qualitative reasoning have a wide range of real-life applications in modern
artificial intelligence and machine learning. Decidable and efficient languages for reasoning
about non-tabular data, such as temporal and spatial data, can be applied in machine
learning-based applications, and good computational properties enable useful reasoning tasks,
such as minimization of learned rules and checking expert-knowledge compliance.
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Abstract
The cascade product is a fundamental construction in automata theory, enabling hierarchical
composition of automata and playing a central role in decomposition results such as the Krohn–Rhodes
theorem. However, its use is limited by the exponential size required to represent cascades, which
stems from the fact that each component may depend on all preceding ones, leading to exponentially
large alphabets.

To address this issue, we introduce the Σ-chain product, a restricted variant in which each
component depends only on the input alphabet and the component immediately preceding it. We
show that Σ-chains achieve linear-size representations and can be exponentially more succinct than
cascades. We prove that Σ-chains and cascades are expressively equivalent even when restricting the
components to specific classes of automata, such as permutation-reset automata. As a consequence,
we derive that a language is regular if and only if it is recognized by a Σ-chain of permutation-reset
automata. Finally, we analyze structural properties of Σ-chains of reset automata, including a
relation with well-known subclasses of star-free languages.
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1 Introduction

The cascade product of deterministic automata generalises the direct product by arranging
the component automata in a linear, hierarchical structure [12, 18, 13]. While in the direct
product every component reads symbols from a fixed alphabet Σ, in the cascade product
the component at level i reads symbols from Σ and, additionally, observe the state of every
component at level j < i. Formally, the automaton at level i reads symbols from the Cartesian
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product Σ × Q1 × · · · × Qi−1, where Qj denotes the state set of the automaton at level j; the
first component, as in the direct product, reads symbols from Σ alone. A transition labelled
(a, q1, . . . , qi−1) is taken if and only if the current input symbol is a ∈ Σ and the automaton
at level j is currently in state qj , for every 1 ≤ j < i. Crucially, the automaton obtained by
applying the cascade product is defined over the original alphabet Σ alone.

The cascade product was introduced in the context of semigroup and semiautomaton
decomposition theory, and lies at the heart of the Krohn–Rhodes Decomposition Theorem [12].
This theorem states that every deterministic semiautomaton (i.e. an automaton without
initial and accepting states) can be decomposed into a sequence of permutation-reset semi-
automata whose cascade product covers the original semiautomaton – that is, the original is
a homomorphic image of a sub-semiautomaton of the product.1 In other words, the cascade
product can simulate all the behaviours of the original semiautomaton using only very simple
components, namely permutation-reset semiautomata. A semiautomaton over a state set Q

is called permutation-reset if every symbol in its alphabet induces a transformation Q → Q

that is either a permutation (i.e. a bijection) or a reset (a map whose image has cardinality
one). A semiautomaton is called reset if every symbol induces either a reset function or the
identity (a special case of a permutation). A central insight of the Krohn–Rhodes theorem is
that every counter-free semiautomaton – corresponding to star-free regular expressions – can
be decomposed into a cascade product of two-state reset semiautomata.

Beyond its theoretical significance in automata theory and semigroup algebra, the
Krohn–Rhodes Decomposition Theorem has found applications in the translation of automata
to Linear Temporal Logic formulas [14, 13] and in the transformation of finite-word automata
into formulas of pure-past Linear Temporal Logic – formulas whose temporal operators
refer exclusively to the past – in what is known as the pastification problem [3, 1]. An
application of the cascade product in formal verification appears in [7], where the approach
is to decompose the specification to be model-checked against a system into a sequence of
components arranged in a cascade structure, and to execute the model-checking algorithm one
component at a time, starting from the first. The rationale is that component-by-component
verification is generally more efficient than the monolithic verification of the full system.
More recently, the cascade product has been extended from semiautomata to full automata
in [3], where the relationship between cascades of a given number of reset automata and the
corresponding classes of regular expressions has been studied. It has been shown that the
cascade product of permutation-reset automata (respectively, of reset automata) captures
exactly the class of regular (respectively, star-free) languages.

A significant drawback that limits the applicability of the cascade product is the size of its
representation. On one hand, the automaton obtained by computing the cascade product of
n (semi)automata A1, . . . , An has a number of states exponential in n, a phenomenon shared
with the direct product. On the other hand, and more problematically, even representing the
sequence of components ⟨A1, . . . , An⟩ – which we call a cascade of (semi)automata – without
computing the actual product requires exponential space. This is a consequence of the
component alphabets: in particular, the alphabet of the last component An has cardinality
|Σ| × |Q1| × · · · × |Qn−1|, which is already exponential in n. Since we consider deterministic
automata, the number of transitions of An is also exponential in n. While this represents
a significant drawback from the perspective of space complexity, it is also a key source of
expressive power, allowing An to distinguish every possible configuration of the preceding

1 A stronger version of the theorem exists, where the decomposition consists of permutation automata
and two-state reset automata. We use the weaker formulation to keep all components of the same type.
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components together with the current input symbol, and to select a different successor state
for each such configuration. By contrast, representing the sequence of components of a direct
product requires only space linear in n and in the size of the largest automaton.

Motivated by the desire to overcome this representational inefficiency while surpassing
the expressive power of the direct product (which only captures closure under intersection),
we introduce in this paper the notion of Σ-chains and the corresponding Σ-chain product.
A Σ-chain is a sequence of automata in which the first component reads symbols from Σ,
while each subsequent component depends only on Σ and on the immediately preceding
component, that is, where the component at level i reads symbols from the Cartesian product
Σ × Qi−1, where Qi−1 is the state set of the automaton at level i − 1. The Σ-chain product
is the resulting product automaton, defined analogously to the cascade product: the i-th
automaton takes a transition labeled (a, qi−1) if and only if the current input symbol is a

and the preceding component is in state qi−1. The Σ-chain product is thus a restriction
of the cascade product in which each component’s dependency is confined to Σ and the
component immediately preceding it, and a generalization of the direct product in that it
admits a hierarchical dependency structure among components.

We begin by analyzing the representational complexity of Σ-chains. We show that, while
the Σ-chain product of n automata is an automaton with a number of states exponential in
n (as with both the cascade and the direct product), the Σ-chain itself – i.e. the sequence
of components – has size linear in n (as with the direct product, but unlike the cascade).
Furthermore, we demonstrate that Σ-chains can be exponentially more succinct than cascades:
there exists a family of languages recognisable by Σ-chains of n reset automata (thus
representable in space polynomial in n) such that any cascade of reset automata for those
languages requires at least n components, and hence at least exponential space.

We then turn to the expressive power of Σ-chains. We show that Σ-chains and cascades of
automata are expressively equivalent. We first observe that every Σ-chain is, by construction,
a special case of a cascade: the dependency restriction imposed on each component is simply
a syntactic constraint, and lifting it yields a valid cascade with identical components. The
converse direction is less immediate. We show that every cascade can be transformed into an
equivalent Σ-chain via a chainification technique: intuitively, the dependence of a component
– say, the third – on the states of a non-adjacent predecessor – say, the first – can be eliminated
by encoding the relevant state information into the state space of the intervening component.
We prove, moreover, that for the classes of permutation-reset, pure-reset (all symbols induce
a reset), and permutation automata (all symbols induce a permutation), the resulting Σ-chain
has the same number of components as the original cascade, and each component belongs
to the same class. This comes at the cost that, at level i, the number of states becomes
exponential in i. A corollary of this transformation is that Σ-chains of permutation-reset
automata recognise exactly the class of regular languages. This means that, for permutation-
reset automata, maximal expressive power can be achieved without requiring the i-th level to
depend on all previous levels. Rather, it only needs to depend on the immediately preceding
level and the input alphabet. For reset automata, the proposed transformation does not
preserve the component type: a reset automaton may become a permutation-reset automaton.
While the number of components is preserved, the resulting Σ-chain may no longer consist
entirely of reset automata. Therefore, we can only establish that languages recognized by
Σ-chains of reset automata are included in the star-free languages, leaving the converse open.
Table 1 summarizes and compares the expressiveness results for Σ-chains against known
results on cascades and direct products.
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Table 1 Summary of expressiveness results on direct products, Σ-chains and cascades of automata,
for the classes of pure-reset (R−), reset (R) and permutation-reset (R+) automata. SF denotes the
class of star-free languages and REG denotes the class of all regular languages. † Some preliminary
results on the expressiveness of Σ-chains of reset automata are discussed in Section 5.

Direct Product Σ-chains Cascades

R−

⋂
i
(Σ∗Ri ∪ Ji)

Ji = ε or Ji = ∅
Ri, Ii ⊆ Σ, Ri ∩ Ii = ∅

[3]

⊊
Lemma 11 open =

Corollary 14 open

R

⋂
i
(Σ∗RiI

∗
i ∪ Ji)

Ji = I∗
i or Ji = ∅

Ri, Ii ⊆ Σ, Ri ∩ Ii = ∅
[3]

⊊
Lemma 11 open† ⊆

Corollary 14
SF
[4]

R+ open open REG
Corollary 14

=
Corollary 14

REG
[4]

We next investigate Σ-chains of reset automata, showing that they can recognize sev-
eral natural and well-studied classes of star-free languages, including Piecewise Testable
languages [16] and R-trivial languages [5]. We also consider two hierarchies of languages
obtained by restricting Σ-chains of reset automata by height (number of components) and by
width (number of states per level). We prove that the height hierarchy is strict – for every
h, there exist languages recognisable by a Σ-chain of reset automata of height h but not
of height h − 1 – whereas the width hierarchy collapses: every Σ-chain of reset automata
is equivalent to one in which the number of states of each component depends only on the
size of the alphabet Σ. Finally, we address the pastification problem for Σ-chains of reset
automata, namely the transformation of such structures into equivalent formulas in pure
past Linear Temporal Logic. A straightforward approach would consist in first translating a
Σ-chain into a cascade and then applying the procedure of [4] to obtain the corresponding
formula. Instead, we adapt the construction of [4] so as to directly translate a Σ-chain of
reset automata into a formula of quadratic size, thereby avoiding the exponential blow-up
caused by the intermediate transformation from Σ-chains to cascades.

The paper is structured as follows. Related work is discussed in Section 2. In Section 3,
we provide some background knowledge. In Section 4, we introduce the notion of Σ-chains
and Σ-chain product of automata, we state some basic results and we discuss succinctness and
expressiveness through the use of the chainification (the transformation of cascades into Σ-
chains) technique. In Section 5 we focus on Σ-chains of reset automata, in particular we study
height and width hierarchies, we compare Σ-chains of reset automata to piecewise-testable
and R-trivial languages and we discuss an efficient pastification procedure for Σ-chains.
Finally, in Section 6 we assess the work done, and we outline some directions for future
works. Proofs of all results are provided in the Extended Version [2].

2 Related Work

The composition of (semi)automata has been extensively studied in automata theory and
semigroup theory. In particular, the cascade product plays a central role in decomposition
results such as the Krohn–Rhodes Theorem [12], which shows that every finite semiautomaton
can be decomposed into a cascade of permutation-reset semiautomata. Since then, several
works have investigated structural, algebraic, and logical properties of cascades of automata
and semiautomata, while others have also considered restrictions of the cascade product.
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In [9], Gelderie studies structural properties of cascade products and introduces the
notion of scope: a cascade has scope k if each transition of each component depends on
the states of at most the previous k components. Cascades of scope 1 have a strictly linear
dependency structure and can be readily transformed into Σ-chains. Gelderie further shows
that piecewise-testable languages are recognized by cascades of reset semiautomata of scope 1,
and R-trivial languages by cascades of scope 2.

Our work differs in two ways. First, we consider full automata rather than semiautomata.
Second, instead of studying cascades of bounded-scope, we introduce Σ-chains, where the
i-th component depends only on the input letter and the state of component i − 1. We
exhibit Σ-chains of reset automata for generalizations of both piecewise-testable and R-trivial
languages. As a byproduct, since R-trivial languages are recognized by finite unions of
Σ-chains of reset automata and cascades are closed under union, R-trivial languages are also
recognized by cascades of reset semiautomata of scope 1, improving Gelderie’s bound.

In [8], Gecseg surveys a wide range of results on homomorphically and isomorphically
complete classes of semiautomata with respect to αj-products [11]. Informally, the α0-product
corresponds to a cascade product in which the dependency structure among components is
acyclic, i.e., no loops are allowed between the dependencies of the automata. In [6], Domosi
introduces the notion of vi-product, where each semiautomaton is allowed to depend on
at most i other semiautomata. The α0-v1 product [10] combines these two restrictions:
the dependency structure is acyclic and each component depends on at most one other
component.

This construction is closely related to the Σ-chain product introduced in this paper. Indeed,
both frameworks restrict the dependency structure among components to be essentially linear.
In particular, every Σ-chain product defines an α0-v1 product whose dependency graph
is connected. Conversely, an α0-v1 product may consist of several independent connected
components; once an initial state and a set of final states are fixed, these components can be
sequentially concatenated (in any order) to obtain a corresponding Σ-chain. In [10], it is
shown that the α0-v1 product is equivalent, in terms of homomorphic representations, to
the general product, i.e., a product in which each component may depend on all the others.
At first glance, this may seem to contradict the results of the present paper, since general
products of reset automata can recognize languages that are not star-free, suggesting that
Σ-chain of reset automata products might also exceed the expressive power of the star-free
class. However, this apparent discrepancy is resolved by observing that the equivalence result
of [10] relies on infinite products. Furthermore, the same work shows that, when restricting
to finite products of finite automata, both the α0-product and the v1-product are strictly
more expressive than the α0-v1 product with respect to homomorphic representations. The
expressiveness results for Σ-chain products we establish in this paper can thus be seen as an
extension of the finite-product results of [10], providing a more refined understanding of the
expressive power of finite α0-v1 products.

3 Background

In this section, we introduce the necessary background on automata and cascades of automata.

3.1 Automata
A deterministic semiautomaton A is a tuple (Σ, Q, δ) such that: (i) Σ is the alphabet, i.e.
a finite set of symbols; (ii) Q is the set of states; (iii) δ : Q × Σ → Q is the transition
function. An deterministic automaton A = (Σ, Q, δ, s0, F ) is a semiautomaton augmented
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3:6 The Σ-Chain Product: A Succinct Model of Automata (De)Composition

with an initial state s0 and a set F of final states. From now on, the terms automaton and
semiautomaton refer exclusively to deterministic ones. With δ∗ we denote the Kleene closure
of δ. The size of A, denoted with | A |, is defined as |δ|.

Given an automaton A = (Σ, Q, δ, q0, F ) and a (finite) word σ := ⟨σ0, . . . , σn⟩ ∈ Σ∗, the
run τ ∈ Q+ induced by σ is a sequence ⟨q0, q1, . . . , qn+1⟩ starting from the initial state q0 and
such that δ(qi, σi) = qi+1, for all 0 ≤ i ≤ n. We say that τ is accepting iff qn+1 ∈ F . A word
σ ∈ Σ∗ is accepted by A iff the run induced by σ is accepting. We define the language of A
(or the language recognized by A), denoted by L(A), as the set of accepted words. Given a
state q ∈ Q, let Lq(A) be the set of words inducing a run τ := ⟨q0, . . . , qm⟩ with qm = q.

Each symbol of the alphabet of an automaton A (with set of states Q) induces a
transformation Q → Q, defined as follows.

▶ Definition 1 (Function induced by a symbol). Let A = (Σ, Q, δ, q0, F ) be an automaton.
For each symbol a ∈ Σ, we define the function induced by a in A, denoted with τA

a or simply
τa (when A is clear from the context), as the function τa : Q → Q such that, for all s ∈ Q,
we have that τa(s) = s′ iff δ(s, a) = s′.

Let A = (Σ, Q, δ, q0, F ) be an automaton and let a ∈ Σ be a symbol in the alphabet. We
say that τa is a reset function (or simply a reset) iff there exists a q′ ∈ Q such that, for all
q ∈ Q, we have that τa(q) = q′; in this case, we say that τa is a reset on q′. If instead τa is
bijective, we say that τa is a permutation function (or simply a permutation).

Reset automata and permutation automata are defined as follows.

▶ Definition 2 (The classes of Pure-reset, Reset, Permutation, and Permutation-Reset automata).
Let A = (Σ, Q, δ, q0, F ) be an automaton. A is called:

a pure-reset automaton iff, for each a ∈ Σ, τa is a reset function;
a reset automaton iff, for each symbol a ∈ Σ, τa is either the identity function or a reset
function;
a permutation automaton iff, for each symbol a ∈ Σ, τa is a permutation function.
a permutation-reset automaton iff, for each symbol a ∈ Σ, τa is either a reset or a
permutation function.

We denote with R−, R, P and R+ the classes of pure-reset, reset, permutation, and
permutation-reset automata, respectively.

Let A ∈ {R−, R, P, R+} be a class of automata. We denote with DP[A] the class of
languages definable by a direct product of automata in the class A.

▶ Proposition 3 (Size of direct products). Let D be a set of automata D = {A1, . . . , An} such
that Ai has alphabet Σ and set of states Qi with |Qi| ≥ 2. Let m = max{|Qi| : 1 ≤ i ≤ m}.
It holds that:

| A1 × · · · × An | ≥ |Σ| · 2n;
|D| =

∑
i | Ai | ≤ |Σ| · n · m.

3.2 Cascades and the Cascade Product
The cascade product [14, 13] between two (semi)automata A and B, is a generalization of
the direct product in which B reads the Cartesian product of the input alphabet with the
set of states of A, and where the (semi)automaton B transitions from state s to state s′

reading the symbol (a, q) if the current input symbol is a and the (semi)automaton A is
in state q. The (semi)automaton obtained by applying the cascade product is defined over
the Cartesian product of the set of states of A and B and the alphabet Σ, and is such that
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transition function is applied component-wise. Additionally, for full automata [3], the initial
state of the product automaton is the state comprising the initial states of A and B and the
set of final states is the Cartesian product of the final states of A and B.

▶ Definition 4 (Cascade Product of automata). Let Σ be a finite alphabet and let A =
(Σ, Q, δ, q0, F ) and B = (Σ × Q, Q′, δ′, q′

0, F ′) be two automata over the alphabets Σ and
Σ × Q, respectively. The cascade product of A and B, denoted by A ◦ B, is the automaton
(Σ, Q × Q′, δ′′, (q0, q′

0), F × F ′) where δ′′ is defined as:

δ′′((q, q′), a) = (δ(q, a), δ′(q′, (a, q)))

for all (q, q′) ∈ Q × Q′ and for all a ∈ Σ.

In the following, we will use the term cascade to denote a sequence of automata C =
⟨A1, A2, . . . , An⟩ to which the cascade product is applied, and we define the size of C,
denoted with | C |, as

∑n
i=1 | Ai |. Instead, with the term cascade product, we will denote

the automaton C = A1 ◦ · · · ◦ An obtained by applying the cascade product to the given
sequence of automata. We define the height of the cascade C = ⟨A1, . . . , An⟩ as n. Given
a cascade C = ⟨A1, A2, . . . , An⟩, we define the language of C, denoted with L(C), as the
language L(A1 ◦ · · · ◦ An).

The proposition below shows that, contrary to the case of the direct product (cf. Pro-
position 3), representing a cascade (i.e. the sequence of components to which the cascade
product is applied) requires no less space than representing the product automaton (i.e. the
automaton obtained after applying the cascade product), which is exponential with respect
to the number of components. This is due to the fact that, for cascades of automata, the
alphabet of each component is the Cartesian product between Σ and the set of states of
all previous components. In particular, in a cascade ⟨A1, . . . , An⟩, the alphabet of the last
component An has cardinality |Σ| × |Q1| × · · · × |Qn−1|, which is exponential in n.

▶ Proposition 5 (Size of cascades [4]). For each cascade C = ⟨A1, . . . , An⟩, where Qi is the
set of states of Ai, for each 1 ≤ i ≤ n, it holds that:

| A1 ◦ · · · ◦ An | ≥ |Σ| · 2n;
| C | ≥ 2 · |Σ| · (2n − 1).

Let A ∈ {R−, R, P, R+} be a class of automata. We denote with C[A] the class of
languages recognized by cascades of automata of class A. A language L ⊆ Σ∗ is regular iff
it can be defined starting from finite subsets of Σ∗ by the applications of union, negation,
concatenation, and closure under Kleene star. L is star-free iff it can be generated starting
from finite subset of Σ∗ only by the application of union, negation, and concatenation. The
following results characterizes the expressiveness of C[R] and C[R+].

▶ Theorem 6 ([4]). The following characterizations hold:
A language L is regular if and only if L ∈ C[R+];
A language L is star-free if and only if L ∈ C[R].

4 Σ-Chains of automata

In this section we define Σ-chains of automata and the associated Σ-chain product. We then
study their main properties in terms of succinctness and expressive power.
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Figure 1 On the left, starting from the top, the three components A1, A2, and A3 of a Σ-chain C,
with Σ = {a, b, c}. On the right, the associated Σ-product. We denoted final states with double
circles and with (a, Q) we denote the set of symbols {(a, q) | q ∈ Q}.

4.1 Definitions, Basic Properties and Succinctness
We define Σ-chains of automata as a restricted variant of cascades of automata, in which the
alphabet of the first component is Σ (as in the case of cascades), while the alphabet of each
successive component Ai is the Cartesian product between Σ and the set of states of the
previous component Ai−1.

▶ Definition 7 (Σ-chain Product of automata). Let Σ be an alphabet and let A1, . . . , An be n

automata such that:
A1 = ⟨Σ, Q1, δ1, q1

0 , F 1⟩;
Ai = ⟨Σ × Qi−1, Qi, δi, qi

0, F i⟩, for each i > 1.
We define the Σ-chain product between A1, . . . , An, denoted with A1 ⊙ · · · ⊙ An, as the
automaton (Σ, Q1 × · · · × Qn, δ, (q1

0 , . . . , qn
0 ), F 1 × · · · × F n) such that:

δ((q1, q2, . . . , qn), a) = (δ1(q1, a), δ2(q2, (a, q1)), . . . , δn(qn, (a, qn−1)))

for all (q1, q2, . . . , qn) ∈ Q1 × Q2 × · · · × Qn and for all a ∈ Σ.

In the following, we will use the term Σ-chain to denote a sequence of automata to
which the Σ-chain product is applied. To distinguish them from cascades, we will denote
this sequence as C = [A1, A2, . . . , An]. As with cascades, we define the size of the Σ-chain
C = [A1, A2, . . . , An], denoted with | C |, as

∑n
i=1 | Ai |, and its height as n.

Given a Σ-chain C = [A1, A2, . . . , An], we define the language of C, denoted with L(C),
as the language L(A1 ⊙ · · · ⊙ An). From now on, given a cascade (or a Σ-chain) C and a
Σ-chain (or a cascade) C′, we say that C is equivalent to C′ iff L(C) = L(C′).

An example of a Σ-chain and of the corresponding Σ-chain product is shown in Figure 1.
The three automata on the left constitute the components of the Σ-chain C = [A1, A2, A3].
Automaton A1 is a permutation-reset automaton, whereas A2 and A3 are reset automata.
The language recognized by C consists of all words over the alphabet Σ = {a, b, c} satisfying
the following conditions: (i) the number of occurrences of the symbol “a” is even; (ii) for
every ith occurrence of “a” with odd index i, the immediately following symbol must also be
“a” ; and (iii) there is at least one occurrence of “a”. Each component of the Σ-chain enforces
one of these conditions. In particular, since τa is a permutation in A1 and q0 is its only
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accepting state, A1 accepts precisely those inputs containing an even number of occurrences
of “a”. The automaton A2 transitions to the sink state s1 upon reading either (b, q1) or
(c, q1). This implies that if the most recently read “a” corresponds to an odd occurrence
(i.e. A1 is in state q1) and the current symbol is b or c, then the input word–and all its
continuations–must be rejected. The automaton obtained by applying the Σ-chain product
to C is depicted on the right-hand side of Figure 1.

Let A ∈ {R−, R, P, R+} be a class of automata. We denote by SCH[A] the class of
languages recognized by Σ-chains whose components are automata in the class A. The
following proposition shows that Σ-chains are a particular case of cascades. In particular,
each Σ-chain of automata in a class A ∈ {R−, R, P, R+} can be converted to an equivalent
cascade of automata of the same class A with the same height and with the same number of
states in each component.

▶ Proposition 8. Let C = [A1, . . . , An] be a Σ-chain where, for every i = 1, . . . , n, Ai is of
class Ai ∈ {R−, R, P, R+} and has mi states. Then, there exists a cascade C′ = ⟨A′

1, . . . , A′
n⟩

such that L(C) = L(C′), where each A′
i is of class Ai and has mi states (for every i = 1, . . . , n).

From Proposition 8 and Theorem 6, it directly follows that the language of any Σ-
chain of reset automata is a star-free language and that the language of any Σ-chain of
permutation-reset automata is a regular language.

We analyze the size of Σ-chains with respect to the number of its components and we
compare it to the size of its associated Σ-chain product. The next proposition shows that, as
for direct products (cf. Proposition 3), the size of a Σ-chain is always linear in the number
of its components, while the size of its associated Σ-chain product is exponential (in the
number of components). This is a key difference with respect to the case of cascades, in
which both the size of a cascade and the size of its cascade product are exponential in the
number of the components (Proposition 5).

▶ Proposition 9 (Size of Σ-chains and Σ-chain products). Let C = [A1, . . . , An] be a Σ-chain
where, for every i = 1, . . . , n, Qi is the set of states of Ai, and let m = max{|Qi| : 1 ≤ i ≤ n}.
The following statements hold:

| A1 ⊙ · · · ⊙ An | ≥ |Σ| · 2n;
| C | ≤ |Σ| · n · m2.

The preceding proposition raises the following question: do there exist languages that
admit a compact representation via Σ-chains but not via cascades? The next theorem
answers this positively for the class of reset automata, by exhibiting a family of languages
{Ln}∞

n=1 witnessing an exponential succinctness gap. Each Ln can be recognized by a
Σ-chain of n reset automata of polynomial size (cf. Proposition 9), while any cascade of reset
automata recognizing Ln must have at least n components, and therefore exponential size
(cf. Proposition 5).

▶ Theorem 10 (Succinctness of Σ-chains). Let Σ be a finite alphabet. For every h > 0, let
Lh = Σh · Σ∗. The following holds:

the smallest cascade of reset automata Ch recognizing Lh has size | Ch | ∈ Ω(2h · |Σ|);
there exists a Σ-chain of two-state reset automata C′

h recognizing Lh and of size | C′
h | ∈

O(h · |Σ|).

Proof (sketch). It is possible to construct a Σ-chain C′
h = [A1, . . . , Ah] recognizing Lh as

follows (for every 1 ≤ i ≤ h, Ai has only two states, the initial state qi
0 and the only final

state qi
1): (1) in A1, each symbol in Σ induces a reset on qi

1; (2) for every 1 ≤ i ≤ h, Ai
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transitions from its initial state to its final state only when the preceding component is in its
final state (regardless of the symbol read from Σ), i.e. each symbol (a, qi−1

1 ) induces a reset
on qi

1 and all the others induce resets on qi
0. This ensures that the automaton A1 ⊙ · · · ⊙ Ah

reaches its final state (q1
1 , . . . , qh

1 ) only after consuming at least h symbols from Σ. The lower
bound on the size of the smallest cascade for Lh is proved by Theorem 5.8 of [4]. ◀

Theorem 10 shows that, for certain languages, the use of Σ-chains can yield representations
that are exponentially more succinct than those based on cascades. This motivates the study
of the expressive power of Σ-chains, that is, the characterization of the languages recognizable
via Σ-chains over a given class A of automata.

4.2 Expressiveness
We now investigate the expressive power of Σ-chains, focusing in particular on the case where
the components are automata drawn from a fixed class A ∈ {R−, R, P, R+} (i.e. pure-reset,
reset, permutation, and permutation-reset automata).

First, we compare the Σ-chain product with the direct product, showing that the former
is strictly more expressive than the latter.

Then, we prove that Σ-chains of permutation-reset automata capture exactly the class of
regular languages. The result is established via a chainification method, namely, a construction
that transforms any cascade of permutation-reset automata into an equivalent Σ-chain of
permutation-reset automata. The expressive equivalence with regular languages then follows
from the known equivalence between regular languages and cascades of permutation-reset
automata (cf. Theorem 6).

We further show that the chainification method extends to the class R−, yielding that Σ-
chains of pure-reset automata are expressively equivalent to cascades of pure-reset automata.

For the class R of reset automata, we show that Σ-chains of reset automata recognize
only star-free languages. Whether the converse holds remains open. The natural proof
strategy, namely applying chainification to cascades of reset automata, which are known to
recognize all star-free languages (cf. Theorem 6), fails: chainification produces Σ-chains of
permutation-reset automata rather than reset automata.

Comparison with the direct product

As already discussed in the introduction, the Σ-chain product can be viewed both as a
restricted variant of the cascade product and as a generalization of the direct product. In
fact, Σ-chains retain a key feature of direct products, namely their linear size with respect
to the number of components (cf. Proposition 9). This naturally raises the question of
their relative expressive power. We show that any direct product can be simulated by a
Σ-chain product (DP[A] ⊆ SCH[A], for each A ∈ {R−, R, P, R+}) and that the opposite
is not possible: we exhibit two simple languages that cannot be recognized by any direct
product of reset (resp. pure-reset) automata, while they are definable by a Σ-chain of reset
(resp. pure-reset) automata.

▶ Lemma 11. The following inclusions hold:
DP[A] ⊆ SCH[A], for each A ∈ {R−, R, P, R+};
DP[R] ⊊ SCH[R] and DP[R−] ⊊ SCH[R−].

In particular, the strict inclusions are witnessed by the languages L1 = Σ∗aΣ∗aΣ∗ and L2 =
Σ∗aa, over Σ = {a, b}, as we have that L1 ∈ SCH[R] \ DP[R] and L2 ∈ SCH[R−] \ DP[R−].
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Transformation of cascades into Σ-chains (Chainification)

We describe the transformation of cascades into equivalent Σ-chains starting from the simplest
case, that is, the case of cascades of three automata, since every cascade of height two is
trivially a Σ-chain.

Let C = ⟨A1, A2, A3⟩ be a cascade of three automata: we shall construct an equivalent
Σ-chain C′ = [A′

1, A′
2, A′

3] such that L(C) = L(C′) and if Ai is a permutation-reset (resp.,
permutation, pure-reset) automaton, then also A′

i is a permutation-reset (resp., permutation,
pure-reset) automaton, for each 1 ≤ i ≤ 3.

The main challenge in this translation lies in handling the dependence of the third com-
ponent A3 on the first component A1, which is not permitted in a Σ-chain. To eliminate this
dependence, we encode the required information into the states of the second component A′

2.
The construction proceeds as follows: (i) the second component A′

2 is defined so as to combine
the state information of A1 and A2; (ii) the third component A′

3 then reads the state of A′
2,

from which it can recover the information about both A1 and A2. As stated by the following
Lemma, if the second component A2 is permutation-reset (resp. permutation, pure-reset), the
new component A′

2 can be defined to be permutation-reset (resp. permutation, pure-reset).

▶ Lemma 12. Let C = ⟨A1, A2, A3⟩ be a cascade of permutation-reset (resp. permutation,
pure-reset) automata. There exists a Σ-chain C′ = [A′

1, A′
2, A′

3] of permutation-reset (resp.
permutation, pure-reset) automata such that L(C) = L(C′).

Proof (sketch). Define A′
1 as A1. To ensure that A′

2 carries all the information needed by
A′

3, which reads only symbols in Σ and states of A′
2, we define the state set S′ of A′

2 as
the Cartesian product of the state sets of A1 and A2. Furthermore, A′

2 must satisfy the
following condition: for every state (q, s) ∈ S′ and every transition labeled (a, q), where q

matches the first component of the current state, the transition leads to a state (q′, s′) such
that δ1(q, a) = q′ and δ2(s, (a, q)) = s′, i.e.

∀(a, q) ∈ Σ × Q . (δ′
2((q, s), (a, q)) = (q′, s′) ⇔ δ1(q, a) = q′ ∧ δ2(s, (a, q)) = s′)

Moreover, it is possible to extend the definition of δ′
2 on all other input pairs (i.e. the pairs

(a, q′′) with q′′ ̸= q) in order to guarantee that τ
A′

2
(a,q) is a permutation (when τA2

(a,q) is a
permutation) or a reset (when τA2

(a,q) is a reset). The automaton A′
3 is defined as A3 by

transforming each transition τ(a,q,s) into τ(a,(q,s)). Crucially, all states of A′
1 ⊙ A′

2 ⊙ A′
3 of

type (q, (q′, s), t) with q ̸= q′ are not reachable from the initial state, having that the language
of A′

1 ⊙ A′
2 ⊙ A′

3 is equal to the language of A1 ◦ A2 ◦ A3. ◀

Figure 2 illustrates an example of chainification for a cascade ⟨A1, A2, A3⟩ over the
alphabet Σ = {a, b} (left side of Figure 2). The components A′

2 and A′
3 of the equivalent

Σ-chain are shown on the right side of Figure 2. It is important to note that all transitions
(a, q) in A′

2 can be defined as either permutations or reset functions. Furthermore, we observe
that symbols acting as identities in A2 may become non-identity permutations in A′

2; this is
the case, for instance, for the symbol (a, q0). Indeed, while A2 is a reset automaton, A′

2 is a
permutation-reset automaton.

Lemma 12 can be generalized to deal with cascades of unbounded height as stated by the
following theorem.

▶ Theorem 13 (Chainification Theorem). Let C = ⟨A1, . . . , An⟩ be a cascade of permutation-
reset (resp. permutation, pure-reset) automata. There exists a Σ-chain C′ = [A′

1, . . . , A′
n]

of permutation-reset (resp. permutation, pure-reset) automata such that L(C) = L(C′) and
| C′ | ∈ O(| C |).
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q0A1: q1

a

b

b a

s0A2: s1

(a, q1)

(b, q0)

(b, q0)
id2

(a, q1)
id2

t0A3: t1
(a, q1, s1)

id3 (a, q1, s1)
id3

(q0, s0)A′
2: (q1, s0)

(q0, s1) (q1, s1)

(b, q0) (a, q0), (b, q1)

(a, q1 )

(b, q1)
(Σ, q0)

(a, q1)(b, q0)

(Σ, q1), (a, q0)
(a, q1)

(b, q0 )

(b, q1)
(a, q0)

t0A′
3: t1

(a, (q1, s1))

id′
3 (a, (q1, s1))

id′
3

Figure 2 On the left, the cascade ⟨A1, A2, A3⟩ over Σ = {a, b}, where Q, S, T are the sets of
states of A1, A2, A3, respectively, id2 = {(a, q0), (b, q1)} and id3 = (Σ × Q × S) \ {(a, q1, s1)}. On
the right, the automata A′

2 (with set of states S′) and A′
3 of the Σ-chain obtained through the

chainification technique of Lemma 12, where id′
3 = (Q × S′) \ {(a, (q1, s1))}. The cascade on the left

is equivalent to the Σ-chain [A1, A′
2, A′

3].

Implications on the expressive power of Σ-chains

Proposition 8 and Theorem 13 imply that Σ-chains are expressively equivalent to cascades
for the class R− of pure-reset automata, for the class P of permutation automata and for the
class R+ of permutation-reset automata. Moreover, Σ-chains of permutation-reset automata
characterize the class of regular languages (cf. Theorem 6).

As for the class R, we have that if a language L is recognized by a Σ-chain of reset
automata then L is also recognized by a cascade of reset automata (Proposition 8) and L is
star-free (Theorem 6).

▶ Corollary 14. It holds that:
SCH[R+] = C[R+] and thus a language L is regular if and only if L ∈ SCH[R+];
SCH[R−] = C[R−];
SCH[R] ⊆ C[R] and thus if L ∈ SCH[R] then L is star-free;
SCH[P] = C[P].

5 Σ-Chains of Reset Automata

In this section, we investigate Σ-chains of reset automata and the languages they recognize
(SCH[R]). First, we analyze how imposing structural constraints on Σ-chains – specifically,
bounding their height (i.e. the number of components) and width (i.e. the number of states
per component) – affects the class of recognizable languages.

Second, we compare Σ-chains of reset automata with Piecewise Testable [16] and R-trivial
languages [5], showing that every language in these classes can be expressed as a Boolean
combination and as a finite union of Σ-chains of reset automata, respectively. Moreover, we
establish linear upper bounds on the size of such Σ-chain representations.

Finally, we address the pastification problem for Σ-chains of reset automata, namely, the
transformation of these structures into equivalent formulas in pure past Linear Temporal
Logic. We show a direct transformation yielding a formula of quadratic size when represented
as a DAG (cf. dag-complexity [4]).
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5.1 Height and Width Hierarchies

First, we show that increasing the height of a Σ-chain of reset automata (i.e. the number of
its components) yields an infinite hierarchy of languages: for every level h, there exists a
language at level h that is definable by a Σ-chain of h reset automata but is not recognizable
by any Σ-chain of height h − 1. This result is analogous to what is known for cascades of
reset automata (cf. Height-Hierarchy Lemma of [4]).

▶ Proposition 15. Let Σ be a finite alphabet. For each h > 0, let Lh = Σh · Σ∗. It holds that:
Lh is definable by a Σ-chain of (two-state) reset automata Ch of height h;
Lh cannot be defined by any Σ-chain of reset automata of height less than h.

As shown by Proposition 15 and by the Height-Hierarchy Lemma of [4], both Σ-chains and
cascades of reset automata admit a height hierarchy: for every h ≥ 2 there exist languages
definable by a product of height h that cannot be defined by any product of smaller height.
In contrast, such a hierarchy collapses for direct products, as formalized by the following
lemma.

▶ Lemma 16. Let Σ = {a, b}. Every language definable by a direct product of reset automata
over Σ is also definable by a direct product of two reset automata over Σ.

We now investigate the effect of increasing the number of states in each component of
a Σ-chain of reset automata. The following proposition shows that this does not yield an
infinite hierarchy of languages. In particular, every Σ-chain of reset automata is equivalent
to a Σ-chain of the same height in which the number of states in each component depends
only on the size of the alphabet Σ.

▶ Proposition 17. Let Σ be a finite alphabet with |Σ| = k ≥ 2 and let L ⊆ Σ∗ be a language
accepted by a Σ-chain of reset automata C = [A1, A2, . . . , Ah], for some h > 0. It holds that
L is accepted by some Σ-chain of reset automata C′ = [A′

1, A′
2, . . . , A′

h] where A′
i has at most

f(i) = ki+1−1
k−1 states (for i = 1, . . . , h).

The f(i) = ki+1−1
k−1 bound on the number of states in the i-th component of a Σ-chain,

established in the previous proposition, is – owing to the restriction that each component
depends only on its immediate predecessor – significantly smaller than the corresponding
bound for cascades of reset automata (cf. Width-Collapse Lemma in [4]), namely gi−1(k + 1)
with g(x) = x2 − x + 1.

5.2 Comparison with Piecewise Testable Languages

Piecewise testable languages were introduced by Simon [16] as a natural class of formal
languages whose membership can be decided by inspecting only the scattered subsequences
of bounded length occurring in a given word, regardless of the positions at which they appear.
Intuitively, two words are indistinguishable with respect to a piecewise testable language
whenever they share the same set of scattered subsequences up to a fixed length. This class
has since attracted considerable attention in the theory of formal languages, owing in part to
Simon’s elegant algebraic characterization, which identifies piecewise testable languages with
precisely those regular languages whose syntactic monoid is J -trivial [16], and in part to their
natural logical characterization as exactly the languages definable by Boolean combinations
of existential first-order sentences over words [17].
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▶ Definition 18 (Piecewise Testable Languages [16, 15]). Let Σ be a finite alphabet and let
σ = ⟨a1, . . . , an⟩ ∈ Σn be a word of length n, for some n > 0. We define Lσ ⊆ Σ∗ as the
language Lσ = Σ∗a1Σ∗ . . . Σ∗anΣ∗. A language L is k-piecewise testable if L is a Boolean
combination of languages Lσi with σi ∈ Σ≤k. A language L is piecewise testable if it is
k-piecewise testable for some k > 0.

To show that k-piecewise testable languages are recognizable by Boolean combinations of
(languages recognized by) Σ-chains of k reset automata, we first establish a generalization of
the fact that, for every n > 0 and every σ ∈ Σ+, there exists a Σ-chain of n reset automata
recognizing Lσ. In particular, the following lemma shows that Σ-chains of reset automata
can recognize languages of the form Σ∗σ1Σ∗ · · · Σ∗σnΣ∗, where each σi is not restricted to a
single symbol of the alphabet Σ (as in Definition 18), but may be an arbitrary word. This is
achieved using a number of components equal to the sum of the lengths of all the σi.

▶ Lemma 19. Let Σ be a finite alphabet and let σ1, . . . , σm be m words in Σ+, for some
m > 0. Let Lσ1,...,σm be the language Σ∗σ1Σ∗ . . . Σ∗σmΣ∗. There exists a Σ-chain C of
(two-states) reset automata such that:

L(C) = Lσ1,...,σm ;
the height of C is |σ1| + · · · + |σm|.

Proof (sketch). We first construct, for each 1 ≤ i ≤ m, a Σ-chain for the language Σ∗ ·σi ·Σ∗.
Let σi = a1a2 . . . an. The Σ-chain consists of n two-state reset automata: for each 1 ≤ j ≤ n,
the component Aj transitions from its initial to its noninitial state (by means of a reset
function) if and only if the current symbol is aj and the previous component (if any) is in
its noninitial state. Moreover, the last component (An) must remain in its current state
(by means of an identity function) for all combinations of symbols in Σ \ {an} and states of
An−1, in order to ensure that the last Σ∗ in Σ∗ · σi · Σ∗. Finally, we set the final states of Aj

to be the singleton containing only its noninitial state if j = n, otherwise we define it as the
set of all the two states of Aj .

We can then compose the Σ-chains for each σi obtained in this fashion to obtain a Σ-chain
of

∑m
i=1 |σi| components recognizing Σ∗σ1Σ∗ . . . Σ∗σmΣ∗. ◀

As a straightforward corollary of Lemma 19, applied to the case where |σi| = 1 for every
1 ≤ i ≤ n, we obtain the following result.

▶ Corollary 20. Let Σ be a finite alphabet and let L ⊆ Σ∗. If L is a k-piecewise testable
language, then L is a Boolean combination of languages, each of which is definable by a
Σ-chain of (two-states) reset automata of height at most k.

5.3 Comparison with R-trivial Languages
R-trivial languages are those regular languages whose syntactic monoid is R-trivial and are
dual to L-trivial languages [5]. Beyond their algebraic characterizations, R-trivial languages
are deeply connected to automata theory. In particular, it holds that a language L is R-trivial
if and only if the minimum automaton accepting L is partially ordered [5]. Surprisingly, there
is also a characterization in terms of the cascade product. A language L is R-trivial if and
only if the minimum automaton accepting L is covered by a cascade product of half-resets
where an half-reset is a two-state semiautomaton A = ⟨Σ, {q0, q1}, δ⟩ such that Σ can be
partitioned in two non-empty sets B0 and B1 such that δ(q0, a0) = q0 for every a0 ∈ B0,
δ(q0, a1) = q1 for every a1 ∈ B1 and δ(a, q1) = q1 for every a ∈ Σ [5].

As with piecewise-testable languages, we start by defining R-trivial languages in terms of
regular expressions.
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▶ Definition 21 (R-trivial Languages [5, 15]). Let Σ be a finite alphabet. A language L ⊆ Σ∗

is R-trivial if L is a disjoint union of languages of the form I∗
0 a1I∗

1 a2I∗
2 . . . anI∗

n where:
(i) n ≥ 0; (ii) ai ∈ Σ, for each 1 ≤ i ≤ n; (iii) Ii ⊆ Σ \ {ai+1}, for each 0 ≤ i < n; and
(iv) In ⊆ Σ.

To show that R-trivial languages are recognizable by finite unions of (languages recognized
by) Σ-chains of reset automata, we first establish a more general result. In particular, we
show that Σ-chains of reset automata can recognize languages of the form I∗

0 B1I∗
1 B2 . . . BnI∗

n

where each Ii and each Bj is a subset of Σ without further restrictions. Moreover, the
obtained Σ-chain is of height n + 1.

▶ Lemma 22. Let Σ be a finite alphabet. For some m > 0, let I0, . . . , Im, B1, . . . , Bm be
subsets of Σ. Let LI0,...,Im

B1,...,Bm
= I∗

0 B1I∗
1 . . . I∗

m−1BmI∗
m. There exists a Σ-chain of two-states

reset automata C such that:
L(C) = LI0,...,Im

B1,...,Bm
;

C has height m + 1.

Proof (sketch). The proof follows an approach similar to the proof of Lemma 19. ◀

Applying Lemma 22 to the case where |Bi| = 1 (for every 1 ≤ i ≤ n) and Ii ⊆ Σ \ {ai+1}
(for 0 ≤ i ≤ n − 1) leads to the following result.

▶ Corollary 23. Let Σ be a finite alphabet. Let L ⊆ Σ∗ be an R-trivial language. L is
recognized by a finite union of Σ-chains of two-states reset automata.

5.4 Σ-Chains of reset automata and ppLTL
In [14], Maler proposed a procedure to compile cascades of reset semi-automata into equivalent
formulae of ppLTL, namely formulae of LTL with only past temporal operators. We call such
a procedure a pastification procedure. In [4], this pastification procedure was applied to
cascades of reset automata, providing bounds on the complexity of the resulting formula
past (C) (where C is a cascade of reset automata) under two measures:

The tree-complexity (denoted | past (C)|t): the size of the formula past (C);
The dag-complexity (denoted |past (C)|d): the number of syntactically distinct sub-
formulas of past (C). The dag-complexity measures the space needed to represent the
formula using the sub-term sharing technique.

Theorem 8.4 of [4] provides bounds on both measures: while the tree-complexity of the
obtained ppLTL formula may be exponential in the size of C, the dag-complexity has only a
linear bound.

Given a Σ-chain C of n reset automata, Proposition 8 allows us to first transform it into
an equivalent cascade C′ of n reset automata, whose size may however be exponential in
n. Applying Theorem 8.4 of [4] then yields an equivalent ppLTL formula, but whose dag-
complexity is exponential in n. A direct translation, however, achieves a significantly better
bound. Indeed, a straightforward extension of the techniques of [4] yields a transformation
from a Σ-chain of n reset automata into an equivalent ppLTL formula with only quadratic
dag-complexity.

▶ Theorem 24. Let AP be a set of atomic propositions and let C = [A1, . . . , An] be a Σ-chain
of reset automata over Σ = 2AP . There exists a ppLTL formula past(C) such that:

L(past(C)) = L(C) \ {ϵ};
|past(C)|d ∈ O(| C | · (|AP| + n)) ∈ O(| C | · (|AP| + | C |)).
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By Theorem 10 and Theorem 24, the language ΣhΣ∗ admits a pastification of dag-
complexity O(h · |Σ| · (|AP| + h)) after a prior transformation into a Σ-chain of reset
automata. In contrast, translating the same language into a cascade of reset automata
yields a ppLTL formula of dag-complexity O(2h · |Σ| · |AP|). Therefore, Σ-chains can produce
exponentially more succinct pastifications than cascades of reset automata.

6 Conclusions and Future Work

In this paper, we have introduced the notion of Σ-chain and the associated Σ-chain product
operation, in which the component automata are combined in a feed-forward fashion, with
each component depending solely on the initial alphabet Σ and the states of the immediately
preceding component. We have investigated the expressive power of Σ-chains, establishing
that every regular language can be decomposed into a Σ-chain of permutation-reset automata,
and that every cascade of permutation-reset (pure-reset, and permutation) automata can be
translated into an equivalent Σ-chain of the same class and height. While an analogous result
for reset automata remains open, we have shown that (Boolean combinations of) Σ-chains
of reset automata capture piecewise testable and R-trivial languages. Finally, we addressed
the pastification problem, providing a translation of Σ-chains of reset automata into ppLTL
formulas of quadratic dag-complexity.

A natural direction for future work is to determine whether every star-free language –
that is, a language recognizable by a cascade of reset automata – is also recognizable by
some Σ-chain of reset automata, which requires a complete characterization of the languages
recognizable by Σ-chains. A further open problem is whether, as in the case of cascades of
reset automata, every Σ-chain of reset automata can be translated into an equivalent one in
which each component has only two states, possibly at the cost of increasing the height.

Several questions remain open regarding the pastification problem. It would be interesting
to investigate whether the quadratic dag-complexity bound is tight, and whether the structural
properties of Σ-chains can be exploited to obtain more efficient pastification procedures for
LTL formulas in general.

Finally, the cascade product admits the wreath product as its algebraic counterpart.
Identifying and studying the algebraic structure corresponding to the Σ-chain product is an
interesting direction for future research.
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4:2 Discrete Ensemble Logic

1 Introduction

Modern biomedicine has a formalism gap. Taxonomical ontologies such as SNOMED CT
and UMLS [4] capture terminological structure but not metric time; pathway languages
such as SBML [17] and BioPAX [8] capture biochemical network structure but not spatial
containment; standard temporal logics [24] capture traces but not anatomical geometry;
mathematical morphology captures shapes but not protocol-level quantifier scope [26]. A
clinical constraint such as an HbA1c normalization condition that must hold continuously
for 24 weeks, or a lymph-node tumour deposit large enough to contain a 1 mm spherical core,
has a clear mathematical truth condition. Yet neither condition maps naturally to a single
formal representation without external scripting in varied programming settings.

The central observation behind Ensemble Logic (EL) [28] is that biomedical reasoning
repeatedly uses three non-Boolean, term-dependent operations: exact displacement, bounded
existence, and bounded universality. In the discrete setting these are written φu, ♢tφ, and
□tφ (Fig. 1). Together with Boolean connectives and first-order quantifiers over an additive
index domain, they yield the syntax

φ,ψ ::= p | φu | ¬φ | φ ∧ ψ | φ ∨ ψ | ♢tφ | □tφ | ∃xφ | ∀xφ.

The interpretation domain of EL accommodates discrete time, dense continuous time,
Euclidean space, discrete spatial coordinates, or mixed product spaces depending on the
underlying monoid interpretation of the additive terms u and t [28], which in general come
from different monoids. Over the discrete point-based domain N, the focus of this paper, the
interpretation of the three variable-dependent operations are illustrated below.

0 1 2 3 4 5 6 7 8 9 10 11
u

current i

window [ i, i+t )

φu: φ holds at the point exactly u units into the future

♢tφ: φ holds at some point within the window □tφ: φ holds at every point in the window

Figure 1 An illustration of how the three operators are interpreted over the integer line.

Contributions

In this paper, we focus the mathematical investigation on the foundational discrete case
EL(N), originally introduced in [28], where N is interpreted temporally (modeling disease
trajectories) or spatially (such as base coordinates in genomics). After brief motivational
overview and comparison with existing temporal logic formalisms, we define the syntax and
semantics of EL(N) (§ 3). We show that satisfiability of EL(N) formulas is undecidable, and
in fact Σ1

1-hard, by a reduction from the recurring problem for nondeterministic two-counter
machines. Building on the foundation laid out in [28], this paper establishes results in the
directions of decidability, expressiveness, and axiomatization, with specific topics that lie at
the heart of any new logical formalism:
1. We translate EL(N) into monadic Presburger arithmetic, obtaining the analytical upper

bounds Σ1
1/Π1

1 (§ 4).
2. We further prove Σ1

1-hardness by a two-counter-machine reduction tailored to EL’s
uniformly positive modal bounds (§ 5).
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3. We place EL(N) in the descriptive hierarchy: it contains all FO(N, <; P) languages, defines
non-ω-regular counting languages, but does not contain all ω-regular languages (§ 6).

4. We give a sound Hilbert system and prove MONFON,+-relative completeness (§ 7).
5. We prove NP-completeness of existential-fragment satisfiability, coNP-completeness of

unsatisfiability, and give a complete proof system for satisfiability (§ 8).
6. We prove finite active-domain model checking is in PTIME for fixed formulas and

PSPACE-complete (§ 9).

2 Background

2.1 Motivations from Biomedicine
Modern biomedicine depends on knowledge expressed across free-text discovery claims,
longitudinal records, trial protocols, physiological signals, imaging, and omics. Data in
different modalities are still analyzed with fragmented formalisms and ad hoc scripts. The
same patient, lesion, molecular locus, or protocol event is represented differently across
literature mining, EHR phenotyping, trial eligibility, image analysis, and genomics, even
when the underlying scientific observation has a similar structure.

In prior work [20, 16], we demonstrated that the tri-modality of φu, ♢tφ, and □tφ

(together with standard Boolean and first-order quantifiers) suffices to articulate the entire
temporal structure of clinical-trial protocols in a single closed formula, such as one for
Alzheimer’s-disease trial NCT01266525 [27]. We illustrate the key modeling idea behind
these works using a deliberately compact monitoring protocol example.

Whenever therapy starts on day x, a baseline measurement must occur during the
four-day window beginning at x; a dose (of medication) must be taken on every day
of the fourteen-day window beginning one day later; and an outcome review must
occur exactly twenty-eight days after the start.

With propositions Start, Baseline, Dose, and Review, the protocol is expressed as

∀x
(

Startx →
(
(♢4Baseline)x ∧ (□14Dose)x+1 ∧ Reviewx+28

))
. (1)

The half-open-window convention ([ i, i+t ) in Fig. 1) makes the three clauses precise:

Fragment Plain reading Truth condition

Reviewx+28 exact displacement Review takes place on day x + 28;
(♢4Baseline)x bounded existence Baseline holds on day x, x + 1, x + 2, or day x + 3;
(□14Dose)x+1 bounded universality Dose is taken on every day in [x + 1, x + 15).

The variable x refers to (a lapse of) x units from the time at which the closed formula is
evaluated. Thus ∀x checks all shifts into the future (i.e. displacement) from a given point for
evaluation.

Quantification over metric parameters and logical inference become useful when the same
unknown length must be reused. For example, the schematic rule

∀x
(

Startx → ∃n
[
□n+1Stable ∧ (□n+1Treatment)n+1 ∧ (♢n+1Outcome)2(n+1)

]
x

)
(2)

asks for a positive, record-dependent phase length n+ 1 and reuses exactly that length for a
stabilization phase, a treatment phase, and an outcome window. This reuse of a semantically
chosen additive parameter is the most distinctive syntactic feature of EL.
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4:4 Discrete Ensemble Logic

A complete clinical-trial protocol is naturally a conjunction of many clauses of the form
illustrated by Formula (1) above, together with domain-specific eligibility predicates and
data-quality assumptions. Prior work shows how such clauses can be composed for trial
protocols [20]; the present paper is concerned with the underlying discrete logic, not with
validating any particular medical protocol.

The same approach extends to other medical domains. In sleep medicine [9], the formula
φu places a finding φ at a specific offset from a reference time point; for example, snore
occurs 6 seconds later can be formalized as Snore6. Similarly, □tφ states that the condition φ
holds continuously for duration t; for example, airflow reduction greater than 30% persisting
for 10 seconds can be formalized as □10FlowDrop30. The formula ♢tφ states that property φ
holds somewhere within a bounded window of length t, so that a spindle occurring within a
3-second window can be formalized as ♢3Spindle.

The scientific content with respect to how long, how far, how soon, how continuously, is
exactly the metric structure unaccounted-for by mainstream approaches. The EL thesis [28]
is that three variable-dependent operations: exact displacement, bounded existence, and
bounded universality are parts of a stable “lingua franca” for biomedical knowledge. The
novelty is not that any one operator is new. Linear temporal logic and metric temporal logic
already contain important special cases (see Section 2.2). The novelty is the cross-modal
stability of the operator basis: the same tri-modality can be interpreted on sequences, claim
windows, EHR days [20], dense waveforms [9, 15], Euclidean image regions, stranded genomic
coordinates, and product spaces for spatial-temporal interactions.

2.2 Comparison with neighboring formalisms
The formalisms in Table 1 are selected according to three principled axes: the semantic
carrier (points, intervals, or signals), the way a metric parameter is supplied (fixed constant,
frozen timestamp, or quantified offset), and the domain over which first-order variables range.
They are not intended as an exhaustive survey, but as an illustration of how EL thesis [28] is
genuinely distinct from existing formalisms.

Propositional linear temporal logic (LTL) is the classical point-based logic of linear
executions: formulas are evaluated at positions of a trace, and temporal operators such as
next X and until U describe how truth evolves along that trace [18, 24]. LTL is qualitative:
it can express that an event eventually occurs, but not that it occurs within a specified
numerical delay.

Timed and metric temporal logics add quantitative time in different ways. Metric temporal
logic (MTL [19, 22]) decorates temporal operators with fixed intervals, as in φU[a,b] ψ. Timed
propositional temporal logic (TPTL [3]) instead introduces freeze variables: a formula may
store the current timestamp and later compare it with other timestamps by arithmetic
constraints [3]. First-order LTL combines temporal operators with quantification over an
external data domain, while Halpern-Shoham logic evaluates formulas over intervals rather
than points, using Allen-style interval relations [2, 12].

The logic EL is closest in spirit to metric temporal logics, but its metric parameters are not
merely constants written into the syntax. Instead, EL quantifies over additive displacements
of the timeline. Thus a formula can choose an offset n and then reason about positions such as
v+n or v+n+1. In discrete time, a bounded metric-until formula has the EL-style rendering
φU[a,b] ψ ≡

∨b
r=a

(
ψr ∧ □rφ

)
, up to the usual endpoint convention for until. Conversely,

EL can quantify over the bound itself, as in formulas of the form ∃n (□n+1φ ∧ · · · ), which is
outside ordinary fixed-interval MTL. This ability to quantify over an unbounded domain of
indices is also what conceptually brings EL closer to highly undecidable interval logics such
as Halpern-Shoham logic over discrete linear orders [5, 12].
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Table 1 Comparison along semantic carrier, metric mechanism, and quantified domain.

Logic Semantic carrier Metric mechanism Quantified domain

EL(N) point of an ω-word exact shifts and bounded
windows whose additive
parameters may contain
variables

numerical offsets in N

LTL point of an infinite trace next and qualitative until;
no numerical parameter in
the standard syntax

none in propositional LTL

MTL timed position or time point syntactically fixed metric in-
tervals I on temporal oper-
ators

normally no quantification
over interval bounds

TPTL timed-word position with
timestamp

freeze binder plus clock con-
straints

frozen timestamps

FO-LTL trace position carrying a
first-order structure

qualitative temporal operat-
ors plus first-order atoms

external objects, not tem-
poral offsets

The most distinct feature of EL is that it is not one single logical formalism. EL represents
a class of logics when its semantic carriers are instantiated in unlimited ways: discrete
time, dense continuous time, Euclidean space, discrete spatial coordinates, or mixed product
spaces, in which the underlying monoid interpretation of the additive terms u and t are
fixed [28]. Each such instantiation results in a distinct logic (such as the focus of this
paper – Discrete Linear Ensemble Logic), with likely distinct theoretical properties regarding
decidability, expressiveness, complexity, and axiomatization.

Attributes of EL: Natural and Minimalist

An important distinction between discrete linear EL and the other formalisms mentioned
above lies in its natural and minimalist character. A property of an infinite word is a yes/no
question one can ask about the sequence α(0), α(1), α(2), . . . . Classical temporal logic LTL
answers such questions by stepping through the word one position at a time, using operators
such as “next” and “until;” it can look arbitrarily far ahead, but it can only count by chaining
single steps.

Discrete Linear Ensemble Logic keeps the temporal intuition of a point moving along
the word, but it hands that point a ruler (Fig. 1). Instead of “sometime later” it can say
“somewhere within the next t positions,” and instead of “the next position” it can say “the
position exactly u steps further from here” (also called “displacement”) where t and u are
additive terms built from numerical variables (integer variables in this paper). The single
design decision that gives the logic its character is that these lengths are first-class objects:
one variable may fix a distance that is then reused, combined, and referred to elsewhere in
the same formula.

This is also the reason that complexity results based on LTL do not directly apply in the
discrete linear EL context. Whereas the operator X encodes future positions in unary in LTL,
the displacement φu refers to them through the underlying length measurement captured by
u, typically yielding an encoding of logarithmic size. Moreover, nested applications of “until”
are even less aligned with the natural-language patterns commonly found in biomedical
discourse.
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4:6 Discrete Ensemble Logic

Natural and minimalist are also reflected in EL’s general treatment of biomedical data
records directly as semantic models (with existing annotated features). Other formalisms
usually require a more elaborate semantic structure to work with. A full exposition, however,
of how biomedical data records directly correspond to semantic models for EL, is beyond
the scope of the current paper. For specific EL instantiations and applications, please
see [9, 16, 15, 20].

3 Syntax and Semantics

We first recall basic definitions from [28]. Throughout, N = {0, 1, 2, . . .} and N>0 = {1, 2, . . .}.
We adopt a uniform convention: all first-order variables range over N, while modal lengths
must evaluate to numbers ≥ 1.

▶ Definition 1 (Terms). We fix a countably infinite set of variables V = {x, y, z, . . .}. Additive
terms are defined as u, v, t, s ::= n | x | u+ v, where n ∈ N is a natural-number numeral
and x ∈ V . Numerals are encoded in binary. The syntactic size of a numeral n is bounded
by |n| = Θ(log(n+ 1)), and the size |u| of a term is given by the size of its syntax tree under
this convention. Throughout the paper, |φ| denotes the binary-encoded length of φ.

An assignment η : V → N naturally extends to terms by homomorphic evaluation:
η(n) = n and η(u+ v) = η(u) + η(v). Whenever a term t appears as the metric subscript
of a modality, its evaluation must be strictly positive in the current assignment (η(t) ≥ 1).
Syntactically, this can be ensured by writing modality bounds as t+ 1.

▶ Definition 2 (Formulas). For a finite set P of atomic propositions, the formulas of EL(N)
are generated by the grammar

φ,ψ ::= p | φu | ¬φ | φ ∧ ψ | φ ∨ ψ | ♢tφ | □tφ | ∃xφ | ∀xφ,

subject to the condition that every closed instance of a modal length evaluates to ≥ 1. Standard
abbreviations for ⊤,⊥,→,↔ are derived as usual.

An interpretation is defined as α : N → 2P , equivalently an ω-word over the alphabet 2P .
We denote the support of a proposition p by Pα

p = {i ∈ N | p ∈ α(i)}.

▶ Definition 3 (Satisfaction Relation). For a given interpretation α, variable assignment •η,
and temporal/spatial origin point i ∈ N, satisfaction is defined inductively by standard Boolean
clauses paired with the metric primitives:

(α, η, i) |= p ⇐⇒ p ∈ α(i),
(α, η, i) |= φu ⇐⇒ (α, η, i+ η(u)) |= φ,

(α, η, i) |= ♢tφ ⇐⇒ ∃j [ i ≤ j < i+ η(t) ∧ (α, η, j) |= φ ],
(α, η, i) |= □tφ ⇐⇒ ∀j [ i ≤ j < i+ η(t) → (α, η, j) |= φ ],
(α, η, i) |= ∃xφ ⇐⇒ ∃n ∈ N (α, η[x 7→ n], i) |= φ,

(α, η, i) |= ∀xφ ⇐⇒ ∀n ∈ N (α, η[x 7→ n], i) |= φ.

A formula is closed if it has no free first-order variables. Variables occurring inside additive
subscripts are free unless they occur in the syntactic scope of an enclosing first-order quantifier;
displacement and metric modalities do not bind variables. For a closed formula φ, α |= φ

is a syntactic shorthand for (α, ∅, 0) |= φ, and the corresponding language is defined as
L(φ) = {α ∈ (2P)ω | α |= φ}.



M. Droste and G.-Q. Zhang 4:7

▶ Proposition 4 ([28]). For all formulas φ,ψ and additive terms u, v, s, t evaluating positively
at modal lengths, the following semantic equivalences hold:
(i) (¬φ)u ↔ ¬(φu), (φ ∧ ψ)u ↔ φu ∧ ψu, and dually for ∨;
(ii) (φu)v ↔ φu+v;
(iii) □t distributes over ∧ and dually ♢t over ∨;
(iv) ¬□tφ ↔ ♢t¬φ and dually for ¬♢t;
(v) Monotonicity: if η(s) ≤ η(t), then □tφ → □sφ and ♢sφ → ♢tφ.

As an immediate structural corollary, every EL(N) formula is equivalent to a strict negation-
normal form (NNF) where ¬ occurs exclusively as a terminal operator on propositional
atoms.

4 Forward Embedding into Monadic Arithmetic

Let FO(N, <,+; P) represent first-order logic over the standard structure (N, <,+) expanded
by unary predicates Pp for each p ∈ P. Atomic formulas consist of Pp(x) and standard
equalities and inequalities for Presburger terms.

▶ Theorem 5 (Forward embedding). There exists a linear-time translation T assigning to
every EL(N) formula φ and every arithmetic term z denoting the current evaluation point an
arithmetical first-order formula Tz(φ) such that, for every interpretation α, assignment η,
and point m ∈ N,

(α, η,m) |= φ ⇐⇒
(
N, <,+, (Pα

p )p∈P
)
, η[z 7→ m] |= Tz(φ),

where bound variables are alpha-renamed to avoid capture of the distinguished variable z and
of the fresh variables introduced by the modal clauses.

Proof. Define Tz by structural recursion:

Tz(p) := Pp(z),
Tz(¬φ) := ¬Tz(φ),

Tz(φ opψ) := Tz(φ) opTz(ψ), (op ∈ {∧,∨}),
Tz(φu) := Tz+u(φ),

Tz(Qxφ) := QxTz(φ), (Q ∈ {∃,∀}),
Tz(♢tφ) := ∃j (z ≤ j ∧ j < z + t ∧ Tj(φ)),
Tz(□tφ) := ∀j

(
(z ≤ j ∧ j < z + t) → Tj(φ)

)
,

with j fresh and with the harmless alpha-renaming convention just stated. Correctness
is by structural induction on φ. The atomic, Boolean, and first-order quantifier cases are
immediate from the semantics and the induction hypothesis. The displacement clause uses
(α, η,m) |= φu iff (α, η,m+η(u)) |= φ, which is exactly the induction hypothesis for Tz+u(φ).
The modal clauses match the half-open interval [m,m+ η(t)) by quantifying over the fresh
variable j with z ≤ j < z + t. Each constructor contributes a constant-size translation node
when the output is represented as a shared directed acyclic graph, so the translation is linear
in |φ| under the binary encoding convention of Definition 1. ◀

▶ Corollary 6 (Analytical upper bound). Satisfiability of arbitrary closed EL(N) formulas
resides in Σ1

1, and algorithmic validity resides in Π1
1.
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4:8 Discrete Ensemble Logic

Proof. By Theorem 5, the satisfiability of an EL formula φ is equivalent to the satisfiability
of the formula T0(φ). Hence deciding satisfiability means existentially quantifying the
continuous array of possible monadic subset interpretations Pα

p . This can be expressed by
a second-order existential prefix ∃(Pp)p∈P appended to an arithmetical first-order formula,
bounding the procedure within Σ1

1. Validity is obtained by the dual quantification ∀(Pp)p∈P ,
bounded in Π1

1. ◀

5 Σ1
1-Hardness via Two-Counter Machines

By Corollary 6, the EL(N)-satisfiability problem is in Σ1
1. Here we use a reduction to the

recurring problem for nondeterministic two-counter machines to show its Σ1
1-hardness. A

nondeterministic two-counter machine (2CM) [21] comprises a finite control (Q, q0, q
∗, I)

alongside absolute counters C1, C2 ∈ N driving functional increment and test-and-decrement
branches. The recurring problem asks whether there is an infinite computational sequence
starting from (q0, 0, 0) and containing the loop state q∗ infinitely often.

▶ Lemma 7 (Harel-Pnueli-Stavi [13]). The recurring problem for nondeterministic two-counter
machines is Σ1

1-complete.

Now we can show:

▶ Theorem 8 (Σ1
1-hardness). The satisfiability problem for closed EL(N) formulas is Σ1

1-hard.

Proof. Fix a nondeterministic two-counter machine M = (Q, q0, q
∗, I). We use propositions

Q ∪ {c1, c2, e} and first define exact letter formulas

Hq := q ∧
∧

r∈Q\{q}

¬r ∧ ¬e ∧ ¬c1 ∧ ¬c2,

E := e ∧ ¬c1 ∧ ¬c2 ∧
∧

r∈Q

¬r, Ci := ci ∧ ¬e ∧ ¬c3−i ∧
∧

r∈Q

¬r (i = 1, 2).

A configuration with state q and counter values (x, y) begins at position p and is encoded by

Bq(p, x, y) := (Hq)p ∧ Ep+1 ∧ (□x+1C1)p+2 ∧ Ep+x+3

∧ (□y+1C2)p+x+4 ∧ Ep+x+y+5.

Thus a counter value x is represented by a C1-block of length x+ 1, and similarly for y; all
modal lengths are positive. The next configuration begins immediately at

N(p, x, y) := p+ x+ y + 6.

Let Φinit := Bq0(0, 0, 0). For the transition formula, put the machine instructions into the
usual finite normal form: increments are always enabled; a decrement/test instruction for
counter Ci has one branch for value 0 and one branch for a positive value. For each state q
and each zero/positive case χ ∈ {0,+}2, write x̄0 = 0, x̄+ = x′ + 1, ȳ0 = 0, and ȳ+ = y′ + 1.
The clause for q, χ is

∀p ∀x′ ∀y′
(
Bq(p, x̄χ, ȳχ) →

∨
ι∈I(q,χ)

Succι(p, x̄χ, ȳχ)
)
,

where I(q, χ) is the finite set of instructions enabled in that case; an empty disjunction is ⊥.
The successor formula is obtained by writing the corresponding next block at N(p, x̄χ, ȳχ):
for example,

Succq:C1:=C1+1;q′(p, x, y) = Bq′(N(p, x, y), x+ 1, y),
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and the positive decrement branch for C1 is written with the current value x′ + 1 in the
antecedent and successor value x′ in the consequent,

Bq(p, x′ + 1, y) → Bq′(N(p, x′ + 1, y), x′, y).

The zero branch is the analogous clause with current value 0. No arithmetic equality atom is
needed; the same variables are reused in the block positions and lengths. Let Φtrans be the
conjunction of these finitely many clauses. Finally, recurrence of q∗ is expressed by

Φrec := ∀r ∃s∃x∃y Bq∗(r + s, x, y).

Set φM := Φinit ∧ Φtrans ∧ Φrec.
If M has a recurring run, concatenate the corresponding exact blocks. The initial,

transition, and recurrence clauses are then immediate. Conversely, suppose α |= φM . From
Bq0(0, 0, 0) and Φtrans, induction on successor blocks yields an infinite sequence of adjacent
blocks whose states and counter values follow an enabled run of M . Because the formulas
Hq, E, C1, C2 are mutually exclusive and every successor starts exactly at the end of the
current block, no state marker can occur inside a block of this chain; the adjacent blocks
therefore tile N. Hence every block satisfying Bq(p, x, y) is a boundary of this run. The
formula Φrec says that such q∗-boundaries occur beyond every cutoff, so the extracted run
visits q∗ infinitely often. Thus φM is satisfiable iff M has a recurring run. The construction
uses one constant-size family of clauses per state, instruction, and zero/positive case, and all
numerals are fixed small constants; hence |φM | = poly(|M |). ◀

▶ Corollary 9 (Analytical classification). The satisfiability problem for closed EL(N) formulas
is Σ1

1-complete; the validity problem is Π1
1-complete.

Proof. Upper limits are given by Corollary 6. The hardness of the satisfiability problem is
given by Theorem 8. The hardness of the validity problems follows by considering ¬φM . ◀

▶ Remark. A reduction from the Post Correspondence Problem to the satisfiability problem
for closed EL(N) formulas was given in [28] earlier.

6 Position in the Descriptive Hierarchy

In this section we wish to compare the class of EL-definable languages with standard classes
of ω-languages. As is well-known, the MSO(N, <; P)-definable languages coincide with the ω-
regular languages, and the FO(N, <; P)-definable languages coincide with the ω-LTL-definable
and the ω-star-free rational languages.

▶ Example 10 (A non-ω-regular language in EL). We consider the standard alphabet of
letters Σ = {a, b, c, d}. Since interpretations are subsets of P rather than singleton alphabet
symbols, using a, b, c, d alone would also accept positions where several propositions hold
simultaneously. Therefore, we let ℓa := a∧ ¬b∧ ¬c∧ ¬d and define ℓb, ℓc, ℓd analogously. The
closed formula

∃n
[
□n+1ℓa ∧ (□n+1ℓb)n+1 ∧ (□n+1ℓc)(n+1)+(n+1) ∧ (□n+1ℓd)(n+1)+(n+1)+(n+1)

]
defines, under the standard singleton-letter encoding over {a, b, c, d}, the language Labcd =
{ambmcmdm | m ≥ 1} · Σω (choose target index m = n + 1). By the pumping lemma,
Labcd /∈ ω-Reg.
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▶ Example 11 (An ω-regular language outside EL). Let Σ := {a, b, c, d}, and Lpar over Σ be
defined as Lpar := {wcdω | w ∈ {a, b}∗, |w|a ≡ 0 (mod 2)}. This language is ω-regular: a
two-state automaton records the parity of the number of a’s before the unique delimiter
c and then checks the dω tail. If Lpar were definable in EL(N), Theorem 5 would make it
definable in FO(N, <,+; P). Restricting such a definition to ultimately constant words of
the form wcdω would yield an FO[<,+] definition of finite-word parity. This contradicts the
classical lower bound that parity is not definable in first-order logic with addition on finite
ordered words, equivalently parity is not in uniform AC0 [10, 1, 14].

Now we obtain:

▶ Theorem 12 (Hierarchy classification matrix). We have:
(i) L(FO(N, <; P)) ⊊ L(EL(N)) ⊆ L(FO(N, <,+; P)).
(ii) L(EL(N)) \ ω-Reg ̸= ∅ and ω-Reg \ L(EL(N)) ̸= ∅.

Proof. (i) By Kamp’s theorem [7, 18], FO(N, <; P)-definability of ω-languages coincides with
LTL-definability. It is straightforward to translate LTL-formulas into equivalent EL-formulas
(i.e., preserving the languages): For the Next operator, replace Xφ by φ1, and for strict Until,
replace φU>0ψ by ψ1 ∨ ∃x(ψx+2 ∧ (□x+1φ)1). By Example 10, the inclusion is proper. For
the second inclusion, we apply Theorem 5. (ii) Immediate by Examples 10 and 11. ◀

7 A Hilbert System and Oracle-Relative Completeness

In this section, we wish to obtain a Hilbert system for EL-logic and to consider completeness
questions. Absolute completeness is impossible by Corollary 9; completeness relative only to
Presburger arithmetic is also impossible, since Presburger arithmetic is decidable (Cooper [6],
Presburger [25]) and any r.e. system using only Th(N, <,+) as oracle would have an r.e. proof
relation, contradicting the Π1

1-completeness of EL-validity. Therefore we use the monadic
Presburger validity theory as oracle.

The system HEL

The axioms below are given as schemas; rules are modus ponens, universal generalisation,
and necessitation for φu,□t,♢t from valid formulas.

Group I (propositional and first-order):
(A1) propositional tautologies;
(A2) ∀xφ(x) → φ[u/x] when u free for x;
(A3) ∀x(φ → ψ) → (φ → ∀xψ) when x /∈ free(φ).

Group II (displacement):
(B1) displacement distributes over ∧,∨,¬;
(B2) (φu)v ↔ φu+v;
(B3) if u = v is arithmetically true, φu ↔ φv;
(B4) (Qxφ)u ↔ Qx (φu) for Q ∈ {∃,∀}, x /∈ free(u).

Group III (metric modalities):
(C1) ¬□tφ ↔ ♢t¬φ (dually);
(C2) □t(φ → ψ) → (□tφ → □tψ);
(C3) distribution of □t/♢t over ∧/∨;
(C4) monotonicity: if s ≤ t holdes in (N, <,+), then □tφ → □sφ and ♢sφ → ♢tφ;
(C5) □1φ ↔ φ, ♢1φ ↔ φ;
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(C6) (□tφ)u ↔ □t(φu) (dually for ♢);
(C7) for s, t positive under every assignment, nested modalities compose: ♢s♢t+1φ ↔

♢s+tφ (dually for □);
(C8) additive decomposition: for u, v positive under every assignment: ♢u+vφ ↔ ♢uφ ∨

(♢vφ)u (dually for □).
Group IV (induction over displacement variables):

(D1) ∃xφ(x) ↔ φ(0) ∨ ∃y φ(y + 1); (dually for ∀);
(D2) induction φ(0) ∧ ∀x(φ(x) → φ(x+ 1)) → ∀xφ(x).

▶ Theorem 13 (Soundness). If HEL ⊢ φ then |= φ.

Proof. We verify the non-trivial axioms. C7: (α, η, i) |= ♢s(♢tφ) iff ∃r < s, q < t. (α, η, i+
r + q) |= φ; the attainable sums r + q form [0, s+ t− 1), giving ♢s+t−1φ.
C8: for a = η(u), b = η(v) ≥ 1, use the partition

[i, i+ a+ b) = [i, i+ a) ∪ [i+ a, (i+ a) + b).

D1: from N = {0} ∪ {y + 1 | y ≥ 0}; D2 is mathematical induction. Other axioms follow
from Proposition 4 and direct inspection. ◀

The oracle
MONFON,+ := { Θ ∈ FO(N, <,+; P) | (N, <,+, (Pp)) |= Θ

for every interpretation of the Pp }.

This is the standard-validity theory of monadic Presburger arithmetic.

▶ Theorem 14 (Oracle-relative completeness). Extend HEL with the rule: from T0(φ) ∈
MONFON,+ infer φ (for closed φ). Then |= φ ⇔ HEL + MONFON,+ ⊢ φ.

Proof. The proof is provided in the Appendix. ◀

By Halpern [11], MONFON,+ is itself Π1
1-complete; this is the correct level of relative

completeness given Corollary 9. Axiom C8 (additive decomposition) is the central modal-
arithmetic primitive: it states that inspection of a window of length u+ v factors through
inspection of a window of length u followed by a displaced window of length v.

As an example for the power of this calculus, we just note that Barcan-type interaction
laws can be derived. With the usual assumption of always-positive t, and x /∈ free(t), we have:
⊢ ∀x□tφ ↔ □t∀xφ; ⊢ ∃x♢tφ ↔ ♢t∃xφ; ⊢ ∃x□tφ → □t∃xφ; and ⊢ ♢t∀xφ → ∀x♢tφ.

8 The Existential Fragment ∃EL(N)

▶ Definition 15 (Existential fragment). The existential fragment ∃EL(N) consists of the closed
formulas in negation normal form generated by

φ, ψ ::= p | ¬p | φ ∧ ψ | φ ∨ ψ | φu | ♢tφ | ∃xφ.

Thus ∀ and □ are not primitive in the fragment, and negation is allowed only in front of
atomic propositions. As throughout the paper, metric bounds are required to be positive on
every branch where the modality is used; in applications this is enforced syntactically by
writing bounds as t+ 1.
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An explicit translation to existential Presburger arithmetic

We compile ∃EL(N)-formulas into existential Presburger arithmetic with the standard binary
numeral encoding. Up to inessential bookkeeping, the construction is determined by the
following idea: the only semantic freedom in satisfiability is the choice of the monadic
predicates Pα

p ⊆ N. This freedom can be eliminated as follows: each diamond chooses
one witness inside its window, and each literal occurrence inspects one truth value of one
proposition at one arithmetically computed position. If two such inspection positions happen
to collide, the two truth values must agree. Once those constraints are written down, the
satisfiability question reduces to a pure existential Presburger question.

Fix a closed formula φ ∈ ∃EL(N). First alpha-rename all bound variables and assign
a fresh variable hδ to every occurrence δ of a modality ♢t. Let v̄φ be the tuple of all
renamed first-order variables and all modal-witness variables hδ. For every literal occurrence
ρ introduce a fresh Boolean Presburger variable bρ. We define simultaneously a quantifier-free
Presburger formula Bτ (ψ) and, for every literal occurrence reached during the recursion, its
proposition pρ and absolute position term aρ:

Bτ (pρ) := bρ = 1, aρ := τ, pρ := p,

Bτ ((¬p)ρ) := bρ = 0, aρ := τ, pρ := p,

Bτ (ψ ∧ χ) := Bτ (ψ) ∧Bτ (χ), Bτ (ψ ∨ χ) := Bτ (ψ) ∨Bτ (χ),
Bτ (ψu) := Bτ+u(ψ), Bτ (∃xψ) := Bτ (ψ),
Bτ (♢δ

tψ) := (0 ≤ hδ ∧ hδ < t) ∧Bτ+hδ
(ψ).

The clause for ∃x is legitimate because all existential variables have already been alpha-
renamed and are placed in the global existential prefix. Moving them to the front preserves
truth, since only existential first-order quantifiers are present.

Let Occ(φ) be the finite set of literal occurrences. Define

Boolφ :=
∧

ρ∈Occ(φ)

(bρ = 0 ∨ bρ = 1),

Consφ :=
∧

ρ,σ∈Occ(φ)
pρ=pσ

(
aρ = aσ → bρ = bσ

)
,

EP(φ) := ∃v̄φ ∃(bρ)ρ∈Occ(φ)
(
B0(φ) ∧ Boolφ ∧ Consφ

)
.

Here implication is read as the Presburger formula aρ ̸= aσ ∨ bρ = bσ.
The formula EP(φ) is an existential Presburger formula of size polynomial in |φ|; the

only quadratic blow-up is the pairwise consistency condition.

▶ Lemma 16 (Correctness of the Presburger translation). For every closed φ ∈ ∃EL(N),

φ is satisfiable over ω-words ⇐⇒ (N, <,+) |= EP(φ).

Proof. Suppose first that α |= φ. Choose witnesses for the first-order existential quantifiers
and, along one successful evaluation of each used diamond occurrence, choose hδ to be the
offset from the current point to the witnessing point. Variables belonging only to unused
disjunctive branches may be assigned arbitrarily. For every literal occurrence ρ, set bρ = 1
iff pρ ∈ α(η(aρ)). Then Boolφ is immediate. If two occurrences ρ, σ mention the same
proposition and η(aρ) = η(aσ), they inspect the same proposition at the same position of the
same word, so bρ = bσ; hence Consφ holds. A direct induction on the successful evaluation
tree of φ gives B0(φ).
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Conversely, assume (N, <,+) |= EP(φ) and fix satisfying values for v̄φ and the Boolean
variables bρ. Define an ω-word α as follows. For every proposition p and position n, if there
exists an occurrence ρ with pρ = p and η(aρ) = n, put p ∈ α(n) exactly when bρ = 1; if no
such occurrence exists, choose the truth value of p at n arbitrarily, say false. The definition
is independent of the chosen occurrence by Consφ. Now prove by structural induction on
subformulas that whenever Bτ (ψ) is true under the fixed witnesses, then (α, η, η(τ)) |= ψ.
The literal cases follow from the construction of α; Boolean cases are immediate; displacement
changes the current term from τ to τ + u; the existential case uses the globally fixed value
of the renamed variable; and the diamond case uses the fixed offset hδ, whose conjunct
0 ≤ hδ < t places the witnessing point inside the half-open interval required by Definition 3.
Applying the induction to B0(φ) yields α |= φ. ◀

▶ Theorem 17 (Decidability and NP-completeness). Satisfiability of closed ∃EL(N) formulas
is decidable and NP-complete.

Proof. Membership in NP follows from Lemma 16 and the classical NP upper bound for
satisfiability of existential Presburger arithmetic with binary numerals [23]. The translation
φ 7→ EP(φ) is polynomial: it introduces one numeric witness for each diamond, one Boolean
variable for each literal occurrence, and only a quadratic number of consistency implications.

For hardness, reduce propositional satisfiability. Given a propositional formula F over
variables X1, . . . , Xm, introduce propositions p1, . . . , pm and replace each positive literal
Xi by pi and each negative literal ¬Xi by ¬pi. The resulting ∃EL(N) formula contains no
quantifier and no modality. A truth assignment satisfying F is realised by choosing the truth
values of the propositions pi at position 0, and conversely every satisfying word determines
such a truth assignment from its letter at position 0. Thus F is satisfiable iff the translated
∃EL(N) formula is satisfiable. ◀

▶ Corollary 18 (Finite certificate and unsatisfiability complexity). Every satisfiable closed
∃EL(N) formula has a certificate consisting of polynomial-bit Presburger witnesses together
with truth values for the finitely many literal occurrences. Consequently, unsatisfiability of
closed ∃EL(N) formulas is coNP-complete.

Proof. The certificate is precisely a satisfying assignment for EP(φ). The polynomial bit
bound is the standard small-certificate property behind the NP upper bound for existential
Presburger arithmetic. Since satisfiability is NP-complete by Theorem 17, its complement,
unsatisfiability, is coNP-complete. ◀

A complete proof system for satisfiability of the existential fragment

Let PrA be any fixed sound and complete axiomatisation of Presburger arithmetic. For

EP(φ) = ∃ȳΘφ(ȳ),

where Θφ is quantifier-free, define a labelled calculus S∃EL for satisfiability judgements by
the two terminal rules

PrA ⊢ Θφ(n̄)
S∃EL ⊢ Sat(φ)

PrA ⊢ ¬∃ȳΘφ(ȳ)
S∃EL ⊢ Unsat(φ) ,

where n̄ ranges over tuples of numerals of the right arity. The first rule is a witness rule;
the second is a Presburger refutation rule. In both cases Θφ is the matrix produced by the
explicit translation above.

For standard validity proofs, let H∃
rel denote the restriction of the oracle-extended Hilbert

system of Theorem 14 to conclusions that belong to ∃EL(N).
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▶ Theorem 19 (Complete proof systems for satisfiability of ∃EL(N)). For every closed φ ∈
∃EL(N):
(i) S∃EL ⊢ Sat(φ) iff φ is satisfiable;
(ii) S∃EL ⊢ Unsat(φ) iff φ is unsatisfiable;
(iii) H∃

rel ⊢ φ iff |= φ.
Proof. For (i), if the witness rule derives Sat(φ), then the Presburger proof of Θφ(n̄) makes
EP(φ) true, and Lemma 16 gives a satisfying word. Conversely, if φ is satisfiable, Lemma 16
gives a tuple n̄ satisfying Θφ; completeness of PrA proves the true ground Presburger sentence
Θφ(n̄), so the witness rule applies.

For (ii), the refutation rule is sound because PrA ⊢ ¬∃ȳΘφ implies that EP(φ) is false,
hence φ is unsatisfiable by Lemma 16. Conversely, if φ is unsatisfiable, then ¬EP(φ) is a
true Presburger sentence, so it is provable in PrA and the refutation rule applies.

For (iii), ∃EL(N) is a syntactic subfragment of EL(N). Therefore the soundness and
completeness equivalence HEL + MONFON,+ ⊢ ψ iff |= ψ from Theorem 14 applies in
particular to every closed existential formula ψ = φ; restricting the set of allowed conclusions
does not change derivability of such conclusions. ◀

9 Finite Active-Domain Model Checking

In clinical applications, model checking is performed over a finite active domain. Padding a
finite trace by a don’t-care suffix would leave quantifiers ranging over an infinite tail and is a
different problem.

▶ Definition 20 (Active-domain semantics). A finite trace of length N is σ : DN → 2P for
DN = {0, . . . , N − 1}. Active-domain satisfaction σ, η, i |=N φ is as in Definition 3, except
that all positions and quantifier ranges are restricted to DN : φu requires i + η(u) ∈ DN ;
modalities range over DN ∩ [i, i+ η(t)); quantifiers range over DN .
▶ Theorem 21 (Finite model-checking complexity). For finite trace σ of length N and closed
φ ∈ EL(N), deciding σ |=N φ has (i) PTIME data complexity for fixed φ, and (ii) PSPACE-
complete combined complexity in |φ| + logN , where |φ| is the binary-encoded size from
Definition 1 and logN is the bit-length of the active-domain bound.
Proof.
Upper bound. Evaluate φ by DFS recursion. A configuration is (occurrence, i, η ↾scope);
each value uses O(logN) bits, scope has ≤ |φ| variables, recursion depth is ≤ |φ|. Quantifiers
and modalities iterate over DN (and over DN ∩ [i, i+ η(t))); arithmetic evaluations η(u), η(t)
on binary terms are done in poly(|φ| + logN) time and O(logN) space. The algorithm uses
polynomial space in |φ| + logN . For fixed φ, nested iterations give time O(N c), c = c(φ).
Hardness. Reduce QBF on traces of length 2: P = {T}, σ(0) = ∅, σ(1) = {T}; translate
Xi 7→ Txi , ∃Xi 7→ ∃xi, ∀Xi 7→ ∀xi. Each xi ranges over {0, 1} and Txi is true iff xi = 1. The
reduction is linear in any encoding. ◀

10 Discussion: Expressive Limits

We conjecture that the EL-definable languages form a proper subclass of the FO(N, <,+; P)-
definable languages; a proof could proceed using Ehrenfeucht-Fraissé-games. It would be
interesting to explore suitable oracle boundaries for sub-hierarchies in HEL. Furthermore,
it is open whether bounded sub-fragments of EL might map exactly to known classes of
ω-recognizable languages.
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11 Conclusion

This paper develops the foundational discrete theory of Ensemble Logic over N. Starting from
the three core operations of exact displacement, bounded existence, and bounded universality,
we gave a syntax and semantics for EL(N) that is expressive enough to represent metric
constraints while remaining close to the symbolic forms used in temporal, spatial, genomic,
and clinical reasoning. The formal development clarifies the precise role of additive terms,
positive modal bounds, and first-order quantification over the discrete index domain.

The first main contribution is the translation of EL(N) into monadic first-order Presburger
arithmetic with unary predicates. The capture-avoiding embedding provides a uniform
semantic bridge from Ensemble Logic to a classical arithmetic setting and yields sharp
analytical upper bounds for satisfiability and validity. Complementing this upper bound,
the two-counter-machine construction shows that these bounds are tight: satisfiability is
Σ1

1-complete and validity is Π1
1-complete. Thus the full logic is highly expressive, and its

undecidability is not an artefact of the presentation but an intrinsic consequence of combining
metric displacement, bounded modalities, and quantification.

The second contribution is the placement of EL(N) in the descriptive hierarchy. The logic
contains the star-free ω-languages and can define counting patterns such as {ambmcmdm |
m ≥ 1} · Σω, showing that it reaches beyond ω-regularity. At the same time, the parity-
separation argument shows that EL(N) does not subsume all ω-regular behavior. This gives
a more nuanced expressiveness profile: EL(N) is neither simply a metric variant of linear
temporal logic nor merely a notational fragment of regular-language theory.

The third contribution is proof-theoretic. We introduced the Hilbert system HEL, proved
its soundness, and established an oracle-relative completeness theorem with respect to
monadic Presburger validity. The relative theorem identifies the exact arithmetic oracle
needed for full completeness and explains why a weaker oracle for plain Presburger arithmetic
cannot suffice. For the existential fragment, the Presburger-based calculus and complexity
analysis give a decidable and computationally meaningful subtheory, with NP-complete
satisfiability and coNP-complete unsatisfiability.

The fourth contribution is algorithmic. Finite active-domain model checking has PTIME
data complexity for fixed formulas and PSPACE-complete combined complexity. This
separates the cost of evaluating a fixed biomedical rule over a finite trace from the cost
of allowing the rule itself to vary, and it provides the appropriate complexity baseline for
implementations that target electronic health records, clinical-trial protocols, sleep-event
streams, genomic coordinates, or other finite symbolic data sources.

Overall, the results establish EL(N) as a mathematically robust discrete metric logic:
expressive enough to encode non-regular counting and analytically complete computation-
theoretic phenomena, yet structured enough to admit exact embeddings, proof systems for
meaningful fragments, and finite-trace model-checking algorithms. The remaining expressive-
limit questions discussed above point toward a sharper classification of pure EL inside monadic
Presburger arithmetic and toward practically useful bounded fragments for biomedical
knowledge representation.
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A Proof of Theorem 14

▶ Theorem 14 (Oracle-relative completeness). Extend HEL with the rule: from T0(φ) ∈
MONFON,+ infer φ (for closed φ). Then |= φ ⇔ HEL + MONFON,+ ⊢ φ.

Proof.

Soundness of the extended system HEL + MONFON,+. We must show that for every
closed φ ∈ EL(N), if HEL + MONFON,+ ⊢ φ then |= φ. The system HEL + MONFON,+
inherits all axioms and rules of HEL and adds a single rule: from T0(φ) ∈ MONFON,+,
infer φ. We verify soundness for each kind of derivation step.

Inherited HEL-axioms and rules. By Theorem 13, every HEL-axiom is valid on every ω-
word, and modus ponens, generalisation, and necessitation preserve validity. The verification
there proceeds axiom-by-axiom: A1 by the classical truth-table argument, A2-A3 by
standard first-order semantics, A4 by definition of Th(N, <,+), B1-B4 by the displacement
clause of Definition 3, C1-C8 by case analysis on the satisfaction intervals (with C7, C8
explicitly checked in Theorem 13), D1 from N = {0} ∪ {y + 1 | y ≥ 0}, and D2 from
mathematical induction.

The oracle rule. Suppose the last step of the derivation is T0(φ) ∈ MONFON,+ ⇒ φ. By
Theorem 5, for every ω-word α and every assignment η,

(α, η, 0) |= φ ⇐⇒ (N, <,+, (Pα
p )p∈P), η |= T0(φ).

Since φ is closed, η is immaterial. The condition T0(φ) ∈ MONFON,+ asserts that T0(φ) holds
in (N, <,+) under every interpretation (Pp) of the unary predicates. In particular, for every
ω-word α, the assignment Pp 7→ Pα

p is one such interpretation, so (N, <,+, (Pα
p )) |= T0(φ),

hence (α, 0) |= φ. As α was arbitrary, |= φ.
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Completeness of HEL + MONFON,+. Assume |= φ. By the equivalence in Theorem 5
applied in the contrapositive direction, for every ω-word α, (N, <,+, (Pα

p )) |= T0(φ). Crucially,
the map α 7→ (Pα

p )p∈P is a bijection between ω-words and unary-predicate interpretations
P → 2N: setting Pα

p = {i ∈ N : p ∈ α(i)} defines a bijection with inverse α(i) = {p ∈ P : i ∈
Pp}. Hence every interpretation (Pp) arises as (Pα

p ) for some α, and

T0(φ) ∈ MONFON,+ ⇐⇒ ∀α (α, 0) |= φ ⇐⇒ |= φ.

The forward direction of this chain gives T0(φ) ∈ MONFON,+, and the oracle rule then
derives φ in a single step. Thus HEL + MONFON,+ ⊢ φ.

Axiom-usage. The completeness derivation produced above uses only the oracle rule and
none of the structural axioms or rules of HEL. This is the standard content of an oracle-
relative completeness theorem in modal logic: the underlying calculus is sound (and the
oracle rule extends this soundly), but the completeness reduction itself is delegated to the
oracle. The role of the HEL-axioms is therefore:

Sub-derivations leading to the oracle. While the completeness construction above
invokes the oracle in one step, practical proof search would typically use the HEL-axioms
to normalise φ before consulting the oracle (e.g., C8 unfolds bounded modalities, B1-B2
flatten nested displacements, D1 unfolds existentials), reducing the size of the formula
handed to the oracle.
Oracle-free completeness on restricted fragments. The structural axioms suffice
without an oracle on the existential fragment (Theorem 19), where the existential coun-
terparts A1∃-E4∃ give a meta-complete system without an oracle, although with A4∃

retained as a Presburger side-condition oracle.

Necessity of the oracle. By Corollary 9, validity in EL(N) is Π1
1-complete, hence not

recursively enumerable. No recursive extension of HEL can therefore be complete; the
relativisation to MONFON,+ (also Π1

1-complete, by Halpern [11]) is optimal in this analytical
sense. ◀
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hybrid logics with “orthogonal” models.
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1 Introduction

Temporal logics and multi-agent systems go hand in hand. Since the introduction of
Alternating-time Temporal Logic (ATL) [1], much of the work in logics for multi-agent systems
has been devoted to analysing how agents, their actions, strategies, and relations change
through time. By multi-agent systems, we mean systems of multiple autonomous agents
that may have diverging interests or diverging information but can interact, following [37],
among others. By temporal logic, we mean logical frameworks that include modal operators
such as Past, Future, neXt-time, Yesterday, Since or Until to reason about time. Temporal
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[26], for reasoning about agents’ knowledge of observable events through histories in time;
Coalition Logic (CL) [27], used to model game-theoretic strategies of groups of agents;1 and
Strategy Logic (SL) [25] where strategies are treated as their own notions in the language,
in contrast to ATL and CL where strategies are embedded in temporal operators. The
BDI-architecture [31, 32] for modeling beliefs, desires and intentions in agents must also be
mentioned as early work predating ATL in temporal reasoning of multi-agent systems.

A paradigm at the intersection of temporal logic and multi-agent systems concerns
temporal logics to reason about social networks, which are graphs where the nodes represent
agents and the relation between them represents a social relation (“follows”, “is friends

1 It was proved in [20] that CL is in fact a fragment of ATL with only neXt-time as its temporal operator.
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5:2 Social Networks Through Time: Completeness of Temporal Network Logic

with”, etc.). Work in the field of temporal logics for social networks includes papers such
as [24, 9, 16] and the recent work on Temporal Network Logic (TNL), first introduced in [29]
and further developed in [30, 28]. TNL is a temporal logic where the formulas are interpreted
on a linear timeline with a beginning and no end. Within each time point, there is a social
network, which lets us model how a network of agents changes through time. See Figure 1,
taken from [28], for an example.

b

d

c

e

a

. . .

t1 t2

p → q

p, r p, r

p

rb

d

c

e

a

Figure 1 A temporal network model.

This figure depicts the two first points of a temporal network model, modelling how a
network of agents named from a to e developes from one step to another. The interpretation
is that the model continues to the infinite. Agents can follow each other, denoted by an
arrow: we can observe that, for instance, agent b follows agent d at t1. Agents can also
post information in the network where the information posted is itself a logical formula. In
the figure, posts are denoted by formulas next to the agent: for example, note that agent d
posted p → q at t1. Propositional atoms are universally true or false at each time point,
denoted in the figure by atoms on the right of the time point. Note that the absence of an
atom means that its negation holds at that time point. The intuitive reading of the model is
that it records snapshots of what is true in a network at given times; this means that we
interpret posts that are there in one point but gone in the next as deleted from an agent’s
profile. Similarly, we interpret that if an agent follows another in one point but not in the
next, it has unfollowed the other. As an example, we observe that agent d has posted false
information in t1, but deleted it in the next step: at t1 agent d posted p → q while p is true
but q is false, and at t2 the post is gone.

The original work on TNL was developed to propose model checking as a detection method
of social bot behaviour in temporal network models. Social bots are computer programs that
act like humans on social media platforms and have been associated with certain behaviours
such as sharing and amplifying misinformation online [36]. The proposal in [29] was to use
the logical language of TNL to formalise bot behaviour; the global model checking problem
was then interpreted as checking at what time points the behaviour occurred in the social
network. In [30, 28], the language was extended with nominals and operators from hybrid
logic [4]. In this extended hybrid-logical framework, formulas are checked against pairs of
agents and time points, which meant that the output of the global model checking algorithm
gave not only when, but also which agents in the network exhibited bot behaviour. For the
most thorough explanation of TNL and its model checking procedure, we advise the reader
to turn to [28, Chapter 4]. In the rest of the paper, we refer to this work for the original
work on TNL.

This paper is about completeness of TNL, which until now has been an open problem,
both in its standard form (for which we offer a complete axiomatics) and its extensions
(for which we have partial completeness results). Proving completeness of the extended
framework, including both temporal and “social” operators in the language, presents particular
challenges, requiring techniques from orthogonal frames [6, 19] and fusion logics [14, 23]; we
show completeness of a simplified bidimensional socio-temporal framework and highlight
some of these difficulties towards eventually proving completeness of the full hybrid extension.
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The paper is structured as follows. We begin in Section 2 by presenting Temporal Network
Logic. We give an axiomatic system and show that it is weakly complete with respect to
models of TNL. In Section 3 we introduce the hybrid extension of TNL, called Temporal
Network Agent Logic (TNAL) and discuss steps towards proving completeness. These steps
include the presentation of an intermediate logical framework that lies between TNL and
TNAL, and a sketch to prove completeness for this logic. We conclude by sketching on-going
work on an alternative framework with dynamic modalities instead of temporal operators.

2 Temporal Network Logic

We begin by presenting the syntax and semantics of Temporal Network Logic before introdu-
cing its axiomatic system.

2.1 Syntax and Semantics
▶ Definition 1 (Syntax of TNL [28]). Let Prop be a finite set of atomic propositions and A
be a finite set of agents. We define the well-formed formulas of the language of TNL, LTNL,
to be generated by the following grammar:

φ ::= p | fa,b | pa,ω | ¬φ | (φ ∧ ψ) | Gφ | Hφ | Xφ

ω ::= p | ¬ω | (ω ∧ ω)

where p ∈ Prop and a, b ∈ A. We define propositional connectives like ∨,→ and the formulas
⊤,⊥ as usual. Further, we define the duals F := ¬G¬ and P := ¬H¬.

Let Ω be the Boolean fragment of the language (i.e. the set of formulas given recursively
by ω ::= p | ¬ω | (ω ∧ ω)). Intuitively, we read fa,b as “agent a follows agent b”, pa,ω as
“agent a posted ω” or “the post ω is on agent a’s profile”. Note that an agent can only post
information encoded in the Boolean fragment of the language. We read Gφ as “φ is always
the case in the future”, Hφ as “φ is always the case in the past” and Xφ as “φ is the case in
the next time point”. The models of TNL are meant to emulate a discrete timeline with a
beginning and no end; they are thus built from the natural numbers and their usual order N.

▶ Definition 2 (Temporal Network Frame and Model [28]). A temporal network model is a
tuple M = (A,N, <, (Ft)t∈N, (Pt)t∈N, V ), where:

A is a finite set of agents;
(N, <) is the set of natural numbers in their strict natural order;
Pt : A → 2Ω is a function stating what each agent posts at each time t ∈ N;
Ft ⊆ A2 is a “following” relation on the set of agents at each time t ∈ N;
V : Prop → 2N is a valuation.

We also define a pointed temporal network model (M, t) where M is a temporal network
model and t ∈ N its distinguished point, at which the evaluation takes place.

We can now define the semantics of TNL.

▶ Definition 3 (Semantics of TNL [28]). Let M = (A,N, <, (Ft)t∈N, (Pt)t∈N, V ) be a temporal
network model on N, t ∈ N be a time point, a, b ∈ A be agents, and ω ∈ Ω be a post. We
inductively define the truth conditions for TNL as follows:

TIME 2026
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M, t |= p iff t ∈ V (p)
M, t |= fa,b iff Ftab

M, t |= pa,ω iff ω ∈ Pt(a)
M, t |= ¬φ iff M, t ̸|= φ

M, t |= φ ∧ ψ iff M, t |= φ and M, t |= ψ

M, t |= Gφ iff ∀s ∈ N such that t < s : M, s |= φ

M, t |= Hφ iff ∀s ∈ N such that s < t : M, s |= φ

M, t |= Xφ iff M, t+ 1 |= φ,

where t+ 1 is the immediate successor of t

2.2 Completeness
We continue by presenting the axiomatic system tnl and show that it is weakly complete
with respect to temporal network frames on N. As shown in [28], tnl is not compact and so
therefore no axiomatisation for it can be strongly complete.

The logic tnl has the axioms and rules featured in Table 1.2

Table 1 The axiomatic system tnl. Recall that F := ¬G¬ and P := ¬H¬.

(Taut) All propositional tautologies (HG) φ → HFφ ∧GPφ

(KG) G(φ → ψ) → (Gφ → Gψ) (wcG) G(Gφ → ψ) ∨G(Gψ → φ)
(KX) X(φ → ψ) → (Xφ → Xψ) (wcH) H(Hφ → ψ) ∨H(Hψ → φ)
(sd) ¬Xφ ↔ X¬φ (TG) Gφ → GGφ

(XG) Gφ ↔ XGφ ∧Xφ (TH) Hφ → HHφ

(ind) Xφ ∧G(φ → Xφ) → Gφ (XH) XHφ ↔ φ ∧Hφ

(KH) H(φ → ψ) → (Hφ → Hψ) (0H) H⊥ ∨ PH⊥.
(MP) From ⊢ φ → ψ and ⊢ φ, infer ⊢ ψ.
(Nec) From ⊢ φ, infer ⊢ Xφ, ⊢ Gφ and ⊢ Hφ.

Given a formula φ in the language of tnl we write |= φ to denote that M, t |= φ for every
model M and every t ∈ N; we write ⊢tnl φ (or simply ⊢ φ) to denote that φ is derivable in
the logic tnl. In this section we shall state:

▶ Theorem 4 (Soundness and Weak Completeness). For every formula φ in the language,
|= φ iff ⊢ φ.

Soundness (⊢ φ implies |= φ) is routine; we shall devote the rest of this section to prove
completeness (|= φ implies ⊢ φ). For this, it suffices to prove that any formula which is
consistent (i.e. whose negation is not derivable) is made true in some temporal network
model on N (for then if |= φ, it must be the case that ⊢ φ, for otherwise its negation would
be consistent and thus satisfied in some model).

The completeness proof we present in the sequel is non-standard: it is based on the com-
pleteness proof for Temporal Logic with NeXt-time [18], albeit we diverge from it substantially
to offer a more simplified argument. The basic skeleton of this proof is as follows: starting
from a consistent formula φ0, we take a finite set T̄ of finite consistent sets of formulas, one

2 Some of the axioms in Table 1 are redundant and included here for expositional clarity. In particular,
the axioms TG, TH , wcG, wcH are derivable from the others (same proof as [18, Ch. 9]).
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of which containing φ0, and we arrange the elements of T̄ into a sequence resembling the
natural numbers. After using this sequence for defining an appropriate valuation, we build a
model (N, <, V ) which we show satisfies all the formulas appearing in T̄ .

2.2.1 Maximal Consistent Sets
We say a set x of formulas in the language of tnl is consistent if there are no formulas
φ1, ..., φn ∈ x such that ⊢tnl φ1 ∧ ... ∧ φn → ⊥. A formula φ is consistent if the set {φ} is
consistent. A maximal consistent set is a consistent set having no consistent supersets.

The proof of the following result is standard and can be found in, e.g., [10].

▶ Lemma 5.
(1) Given a tnl-consistent set y, there exists some tnl-maximal consistent set x such that

y ⊆ x.
(2) A tnl-maximal consistent x set enjoys the following properties: (i) For all φ ∈ Ltnl,

either φ ∈ x or ¬φ ∈ x (but not both); (ii) φ ∧ ψ ∈ x iff φ,ψ ∈ x; (iii) tnl ⊆ x.

Let us now fix a tnl-consistent formula φ0; let us find a model for it in order to prove
completeness. Let us fix as well some maximal consistent set x0 such that φ0 ∈ x0, whose
existence is guaranteed by the above Lemma. Let mcs be the set of tnl-maximal consistent
sets; in it, we define the relation x < y iff {φ : Gφ ∈ x} ⊆ y; we then consider the set

T = {y ∈ mcs : x0 = y or x0 < y or y < x0}.

▶ Lemma 6.
(i) x < y iff {φ : Hφ ∈ y} ⊆ x.
(ii) < is transitive and connected (when restricted to T ).
(iii) If x ∈ T and Gθ /∈ x, then there is some y ∈ T such that x < y, θ /∈ y.
(iv) If x ∈ T and Hθ /∈ x, then there is some y ∈ T such that y < x, θ /∈ y.
(v) If x ∈ T , then the set x+ := {θ : Xθ ∈ x} is also in T ; moreover x < x+.

Proof. The proof of this result is quite standard; we sketch it here. Item (i) is proven using
the (HG) axiom, noting that ¬φ ∈ x < y implies P¬φ ∈ y implies Hφ /∈ y. For item (ii),
transitivity is a consequence of (TG); for connectedness, one first uses the (wcG) and (wcH)
axioms to prove weak connectedness in both directions:

if either y > x < z or y < x > z, then either y < z or z < y or y = z;

connectedness follows since all elements in T are related to x0. For item (iii) (resp. (iv)), one
proves consistency of the set {φ : Gφ ∈ x} ∪ {¬θ} (resp. {φ : Hφ ∈ x} ∪ {¬θ}) and extends
it to some y ∈ mcs. For item (v), one uses the (sd) axiom to show that ⊢ φ → ¬ψ implies
⊢ Xφ → ¬Xψ, whence consistency follows; maximality is also a consequence of (sd). ◀

2.2.2 The Filtrated Tree
Building a tnl model for φ0 requires transforming the tree-like structure (T,<) into a linear
order isomorphic to N. A way to achieve this is to construct a sequence by picking out
elements from some finite set T̄ , which we will obtain by filtrating our tree T .3

3 For other uses of this technique, see, e.g. [18, 2].
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Let us consider the set of formulas

∆ := subf φ0 ∪ {XGθ,Xθ : Gθ ∈ subf φ0} ∪ {XHθ : Hθ ∈ subf φ0} ∪ {H⊥,⊥},

where subf φ0 denotes the set of subformulas of φ0. Note that ∆ is a finite set closed under
subformulas.

We filtrate T through ∆ in order to obtain the finite set

T̄ := {x̄ : x ∈ T}, where x̄ := x ∩ ∆,

and we define two relations on T̄ as follows:

x̄ <+ ȳ iff, for some z ∈ T , z = x and z+ = y.

x̄ <∗ ȳ iff there exists some path x̄ = x̄0 <
+ ... <+ x̄n = ȳ.

Finally, given x ∈ T , let

δx :=
∧

θ∈∆∩x

θ ∧
∧

θ∈∆−x

¬θ.

be the characteristic formula of x. Note that, by definition, δx ∈ z iff the formulas of ∆ that
appear in x and in z are the same, i.e. iff x̄ = z̄.

▶ Lemma 7.
(1) If x < y, then x̄ <∗ ȳ.
(2) <∗ is connected and transitive.

Proof.
(1) Let x < y; let us see that x̄ <∗ ȳ. For this we consider the formula δ :=

∨
x̄<∗z̄ δz: note

that δ ∈ y iff x̄ <∗ ȳ. We prove that G(δ → Xδ) ∈ x: indeed, suppose not. Then there
is some z > x with δ → Xδ /∈ z. Then δ ∈ z and Xδ /∈ z. The fact that δ ∈ z implies
that x̄ <∗ z̄. But then consider z+: since it also holds that x̄ <∗ z+, then δ ∈ z+ which
implies Xδ ∈ z: a contradiction. We also note that δ ∈ x+ (because x̄ <∗ x+) and thus
Xδ ∈ x. But since G(δ → Xδ) ∈ x and Xδ ∈ x, we may apply the induction axiom to
conclude Gδ ∈ x, which implies δ ∈ y, which implies x̄ <∗ ȳ.

(2) Transitivity: if there exists a <+-chain from x̄ to ȳ, and one from ȳ to z̄, then there is
one from x̄ to z̄. Connectedness: if x ̸= y, then either x < y or y < x, and thus by (1),
x̄ <∗ ȳ or ȳ <∗ x̄. ◀

▶ Lemma 8. Let x̄ <∗ ȳ.
(1) If Gθ ∈ x̄, then Gθ, θ ∈ ȳ.
(2) If Hθ ∈ ȳ, then Hθ, θ ∈ x̄.

Proof.
(1) By induction on the length of the chain x̄ <+ ... <+ ȳ. If this chain is of length 1, we

have x̄ <+ ȳ; this means that there is some z ∈ T with z ∩ ∆ = x ∩ ∆, z+ ∩ ∆ = y ∩ ∆.
Since Gθ ∈ z < z+, it follows that θ ∈ z+; since ⊢ Gθ → GGθ, it follows that GGθ ∈ z

and thus Gθ ∈ z+; but then we have θ,Gθ ∈ z+ ∩ ∆ = ȳ. Now, assume it is true for
chains of length n − 1 and let x̄ <+ ... <+ x̄n−1 <

+ ȳ; we simply apply our induction
hypothesis to obtain Gθ ∈ x̄n−1 and we are back to the length 1 case.

(2) Analogous to (1). ◀
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2.2.3 Initial and Final Elements
We say an element x̄ ∈ T̄ is final iff ȳ <∗ x̄∗ for all ȳ ̸= x̄; we say it is initial iff x̄ <∗ ȳ for
all ȳ ≠ x̄. The fact that <∗ is a connected and transitive relation on a finite set guarantees
the existence of both initial and final elements. These elements need not be unique, except
in the case of the initial element:

▶ Lemma 9. x̄ ∈ T̄ is initial iff H⊥ ∈ x̄. As a consequence, there is only one initial element.

Proof. From left to right, let H⊥ ∈ x and let ȳ ̸= x̄. Suppose towards contradiction that
x̄ ̸<∗ ȳ. Then by connectedness it holds that ȳ <∗ x̄ and thus ⊥ ∈ ȳ by Lemma 8, against
consistency. From right to left, suppose x̄ <∗ ȳ for all ȳ ̸= x̄. But then in particular if we
take some x1 ∈ T with H⊥ ∈ x1, it holds that x̄1 ̸= x̄, and thus x̄ <∗ x̄1, which in turn
implies ⊥ ∈ x: contradiction. There cannot be two initial elements because if x̄ ̸= ȳ are both
initial, then we would have x̄ <∗ ȳ and, since H⊥ ∈ y, by Lemma 8 we obtain ⊥ ∈ x̄: a
contradiction. ◀

The final elements need not be unique. Let us show however that we can put them all in
a very convenient order.

▶ Definition 10. An F -path is a path of the form z̄1 <
+ ... <+ z̄q satisfying z̄q <+ z̄1 and

wherein all (and only) final elements appear.

▶ Lemma 11. There exists some F -path.

Proof. Let z̄1, ..., z̄q be the final elements in T̄ . Since all are final, we have

z̄1 <
∗ ... <∗ z̄q <

∗ z̄1,

ensuring the existence of a <+-path as described above. ◀

2.2.4 The Final Model
Recall φ0 is a consistent tnl formula and that x0 ∈ T is a mcs such that φ0 ∈ x̄0. Let ȳ0
be the initial element, and let z̄1 <

+ ... <+ z̄q be some F -path containing all and only final
elements. Since ȳ0 <

∗ x̄0 <
∗ z̄1, there is some sequence

ȳ0 <
+ ȳ1 <

+ ... <+ ȳn = x̄0 <
+ x̄1 <

+ ... <+ x̄m = z̄1.

We shall construct an infinite sequence consisting of the above path concatenated with
infinite repetitions of the F -path:

ȳ0 <
+ ... <+ x̄0 <

+ ... <+ z̄1 <
+ ... <+ z̄q <

+ z̄1 <
+ ... < +z̄q <+ z̄1 <

+ ...

More explicitly, the sequence in question can be written as (āt)t∈N where

āt =


ȳt if t = 0, ..., n;
x̄t−n if t = n+ 1, ..., n+m;
z̄j iff t > m+ n and t− (m+ n) ≡ j mod q

Note that, by construction, this sequence satisfies for all t ∈ N:
i. āt <+ āt+1,
ii. āt <∗ ān whenever t < n,
iii. for all final z̄, there is some n > t such that ān = z̄,
iv. the only initial element is ā0.
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5:8 Social Networks Through Time: Completeness of Temporal Network Logic

Now we have to make N into a model. We define V (p) = {t ∈ N : p ∈ āt}. For
t ∈ N, a ∈ A, we define the relation and set:

Ft = {(a, b) : fa,b ∈ at ∩ ∆}, Pt(a) = {ω ∈ Ω : pa,ω ∈ at ∩ ∆}.

Let M = (A,N, <, V, (Pt)t∈N, (Ft)t∈N). We shall prove that this is the model we are
looking for; but let us first make an observation about the sequence (āt)t∈N:

▶ Lemma 12 (Filtrated Existence Lemma). 4 Let t ∈ N.
(1) If Xθ ∈ ∆, then Xθ ∈ āt iff θ ∈ āt+1.
(2) If Gθ ∈ ∆ − āt, then θ /∈ ās for some s > t.
(3) If Hθ ∈ ∆ − āt, then θ /∈ ās for some s < t.

Proof.
(1) Let Xθ ∈ ∆. Since by construction āt <

+ āt+1, we have that there is some z ∈ T such
that z̄ = āt, z+ = āt+1. But then Xθ ∈ āt iff Xθ ∈ z̄ iff θ ∈ z+ iff θ ∈ āt+1.

(2) Let Gθ ∈ ∆, Gθ /∈ āt; let us assume towards contradiction that θ ∈ ās for all s > t. We
can prove by a simple induction that, in this case, Gθ /∈ ās for all s > i: indeed, note
that Xθ ∧XGθ → Gθ is derivable by the (XG) axiom, and since Gθ /∈ āt and Xθ ∈ āt
(the latter because θ ∈ āt+1 by hypothesis), then we must have XGθ /∈ āt, and thus
Gθ /∈ āt+1; by repeating this process taking t+ 1 instead of i, we obtain Gθ /∈ āt+2, and
so on. But then take some m > t such that ām is final (such an m exists by construction
of the sequence): since Gθ /∈ ām, we have Gθ /∈ am, which entails there is some y > am
with θ /∈ y. But, since (by Lemma 7) ām <∗ ȳ, it must then be that ȳ is final and thus
by construction there is some s ≥ m with ȳ = ās, and thus we have t < s and θ /∈ ās, in
contradiction with our hypothesis.

(3) Let Hθ ∈ ∆, Hθ /∈ āi; note that we must have i > 0, for ā0 is an initial element, which
means by Lemma 9 that H⊥ ∈ ā0, which implies Hθ ∈ ā0, noting that H⊥ → Hθ is
derivable. Let us assume towards contradiction that θ ∈ āj for all j < i. In particular,
Hθ, θ ∈ ā0, which combined with the (XH) axiom gives us XHθ ∈ ā0. But this means
Hθ ∈ ā1, and since θ ∈ ā1 by hypothesis, we obtain with the same reasoning Hθ ∈ ā2.
Repeating this process i times we reach the contradiction Hθ ∈ āi. ◀

▶ Proposition 13 (Truth Lemma). For any formula φ ∈ ∆ and any t ∈ N,

M, t |= φ iff φ ∈ āt.

Proof. Induction on φ. The cases φ = p, θ1 ∧ θ2,¬θ are routine.
Cases φ = fa,b, φ = pa,ω: by definition of Ft and Pt(a).
Case φ = Xθ: By Lemma 12, Xθ ∈ āt iff θ ∈ āt+1 iff (by induction hypothesis) t+ 1 |= θ

iff t |= Xθ.
Case φ = Gθ: If Gθ ∈ āt, then by Lemma 8 and noting that āt <∗ ās whenever t < s, we

obtain θ ∈ ās for all s > t, which by hypothesis gives s |= θ for all s > t, and thus t |= Gθ.
Conversely if Gθ /∈ āt, then by Lemma 12, we have θ /∈ ās for some s > t, and thus by
induction s ̸|= θ for some s > t, which implies t ̸|= Gθ.

Case φ = Hθ: Analogous to the previous case: Hθ ∈ āt implies t |= Hθ by Lemma 8, and
the converse holds by Lemma 12. ◀

This ends the proof of completeness, for we have started with a consistent formula φ0 ∈ x0
and we have proven that M, t |= φ0, where t ∈ N is the index such that āt = x̄0.

4 A previous version of this proof was significantly more involved; proving this lemma allows us to greatly
simplify the construction of the sequence used to build the valuation for the final model. We thank Rob
Goldblatt for this idea.



S. Fernández González, M. Y. Pedersen, and S. Smets 5:9

3 Social Relations Through Time

In [28], a multi-dimensional extension of tnl is proposed, with a more expressive language
which allows us to talk about the evolution of an agent’s social network through time. This
is achieved by moving the set of agents A to the semantics: formulas are now read with
respect to a pair (a, t), where a is an agent and t is a time point, thus we can add formulas
to our language which say, e.g., “every follower of a will satisfy p at some future time”. In
this section, we present Temporal Network Agent Logic (tnal) as it appears in [28], discuss
a possible completeness proof and the foreseeable challenges thereof, and make a first step
towards such proof by giving the complete axiomatics for a (modified) fragment of it.

3.1 Temporal Network Agent Logic
▶ Definition 14 (Syntax of TNAL [28]). The language of Temporal Network Agent Logic
(henceforth, tnal) is Ltnal, built from a countable set Prop of propositional variables,
a countable set Nom of nominals, and a countable set SV ar of state variables with the
following grammar:

φ ::= p | n | x | fn,n | pn,ω | ¬φ | (φ ∧ ψ) | Gφ | Hφ | Xφ | □φ | □−1φ | @nφ |↓ x.φ

ω ::= p | ¬ω | (ω ∧ ω),

where p ∈ Prop, x ∈ SV ar, n ∈ Nom.

A formula □φ (with dual ♢φ) is meant to be read “φ holds at all of the agents that the
current agent is following”, whereas □−1φ can be interpreted as “all those who follow the
current agent φ”. In TNAL, formulas are evaluated at pairs of agents and time points; thus,
the follower relation can be interpreted in the language with a modal box. The operators @nφ

and ↓ x.φ, standing respectively for “agent n φ” and “the current agent φ”, are borrowed
from hybrid logic [11]: each nominal n is a name that will have to be assigned to an agent
by the model, whereas each state variable x will also refer to an agent but this reference
can be determined within the formula via the ↓ x. operator. Using this language, one can
express things like “All of my followers follow n” (□♢−1n), “n and m follow each other”
(@n♢m ∧ @m♢n), n follows the current agent ↓ x.@n♢x.

▶ Definition 15 (Models of TNAL [28]). Temporal network agent models (henceforth tnal-
models) are tuples M = (A,N, <, (⇝t)t∈N, (Pt)t∈N, V )

A is a finite set of agents;
(N, <) are the natural numbers in their usual order;
for each t ∈ N, ⇝t is a “follow” relation on the set A;
for each t, Pt : A → 2Ω is a function;
V : Prop ∪ Nom → 2A×N is a valuation function satisfying the following requirement:
for each t ∈ N, n ∈ Nom, there exists a unique a ∈ A such that (a, t) ∈ V (n).

Given a ∈ A, t ∈ N we say that n ∈ Nom names a at time t if a is the unique agent such
that (a, t) ∈ V (n); we write namet(n) = a to express this.

▶ Definition 16 (Semantics of TNAL [28]). Formulas are evaluated with respect to a temporal
network agent model M = (A,N, <, (⇝t)t∈N, (Pt)t∈N, V ) and a triple (a, t, g), where a ∈
A, t ∈ N and g : SV ar → A is an assignment function, as follows:
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M,a, t, g |= p iff (a, t) ∈ V (p); M,a, t, g |= □φ iff M, b, t, g |= φ whenever a⇝t b;
M,a, t, g |= n iff a = namet(n); M,a, t, g |= □−1φ iff M, b, t, g |= φ whenever b⇝t a;
M,a, t, g |= fnn′ iff namet(n)⇝t namet(n′); M,a, t, g |= Gφ iff ∀s > t : M, s, a, g |= φ;
M,a, t, g |= x iff g(x) = a; M,a, t, g |= Hφ iff ∀s < t : M, s, a, g |= φ;
M,a, t, g |= pnω iff ω ∈ Pt(namet(n)); M,a, t, g |= Xφ iff M,a, t+ 1, g |= φ;
M,a, t, g |= ¬φ iff M,a, t, g ⊭ φ; M,a, t, g |= @nφ iff M,namet(n), t, g |= φ;
M,a, t, g |= φ1 ∧ φ2 iff M,a, t, g |= φi, i = 1, 2; M,a, t, g |= ↓x.φ iff M,a, t, gx

a |= φ,
M,a, t, g |= x iff g(x) = a; where gx

a(x) = a, gx
a(y) = g(y) for y ̸= x.

In [28], a model checking algorithm for the tnal framework is employed to check formulas
against pairs (a, t) in the model instead of just time points t as in the non-hybrid TNL. The
output of the global model checking algorithm given in [28] is the set of all pairs of agents and
time points where the given formula is true; in effect, it gives in addition to at what time, also
which agents exhibited the behaviour, characterised by the formula. Finding the complete
logic of tnal models is a matter of ongoing investigation. In the following subsection we
offer partial results, in the form of completeness of a simplified fragment of tnal (taking us
on a journey through transfer properties of fusion logics [14, 23] and orthogonal frames [6]),
we explain why standard techniques like filtration do not quite work in this framework and
highlight some of the most interesting technical challenges of this framework.

3.2 Time and Friendship: A Complete Logic
Let us present a fragment of the language tnal containing simply the temporal and “follower”
modality, and define models and a semantics for it. We shall call this framework Temporal
Social Logic, or tsl. We have to make some concessions: first, with the set of agents A
no longer being part of the syntax, and in the absence of nominals, we will have to work
without the pa,ω and fa,b atomic formulas. Secondly, our models no longer have a temporal
beginning and will now be based on the temporal structure on Z, for keeping N would present
important technical challenges, as we will later highlight. This change may be problematic
if one is conceptually committed to the beginning of time, but we argue it is a harmless
change for most use cases. Thirdly, we do not demand that the set of agents A be finite;
finding this framework’s version of the finite model property is still a pending task. We make
one further concession: we consider symmetric social relations; by doing so, we model the
simplest case wherein the “follower” relation acts more like a “friendship” relation and the
□−1 operator becomes redundant. We note that the proof below works the same way if one
removes symmetry, by simply removing the (sym□) axiom.

▶ Definition 17 (Syntax and Semantics of TSL). Given a countable set Prop of propositional
variables, we let Ltsl be the set of formulas defined inductively as follows:

φ ::= p|φ ∧ φ|¬φ|□φ|Gφ|Hφ|Xφ,

with p ∈ Prop. Models for tsl are tuples M = (A,Z, <, (⇋t)t∈Z, V ), where A is a set of
agents, (Z, <) is the set of integers in its natural order, ⇋t⊆ A2 is a symmetric relation for
each t, and V : Prop → 2A×Z is a valuation.

Formulas of Ltsl are read on a model M with respect to a pair (a, t) ∈ A× Z as follows:

M,a, t |= p iff (a, t) ∈ V (p); M,a, t |= Gφ iff M,a, s |= φ for all s > t;
M,a, t |= φ1 ∧ φ2 iff M,a, t |= φi for i = 1, 2; M,a, t |= Hφ iff M,a, s |= φ for all s < t;
M,a, t |= ¬φ iff M,a, t ̸|= φ; M,a, t |= Xφ iff M,a, t+ 1 |= φ;

M,a, t |= □φ iff M, b, t |= φ for all b⇋t a.
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We shall show that the complete logic for this framework is simply the fusion of the logics
corresponding to the “temporal” and “social” components of the framework. We thus further
divide the language into two fragments, only to then combine the resulting logics.

3.2.1 The Temporal Fragment
The temporal fragment of this language, LT , is comprised of formulas of the shape

φ ::= p|φ ∧ φ|¬φ|Gφ|Hφ|Xφ.

Note that this, minus the pa,ω and fa,b atoms, is almost identical to the language of tnl.
And so are its models: a T-model is a structure (Z, <, V ), where V : Prop → 2Z is a valuation
and formulas are otherwise read as in Definition 3. The logic of these models based on Z is
exactly like tnl minus the axiom establishing a beginning. Indeed, let tnl↔ be the least
normal LT -modal logic having the same axioms and rules as tnl except (0H). We have:

▶ Proposition 18. tnl↔ is the logic of T-models.

Proof. Very similar to the proof of completeness of tnl; see the Appendix for a sketch. ◀

3.2.2 The Social Fragment
The social fragment of this language is LS , given by φ ::= p|φ ∧ φ|¬φ|□φ, with p ∈ Prop.
Models for LS (henceforth S-models) are of the shape (A,⇋, V ), where A is a set of agents
and ⇋ is a symmetric relation. The sound and complete logic of these models is the normal
modal logic whose axioms are

(K□) □(φ → ψ) → (□φ → □ψ) (sym□) φ → □♢φ,

with Modus Ponens (from φ and φ → ψ, infer ψ) and Necessitation (from φ, infer □φ) as
inference rules. Let us call this logic sl. The proof of the following result is standard in
modal logic (see, e.g., [10]) and not included:

▶ Proposition 19. sl is the logic of (finite) S-models.

3.3 Combining Both Fragments
The sound and complete logic of tsl models is the fusion of the above logics, i.e., the least
normal modal logic containing the axioms of tnl and sl, as shown in Table 2. Let us refer
to this logic as tsl.

Let us prove this is indeed the complete logic of tsl models. For this, we will have to
visit the proofs of some well-known transfer results for fusion logic; we start by describing a
new class of frames:

▶ Definition 20 (Sproutings). A sprouting5 is a birelational model (X,<,⇋, V ) satisfying:
(S1) Every connected component6 of the < relation (henceforth a timeline) is a T -frame (i.e.

isomorphic to (Z, <)).
(S2) Every connected component of the ⇋ relation is an S-frame.

5 We borrow this nomenclature from Fine and Schurz [14].
6 Connected component: equivalence class of the least equivalence relation containing <.
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Table 2 The logic tsl.

(Taut) All propositional tautologies (wcG) G(Gφ → ψ) ∨G(Gψ → φ)
(KG) G(φ → ψ) → (Gφ → Gψ) (wcH) H(Hφ → ψ) ∨H(Hψ → φ)
(KX) X(φ → ψ) → (Xφ → Xψ) (TG) Gφ → GGφ

(sd) ¬Xφ ↔ X¬φ (TH) Hφ → HHφ

(XG) Gφ ↔ XGφ ∧Xφ (XH) XHφ ↔ φ ∧Hφ

(ind) Xφ ∧G(φ → Xφ) → Gφ (K□) □(φ → ψ) → (□φ → □ψ)
(KH) H(φ → ψ) → (Hφ → Hψ) (sym□) φ → □♢φ
(HG) φ → HFφ ∧GPφ

(MP) From ⊢ φ → ψ and ⊢ φ, infer ⊢ ψ

(Nec) From ⊢ φ, infer ⊢ □φ, ⊢ Xφ, ⊢ Gφ and ⊢ Hφ

. . . • • • • • • • . . .

. . . • • • • • • • . . .

. . . • • • • • • • . . .

. . . • • • • • • • . . .

. . . • • • • • • • . . .

Figure 2 A finite sprouting with five timelines. The dashed lines represent the ⇋ relation.

(S3) Given a closed loop of timelines t0 ⇋ t1 ⇋ ...⇋ tn ⇋ t0, there exist unique elements
xi ∈ ti such that x0 ⇋ ...⇋ xn ⇋ x0, where we define

t⇋ t′ iff x⇋ x′ for some x ∈ t, x′ ∈ t′.

Note that this entails that two timelines are connected by ⇋ at no more than one point,
and, while points are allowed to be reflexive, no two points in the same timeline are
connected by ⇋. A sprouting is said to be finite (resp. countable) if it has a finite (resp.
countable) number of timelines. Given a sprouting (X,<,⇋, V ), and given x ∈ X, let

tx := {y ∈ X : y < x or y > x or y = x}

denote the timeline of x, and let

x+ := min{y ∈ X : x < y}, x− := max{y ∈ X : y < x}

denote respectively the successor and predecessor of X. Note that, by definition, every
point of X has a successor and predecessor, and y ∈ tx iff there is some n such that
either y = x+n or y = x−n (where the ±n superindices denote the concatenation of the
± operators n times).

We read formulas of tsl on sproutings as follows:

▶ Definition 21 (Semantics for Sproutings.). Given a sprouting S = (X,<,⇋, V ) and formula
φ in the language of tsl, we say φ is true at x ∈ X, denoted S, x |= φ, if:

S, x |= p iff x ∈ V (p); S, x |= Gφ iff S, y |= φ for all y > x;
S, x |= ¬φ iff S, x ̸|= φ; S, x |= Hφ iff S, y |= φ for all y < x;
S, x |= φ ∧ ψ iff S, x |= φ and S, x |= ψ; S, x |= Xφ iff S, x+ |= φ;

S, x |= □φ iff S, y |= φ for all y ⇋ x.
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As stated earlier, our goal here is to use these auxiliary structures in order to prove that
tsl is the complete logic of tsl models. This will be done in two steps: first, we shall show
that tsl is the logic of countable sproutings. Then we prove that countable sproutings and
tsl models satisfy the same formulas, whence completeness follows.

Let us show these results in order. The first is already proven in the literature: it appears
(albeit hidden) in the proof of a well-known result on fusion logics (see e.g. [14, 15, 23]).

▶ Proposition 22 (tsl is the logic of sproutings). If a formula φ is tsl-consistent, then there
is a countable sprouting satisfying φ.

Proof sketch. This result is proven in [14, 23]; see the Appendix for a proof sketch. ◀

All that remains to finish our completeness proof is to transform a countable sprouting
into a regular tsl model.

▶ Proposition 23 (Sproutings and tsl models satisfy the same formulas.). If a formula φ0 is
satisfied on a countable sprouting, then there is some tsl model satisfying φ0.

Proof. Let S = (X,<,⇋, V ) be a countable sprouting, and let x0 ∈ X such that S, x0 |= φ0.
Let t0 be the timeline with x0 ∈ t0. We may assume without loss of generality that, for any
two timelines ti and tj , there is some path ti ⇋ ... ⇋ tj (for otherwise we could just take
the submodel of S consisting of timelines reachable by t0, and a trivial induction shows this
submodel also satisfies φ). We shall now take a function f : X → Z that assigns an integer
to each point in X satisfying the following properties, for all x, y ∈ X:

(F1) f(x+) = f(x) + 1, f(x−) = f(x) − 1; (F2) x⇋ y implies f(x) = f(y).

In the Appendix, we show that:

▶ Lemma 24. There is some function f : X → Z satisfying (F1) and (F2).

Take some such function f ; note that by (F1), the restriction of f to any timeline is an order
isomorphism. For any timeline t and integer n, let f−1

t (n) denote the unique x ∈ t such that
f(x) = n. Finally, consider the tuple M = (A,Z, <, (⇋)n∈Z , V

∗), where:
A is the set of timelines of S;
For each n ∈ Z, ti ⇋n tj iff there are x ∈ ti, y ∈ tj such that x⇋ y and f(x) = f(y) = n.
V ∗(p) = {(t, n) : f−1

t (n) ∈ V (p)}.
This is a tsl model (indeed, each ⇋n relation is symmetric); therefore the following Lemma
(proven in the Appendix) finishes our proof:

▶ Lemma 25. For any formula ψ, S, x |= ψ iff M, (tx, f(x)) |= ψ.

This proves that M validates φ0 at (t0, 0), as we desired to show. ◀

3.4 Towards a Complete Logic for TNAL
In the present and previous sections we have axiomatised fragments of Ltnal; finding a
complete logic for the whole framework remains an open problem. It is not an easy problem:
many parts of this framework are non-standard and require rather esoteric proof techniques.
The proof we showed in this section illustrates some of these difficulties, while shedding light
on some interesting properties of our models. We highlight some of these below:
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Finite Agents. The tnal framework is reasonably defined to have finitely many agents; in
this first foray into its completeness proof we have allowed for up to countably many. The
reason is that this framework is resistant to the usual technique of filtration: models for
tnal are infinite bidimensional models which are countably infinite in one dimension (the
timeline) yet finite in the other (the agents); this is in contrast to frameworks such as [22],
where the agents are defined at the syntax level. Now, of course, any filtration in our models
would undesirably make the whole model finite, and any careless attempt to unravel our
finite filtrated model back into a timeline risks adding back infinite agents. We do not know
of many bidimensional frameworks with such a cardinality requirement. Some novel filtration
technique will most likely have to be developed for this.

Timelines. Famously, models based on timelines require care in their completeness proofs,
since a canonical model does not usually have the desired structure of a model: being countable
(for the set), being irreflexive (for <) are not modally definable, and the functionality of the
successor relation is usually not preserved through filtration. The technique of “pre-filtrating”
the canonical model and constructing a sequence from the finite filtrated set (see [18], [2]
and Section 2 of this paper) does not translate well into our bidimensional framework. For
this technique to work, some non-trivial adaptations are in order.

The Beginning of Time. As we noted earlier, removing the requirement that our timelines
have a beginning simplifies the proof. Here is how: Suppose we take the framework tsl0,
defined exactly as tsl except with models based on N. One would expect the logic of this
framework to be the fusion of tnl with sl. However, if one tries to prove this using the same
techniques in this section, one can easily get sproutings with the following kind of shape:

• ◦ • • • • . . .

• • • ◦ • • • • . . .

• • • • • • • . . .

Our numbering trick from Prop. 23 does not work here: there is no way to number the
elements in this sprouting so that (i) each timeline is properly numbered and (ii) the two
white dots in the drawing have the same number assigned. It is certainly not straightforward
to avoid these models wherein an agent finds herself at time t yet has a friend who finds
himself at time s ̸= t. This is not a problem in Z, where given a discrete sequence infinite
in both directions, we can take any element to be its zero, and adjust the numbering of its
neighbour timelines accordingly. Is there some trick to redefine sproutings in the framework
based on N so that this numbering works? We dare to conjecture there is not: a crucial
difference between the sociotemporal models based on Z and those based on N is that, in the
former, no meaningful theorems express any interaction between the social and temporal
dimensions (recall that tsl has no axioms combinining social and temporal modalities),
whereas in the latter some meaningful multimodal formulas will be theorems of the logic: for
instance, the formula H⊥ → □H⊥, expressing “if I am at time t = 0, then all my friends are
at time t = 0” is clearly valid in tnal (and thus any sociotemporal subframework thereof).
We thus expect the logic of sociotemporal models based on N to include some interaction
axioms between the modalities H,G,X on one hand and □ on the other. This would take
us away from the theory of fusion logics and require a different proof technique. It is most
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curious how this seemingly simple change in the structure of the models creates a significant
difference in expressive power: in the models based on N, our agents apparently have a way
to keep track of time, something impossible in models based on Z.7

Hybrid Operators. Languages with hybrid modalities have historically been resistant to
proofs based on canonical models; see for example [34], where a completeness proof based
on tree sequent calculus is given for Epistemic Friendship Logic [35]. A recent technique [7]
involves considering maximal consistent sets of named formulas, i.e., formulas preceded by the
@n modality; noting that the @n operator is self-dual (¬@nφ ↔ @n¬φ is valid in tnal), one
has that, if x is a maximal consistent set and n is a fixed nominal, then xn = {φ : @nφ ∈ x}
is also a maximal consistent set. The aforementioned technique uses this fact to encode the
name of an agent directly onto the canonical model.

4 Conclusion and Future Work

In this paper, we solved the open problem of completeness of Temporal Network Logic and
discussed steps towards proving completeness of its hybrid extension Temporal Network
Agent Logic. These steps included introducing the intermediate logic Temporal Social Logic
as well as its completeness proof. The aim for future work is to build on techniques from
the completeness proof for TSL to develop a proof for the full hybrid extension of TNL. As
discussed in the previous section, this is a task that will likely require mixing techniques from
fusion logics [14, 23], hybrid logics [11, 7], temporal logics [18, 2] and orthogonal frames [6],
and perhaps coming up with a few novel ones.

Decidability remains an open problem; we conjecture TNAL to be undecidable due to the
undecidability of the hybrid logic H(@, ↓) [3] and certain epistemic-temporal logics [22, 39].

In on-going work, we are also modelling the bot behaviour that one observes in specific
multi-agent systems, not in temporal models as in this paper, but by using the techniques
coming from Dynamic Epistemic Logic (DEL) [8, 40]. This allows us to model the dynamics
of posting-events and (un)following social actions in tandem, using two types of events each
of which comes with its own dynamic operators. Such models would be two-dimensional,
similar to those that have operators involving both behaviour change and social network
changes in [38, 5]. DEL is particularly well suited to make the dynamic mechanisms of
this type of information change explicit in such multi-agent systems. Moreover, the DEL
framework will make it easier to include also propositions about the epistemic information
states of the agents in the language and to allow for ‘posts’ that go beyond the Boolean
fragment of the logic. In DEL, learning a piece of incoming information from a highly trusted
source or from a source that is considered to be unreliable, will lead to a different result in
the updated information state of the learner. These information states can then feature as
the precondition for an agent to follow or unfollow another agent in the network. Formally,
such a setting will require us to model the temporal flow of the model as a sequence of
step-wise generated models, each of which is the result of a specific event that acts as a
model-transformer on the model of the previous step. Such sequences of event-generated
models are typically only future oriented in standard DEL but extensions exist so that one
can also look back into the past using the language and framework described in [33].

7 Note as well that a formula such as P (p ∧ ¬q) ∧ P (q ∧ ¬p) can only be true at timepoints t ≥ 2 in
models based on N, yet can be true anywhere in Z!
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Another venue for future work includes other extensions to the framework for reasoning
about further phenomena on social networks. A path left to explore is to add agents’ opinions
to the network; this could let us model that certain posts by one agent could trigger opinion
change in another. Existing work using logic to model opinion and opinion change in social
networks includes [13, 12, 17, 21].

References
1 Rajeev Alur, Thomas A. Henzinger, and Orna Kupferman. Alternating-time temporal logic.

J. ACM, 49(5):672–713, 2002. doi:10.1145/585265.585270.
2 Hajnal Andréka, Valentin Goranko, Szabolcs Mikulas, István Németi, and Ildikó Sain. Effective

temporal logics of programs. In Time & Logic, pages 51–129. Routledge, December 1995.
doi:10.4324/9780429321047-2.

3 Carlos Areces, Patrick Blackburn, and Maarten Marx. Hybrid logics: characterization,
interpolation and complexity. Journal of Symbolic Logic, 66(3):977–1010, 2001. doi:10.2307/
2695090.

4 Carlos Areces and Balder ten Cate. Hybrid logics. In Johan van Benthem, Patrick Blackburn,
and Frank Wolter, editors, Handbook of Modal Logic, volume 3 of Studies in Logic and Practical
Reasoning, pages 821–868. Elsevier, Amsterdam, 2007. doi:10.1016/S1570-2464(07)80017-6.

5 Edoardo Baccini, Zoé Christoff, and Rineke Verbrugge. Dynamic logics of diffusion and link
changes on social networks. Studia Logica, 2024. doi:10.1007/s11225-024-10126-0.

6 Philippe Balbiani and Saúl Fernández González. Orthogonal frames and indexed relations. In
International Workshop on Logic, Language, Information, and Computation, pages 219–234.
Springer, 2021. doi:10.1007/978-3-030-88853-4_14.

7 Philippe Balbiani and Saúl Fernández González. Indexed frames and hybrid logics. In
International Conference on Advances in Modal Logic (AiML 2020), volume 13, pages 56–72.
College Publications, 2020.

8 Alexandru Baltag and Bryan Renne. Dynamic Epistemic Logic. In Edward N. Zalta, editor,
The Stanford Encyclopedia of Philosophy. Metaphysics Research Lab, Stanford University,
Winter 2016 edition, 2016.

9 Francesco Belardinelli and Davide Grossi. On the formal verification of diffusion phenomena
in open dynamic agent networks. In Proceedings of the 2015 International Conference on
Autonomous Agents and Multiagent Systems, pages 237–245, 2015. URL: http://dl.acm.org/
citation.cfm?id=2772912.

10 Patrick Blackburn, Maarten de Rijke, and Yde Venema. Modal Logic. Cambridge University
Press, Cambridge, 2001. doi:10.1017/CBO9781107050884.

11 Patrick Blackburn and Balder ten Cate. Pure extensions, proof rules, and hybrid axiomatics.
Studia Logica, 84(2):277–322, 2006. doi:10.1007/S11225-006-9009-6.

12 Zoé Christoff and Davide Grossi. Stability in binary opinion diffusion. In Alexandru
Baltag, Jeremy Seligman, and Tomoyuki Yamada, editors, Logic, Rationality, and Inter-
action, pages 166–180, Berlin, Heidelberg, 2017. Springer Berlin Heidelberg. doi:10.1007/
978-3-662-55665-8_12.

13 Zoé Christoff, Jens Ulrik Hansen, and Carlo Proietti. Reflecting on social influence in
networks. Journal of Logic, Language and Information, 25(3-4):299–333, 2016. doi:10.1007/
s10849-016-9242-y.

14 Kit Fine and Gerhard Schurz. Transfer theorems for multimodal logics. Logic and reality:
essays on the legacy of Arthur Prior, pages 169–213, 1996.

15 Dov M. Gabbay, Agi Kurucz, Frank Wolter, and Michael Zakharyaschev. Many-dimensional
modal logics: theory and applications. Studia Logica, 81(1), 2005.

16 Rustam Galimullin, Munyque Mittelmann, and Laurent Perrussel. Formal verification of
diffusion auctions. Proceedings of the AAAI Conference on Artificial Intelligence, 40(23):19099–
19107, 2026. doi:10.1609/aaai.v40i23.38983.

https://doi.org/10.1145/585265.585270
https://doi.org/10.4324/9780429321047-2
https://doi.org/10.2307/2695090
https://doi.org/10.2307/2695090
https://doi.org/10.1016/S1570-2464(07)80017-6
https://doi.org/10.1007/s11225-024-10126-0
https://doi.org/10.1007/978-3-030-88853-4_14
http://dl.acm.org/citation.cfm?id=2772912
http://dl.acm.org/citation.cfm?id=2772912
https://doi.org/10.1017/CBO9781107050884
https://doi.org/10.1007/S11225-006-9009-6
https://doi.org/10.1007/978-3-662-55665-8_12
https://doi.org/10.1007/978-3-662-55665-8_12
https://doi.org/10.1007/s10849-016-9242-y
https://doi.org/10.1007/s10849-016-9242-y
https://doi.org/10.1609/aaai.v40i23.38983


S. Fernández González, M. Y. Pedersen, and S. Smets 5:17

17 Rustam Galimullin and Mina Young Pedersen. Visibility and exploitation in social net-
works. Mathematical Structures in Computer Science, 34(7):615–644, 2024. doi:10.1017/
S0960129523000397.

18 Robert Goldblatt. Logics of time and computation. Center for the Study of Language and
Information, USA, 1987.

19 Saúl Fernández González. Logics for social networks: Asynchronous announcements in
orthogonal structures. PhD thesis, Université Paul Sabatier-Toulouse III, 2021.

20 Valentin Goranko. Coalition games and alternating temporal logics. In Proceedings of the 8th
Conference on Theoretical Aspects of Rationality and Knowledge, TARK ’01, pages 259–272,
San Francisco, CA, USA, 2001. Morgan Kaufmann Publishers Inc.

21 Umberto Grandi, Emiliano Lorini, Arianna Novaro, and Laurent Perrussel. Strategic disclosure
of opinions on a social network. In Proceedings of the 16th Conference on Autonomous Agents
and MultiAgent Systems, AAMAS ’17, pages 1196–1204, Richland, SC, 2017. International
Foundation for Autonomous Agents and Multiagent Systems. URL: http://dl.acm.org/
citation.cfm?id=3091292.

22 Joseph Y Halpern and Moshe Y Vardi. The complexity of reasoning about knowledge and
time. In Proceedings of the eighteenth annual ACM symposium on Theory of computing, pages
304–315, 1986.

23 Marcus Kracht and Frank Wolter. Properties of independently axiomatizable bimodal logics.
The Journal of Symbolic Logic, 56(4):1469–1485, 1991. doi:10.2307/2275487.

24 Vitor Machado and Mario Benevides. Temporal logic for social networks. Journal of Logic
and Computation, 32(6):1088–1108, 2022. doi:10.1093/logcom/exac023.

25 Fabio Mogavero, Aniello Murano, Giuseppe Perelli, and Moshe Y. Vardi. Reasoning about
strategies: On the model-checking problem. ACM Trans. Comput. Logic, 15(4), 2014. doi:
10.1145/2631917.

26 Rohit Parikh and Ramaswamy Ramanujam. A knowledge based semantics of messages. Journal
of Logic, Language and Information, 12(4):453–467, 2003. doi:10.1023/A:1025007018583.

27 Marc Pauly. A modal logic for coalitional power in games. Journal of Logic and Computation,
12(1):149–166, 2002. doi:10.1093/LOGCOM/12.1.149.

28 Mina Young Pedersen. Malicious Agents and the Power of the Few: On the Logic of Abnormality
in Social Networks. PhD thesis, Department of Information Science and Media Studies, Uni-
versitetet i Bergen, Bergen, Norway, 2024. URL: https://hdl.handle.net/11250/3151733.

29 Mina Young Pedersen, Marija Slavkovik, and Sonja Smets. Social bot detection as a temporal
logic model checking problem. In Sujata Ghosh and Thomas Icard, editors, Logic, Rationality,
and Interaction, pages 158–173, Cham, 2021. Springer International Publishing. doi:10.1007/
978-3-030-88708-7_13.

30 Mina Young Pedersen, Marija Slavkovik, and Sonja Smets. Detecting bots with temporal logic.
Synthese, 202(3):79, 2023. doi:10.1007/s11229-023-04264-6.

31 Anand S. Rao and Michael P. Georgeff. Modeling rational agents within a BDI-architecture. In
James Allen, Richard Fikes, and Erik Sandewall, editors, Proceedings of the 2nd International
Conference on Principles of Knowledge Representation and Reasoning, pages 473–484. Morgan
Kaufmann publishers Inc.: San Mateo, CA, USA, 1991. URL: http://jmvidal.cse.sc.edu/
library/rao91a.pdf.

32 Anand S. Rao and Michael P. Georgeff. Bdi agents: From theory to practice. In Proceedings
of the 1st Int. Conf. on Multi-Agent Systems (ICMAS95), 1995, pages 312–319, 1995.

33 Joshua Sack. Adding Temporal Logic to Dynamic Epistemic Logic. PhD thesis, Indiana
University, 2007.

34 Katsuhiko Sano. Axiomatizing epistemic logic of friendship via tree sequent calculus. In
International Workshop on Logic, Rationality and Interaction, pages 224–239. Springer, 2017.
doi:10.1007/978-3-662-55665-8_16.

TIME 2026

https://doi.org/10.1017/S0960129523000397
https://doi.org/10.1017/S0960129523000397
http://dl.acm.org/citation.cfm?id=3091292
http://dl.acm.org/citation.cfm?id=3091292
https://doi.org/10.2307/2275487
https://doi.org/10.1093/logcom/exac023
https://doi.org/10.1145/2631917
https://doi.org/10.1145/2631917
https://doi.org/10.1023/A:1025007018583
https://doi.org/10.1093/LOGCOM/12.1.149
https://hdl.handle.net/11250/3151733
https://doi.org/10.1007/978-3-030-88708-7_13
https://doi.org/10.1007/978-3-030-88708-7_13
https://doi.org/10.1007/s11229-023-04264-6
http://jmvidal.cse.sc.edu/library/rao91a.pdf
http://jmvidal.cse.sc.edu/library/rao91a.pdf
https://doi.org/10.1007/978-3-662-55665-8_16


5:18 Social Networks Through Time: Completeness of Temporal Network Logic

35 Jeremy Seligman, Fenrong Liu, and Patrick Girard. Logic in the community. In Indian
conference on logic and its applications, pages 178–188. Springer, 2011. doi:10.1007/
978-3-642-18026-2_15.

36 Chengcheng Shao, Giovanni Luca Ciampaglia, Onur Varol, Kai-Cheng Yang, Alessandro
Flammini, and Filippo Menczer. The spread of low-credibility content by social bots. Nature
Communications, 9(1):4787, 2018.

37 Yoav Shoham and Kevin Leyton-Brown. Multiagent Systems: Algorithmic, Game-Theoretic,
and Logical Foundations. Cambridge University Press, Cambridge, UK, 2009.

38 Sonja Smets and Fernando R. Velázquez-Quesada. A logical analysis of the interplay between
social influence and friendship selection. In Luís Soares Barbosa and Alexandru Baltag, editors,
Dynamic Logic. New Trends and Applications - Second International Workshop, DaLí 2019,
Porto, Portugal, October 7-11, 2019, Proceedings, volume 12005 of Lecture Notes in Computer
Science, pages 71–87, Cham, 2020. Springer. doi:10.1007/978-3-030-38808-9_5.

39 Edith Spaan. Nexttime is not necessary. In Proceedings of the 3rd Conference on Theoretical
Aspects of Reasoning about Knowledge, pages 241–256, 1990.

40 Hans van Ditmarsch, Wiebe van der Hoek, and Barteld Kooi. Dynamic Epistemic Logic.
Springer, 2008.

A Appendix

Proof sketch of Prop. 18. This proof is almost identical to the proof of completeness for
tnl in the Section 2, with the following changes:

There is no longer a unique initial element in the filtrated tree T̄ . Instead, we have
multiple initial elements ī1,...,̄ip and we can arrange them into an I-path, ī1 <+ ... <+ īp,
where īp <+ ī1. The existence of such a path is proven just like in Lemma 11.
Given x̄0 ∈ T̄ such that φ0 ∈ x̄0, we build a sequence of elements of T̄ much like in
Section 2.2.4, except it is now isomorphic to Z, i.e. infinite in both directions: first we
take a finite <+-path that goes from some initial element (say īp) to some final element
(say f̄1), going through x̄0; we then plug a infinite repetition of an F -path to its right,
and an infinite repetition of the I-path to the left:

... <+ īp <
+ ī1 <

+ ... <+ īp︸ ︷︷ ︸
I-path

<+ ... <+ x̄0 <
+ ... <+ f̄1 <

+ ... <+ f̄q︸ ︷︷ ︸
F -path

<+ f̄1 <
+ ...

We assign integers to the elements of this sequence, assigning 0 to x̄0 and numbering the
rest according to their relative position to x̄0; we use this to build a valuation on (Z, <)
and the rest of the proof proceeds like in Lemma 12 and Proposition 13, noting one no
longer needs the (0H) axiom to prove item (3) of Lemma 12, which is instead proven
exactly like item (2). ◀

Proof sketch of Prop. 22. This result is proven in [14] and [23] for sproutings based on
arbitrary complete normal modal logics L1 and L2. The notion of “sprouting” in the present
paper is simplified to fit our particular logics, but generally a sprouting is a birelational frame
(W,R1, R2) than can be built as the union of L1-frames and L2-frames in a way such that
the different Li-frames have no points in common and, for i ̸= j, any of the Li-frames and
any of the Lj-frames have at most one point in their intersection.

One shows that, for any formula φ which is consistent in the fusion of both logics L1 ⊕L2,
there is a sprouting satisfying φ. This is used to prove a weaker result: namely that the
fusion L1 ⊕ L2 is complete with respect to frames (W,R1, R2) where (W,Ri) is an Li-frame
for i = 1, 2.

https://doi.org/10.1007/978-3-642-18026-2_15
https://doi.org/10.1007/978-3-642-18026-2_15
https://doi.org/10.1007/978-3-030-38808-9_5
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Let us see a sketch of this construction for our particular pair of logics:
Given a formula φ in the language of tsl, a T -constituent of φ is any maximal subformula

of φ which is preceded by one of the temporal operators G,H or X (or their duals); whereas
an S-constituent is a maximal subformula preceded by □ (or ♢).

The T -projection of φ, denoted φT , is the formula in the language of tnl resulting from
substituting the S-constituents of φ with “surrogate” propositional variables; its S-projection,
φS , is the formula in the language of sl obtained by replacing the T -constituents with
surrogates.

(For example, take the formula φ = F (p∧♢Xq) ∧♢Pr. Its S-constituents are ψ1 = ♢Xq
and ψ2 = ♢Pr; its T -projection can be written as φT = F (p ∧ sψ1) ∧ sψ2 , where sψ1 and sψ2

are fresh “surrogate” variables.)
It holds that, if φ is a consistent formula in the fusion logic tsl, then both its projections

φT and φS are consistent in their respective fragments (note that if, e.g., φT were inconsistent
in tnl, then ¬φT would be a theorem of tsl since tnl ⊆ tsl, and so would ¬φ, obtained
from φT via uniform substitution; likewise for ψS).

The process of building the sprouting that satisfies φ is done in a number of steps no
larger than the modal depth of φ; it goes as follows:

First, one constructs a T-model satisfying the T -projection φT . Some of the points in
this model will satisfy the “surrogate” variables of this formula.
Using our example formula φ = F (p∧♢Xq)∧♢Pr to illustrate this, we have the following
model satisfying φT at the white point:

. . . • ◦ • • • • • . . .
sψ1 , psψ2

We now take each of these points satisfying some surrogate variable sψ and we make it
into the root of a finite S-model satisfying ψS . Note that the (possibly infinitely many)
models obtained in this step have no points in common amongst themselves and at most
one point in common with the model built in the previous step.
In our example, we compute the projections, ψS1 = (♢Xq)S = ♢sXq and ψS2 = (♢Pr)S =
♢sPr, and we make a finite S-model for ψS2 sprout from the white point and one for ψS1
sprout from its successor:

. . . • ◦ • • • • • . . .

•

•
sPr

sXq

p

Again, some of the points in these S-models will satisfy some surrogate variables pTθ . For
each of these, we construct a T-model satisfying θT at some point and we “plug it” into
the point satisfying pTθ . Again, we note that the models obtained in this step are disjoint
among themselves, have no points in common with any T-models obtained in previous
steps, and each of them has at most one point in common with at most one S-model
obtained in the previous step.
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In our running example:

. . . • ◦ • • • • • . . .

. . . • • • • • • • . . .

. . . • • • • • • • . . .

p

q

r

We repeat this process, alternating T-models and S-models that hang off each other, until
the formula is exhausted.

Some caveats are necessary to make sure this construction does not backfire: for instance,
the authors of [23] work with partial valuations and have some restrictions on the types of
models one can use in the alternating sequence, whereas those of [14] circumvent this by
skipping the step-by-step construction and using Zorn’s Lemma to postulate the existence of
a maximal sprouting; likewise, one has to be careful with Boolean combinations of surrogate
variables. We point the reader to the aforementioned texts to fill out the finer details.

What is relevant for our purposes is that, at the end of this construction, we are left with
a birelational model M = (X,<,⇋, V ) that satisfies φ and, by construction, is a countable
sprouting. ◀

Proof of Lemma 24. We construct f by defining it first on D0 = t0 and successively aug-
menting its domain to the sets D1, D2, ..., where

Dn+1 = Dn ∪ {x : t⇋ tx for some t ∈ Dn}.

(In other words, Dn is the union of all timelines separated from t0 by a ⇋-path of length at
most n; note that every timeline is a subset of some Dn, and that X =

⋃
n∈NDn).

First, assign f(x0) = 0. Then, for every element x ∈ t0, assign a number corresponding
to the relative position of this element to x0 in the timeline (i.e. f(x+

0 ) = 1, f(x++
0 ) =

2, f(x−
0 ) = −1, etc.)

Once all the elements of Dn have a number assigned, take a timeline t ⊆ Dn+1 \Dn; there
is some timeline t′ ⊆ Dn such that t′ ⇋ t; there is thus a unique pair of points x ∈ t, x′ ∈ t′

such that x ⇋ x′. Set f(x) := f(x′) and assign values to the rest of the elements in
t according to their relative position to x (f(x+) = f(x) + 1, f(x−) = f(x) − 1,...,
f(x±n) = f(x) ± n).
Note that this assignment is well-defined on account of property (S3) of the definition of
sprouting: if t′′ ⊆ Dn is another timeline such that t′′ ⇋ t, then, remembering that all
timelines have a symmetric ⇋-path to t0, we take a closed loop

t0 ⇋ ...⇋ t′ ⇋ t⇋ t′′ ⇋ ...⇋ t0

and we apply (S3) to conclude that t′′ and t are also connected at point x and that
f(x′) = f(x′′), where x′′ is the unique point in t′′ such that x′′ ⇋ x.

By this inductive process, we are left with a function f : X → Z which, by construction,
satisfies (F1) and (F2). ◀

Proof of Lemma 25. Simple induction on ψ; the case ψ = p follows from the definition of
V ∗, whereas the cases ψ = ¬θ, ψ = θ1 ∧ θ2 are trivial.
Case ψ = Gθ: S, x |= Gθ iff S, y |= θ for all y > x, iff (by induction hypothesis)

M, (ty, f(y)) |= θ for all y > x, iff (noting that for all m > f(x) there is some y > x with
f(y) = m, ty = tx), iff M, (tx,m) |= θ for all m > f(x), iff M, (tx, f(x)) |= Gθ.
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Cases ψ = Hθ,ψ = Xθ: analogous to the previous case.
Case ψ = □θ: S, x |= □θ iff S, y |= θ for all y ⇋ x, iff (by hypothesis) M, (ty, f(y)) |= θ for

all y ⇋ x iff (remembering that f(x) = f(y) when x ⇋ y) M, (ty, f(x)) |= θ whenever
ty ⇋f(x) tx, iff M, (tx, f(x)) |= □θ. ◀
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Abstract
We propose an extension of the graph query language SPARQL to support temporal data. The
proposal follows the approach of temporal databases, where each tuple is annotated with a finite set
of intervals, and joins and other operators implicitly take account of these annotations. We adapt
this model to the specifics of SPARQL query evaluation, which is defined in terms of compatibility of
partial solution mappings. Furthermore, unlike existing proposals, our model allows predicates over
intervals (e.g., Allen’s relations) in temporal atoms of filter expressions, while ensuring that query
evaluation remains tractable in data complexity. Our semantics comes in three equivalent flavours,
with different levels of abstraction. The basic semantics provides a snapshot view of data (it is,
however, applicable only to queries without temporal atoms). In the second semantics, induced by an
SPM-semiring, solution mappings are annotated with finite sets of intervals. This semantics covers
temporal atoms and coincides with the snapshot semantics when the latter is defined. The third,
most concrete semantics is equivalent to the second, but based on single intervals, which naturally
leads to an implementation over a triple store or a relational database, with tables featuring columns
for interval endpoints. As a proof of concept, we evaluate a database storage prototype and show
that it addresses previously identified performance limitations of triple stores for temporal data.

2012 ACM Subject Classification Information systems → Temporal data; Information systems →
Query languages

Keywords and phrases Query languages, SPARQL, interval-based temporal data
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1 Introduction

Temporal data has long been of interest to various fields of computer science, from database
theory to knowledge representation, and is also seeing growing applications, as evidenced by
the continued interest in specialised database systems dealing with time, such as time-series
databases and extensions of the SQL standard. Notably, SQL:2011 features time period
definitions, temporal integrity constraints and temporal predicates (Allen’s relations).

Formal models of databases (in particular, temporal databases) are typically grounded in
relational algebra, which makes strong assumptions about the structure of the data being
queried. As a result, these models do not easily extend to missing, ill-typed or heterogeneous
data. In contrast, knowledge graphs (KGs) and associated query languages provide a robust
framework for modelling such data. However, temporal KGs remain largely underdeveloped.

In this work, we focus on the graph query language SPARQL, a widely used W3C standard.
At first sight, SPARQL is similar to SQL, but its core algebra operations (union, join and
difference) are of a different nature: they operate on (multi)sets of partial functions rather
than relations, which can be regarded as (multi)sets of total functions. This distinction
has far-reaching consequences when it comes to equipping SPARQL with temporal features,
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Listing 1 An example Temporal SPARQL query, adapted from [14].
PREFIX : <http :// www. example .org#>
PREFIX time: <http :// www.w3.org /2006/ time#>
SELECT ?e ?dep1 ?t1 {

<< ?e : worksIn ?dep1 >> time: hasTime ?t1 .
<< ?dep1 : locatedIn : barcelona >> time: hasTime ?t1 .
FILTER NOT EXISTS {

<< ?e : worksIn ?dep2 >> time: hasTime ?t2 .
<< ?dep2 : locatedIn :rome >> time: hasTime ?t2 .
FILTER ( time: Before (?t2 ,?t1) ).

}
}

and, to our knowledge, proposals in this direction have largely ignored it. In other words,
some foundational work is still missing that provides SPARQL with temporal abilities while
respecting its semantics, which is the gap that we propose to fill.

More precisely, we adapt to SPARQL the classical model of temporal relational databases,
where data and answers are annotated with intervals, and extend it with the possibility to
compare maximal temporal intervals. As a concrete illustration, we reproduce an example
by Klarman and Meyer [14].1

▶ Example 1. Consider the query in Listing 1, given in SPARQL-star syntax, where reified
triples are enclosed in <<...>>. The query retrieves employees ?e who worked in department
?dep1 located in Barcelona during some time interval ?t1, but did not work in any department
?dep2 located in Rome during an interval ?t2 that immediately precedes ?t1 (Allen’s
relation time:Before). Each answer consists of one such employee, with their department
?dep1 and the relevant interval ?t1. Observe that, similarly to temporal databases [2], all
the joins in the query are (implicitly) temporal. For instance, the temporal variable ?t1 in
the query result represents an interval when the following two statements annotated with
time:hasTime ?t1 hold: (i) ?e worked in ?dep1 and (ii) ?dep1 was based in Barcelona.
However, such an interval may not come directly from the data: it is instead the intersection
of two maximal intervals where (i) and (ii) respectively hold (for the same employee and
department). In other words, ?t1 ranges over maximal periods of time where both statements
hold, and similarly for ?t2. This ensures that the temporal atom time:Before(?t2,?t1)
can be interpreted unambiguously.

As this example illustrates, preserving maximality of temporal intervals, which is called
temporal coalescing [3], is crucial for a clear and well-defined semantics of temporal atoms,
which feature predicates on intervals, for instance, Allen’s relations. On the other hand, as
we shall see below, an unrestricted use of temporal variables could lead to either intractability
(in the size of the data) or a semantics that is not well-defined. Careful restrictions on the
scope of temporal variables are thus needed, and our proposal achieves this by means of
SPARQL’s Exists operator, as illustrated in Listing 1.

Our main contributions are as follows.

1 Note, however, that Klarman and Meyer employ two-sorted first-order query language and consider
background knowledge (ontologies) for enriching query answering, whereas our focus is solely on SPARQL
and its algebra, without any ontologies.
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1. We identify a suitable fragment of SPARQL-star (an extension of SPARQL, originally
proposed by Hartig and Thompson [11] and is standardised by the W3C as part of the
upcoming SPARQL 1.2) to easily express temporal join operations as well as comparison
of intervals (using temporal atoms with Allen’s relations, for example). We impose
suitable restrictions on this fragment to ensure that it admits a well-defined semantics
and tractable query evaluation. We dub this language Temporal SPARQL.

2. We provide a formal semantics for Temporal SPARQL that complies with the specifics
of the SPARQL algebra. More precisely, we follow the approach of Dignös et al. [7] to
temporal databases and show that this semantics is induced by an annotation semiring
suitable for SPARQL [9].

3. We conclude the paper by a brief feasibility study, which explores how Temporal SPARQL
can be effectively translated into SQL. Among other applications, this makes Temporal
SPARQL a good candidate input language for temporal Ontology-Based Data Access
(OBDA) [12], which would bring the original proposal of Klarman and Meyer [14] closer
to an effective and standard-compliant implementation. Integration with ontologies and
query rewriting, however, is left for future work.

Related Work. Chekol et al. [4] present algorithms for joins over interval-based temporal
data as well as an efficient algorithm for performing temporal coalescing and provide a proof-
of-concept implementation to show how their proposal outperforms direct translations into
standard SPARQL running on existing triple stores. Geerts et al. [9] describe the semantics
of SPARQL based on algebraic structures called SPM-semirings with the aim of capturing
provenance of answers to SPARQL queries on RDF graphs annotated with elements from
some domain K. Dignös et al. [7] propose a semantics for snapshot-reducible database queries
over relational interval-based temporal data called K-relations. While not directly applicable
to our model, which uses SPARQL semantics as a starting point, we follow their presentation
whereby the semantics is presented as three distinct “models” of increasing abstraction:
the implementation model relies on the structure of the database tables directly, while the
logical and abstract models use algebraic structures that enable easier formal reasoning.
Kaminski et al. [13] extend the algebraic description of the semantics of core SPARQL [15]
to the key features of SPARQL 1.1 including aggregation and nested queries with the Exists
operator. Our definitions build on the context-based interpretation of the semantics of
Exists by Kaminski et al. [13]. In the wider literature on temporal query languages, we also
note the influential work of Böhlen et al. [3] on temporal coalescing and bespoke algorithms
for its implemration. Later extensions of the SQL standard introduced window functions,
which are used by Zhou et al. [20] for a more efficient translation of temporal coalescing into
SQL. Dignös et al. [6] also provide examples of efficiently implementation of temporal inner
joins, left joins and temporal coalescing in SQL with window functions.

The rest of the paper is structured as follows. In Section 2, we introduce the syntax of
Temporal SPARQL and initially focus on its small fragment (with a single temporal variable
and without temporal atoms), which has a simple snapshot semantics. In Section 2.3, we
switch to the logical model, in which query answers are annotated with finite set of intervals
and show that the semantics with annotations from a particular SPM-semiring matches the
snapshot semantics for this small fragment. In Section 3, we return to Temporal SPARQL
with multiple temporal variables and temporal atoms, and introduce syntactic restrictions
that ensure tractable query answering in the logical model. In Section 4, we define the
so-called concrete model, in which answers are assigned single intervals and which is suitable
for a translation into the relational setting. In Section 5, we provide a feasibility study that
shows how Temporal SPARQL can be effectively and efficiently translated to SQL.
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2 Temporal SPARQL: Syntax and Semantics

In Section 2.1, we provide an abstract syntax for Temporal SPARQL, broadly following [18],
which is in turn based on the simplified abstract SPARQL algebra from the W3C recommend-
ation2. This abstract syntax has a natural SPARQL-star counterpart, where reified triples
are annotated with temporal variables, as illustrated in Example 1; note, however, that in
Section 3.1, we will need to introduce additional syntactic restrictions to ensure that query
evaluation is tractable in data complexity. But first, in Section 2.2, we study an even smaller
fragment of Temporal SPARQL that uses a single temporal variable and define its snapshot
semantics, which coincides with the standard (non-temporal) SPARQL semantics when the
timepoint of query evaluation is fixed. In Section 2.3, we equip this snapshot fragment with
an equivalent annotation-based semantics based on SPM-semirings, which generalises a wide
range of semantics for SPARQL (sets, bags, provenance, etc.).

2.1 Syntax
We assume pairwise disjoint infinitely countable sets of IRIs I, blank nodes B, literals L,
domain variables V and temporal variables T . The domain D is the union I ∪ B ∪ L. Graph
patterns P and filter expressions F are defined by mutual recursion as follows:

P := (s, p, o, t)
∣∣ Filter(P, F )

∣∣ Join(P, P )
∣∣ Optional(P, P, F )

∣∣ Union(P, P )∣∣ Minus(P, P )
∣∣ Project(P, L)

∣∣ Extend(P, v, T ),

F := bound(v)
∣∣ R(T1, . . . , Tn)

∣∣ A(t1, . . . , tn)
∣∣ Exists(P )

∣∣ F ∧ F
∣∣ ¬F,

where s, p, o ∈ V ∪ D are (basic) domain terms, v ∈ V and t, t1, . . . , tn ∈ T are domain and
temporal variables, respectively, L ⊆ V a finite set of domain variables, R and A are n-ary
relations over domain elements and time intervals, respectively, and T, T1, . . . , Tn are domain
terms built from elements of V and D using domain functions such as +, concat, etc. The
basic building block of graph patterns, (s, p, o, t), is a called a temporal quad pattern: s is
the subject, p is the predicate, o is the object and t is the temporal variable of the statement.
In the concrete SPARQL-star syntax, illustrated in Example 1, (s, p, o) forms a reified triple,
used as the subject of a triple pattern with predicate time:hasTime and object t. As usual in
SPARQL,3 we assume that each variable v in Extend(P, v, T ) does not occur in pattern P .

2.2 Abstract Model: Snapshot Semantics
We first consider a fragment of Temporal SPARQL reducible to the snapshot view of temporal
data. A graph pattern is called snapshot if it uses a single temporal variable, t, and does not
contain filter (sub-)expressions of the form A(t1, . . . , tn) or Exists(P ). Note that the query
in Listing 1 is not snapshot, as it contains two temporal variables, t1 and t2. In contrast,
the queries in Listing 2 in Section 5.1 and in Listings 4 and 5 in Section 5.2 are all snapshot.

A temporal domain T is a linearly ordered set, say, Q or N. The strict linear order on T
will be denoted by <, with ≤ and other relations defined in the usual way. We denote by
RDF the set (I ∪ B) × I × D, whose elements are called RDF triples.4 An (atemporal) RDF
graph is a finite subset of RDF . A snapshot RDF graph G maps each time instant τ ∈ T

2 https://www.w3.org/TR/sparql11-query/#sparqlAlgebra
3 https://www.w3.org/TR/sparql11-query/#bind
4 According to the RDF 1.1 W3C recommendation (https://www.w3.org/TR/rdf11-concepts/

#section-triples), a literal can only occur as an object, and a predicate can only be an IRI, but this
is not essential for us.

https://www.w3.org/TR/sparql11-query/#sparqlAlgebra
https://www.w3.org/TR/sparql11-query/#bind
https://www.w3.org/TR/rdf11-concepts/#section-triples
https://www.w3.org/TR/rdf11-concepts/#section-triples
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to an RDF graph G(τ). The snapshot semantics of snapshot graph patterns closely follows
the standard set semantics of SPARQL and boils down to evaluation on a single G(τ). We
reproduce it here so that it can be compared to our interval-based semantics.

A (non-temporal) solution mapping µ is a partial map from V to D with a finite domain,
which is denoted by dom(µ). We say that two solution mappings µ and µ′ are compatible and
write µ ∼ µ′ if µ(v) = µ′(v), for each v ∈ dom(µ) ∩ dom(µ′). In case µ ∼ µ′, we write µ ∪̇ µ′

for the solution mapping such that dom(µ ∪̇µ′) = dom(µ)∪dom(µ′) and (µ ∪̇µ′)(v) = µ(v) for
all v ∈ dom(µ) and (µ ∪̇ µ′)(v) = µ′(v) for all v ∈ dom(µ′). We denote by µ|L the restriction
of µ on L, that is, the solution mapping with domain dom(µ) ∩ L that is compatible with µ.

The semantics of a domain term T is defined as usual: given a solution mapping µ, set

JcKµ = c, JvKµ =
{

µ(v), if v ∈ dom(µ),
ϵ, otherwise,

Jf(T1, . . . , Tn)Kµ =
{

f(JT1Kµ, . . . , JTnKµ), if JT1Kµ ̸= ϵ, . . . , JTnKµ ̸= ϵ,

ϵ, otherwise,

where ϵ denotes the error value, which is used in SPARQL to deal with the fact that solution
mappings are partial functions. Next, for a solution mapping µ, the following definitions
reflect the standard 3-valued logic of SPARQL filter expressions F (see, e.g, [18, Section 2.1]),
where the subscript s stands for “snapshot” semantics:

Jbound(v)Kµ
s =

{
⊤ if v ∈ dom(µ),
⊥ otherwise,

JR(T1, . . . , Tn)Kµ
s =


ϵ if JTiKµ = ϵ, for some i ≤ n,

⊤ if R(JT1Kµ, . . . , JTnKµ),
⊥ otherwise,

J¬F Kµ
s =


ϵ if JF Kµ

s = ϵ,

⊤ if JF Kµ
s = ⊥,

⊥ otherwise,

JF ∧ F ′Kµ
s =


ϵ if JF Kµ

s = ϵ or JF ′Kµ
s = ϵ,

⊤ if JF Kµ
s = JF ′KG,µ

s = ⊤,

⊥ otherwise.

Next, let G denote the snapshot RDF graph G at time τ , that is, G(τ). The evaluation JP KG
s

of a snapshot graph pattern P over G is defined by recursion on the structure of P as usual
(see, e.g, [18, Section 2.1]):

J(s, p, o, t)KG
s =

{
µ | dom(µ) = var(s, p, o) and (s, p, o)µ ∈ G

}
,

JFilter(P1, F )KG
s =

{
µ ∈ JP1KG

s | JF Kµ
s = ⊤

}
,

JJoin(P1, P2)KG
s =

{
µ1 ∪̇ µ2 | µ1 ∈ JP1KG

s and µ2 ∈ JP2KG
s with µ1 ∼ µ2

}
,

JUnion(P1, P2)KG
s = JP1KG

s ∪ JP2KG
s ,

JOptional(P1, P2, F )KG
s = JFilter(Join(P1, P2), F )KG

s

∪
{

µ1 ∈ JP1KG
s | JF Kµ1∪̇µ2

s ̸= ⊤, for all µ2 ∈ JP2KG
s with µ1 ∼ µ2

}
,

JMinus(P1, P2)KG
s =

{
µ1 ∈ JP1KG

s | there is no µ2 ∈ JP2KG
s with µ1 ∼ µ2

and dom(µ1) ∩ dom(µ2) ̸= ∅
}

,

JProject(P1, L)KG
s =

{
µ|L | µ ∈ JP1KG

s

}
,

JExtend(P1, v, T )KG
s =

{
µ ∪̇ {v 7→ JT Kµ} | µ ∈ JP1KG

s

}
,

where var(s, p, o) denotes the set of variables in a tuple (s, p, o) of basic domain terms, and
(s, p, o)µ, for a solution mapping µ, denotes the image of the tuple under µ, that is, the result
of replacing each variable v ∈ dom(µ) in it with µ(v). Note that this semantics is applicable
only to snapshot graph patterns, which have a single temporal variable, t, and therefore this
variable plays no role in the definition; the time instant is fixed with the choice of G = G(τ).
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2.3 Logical Model: Temporal Annotations
Similarly to what was done by Dignös et al. [7] for relational algebra, we introduce an
alternative representation of the semantics above, where, for a given graph, a query maps
a solution mapping to (the union of) a set of intervals. This allows us to relate Temporal
SPARQL to a long line of research in relational databases (notably by Green et al. [10]), and
more recently for SPARQL by Geerts et al. [9], where a query maps tuples to annotations in a
semiring (possibly extended with other operators [8, 9]). In this view, the semantics of a query
language is defined for a whole class of semirings, thus providing a shared abstraction (as
well as algorithms, proof techniques, etc.) for seemingly different formalisms, which include
standard set and bag semantics, but also data annotated with provenance or probabilities.
As an additional benefit, this abstract view will ease the correspondence with the more
procedural model introduced in Section 4.

An interval over T is either T itself or one of the following subsets of T:
{τ ∈ T | τ1 ≤ τ < τ2}, denoted by [τ1, τ2), for τ1, τ2 ∈ T,
{τ ∈ T | τ1 ≤ τ}, for τ1 ∈ T, or
{τ ∈ T | τ < τ2}, for τ2 ∈ T;

note that these intervals include the left endpoint (if any) but not the right endpoint. We
use I to denote the set of all intervals.

We consider the set ST of all subsets of T that can be represented as finite sets of intervals.
Formally, ST =

{⋃
I | I ∈ Pfin(I)

}
, where Pfin(I) is the set of finite subsets of I. The set ST

is closed under finite set union (∪) by definition. We show that it is also closed under set
difference (\), and so under finite set intersection (∩), since A ∩ B = A \ (A \ B) for any
sets A and B. To this end, we first observe that, for any I, J ∈ I, the set I \ J is the empty
set, or a single element of I, or the union of two such intervals, and so, in each case, I \J ∈ ST.
Then we can lift this to elements of ST observing that (I1 ∪ I2) \ J = (I1 \ J) ∪ (I2 \ J) and
I \ (J1 ∪ J2) = (I \ J1) \ J2. So, for any elements I =

⋃n
i=1 Ii and J =

⋃m
j=1 Jj of ST, with

Ii, Jj ∈ I for each i and j, by induction on n + m, we obtain I \ J ∈ ST.
Interestingly, the algebraic structure ST = ⟨ST, ∪, ∩, \, ∅,T⟩ belongs to the equational class

(a.k.a. variety) called SPM-semirings, where “SPM” stands for “SPARQL Minus” [9]. An
SPM-semiring ⟨S, ⊕, ⊗, ⊖, 0, 1⟩ is a commutative semiring (i.e., its multiplicative operation ⊗
is also commutative) equipped with a difference operation ⊖ satisfying the following identities:

a ⊖ a = 0, (id1)
a ⊖ (b ⊕ c) = (a ⊖ b) ⊖ c, (id2)
a ⊗ (b ⊖ c) = (a ⊗ b) ⊖ c, (id3)

(a ⊖ (a ⊖ b)) ⊕ (a ⊖ b) = a. (id4)

One can easily verify that ST is an SPM-semiring. Indeed, both ⟨ST, ∪, ∅⟩ and ⟨ST, ∩,T⟩ are
commutative monoids since ∪ and ∩ are associative and commutative, and both I ∪ ∅ = I

and I ∩ T = I hold for any I ∈ ST. Next, ∩ distributes over ∪ and I ∩ ∅ = ∅. Finally, the
four identities for ⊖ hold for any sets A, B and C (so in particular for the elements of ST):
A\A = ∅, A\(B ∪C) = (A\B)\C, A∩(B \C) = (A∩B)\C and (A\(A\B))∪(A\B) = A.

Geerts et al. [9] define a semantics for SPARQL queries induced by an arbitrary SPM-
semiring: each triple in an RDF graph and each solution mapping in the evaluation of a query
is annotated with an element of the semiring. With an appropriate choice of the semiring,
this semantics coincides with the standard set or bag semantics of SPARQL (among others).
We reproduce the SPM-semiring semantics of SPARQL [9], slightly extended to accommodate
for Optional with a filter expression (in the original paper [9], only a tautology ⊤ is used
as a filter expression in Optional). Let S = ⟨S, ⊕, ⊗, ⊖, 0, 1⟩ be an SPM-semiring. An
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S-annotated RDF graph is a function G : RDF → S that maps finitely many triples to an
element different from 0 (intuitively, G(s, p, o) ̸= 0 if the RDF graph contains (s, p, o)). The
evaluation JP KG

a of a snapshot graph pattern P over an S-annotated RDF graph G is defined
as follows (the subscript a in JP KG

a stands for “annotation”-based semantics):

J(s, p, o, t)KG
a(µ) =

{
G((s, p, o)µ), if dom(µ) = var(s, p, o), (s, p, o)µ ∈ RDF ,

0, otherwise,

JFilter(P1, F )KG
a(µ) = JP1KG

a(µ) ⊗ ⌊JF Kµ
s ⌋,

JJoin(P1, P2)KG
a(µ) =

⊕
µ1∪̇µ2=µ

(
JP1KG

a(µ1) ⊗ JP2KG
a(µ2)

)
,

JUnion(P1, P2)KG
a(µ) = JP1KG

a(µ) ⊕ JP2KG
a(µ),

JOptional(P1, P2, F )KG
a(µ) = JQKG

a(µ) ⊕
(
JP1KG

a(µ) ⊖
⊕
µ′∼µ

JQKG
a(µ′ ∪̇ µ)

)
,

where Q = Filter(Join(P1, P2), F ),

JMinus(P1, P2)KG
a(µ) = JP1KG

a(µ) ⊖
⊕

µ′∼µ,
dom(µ′)∩dom(µ)̸=∅

JP2KG
a(µ′),

JProject(P1, L)KG
a(µ) =

⊕
µ′

|L
=µ

JP1KG
a(µ′),

JExtend(P1, v, T )KG
a(µ) =

{
JP1KG

a(µ′), if v /∈ dom(µ′) and µ = µ′ ∪̇ {v 7→ JT Kµ′},

0, otherwise,

where ⌊·⌋ : {⊤, ⊥, ϵ} → {0, 1} is the function defined by taking ⌊⊤⌋ = 1 and ⌊⊥⌋ = ⌊ϵ⌋ = 0.
Note again that this semantics is applicable only to snapshot graph patterns, which have a
single temporal variable, t, and Filter uses the snapshot semantics for filter expressions F

(which is sufficient at this stage, but will be replaced with a more general semantics in
Section 3.2).

We now show that the semantics induced by the semiring ST captures the snapshot-based
semantics of Section 2.2. This property is called snapshot-reducibility, and an analogous result
holds for temporal relational algebra [7]. A snapshot RDF graph G is called representable if{

τ ∈ T | (s, p, o) ∈ G(τ)
}

∈ ST, for all (s, p, o) ∈ RDF .

If this is the case, then we write GST for the ST-annotated RDF graph of G:

GST(s, p, o) =
{

τ ∈ T | (s, p, o) ∈ G(τ)
}

, for all (s, p, o) ∈ RDF .

The following result says that, for representable snapshot graphs, the semantics of
SPARQL induced by the semiring ST coincides with the snapshot semantics of Section 2.2.

▶ Theorem 2 (snapshot-reducibility). For a representable snapshot graph G, snapshot graph
pattern P , time point τ and solution mapping µ, we have τ ∈ JP KGST

a (µ) iff µ ∈ JP KG(τ)
s .

Proof. The standard set semantics of SPARQL is induced by the Boolean SPM-semiring
B = ⟨{⊥, ⊤}, ∨, ∧, −̇, ⊥, ⊤⟩, where a −̇ b = a ∧ ¬b; see, e.g., [9]. More precisely, for a snapshot
RDF graph G and τ ∈ T, we define a B-annotated graph Gτ

B by taking Gτ
B(s, p, o) = ⊤ iff

(s, p, o) ∈ G(τ). Then, by induction on the structure of P , one can show that

JP KGτ
B

a (µ) = ⊤ iff µ ∈ JP KG(τ)
s . (1)
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Next, for τ ∈ T, define hτ : ST → {⊥, ⊤} by taking hτ (s) = ⊤ iff τ ∈ s. Observe that this
function is a homomorphism from ST to B, because it satisfies hτ (s1 ∪ s2) = hτ (s1) ∨ hτ (s2),
hτ (s1 ∩ s2) = hτ (s1) ∧ hτ (s2), hτ (s1 \ s2) = hτ (s1) −̇ hτ (s2), hτ (∅) = ⊥ and hτ (T) = ⊤. It
follows that hτ (JP KGST

a (µ)) = JP KGτ
B

a (µ), and so JP KGτ
B

a (µ) = ⊤ iff τ ∈ JP KGST
a (µ). The claim

is then immediate from (1). ◀

The same temporal annotation (i.e., an element of ST) can be represented by different
sets of intervals, which may be impractical (for instance, two equivalent queries may produce
syntactically different results); see also [7]. This can be easily addressed by means of
(temporal) coalescing [3]. A set of intervals I ⊆ I is said to be coalesced if each I ∈ I

is maximal, that is, there is no I ′ ∈ I such that I ⊂ I ′ ⊆
⋃

I. Clearly, for a temporal
annotation s ∈ ST, there is a unique finite coalesced set of intervals C (s) such that

⋃
C (s) = s.

Thus, C (s) can serve as a canonical representation for s.

3 Comparing Intervals

We now extend our annotation-based semantics to a fragment of Temporal SPARQL that
supports comparisons between maximal intervals, notably by means of Allen’s relations. This
is achieved via multiple temporal variables and existential quantification induced by the
structure of Exists operations. For instance, in Example 1, an interval I1 bound to the vari-
able ?t1 should be retained if it ends before some interval I2 bound to ?t2. The comparison
itself (time:Before(?t2,?t1) in this example) is an atomic Boolean expression A(t1, . . . , tn)
in the grammar in Section 2.1, which we call a temporal atom. Its semantics can only be
defined if each variable ti is associated with a (unique) set Ii of intervals. To ensure that
computing Ii remains tractable in the size of the data, we impose syntactic restrictions on
Temporal SPARQL, which are described next.

3.1 Projected Temporal Variable
We introduce syntactic restrictions on the query language defined in Section 2.1: intuitively,
a query must project exactly one temporal variable. More precisely, we say that a graph
pattern P is well-formed and binds temporal variable t if it is a quad pattern of the
form (s, p, o, t), for some s, p and o, or

(i) all quad patterns in P outside filter expressions bind t, and
(ii) in each filter expression of the form Exists(P ′) that occurs in P , the graph pattern P ′

is well-formed and binds a temporal variable other than t.
Restriction (ii) prevents any “implicit” temporal join induced by a graph pattern P and
a subexpression Exists(P ′) of P binding the same temporal variable t. This restriction
is not strictly needed, but has the benefit of simplifying the semantics of the language,
while not reducing its expressivity (one can always introduce an “explicit” temporal join
instead). Restriction (i) on the other hand is essential: it excludes patterns that bind
two or more temporal variables. As a counterexample, consider a query of the form
Filter(Join(P1, P2), Exists(Filter(P3, A(t1, t3))), where each pattern Pi binds the tem-
poral variable ti. Its subpattern Join(P1, P2) is not well-formed because it binds two temporal
variables, t1 and t2. We shall see below that coalescing a temporal annotation for such a
pattern is intractable in the size of the graph (i.e., in data complexity). And apart from the
coalesced form, we are not aware of any representation that specifies a unique set of intervals
for t1 (and a given solution mapping). So this rules out an efficient evaluation of A(t1, t3).
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To complete this argument, we show that coalescing is intractable even for two tem-
poral variables. To this end, we exploit a well-known technique, already used in the
context of bi-temporal databases [17], namely, a (linear-time) reduction of the following
NP-hard [5] problem: given k ∈ N and a finite set R = {R1, .., Rn} of rectangles, whose
union is a polygon p(R), decide whether p(R) can be covered with k rectangles. Each
rectangle Ri ∈ R can be represented as the product Ii × Ji of two intervals in the Euclidean
plane. Then one can construct a graph GR that encodes each pair (Ii, Ji) as two triple
annotations GR(:ri, :a, :a) = Ii and GR(:ri, :b, :b) = Ji. Now, consider the graph pattern
P = Project (Join ((x, :a, :a, tI), (x, :b, :b, tJ)) , ∅), where x ∈ V and tI , tJ ∈ T . Observe
that P is independent of R and k. If one is to generalise the semantics of Section 2.3 to
patterns that bind two variables, then JP KGR,∅

a on the solution mapping with the empty
domain should give us a binary relation of the form B = (I1 × J1) ∪ . . . ∪ (In × Jn); moreover,
we would naturally say that a representation {(I1, J1), . . . , (Im, Jm)} of B is coalesced if each
Ij ×Jj is maximal w.r.t. set inclusion for 1 ≤ j ≤ m, that is, no interval I satisfies Ij ⊂ I and
I × Jj ⊆ B, and similarly for Jj . It should be clear that m is the least number of rectangles
needed to cover p(R), therefore p(R) can be covered with k rectangles iff m ≤ k.

Tractability can be regained by requiring that rectangles in a cover do not overlap. In
this case, a minimal (w.r.t. cardinality) set of rectangles that covers p(R) can be computed
in polynomial time. Unfortunately, minimal covers are not unique anymore. For instance,
an L-shaped polygon can be covered by two non-overlapping rectangles, but there are two
alternative ways of doing so. This is why we cannot base our semantics on this weaker form
of coalescing (even for two temporal variables).

3.2 Annotation-Based Semantics with Interval Comparisons
We now extend the annotation-based semantics of Section 2.3 to the remaining constructs,
namely, Exists and temporal atoms, in such a way that it still coincides with the snapshot
semantics of Section 2.2 (obviously, for snapshot graph patterns only).

In order to handle the Exists operator, we follow Kaminski et al. [13] and use contexts,
which allows us to evaluate a pattern of the form Filter(P, Exists(P ′)) by “injecting” a
solution mapping from P into P ′. Formally, a context ξ is a partial finite-domain map from
object variables V to the domain D and from temporal variables T to the set I of intervals.
We adjust the semantics JP KG

a of graph patterns accordingly: we write JP KG,ξ
a , where ξ is a

context. We also need to extend the evaluation function to a filter expressions F to cover
the cases of Exists and temporal atoms:

JExists(P )KG,ξ
a =

{
⊤, if JP KG,ξ

a (µ) ̸= 0, for some µ,

⊥, otherwise,
,

JA(t1, . . . , tn)KG,ξ
a =


ϵ, if ti /∈ dom(ξ), for some 1 ≤ i ≤ n,

⊤, if (ξ(t1), . . . , ξ(tn)) ∈ A,

⊥, otherwise;

For all other types of filter expressions, JF KG,ξ
a is defined analogously to JF Kµ

s . Note that JF KG,ξ
a

depends not only on the context ξ (which is a solution mapping, like µ in JF Kµ
s ), but also on

the annotated RDF graph G, as the semantics of filter expressions and graph patterns are
now mutually recursive.

The full semantics of a temporal quad pattern is

J(s, p, o, t)KG,ξ
a (µ) =

{
G((s, p, o)µ∪̇ξ), if dom(µ) = var((s, p, o)ξ) and (s, p, o)µ∪̇ξ ∈ RDF ,

0, otherwise.
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All other operators but Filter propagate contexts inductively. For instance, the semantics
of Union is given by

JUnion(P1, P2)KG,ξ
a (µ) = JP1KG,ξ

a (µ) ⊕ JP2KG,ξ
a (µ).

To support temporal atoms, the semantics of the Filter operator is modified in the expected
way: instead of reducing the whole annotation s for a solution mapping to the empty set, 0,
we allow a Filter to reduce it in a more granular way, by discarding individual intervals
from the coalesced representation C (s) of s (see Section 2.3). Precisely, if P binds temporal
variable t, then

JFilter(P, F )KG,ξ
a (µ) =

⊕
I∈C(JP KG,ξ

a (µ))

I ⊗ ⌊JF KG,ξ ∪̇ µ ∪̇ {t7→I}
a ⌋.

Finally, the evaluation JP KG
a of a graph pattern P on an annotated RDF graph G is

simply JP KG,∅
a , where ∅ denotes the context with the empty domain. We illustrate these

definitions with the following example.

▶ Example 3. Consider graph pattern P1, where

P1 = Filter(P2, ¬Exists(P3)),
P2 = Join((e, :worksIn, dep1, t1), (dep1, :locatedIn, :barcelona, t1)),
P3 = Filter(P4, time:Before(t2, t1)),
P4 = Join((e, :worksIn, dep2, t2), (dep2, :locatedIn, :rome, t2)).

The answers to P1 are found in the following way. First, to obtain JP1KG,∅
a , we evaluate JP2KG,∅

a ,
which produces, say, the temporal solution mappings

([1999, 2003), { e 7→ :john, dep1 7→ :fin }), ([2000, 2003), { e 7→ :mark, dep1 7→ :hr });

note that P2 binds temporal variable t1. Next, we evaluate J¬Exists(P3)KG,ξi
a for contexts

ξ1 = { t1 7→ [1999, 2003), e 7→ :john, dep1 7→ :fin },

ξ2 = { t1 7→ [2000, 2003), e 7→ :mark, dep1 7→ :hr };

note that these contexts map object variables e and dep1 along with temporal variable t1. In
order to evaluate JP3KG,ξi

a , we first evaluate JP4KG,ξi
a , which produces, say, the following sets

of temporal solution mapping

{([1997, 1998), { dep2 7→ :hq })} for ξ1 and ∅ for ξ2;

observe that e is not in the domain of this temporal solution mapping, because its value is
provided by the context, ξ1. Next, we can evaluate JFilter(P4, time:Before(t2, t1))KG,ξi

a :
we check Jtime:Before(t2, t1)KG,ξ′

1
a for the context

ξ′
1 = { t1 7→ [1999, 2003), e 7→ :john, dep1 7→ :fin, t2 7→ [1998, 1999), dep2 7→ :hq };

observe that both temporal variables, t1 and t2, are given values by this context – the result
is positive, so J¬Exists(P3)KG,ξ1

a evaluates to ⊥; while J¬Exists(P3)KG,ξ2
a = ⊤.

It should be clear that this extended version of the annotation-based semantics coincides
with the semantics defined in Section 2.3 for any snapshot graph pattern: such a pattern
contains no Exists, therefore the context remains empty for all its sub-patterns, while the
context for a filter expression becomes a solution mapping extended with a mapping for the
only temporal variable, t, with the latter having no effect (since filter expressions in this
fragment contain no temporal atoms, they cannot refer to t).
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4 Concrete Model: Tuple-Based View

The logical model introduced in Section 2.3 and extended in Section 3.2 relies on (unions
of) finite sets of intervals as annotations. While convenient to reason about the algebraic
properties of query evaluation, this view does not immediately translate to an implementation
over a relational database or a triple store, for two reasons:

(i) the size of annotations (i.e., the number of intervals required to represent them) is
unbounded, while a relational database or a triple store naturally manipulates tuples
with a bounded or, respectively, fixed arity,

(ii) the semantics of temporal atoms assumes coalesced annotations, but leaves effective
coalescing underspecified.

This is why we follow Dignös et al. [7] and introduce a more concrete model, where each tuple
carries a single interval, which addresses (i). As for (ii), below we use an explicit temporal
coalescing operator TC, which maps a set of tuples to an equivalent one where intervals are
coalesced. Interestingly, we shall see that TC is needed after certain SPARQL operators but
is redundant for their “natural counterparts” in temporal relational algebra.

A temporal solution mapping (I, µ) consists of a nonempty interval I ∈ I and a solution
mapping µ. For a set T of temporal solution mappings, we write T to denote the function
that maps solution mappings to their sets of intervals: T (µ) = {I | (I, µ) ∈ T }, for every µ.
The operator TC transforms a set T of temporal solution mappings to its coalesced form:
formally, TC(T ) is the unique set of temporal solution mappings that satisfies

TC(T )(µ) = C
(⋃

T (µ)
)

, for any µ;

in Section 5, we will discuss a possible implementation of TC in SQL.
A temporal graph G is a finite set of temporal triples (I, (s, p, o)), where I ∈ I is a

nonempty interval and (s, p, o) ∈ RDF an RDF triple. We denote by G the function that
maps each triple (s, p, o) ∈ RDF to the set of intervals {I | (I, (s, p, o)) ∈ G}. A temporal
graph G is said to be coalesced if G(s, p, o) = C

(
G(s, p, o)

)
, for every (s, p, o) ∈ RDF .

The evaluation JP KG,ξ
i of a graph pattern P over a coalesced temporal graph G with

context ξ is a finite set of temporal solution mappings defined inductively in as follows:

J(s, p, o, t)KG,ξ
i =

{
(I, µ) | dom(µ) = var((s, p, o)ξ), (I, (s, p, o)µ∪̇ξ) ∈ G

}
,

JFilter(P1, F )KG,ξ
i =

{
(I, µ) ∈ JP1K

G,ξ
i | JF KG, ξ ∪̇ µ ∪̇{t7→I}

i = ⊤
}

,

where P1 binds temporal variable t,

JJoin(P1, P2)KG,ξ
i = TC

{
(I1 ∩ I2, µ1 ∪̇ µ2) | (I1, µ1) ∈ JP1K

G,ξ
i , (I2, µ2) ∈ JP2K

G,ξ
i ,

µ1 ∼ µ2 and I1 ∩ I2 ̸= ∅
}

,

JUnion(P1, P2)KG,ξ
i = TC(JP1K

G,ξ
i ∪ JP2K

G,ξ
i ),

JOptional(P1, P2, F )KG,ξ
i = TC

(
JQKG,ξ

i ∪
{

(I ′, µ) | (I, µ) ∈ JP1K
G,ξ
i , I ′ ⊆ I \

⋃
Jµ

})
,

where Jµ =
{

J | (J, µ ∪̇ µ′) ∈ JQKG,ξ
i for some µ′ ∼ µ

}
and Q = Filter(Join(P1, P2), F ),

JMinusKG,ξ
i (P1, P2) = TC

{
(I ′, µ) | (I, µ) ∈ JP1K

G,ξ
i , I ′ ⊆ I \

⋃
Jµ

}
,

where Jµ =
{

J | (J, µ′) ∈ JP2K
G,ξ
i , µ′ ∼ µ, dom(µ′) ∩ dom(µ) ̸= ∅

}
,

JProject(P1, L)KG,ξ
i = TC

{
(I, µ|L) | (I, µ) ∈ JP1K

G,ξ
i

}
,

JExtend(P1, v, T )KG,ξ
i =

{
(I, µ ∪̇ {v 7→ JT Kµ}) | (I, µ) ∈ JP1K

G,ξ
i

}
.
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As before, the evaluation of a graph pattern P over G is JP KG,∅
i . Again, because the

definitions of graph patterns and filter expressions (with Exists) are mutually recursive, we
also need to extend this evaluation function to a filter expression F :

JExists(P )KG,ξ
i =

{
⊤, if JP KG,ξ

i ̸= ∅,

⊥, otherwise.

For all other types of filter expressions, JF KG,ξ
i is defined analogously to JF KG,ξ

a .
We first observe that, similarly to temporal relation algebra, some operations, namely

Union and Project, naturally require an additional TC operator in their semantics [3,
Theorem 4.1]; on the other hand, in line with temporal relation algebra, Filter does not
require TC [3, Theorem 4.2]. Rather interestingly, the compatibility condition for Join in
SPARQL leads to a more subtle definition of its semantics, which surprisingly also requires
an additional TC operator (which is in stark contrast to its temporal relational algebra
counterpart, Inner Join, which preserves coalescing without any additional measures [3,
Theorem 4.2]). We illustrate the issue on the following example.

▶ Example 4. Consider JJoin(P1, P2)KG,∅
i with

JP1K
G,∅
i =

{
([0, 1), {x 7→ :a})
([1, 2), {y 7→ :b})

}
, JP2K

G,∅
i =

{
([0, 2), {x 7→ :a, y 7→ :b})

}
.

Both solution mappings in JP1K
G,∅
i are compatible with the solution mapping in JP2K

G,∅
i ,

and their intervals overlap. So the simple expression (I1 ∩ I2, µ1 ∪̇ µ2) would give us the
following two temporal solution mappings:

([0, 1), {x 7→ :a, y 7→ :b}) and ([1, 2), {x 7→ :a, y 7→ :b}),

which are evidently not coalesced.

The semantics of both Optional and Minus obviously requires the TC operator as the
I ′ ⊆ I \

⋃
Jµ component gives us all possible I ′ (not coalesced) and is in fact even potentially

unbounded. While we could push the TC operator inside the set formation for Minus:

JMinusKG,ξ
i (P1, P2) =

{
(I ′, µ) | (I, µ) ∈ JP1K

G,ξ
i , I ′ ∈ C (I \

⋃
Jµ)

}
,

the TC operator in Optional would still be required due to ∪, as our next example shows.

▶ Example 5. Consider JOptional(P1, P2, F )KG,∅
i with F = ¬bound(z) and

JP1K
G,∅
i =

{
([0, 1), {x 7→ :a})
([1, 2), {x 7→ :a, y 7→ :b})

}
, JP2K

G,∅
i =

{
([0, 1), {x 7→ :a, y 7→ :b})
([1, 2), {x 7→ :a, z 7→ :c})

}
.

Evaluating JQKG,∅
i , for Q = Filter(Join(P1, P2), F ), gives us

([0, 1), {x 7→ :a, y 7→ :b}).

On the other hand, since ([1, 2), µ) ∈ JP1K
G,∅
i but Jµ = {[0, 1)}, for µ = {x 7→ :a, y 7→ :b},

the second component of the union produces

([1, 2), {x 7→ :a, y 7→ :b}),

which means that the set with the two temporal solution mappings above needs be coalesced.
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Listing 2 Married Athletes query in Temporal SPARQL (for prefix declarations, see Listing 1).
SELECT DISTINCT ?x ?z ?c ?t
WHERE {

<< ?x : playsFor ?c >> time: hasTime ?t .
<< ?x : marriedTo ?z >> time: hasTime ?t .

}

Note, however, that, in some concrete graph patterns, the TC operator could be redundant.
For example, if both P1 and P2 in Join(P1, P2) are temporal basic graph patterns (BGPs),
that is, Joins of temporal quad patterns, then the TC operator in JJoin(P1, P2)KG,ξ

i is
not needed (this can be shown by using the same argument as for the Inner Join in
temporal relational algebra [3, Theorem 4.2]). The same applies to combinations of Join and
Filter patterns. A more in-depth study of sufficient conditions for optimisations eliminating
superfluous TC operators is left for future work.

We now show that the defined semantics is correct, meaning that it coincides with the
one defined for the logical model in Section 3.2. Let GST denote the ST-annotated graph
associated with G, defined by taking GST(s, p, o) =

⋃
G(s, p, o), for all (s, p, o) ∈ RDF .

Then we have the following result (shown in Appendix A).

▶ Theorem 6. For any coalesced temporal graph G, graph pattern P , context ξ and solution
mapping µ, we have JP KG,ξ

i (µ) = C (JP KGST ,ξ
a (µ)).

5 Experiments

For our experiments, we take the setting of virtual knowledge graphs, where the data source is
relational and exposed as an RDF graph via a mapping. Input queries in Temporal SPARQL
are rewritten by the system (using the mapping) into equivalent SQL queries to be evaluated
over the source, thus leveraging the existing capabilities of the relational world. In addition
to its flexibility, this approach is arguably better suited to joins over temporal annotations
than a triple store, as we shall see below. Besides, as shown by Zhou et al. [19], coalescing
can be efficiently performed in SQL by means of window functions. So, we present here two
scenarios, complete with data and input temporal queries, and show in each case how such a
system could produce equivalent SQL queries and what evaluation time can be achieved, to
highlight the promise of our approach.

The experiments were run on a Lenovo ThinkPad X13 Gen 5 with 32GB RAM of
LPDDR5 memory running at 7467 MT/s, an Intel Core Ultra 7 155U CPU, under Ubuntu
25.10, using Linux kernel version 6.11.0-17. The OS and data are running on an SSD. The
datasets were loaded on a local Postgres v. 17.9 installation. The Temporal SPARQL queries
were translated by hand; the resulting SQL queries are given in this section as well as in
Appendix B. We report the evaluation times in Table 1.

5.1 Scenario 1: Married Athletes on Wikidata
Chekol et al. [4] develop bespoke algorithms for computing temporal joins in SPARQL because
one of their motivating examples demonstrates a clear need for a better temporal join imple-
mentation: existing SPARQL endpoints show poor performance. The query uses Wikidata
and asks for all people and their spouses (predicate wdt:marriedTo/P56) such that they were
married at some point while they represented a team/club (wdt:playsFor/P54). In fact, to
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Table 1 Evaluation times of Temporal SPARQL queries translated to SQL.

query evaluation time (ms)

Married Athletes Query (translated) 623.955
Flights Query 1 (translated) 1 054.958
Flights Query 2 (translated) 204 458.840

Table 2 WikiData cardinality info for the join selectivity in the Married Athletes query.

basic graph pattern cardinality

?x p:playsFor ?r1. 1 762 340
?x p:marriedTo ?r2. 920 713
?x p:playsFor ?r1. ?x p:marriedTo ?r2 . 12 593

?r1 pq:startTime ?s1 . 10 641 734
?r1 pq:endTime ?e1 . 6 457 762
?r1 pq:startTime ?s1 . ?r1 pq:endTime ?e1 . timeout

refer to temporal annotations (pq:startTime/P580 and pq:endTime/P582) of the statements,
one has to access reified statements using pairs of predicates p:marriedTo/ps:marriedTo
and p:playsFor/ps:playsFor, so the following basic graph pattern is used:

?x p:playsFor ?r1. ?r1 ps:playsFor ?z; pq:startTime ?s1; pq:endTime ?e1.

?x p:marriedTo ?r2. ?r2 ps:marriedTo ?y; pq:startTime ?s2; pq:endTime ?e2.

where ; separates predicate-object pairs that share the same subject. The authors reported
that this query timed out over the public Wikidata endpoint. We repeated their experiment
on the present-day public Wikidata endpoint: it actually does evaluate, but takes 45.519s to
run5. Of course, this does not contradict the findings, as the underlying systems and software
are likely to have changed, but nevertheless nearly a minute for such a simple query is not
very impressive. To understand the challenge, we present some statistics in Table 2. The join
size is really dominated by the initial join between relations p:playsFor and p:marriedTo.
Of the 1 762 340 × 920 713 ≈ 1.5 · 1012 possible combinations, only minuscule 12 593 end up
in the join result. In addition, the join over the start (pq:startTime) and end (pq:endTime)
points, i.e., the objects that have both some start and end point, already times out on its
own. Looking at the cardinality of the two component triple patterns, we know that the
join result has at most min{10 641 679, 6 457 762} = 6 457 762 possible pairs, since any given
object can only have a single start and a single end point in time.

We can see in Table 1 our SQL version of this query (shown in Listing 3) only needs 624ms
to evaluate in Postgres, and is thus multiple orders of magnitude faster than the SPARQL
query with reification. For this experiment, we extracted the information on athletes and
married couples from Wikidata into two SQL tables, athletes and married, with 1 212 855
and 404 486 rows, respectively. Note that about 31% of the wdt:playsFor relationships have
no pq:startTime annotation, and so are discarded; on the other hand, we use the current
date for the end of an interval if there is a pq:startTime but no pq:endTime. The same
applies to wdt:marriedTo, where, in addition, since it is a symmetric property, we use two
columns, spousea or spouseb, in the married table to halve the number of rows.

5 https://w.wiki/NBcE

https://w.wiki/NBcE
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Listing 3 SQL translation of the Married Athletes query in Listing 2.
SELECT a.person , m. spouseb AS spouse , a.club ,

GREATEST (a.s, m.s) AS ts , LEAST(a.e, m.e) AS te
FROM athletes AS a, married AS m
WHERE a. person = m. spousea AND GREATEST (a.s, m.s) < LEAST(a.e, m.e)
UNION ALL
SELECT a.person , m. spousea AS spouse , a.club ,

GREATEST (a.s, m.s) AS ts , LEAST(a.e, m.e) AS te
FROM athletes AS a, married AS m
WHERE a. person = m. spouseb AND GREATEST (a.s, m.s) < LEAST(a.e, m.e)

The query in Listing 3 is obtained by a rather straightforward translation of the Temporal
SPARQL query in Listing 2. We encode the temporal join as an inner join over the person
and spouse columns with an additional temporal overlap condition: the filter condition
GREATEST(a.s, m.s) < LEAST(a.e, m.e) ensures that intervals [a.s, a.e) and [m.s, m.e)
overlap, while GREATEST(a.s, m.s) and LEAST(a.e, m.e) produce the endpoints for the
intersection of these intervals; note that SQL functions GREATEST and LEAST return the
maximum and the minimum in a given list of values. Finally, since wdt:marriedTo is a
symmetric property, the results of two subqueries that obtain spouses from spousea and
spouseb columns are combined with UNION ALL.

The SQL version can be so much faster since it can limit itself to a simple two-way join
over the two tables of interest, whereas the SPARQL query essentially has to consider a BGP
of 8 triple patterns, each of which involves millions triples completely unrelated to the (very
small) query output (2 353 matches).

5.2 Scenario 2: Flight Dataset

The second scenario is over an excerpt of public international flight data for November 2014 [1],
which has previously been used as a dataset for experiments on interval join algorithms [16].
The dataset consists of 57 585 entries.

Over this flights dataset, we are considering two queries. Listing 4 shows a Temporal
SPARQL query that considers all combinations of pairs of flights to FRA (Frankfurt Airport)
and MUC (Munich Airport), which are in the air at the same time, meaning that their intervals
between flight departures and arrivals intersect. We refer to these interval as the “flight
intervals”. Listing 5 extends the first query by an Optional that adds a third flight to CDG
(Paris Charles de Gaulle International Airport). In each query, the time interval output is
the flight interval that the two (three, respectively) flights have in common.

In Table 1, we can see that the SQL translation of the query in Listing 4 runs particularly
fast, needing a mere second. This is no surprise, since, similarly to Listing 3, the temporal
join can be translated into a simple self-join over the flights table with an additional
inequality. In comparison, the SQL translation of the query in Listing 5 involves a temporal
LEFT JOIN and is much slower. This too comes at no surprise, when one considers the size of
the translated query. The encoding of temporal LEFT JOIN follows the example translations
given by Dignös et al. [6] and requires a number of common table expressions (CTEs) with
SQL window functions.
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Listing 4 Flights Query 1 (for prefix declarations, see Listing 1).
SELECT DISTINCT ?x ?t
WHERE {

<< ?x :fap ’FRA ’ >> time: hasTime ?t .
<< ?z :fap ’MUC ’ >> time: hasTime ?t .

}

Listing 5 Flights Query 2 (for prefix declarations, see Listing 1).
SELECT DISTINCT ?x ?w ?t
WHERE {

<< ?x :fap ’FRA ’ >> time: hasTime ?t .
<< ?z :fap ’MUC ’ >> time: hasTime ?t .
OPTIONAL {

<< ?w :fap ’CDG ’ >> time: hasTime ?t .
}

}

6 Conclusion

We equipped SPARQL with temporal abilities, for a fragment of the language that we
call Temporal SPARQL, with suitable restrictions to supports interval comparisons (using,
e.g., Allen’s relations) while retaining tractable query evaluation. We provided a formal
semantics for this language that complies with the specifics of the SPARQL algebra, which is
based on the compatibility of partial solution mapping. Analogously to what was done by
Dignös et al. [7] for relational algebra, this semantics comes in three flavours, with different
levels of abstraction, where time is presented as time points, unions of intervals and single
intervals, respectively. The third model operates directly on interval-based temporal data.
We concluded the paper with a feasibility study, showing that Temporal SPARQL can be
translated to SQL, and that this solution may outperform triple stores.

A natural continuation of this work is extending OBDA systems with the ability to express
queries over interval-based temporal data. Our paper has identified Temporal SPARQL as a
strong candidate input language of such a system, and the topic is of high interest to the
OBDA community, albeit highly non-trivial. As for the language itself, even though this
fragment can express a number of interesting temporal queries, it does not handle aggregation
over time, for instance, geting the maximal measurement within a certain time span, or
counting events within a certain period. A careful investigation is needed to understand
whether this can be achieved without compromising the desirable properties of this fragment.
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A Proof of Theorem 6

We show that for a coalesced temporal graph G, context ξ and solution mapping µ,

JP KG,ξ
i (µ) = C (JP KGST ,ξ

a (µ)) , for any graph pattern P,

JF KG,µ
i = JF KGST ,µ

a , for any filter expression F,

by mutual induction on the structure of P and F . To avoid notational clutter, we fix G and
omit G and GST as superscripts, i.e., we write JP Kξ

i , JP Kξ
a, JF Kµ

i and JF Kµ
a .

P = (s, p, o, t).
If dom(µ) ̸= var((s, p, o)ξ) or (s, p, o)µ∪̇ξ ̸∈ RDF , then JP Kξ

i (µ) = ∅ and JP Kξ
a(µ) = ∅.

Otherwise, we have

C (J(s, p, o)Kξ
a(µ)) = C (GST((s, p, o)µ∪̇ξ)) (J·Kξ

a def.)
= C

(⋃
G((s, p, o)µ∪̇ξ)

)
(GST def.)

=
⋃

G((s, p, o)µ∪̇ξ) (G is coalesced)

= J(s, p, o)Kξ
i (µ). (J·Kξ

i def.)

P = Filter(P1, F ), where P1 binds temporal variable t.

C
(
JFilter(P1, F )Kξ

a(µ)
)

= C (
⋃{

I ∈ C (JP1Kξ
a(µ)) | JF Kξ ∪̇ µ ∪̇ {t7→I}

a = ⊤
}

) (J·Kξ
a def.)

=
{

I ∈ C (JP1Kξ
a(µ)) | JF Kξ ∪̇ µ ∪̇ {t 7→I}

a = ⊤
}

(†)

=
{

I ∈ JP1K
ξ
i (µ) | JF Kξ ∪̇ µ ∪̇ {t7→I}

i = ⊤
}

(IH)

=
{

(I, µ′) ∈ JP1K
ξ
i | JF Kξ ∪̇ µ′ ∪̇ {t 7→I}

i = ⊤
}

(µ) (· def.)

= JFilter(P1, F )Kξ
i (µ), (J·Kξ

i def.)

where (†) holds because a subset of a coalesced set of intervals is also coalesced.

P = Union(P1, P2).

C
(
JUnion(P1, P2)Kξ

a(µ)
)

= C
(
JP1Kξ

a(µ) ∪ JP2Kξ
a(µ)

)
(J·Kξ

a def.)
= C

(⋃
C

(
JP1Kξ

a(µ)
)

∪
⋃

C
(
JP2Kξ

a(µ)
))

(s =
⋃

C (s))

= C
(⋃

JP1K
ξ
i (µ) ∪

⋃
JP2K

ξ
i (µ)

)
(IH)

= C
(⋃ (

JP1K
ξ
i ∪ JP2K

ξ
i

)
(µ)

)
(· def.)

= TC
(
JP1K

ξ
i ∪ JP2K

ξ
i

)
(µ) (TC def.)

= JUnion(P1, P2)Kξ
i (µ). (J·Kξ

i def.)

P = Join(P1, P2).

C
(
JJoin(P1, P2)Kξ

a(µ)
)

= C
( ⋃

µ1∪̇µ2=µ

[
JP1Kξ

a(µ1) ∩ JP2Kξ
a(µ2)

])
(J·Kξ

a def.)

= C
( ⋃

µ1∪̇µ2=µ

[(⋃
C

(
JP1Kξ

a(µ1)
))

∩
(⋃

C
(
JP2Kξ

a(µ2)
))])

(s =
⋃

C (s))
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= C
( ⋃

µ1∪̇µ2=µ

[(⋃
JP1K

ξ
i (µ1)

)
∩

(⋃
JP2K

ξ
i (µ2)

)])
(IH)

= C
( ⋃

µ1∪̇µ2=µ

[(⋃{
I1 | (I1, µ1) ∈ JP1K

ξ
i

})
∩

(⋃{
I2 | (I2, µ2) ∈ JP2K

ξ
i

})])
(· def.)

= C
( ⋃

µ1∪̇µ2=µ

⋃{
I1 ∩ I2 | (I1, µ1) ∈ JP1K

ξ
i , (I2, µ2) ∈ JP2K

ξ
i

})
(∩ distr. over ∪)

= C
(⋃{

I1 ∩ I2 | µ1 ∪̇ µ2 = µ, (I1, µ1) ∈ JP1K
ξ
i , (I2, µ2) ∈ JP2K

ξ
i

})
(∪ assoc.)

= C
(⋃ {

(I1 ∩ I2, µ1 ∪̇ µ2) | JP1K
ξ
i ∋ (I1, µ1) ∼ (I2, µ2) ∈ JP2K

ξ
i

}
(µ)

)
(· def.)

= TC
{

(I1 ∩ I2, µ1 ∪̇ µ2) | JP1K
ξ
i ∋ (I1, µ1) ∼̇ (I2, µ2) ∈ JP2K

ξ
i

}
(µ) (TC def.)

= JJoin(P1, P2)Kξ
i (µ), (J·Kξ

i def.)

where we write (I1, µ1) ∼̇ (I2, µ2) if µ1 ∼ µ2 and I1 ∩ I2 ̸= ∅.

P = Minus(P1, P2).

C
(
JMinus(P1, P2)Kξ

a(µ)
)

= C
(
JP1Kξ

a(µ) \
⋃

µ2∼µ
dom(µ2)∩dom(µ)̸=∅

JP2Kξ
a(µ2)

)
(J·Kξ

a def.)

= C
(⋃

C
(
JP1Kξ

a(µ)
)

\
⋃

µ2∼µ
dom(µ2)∩dom(µ)̸=∅

⋃
C

(
JP2Kξ

a(µ2)
))

(s =
⋃

C (s))

= C
(⋃

JP1K
ξ
i (µ) \

⋃
µ2∼µ

dom(µ2)∩dom(µ)̸=∅

⋃
JP2K

ξ
i (µ2)

)
(IH)

= C
(⋃

JP1K
ξ
i (µ) \

⋃
µ2∼µ

dom(µ2)∩dom(µ)̸=∅

⋃{
J | (J, µ2) ∈ JP2K

ξ
i

})
(· def.)

= C
(⋃

JP1K
ξ
i (µ) \

⋃
Jµ

)
(Jµ def.)

= C
(⋃{

I1 \
⋃

Jµ
∣∣ I1 ∈ JP1K

ξ
i (µ)

)
(\ right-distr. over ∪)

= C
(⋃{

I ∈ I
∣∣ I1 ∈ JP1K

ξ
i (µ), I ⊆ I1 \

⋃
Jµ

})
(†)

= C
(⋃ {

I ∈ I
∣∣ (I1, µ1) ∈ JP1K

ξ
i , I ⊆ I1 \

⋃
Jµ1

}
(µ)

)
(· def.)

= TC
{

(I, µ1)
∣∣ (I1, µ1) ∈ JP1K

ξ
i , I ⊆ I1 \

⋃
Jµ1

}
(µ) (TC def.)

= JMinus(P1, P2)Kξ
i (µ). (J·Kξ

i def.)

where (†) holds because I ′ =
⋃

(2I′ ∩I), for any interval I ′ (in particular for I ′ = I1\
⋃

Jµ).

P = Optional(P1, P2, F ) with Q = Filter(Join(P1, P2), F ).

C
(
JOptional(P1, P2, F )Kξ

a(µ)
)

= C
(
JQKξ

a(µ) ∪
(
JP1Kξ

a(µ) \
⋃

µ2∼µ

JQKξ
a(µ ∪̇ µ2)

))
(J·Kξ

a def.)

= C
(⋃

C
(
JQKξ

a(µ)
)

∪
(⋃

C
(
JP1Kξ

a(µ)
)

\
⋃

µ2∼µ

⋃
C

(
JQKξ

a(µ ∪̇ µ2)
)))

(s =
⋃

C (s))

= C
(⋃

JQKξ
i (µ) ∪

(⋃
JP1K

ξ
i (µ) \

⋃
µ2∼µ

⋃
JQKξ

i (µ ∪̇ µ2)
))

(IH)
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= C
(⋃

JQKξ
i (µ) ∪

(⋃
JP1K

ξ
i (µ) \

⋃
µ2∼µ

⋃
{J | (J, µ ∪̇ µ2) ∈ JQKξ

i }
))

(· def.)

= C
(⋃

JQKξ
i (µ) ∪

(⋃
JP1K

ξ
i (µ) \

⋃
Jµ

))
(Jµ def.)

= C
(⋃(

JQKξ
i (µ) ∪

{
I1 \

⋃
Jµ | I1 ∈ JP1K

ξ
i (µ)

}))
(\ right-distr. over ∪)

= C
(⋃(

JQKξ
i (µ) ∪

{
I ∈ I | I1 ∈ JP1K

ξ
i (µ), I ⊆ I1 \

⋃
Jµ

}))
(†)

= C
(⋃(

JQKξ
i ∪

{
(I, µ1) | (I1, µ1) ∈ JP1K

ξ
i , I ⊆ I1 \

⋃
Jµ1

})
(µ)

)
(· def.)

= TC
(
JQKξ

i ∪
{

(I, µ1) | (I1, µ1) ∈ JP1K
ξ
i , I ⊆ I1 \

⋃
Jµ1

})
(µ) (TC def.)

= JOptional(P1, P2, F )Kξ
i (µ). (J·Kξ

i def.)

where (†) holds because I ′ =
⋃

(2I′ ∩I), for any interval I ′ (in particular for I ′ = I1\
⋃

Jµ).

P = Project(P1, L).

C
(
JProject(P1, L)Kξ

a(µ)
)

= C
(⋃

µ′
|L

=µ
JP1Kξ

a(µ′)
)

(J·Kξ
a def.)

= C
(⋃

µ′
|L

=µ

⋃
C

(
JP1Kξ

a(µ′)
))

(s =
⋃

C (s))

= C
(⋃

µ′
|L

=µ

⋃
JP1K

ξ
i (µ′)

)
(IH)

= C
(⋃{

I | (I, µ′) ∈ JP1K
ξ
i , µ′

|L = µ
})

(· def.)

= TC
{

(I, µ′′) | (I, µ′) ∈ JP1K
ξ
i , µ′

|L = µ′′
}

(µ) (TC def.)

= TC
{

(I, µ′
|L) | (I, µ′) ∈ JP1K

ξ
i

}
(µ) (eliminate µ′′)

= JProject(P1, L)Kξ
i (µ). (J·Kξ

i def.)

P = Extend(P1, v, T ).
If v /∈ dom(µ), then, by definition, JP Kξ

i (µ) = ∅ and JP Kξ
a(µ) = ∅.

Otherwise, let µ′ = µ|dom(µ)\{v}.

C
(
JExtend(P1, v, T )Kξ

a(µ)
)

= C
(
JP1Kξ

a(µ′)
)

(J·Kξ
a def.)

= C
(⋃

C
(
JP1Kξ

a(µ′)
))

(s =
⋃

C (s))
= C

(⋃
JP1K

ξ
i (µ′)

)
(IH)

= C
(⋃{

I | (I, µ′) ∈ JP1K
ξ
i

})
(· def.)

= C
(⋃{

I | (I, µ′) ∈ JP1K
ξ
i , µ = µ′ ∪̇ {v 7→ JT Kµ′}

})
(µ′ def.)

= TC
{

(I, µ′′) | (I, µ′) ∈ JP1K
ξ
i , µ′′ = µ′ ∪̇ {v 7→ JT Kµ′}

}
(µ) (TC def.)

= TC
{

(I, µ′ ∪̇ {v 7→ JT Kµ′}) | (I, µ′) ∈ JP1K
ξ
i

}
(µ) (eliminate µ′′)

= JExtend(P1, v, T )Kξ
i (µ). (J·Kξ

i def.)

F = Exists(P ). Since JExists(P )Kξ
a is either ⊤ or ⊥, the following proves the claim:

JExists(P )Kξ
a = ⊤ iff JP Kξ

a(µ) ̸= ∅, for some µ, (J·Kξ
a def.)

iff
⋃

C
(
JP Kξ

a(µ)
)

̸= ∅, for some µ, (s =
⋃

C (s))
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iff
⋃

JP Kξ
i (µ) ̸= ∅, for some µ, (IH)

iff
⋃{

I | (I, µ) ∈ JP Kξ
i

}
̸= ∅, for some µ, (· def.)

iff JP Kξ
i ̸= ∅ (∅ ̸∈ I)

iff JExists(P )Kξ
i = ⊤. (J·Kξ

i def.)

F ̸= Exists(P ). For all other types of filter expressions, JF Kξ
i = JF Kξ

a trivially holds by
induction on the structure of F , because the definitions of JF Kξ

i and JF Kξ
a are analogous.

B Experiments

Listing 6 SQL translation of the Flights Query 1 in Listing 4.
SELECT DISTINCT GREATEST (f1.ad ,f2.ad) AS ad , LEAST (f1.aa ,f2.aa) AS aa , f1.id
FROM flights f1 JOIN flights f2

ON GREATEST (f1.ad ,f2.ad) < LEAST (f1.aa ,f2.aa) AND f1.fap=’FRA ’ AND f2.fap=’MUC ’

Listing 7 SQL translation of the Flights Query 2 in Listing 5.
WITH
-- name left - and right -hand -side arguments of the left join
lefty AS (

SELECT GREATEST (f1.ad ,f2.ad) AS ad , LEAST (f1.aa ,f2.aa) AS aa ,
f1.id AS id1 , f1.fap AS fap1 , f2.fap AS fap2 , ROW_NUMBER () OVER () AS rownum

FROM flights f1 , flights f2
WHERE GREATEST (f1.ad ,f2.ad) < LEAST (f1.aa ,f2.aa) AND f1.fap=’FRA ’ AND f2.fap=’MUC ’),

righty AS (
SELECT aa , ad , id , fap , ROW_NUMBER () OVER () AS rownum
FROM flights
WHERE fap=’CDG ’),

-- gather interval split points (and remove duplicates )
split_points AS ( SELECT ad AS t FROM lefty UNION SELECT aa AS t FROM lefty

UNION SELECT ad AS t FROM righty UNION SELECT aa AS t FROM righty ),

-- split the left -hand side with the interval split points
left_split AS (

-- interval : current ad to next ad (or lastaa if it ’s the last interval in the group )
SELECT ad , COALESCE (LEAD(ad) OVER w, lastaa ) AS aa , id1 , fap1 , fap2
FROM (

SELECT rownum , ad , aa AS lastaa , id1 , fap1 , fap2
FROM lefty

UNION ALL
SELECT rownum , t AS ad , aa AS lastaa , id1 , fap1 , fap2

FROM lefty JOIN split_points ON (t > ad AND t < aa))
WINDOW w AS ( PARTITION BY rownum ORDER BY ad NULLS FIRST )),

-- split the right -hand side with the interval split points
right_split AS (

SELECT ad , COALESCE (LEAD(ad) OVER w, lastaa ) AS aa , id , fap
FROM (

SELECT rownum , ad , aa AS lastaa , id , fap
FROM righty

UNION ALL
SELECT rownum , t AS ad , aa AS lastaa , id , fap

FROM righty JOIN split_points ON (t > ad AND t < aa))
WINDOW w AS ( PARTITION BY rownum ORDER BY ad NULLS FIRST ))

-- now left_split and right_split refer to the same interval endpoints
SELECT DISTINCT ls.id1 , rs.id , ls.ad , ls.aa
FROM left_split ls LEFT JOIN right_split rs ON (ls.ad = rs.ad AND ls.aa = rs.aa)
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Abstract
Understanding the continuous evolution of environmental systems increasingly relies on tracking large-
scale, heterogeneous data across shifting timelines, commonly structured as temporal multigraphs.
While such representations are highly expressive, their temporal density and structural heterogeneity
make the automated analysis of long-term transitions particularly challenging. In this paper, we
propose a unified process for extracting and abstracting recurrent evolutionary patterns within
time-varying multigraphs. The proposed pipeline articulates four successive stages: (1) a spatio-
temporal modeling stage based on RCC-8 relations to capture both topological structures and the
chronological evolution of geographic entities across consecutive time steps; (2) a frequent pattern
mining stage designed to discover recurring temporal sequences within multigraph representations;
(3) a pattern matching stage that enables efficient, multi-scale localization of these evolutionary
signatures; and (4) a hierarchical abstraction stage relying on super-nodes to produce a compact,
condensed representation of the graph’s historical progression. An interactive visual environment
is additionally provided as a complementary exploration tool to inspect the timeline outputs of
the pipeline. We report on the results obtained from historical graph analyses of CORINE Land
Cover data across multiple European cities, demonstrating the process’s capacity to reveal recurrent
environmental behaviors and meaningful, time-dependent trajectories of change.
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1 Introduction

Environmental monitoring has progressively evolved from isolated sensor measurements
toward continuous spatio-temporal observation systems that capture dynamic environmental
processes over time [14]. With the increasing availability of time-dependent, heterogeneous,
and multidimensional data streams, the main challenge is no longer limited to data collection,
but rather to understanding temporal evolutions, recurring patterns, and long-term depend-
encies within these complex datasets. Temporal (or spatio-temporal) graphs provide an
expressive modeling framework capable of capturing temporal dynamics alongside multiple
interconnected dimensions simultaneously. By representing entities as nodes and encoding
temporal, spatial, and semantic relationships as edges, they offer a unified view of evolving
environmental processes [30]. In particular, temporal intervals enable the modeling of the
evolution of relationships over time, while the use of Region Connection Calculus (RCC-8) [20]
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provides a qualitative description of spatial topology. However, despite their expressive
power, temporal graphs often suffer from structural complexity that hinders both algorithmic
analysis and human interpretation.

Frequent pattern mining, which aims to identify recurring subgraph structures, has
emerged as a powerful approach for uncovering meaningful relational configurations in complex
networks [31]. Such patterns often reveal fundamental interaction schemes and provide
insights into the underlying organization of the data [11]. However, traditional pattern mining
approaches face severe computational limitations, as the number of candidate subgraphs
grows exponentially, making subgraph enumeration and matching NP-hard problems. These
challenges are further amplified in spatio-temporal graph settings, where multiple edge
types and overlapping relations must be considered [18]. Consequently, recent advances
increasingly advocate the use of neural-based approaches for frequent pattern mining, as
they offer scalable alternatives capable of learning expressive representations of complex
graph structures, including spatio-temporal and multigraph settings [26, 27]. In particular,
approaches such as SPMiner or Multi-SPMiner exploit learned projection spaces and graph
representation learning to guide the discovery of frequent graph patterns and spatio-temporal
graphs respectively [29].

In this paper, we propose a complete framework for the analysis of environmental temporal
graphs, with a particular focus on the temporal evolution of environmental structures and
relationships. The process is articulated around four successive stages that together form a
coherent analytical pipeline. The contributions can be summarized as follows:

Modeling stage: environmental data are structured into temporal multigraphs using
temporal intervals to capture dynamic evolutions over time and RCC-8 base relations to
encode spatial topology.
Mining stage: Multi-SPMiner [29] is employed to extract significant spatio-temporal
patterns that characterize recurring temporal behaviors within the multigraph.
Matching stage: the neural representation learned during mining is reused to efficiently
localize pattern occurrences and their temporal manifestations within the graphs.
Abstraction stage: super-nodes are introduced to represent frequent spatio-temporal
patterns, while the semantic hierarchy of RCC-8 relations is exploited to aggregate edges,
yielding a compact hierarchical representation of temporal graph evolution.

Unlike previous work, which is limited to pattern discovery, this paper extends the
framework by introducing a neural pattern-matching strategy that reuses the representation
learned during mining to localize pattern occurrences, a multi-scale analysis enabled by
the RCC-8 semantic hierarchy, and a hierarchical graph formulation that integrates the
discovered patterns as super-nodes together with semantic edge aggregation to produce a
compact representation of temporal graph evolution. The remainder of this paper is organized
as follows. Section 2 discusses related work. Section 3 details the four stages of the proposed
process, with particular emphasis on the projection space of Multi-SPMiner, the pattern
growth procedure, the structural constraints imposed on the subgraph matching module, and
the hierarchical abstraction mechanism. Section 4 presents experimental results obtained on
Corine Land Cover data, and Section 5 concludes the paper.

2 Related Work

Spatio-temporal Modeling. Extracting knowledge from massive heterogeneous datasets
requires a precise understanding of the elements characterizing phenomena, their spatial
distribution, and their temporal occurrence [19]. Early efforts in spatio-temporal modeling
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largely relied on the Snapshot model, which organizes data into a set of independent layers
where each layer describes spatial states at a fixed time [2]. However, such classical models
are generally limited to representing sudden changes and often fail to capture continuous
evolution effectively.

To address the complexities of identity change, graph theory has emerged as a powerful
framework for modeling dynamic phenomena, where vertices represent entities and edges rep-
resent their relationships. Early graph-based research primarily focused on modeling spatial
relations between entities [10]. Subsequent works introduced spatio-temporal graphs where
edges link entities at consecutive time steps, thereby representing the connection between
spatial footprints across temporal intervals [12]. Other variations include directed graphs that
combine spatial relations with spatio-temporal transitions [24], as well as interaction graphs
used to simulate landscape processes [4]. Among the existing spatio-temporal graph modeling
approaches, Del Mondo et al. [5] proposed a representation framework for evolving geo-
graphic entities based on multiple types of relationships. Their model explicitly distinguishes
between three categories of relations: spatial, temporal, and filiation. Such a structured
representation enables the extraction of meaningful knowledge from spatio-temporal data,
including recurrent patterns and interaction patterns.

Pattern Mining in Dynamic Graphs. Frequent pattern mining enables the identification
of repetitive structures that reveal underlying interactions within complex systems [11].
However, this process is computationally intensive and known to be NP-hard, particularly
when applied to multigraphs, which contain multiple edge types and directions [18]. Spatio-
temporal graphs are a specific class of multigraphs that incorporate spatial and temporal
dimensions to model dynamic phenomena. While traditional subgraph mining algorithms
such as SIGRAM [13], GRAMI [7], and MuGram [9] have been adapted for multigraphs, they
often suffer from scalability issues. Similarly, methods targeting dynamic or heterogeneous
graphs [21] face limitations regarding genericity and processing speed at scale. To address
these constraints, recent approaches in Graph Deep Learning (GDL) have emerged [26, 29],
utilizing Graph Neural Networks (GNNs) to identify frequent patterns by offering reliable
projections into embedding spaces, from which subgraph pattern frequency can be effectively
estimated.

Hierarchical Abstraction of Large Graphs. Processing and representing large-scale temporal
graphs raises a fundamental scalability issue known as the ’hairball’ phenomenon, where
excessive edge density renders the underlying structure illegible [8]. Abstraction techniques
are therefore essential to reduce structural complexity while preserving topological informa-
tion [25]. A standard approach to graph abstraction is the use of compound graphs, where
subgraphs are collapsed into single derived vertices, commonly referred to as super-nodes [1].
In the context of pattern mining, this strategy enables repetitive structural patterns to be
replaced by high-level aggregates, significantly reducing the number of explicit nodes [6].

3 A Multi-Stage Process for Spatio-temporal Graph Analysis

This section presents the proposed process for the analysis of environmental temporal graphs.
The pipeline is structured into four successive stages: (1) graph modeling, (2) frequent pattern
mining, (3) pattern matching, and (4) hierarchical abstraction, as illustrated in Figure 1. A
lightweight visual environment, described at the end of this section, is additionally provided
to inspect the outputs of the process.

TIME 2026
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Figure 1 Overview of the proposed process for analyzing environmental spatio-temporal data.

3.1 Spatio-temporal Graph Modeling
Following the formal model introduced in [5] and its adaptation in [16], we define a spatio-
temporal graph as G = (V, E), composed of a spatial subgraph GS and a spatio-temporal
subgraph GST . Let O(t) denote the set of geographic objects at time t. The vertex set
is defined as V =

⋃
t O(t), and the edge set as E = ES ∪ EST , where ES encodes spatial

relations and EST encodes temporal relations.

Spatial Relation Modeling (GS). The spatial subgraph GS models topological relations
between entities coexisting at the same time instant t. Each edge (u, v) ∈ ES is labeled
with one of the eight exhaustive and mutually exclusive RCC-8 base relations [20]. As
proposed in [15], the RCC-8 relation between two objects u and v can be derived from a
dimensional intersection matrix evaluating intersections between interiors (◦), boundaries (∂),
and exteriors (−):

M(u, v) =

dim(u◦ ∩ v◦) dim(u◦ ∩ ∂v) dim(u◦ ∩ v−)
dim(∂u ∩ v◦) dim(∂u ∩ ∂v) dim(∂u ∩ v−)
dim(u− ∩ v◦) dim(u− ∩ ∂v) dim(u− ∩ v−)

 . (1)

To limit graph density, the Disconnected (DC) relation is treated implicitly; only con-
nectivity relations (EC, PO, TPP , NTPP , EQ) generate explicit edges. To handle spatial
discontinuities common in environmental polygon data, we additionally model proximity
relations following [17]:

Absolute proximity (pa), defined using a fixed distance threshold b between object
boundaries.
Relative proximity (pr), defined using a distance threshold proportional to the area of
the neighboring object, capturing zones of spatial influence.

Spatio-temporal Relations and Indexing. The spatio-temporal subgraph GST captures
temporal evolution by linking objects between consecutive time steps t and t + 1. To account
for digitization uncertainty in multi-annual datasets, we adopt the thick-boundary model [3]
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as suggested by [17]. A temporal edge is created when the buffer zones of two geometries
intersect, ensuring topological continuity under minor spatial shifts, using Fuzzy RCC-8 to
encode temporal relations. All spatial relation computations are accelerated using an R-tree
index, which reduces the number of candidate polygon comparisons through spatial indexing.

3.2 Frequent Pattern Mining with Multi-SPMiner
To identify recurrent structural patterns within the resulting multigraph, we rely on Multi-
SPMiner, an extension of the SPMiner architecture [26] adapted for labeled, directed mul-
tigraphs [29]. Unlike traditional isomorphism-counting methods, Multi-SPMiner leverages
graph deep learning to identify patterns anchored at nodes that exceed a support threshold s.
This stage is itself divided into two phases: embedding and pattern search (see Figure 2).

Figure 2 Multi-SPMiner is composed of two main phases: (1) encoding, which focuses on learning
graph embeddings, and (2) decoding, which is dedicated to the search and extraction of frequent
patterns [29].

3.2.1 Order-Preserving Embedding
The graph G is first decomposed into a set of neighborhoods N = {Nv | v ∈ V }, where
each Nv represents the k-hop subgraph anchored at node v. We set k to be larger than the
maximum expected diameter of a pattern. A Multigraph Convolutional Network (MGCN)
is then used to project these neighborhoods into an ordered embedding space Rn. The
embedding function ϕ : G 7→ Rn is trained to preserve the subgraph isomorphism relation.
Formally, for two graphs A and B, we enforce the order constraint

A ⊆ B ⇐⇒ ϕ(A) ≤ ϕ(B), (2)

where ≤ denotes a coordinate-wise inequality. In the 2D plane, this implies that the embedding
of a subgraph A must reside to the bottom-left of the embedding of its supergraph B. The
MGCN is optimized by minimizing a max-margin loss function over positive pairs (subgraph
relationships) and negative pairs:

L =
∑

(A,B)∈P

E(A, B) +
∑

(A′,B′)∈N

max (0, α − E(A′, B′)) , (3)

where α is a margin hyperparameter and E is the order violation penalty defined as

E(A, B) = ∥ max(0, ϕ(A) − ϕ(B))∥2. (4)
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3.2.2 Pattern Search
Once the neighborhoods are embedded, a heuristic search is performed to identify frequent
patterns. The search is iterative, starting from a randomly selected single-node graph. At
each step, the candidate pattern M is grown by adding adjacent nodes and edges found in
the underlying multigraph. The growth strategy is guided by the embeddings: we seek to
construct a pattern M that is a subgraph of as many neighborhoods N ∈ N as possible.
This is achieved by minimizing the total order violation margin m(M) across the dataset:

m(M) =
∑

N∈N
∥ max (0, ϕ(M) − ϕ(N)) ∥2. (5)

This optimization ensures that the discovered pattern M effectively fits into the embeddings
of a large subset of the graph’s neighborhoods.

3.3 Pattern Matching via Same-Encoder Strategy
Once an abstract pattern definition M has been identified, the next step consists in locating
all its specific instances {I1, I2, . . . , Ik} within the global graph G. To this end, we adopt a
Same-Encoder Strategy. This approach leverages the property that the MGCN encoder ϕ was
explicitly trained to preserve subgraph isomorphism relationships in the embedding space.
Accordingly, no separate global matching algorithm is required before candidate filtering:
the pre-trained encoder ϕ is directly reused as a high-efficiency filter (see Figure 3).

Axis 1

Axis 2

ϵ-relaxation ball (Cmatch)

ϕ(M) (Query Pattern)

ϕ(Nv1)

ϕ(Nv2)

ϕ(Nv3)
Non-representatives

Exact Subgraph
Isomorphism

Local Test

Figure 3 Subgraph matching principle. The model projects local neighborhoods into a latent
space using the function ϕ learned during the mining stage, translating topological inclusion into a
geometric ordering constraint. By applying the same encoder to the query pattern, occurrences are
identified directly through their relative positions in the embedding space. The circle denotes the
neighborhood defined by an epsilon margin, used to apply an isomorphism test for more precise
pattern matching.

For a target pattern M ∈ M treated as a query, a node v ∈ V is considered a candidate
anchor for an instance if the order constraint is satisfied in the embedding space, i.e.,
ϕ(M) ≤ ϕ(Nv). This condition implies that M is likely a subgraph of the neighborhood
anchored at v. This strategy drastically prunes the search space. The candidate retrieval
stage effectively amounts to an approximate range query in the embedding space, followed by
a local isomorphism verification to confirm the exact RCC-8 and temporal edge configurations.
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The encoder ϕ enforces a partial order on the vector space, as expressed in Equation (2).
Consequently, for a node v to be a candidate anchor for pattern M , its neighborhood
embedding ϕ(Nv) must structurally “contain” the pattern embedding ϕ(M). We define the
order violation term V (M, Nv) as the magnitude of the violation of this inequality:

V (M, Nv) = ∥max (0, ϕ(M) − ϕ(Nv))∥2
. (6)

Ideally, for a perfect matching, V (M, Nv) = 0. However, given the approximate nature
of graph neural networks and the continuous nature of the latent space, we introduce
a relaxation threshold ϵ. The set of candidate anchor nodes Cmatch for pattern M is
defined as

Cmatch = {v ∈ V | V (M, Nv) ≤ ϵ}. (7)

For each candidate anchor v ∈ Cmatch, the corresponding k-hop neighborhood Nv is extracted
from the original graph, and an exact subgraph isomorphism test is applied between M

and Nv. By restricting exact matching to neighborhoods selected through proximity in the
embedding space, the combinatorial search space is significantly reduced while structural
correctness is preserved.

3.4 Hierarchical Abstraction via Partitioned LCA

Figure 4 Hierarchical representation of RCC relations [20]. The RCC-8 relations form the lower
level of the hierarchy.

The outputs produced by the mining and matching stages are numerous and still in-
terleaved with the original graph structure. To produce a compact representation of the
graph that remains faithful to its semantics, we aggregate detected pattern instances into
super-nodes. However, collapsing all interactions between two super-nodes Si and Sj into
a single averaged or majority relation hides essential semantic structure. Environmental
spatio-temporal graphs frequently exhibit mixed RCC-8 relations between the same regions,
reflecting genuinely complex dynamics that should not be oversimplified into a single generic
link. To faithfully capture this variability, we introduce a flexible multi-scale abstraction
mechanism driven by the hierarchical structure of the RCC relations [20] (see Figure 4).
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Partitioned LCA with User-Controlled Granularity. The RCC hierarchy H forms a fixed-
depth lattice of four conceptual levels (from the root relation T to the atomic leaves). A
discrete granularity parameter λ ∈ {0, 1, 2, 3, 4} specifies the desired level of abstraction.
Increasing λ by one moves the abstraction one level upward in the RCC hierarchy:

λ = 0: maximum precision, where relations remain at the atomic level;
λ = 1, 2, 3: intermediate abstraction levels, each merging relations according to the
corresponding level of the RCC hierarchy;
λ = 4: maximum abstraction, where all relations collapse to the root relation T .

Let Ωij denote the set of RCC relations observed between the nodes composing super-
nodes Si and Sj . Instead of merging all these relations into a single abstract label, we group
them according to their proximity in the RCC-8 hierarchy. Two relations are assigned to
the same group if their lowest common ancestor in the hierarchy is sufficiently specific with
respect to the chosen granularity level λ. Each group then produces a single abstract edge
labeled by this common ancestor. This grouping strategy ensures that semantically similar
relations are merged while distinct spatial relations are preserved. As a result, the abstraction
between two super-nodes may consist of multiple edges, each representing a different type of
spatial interaction. An illustrative example is presented in Figure 5.

Figure 5 Following the pattern search and matching stages on the original graph, identified pattern
instances are aggregated into super-nodes. At this higher abstraction level, these super-nodes are
retained while independent nodes are filtered out, preserving only the most critical spatio-temporal
dynamics.

3.5 A Complementary Visual Environment for Result Exploration
The four-stage process described above produces a hierarchical, compact, and semantically-
aware representation of the input temporal graph. To facilitate the inspection of these
outputs, we additionally provide a lightweight visual environment. This environment is not a
contribution of the process itself; it is a companion tool whose role is to let the analyst browse
mining and matching results, examine super-nodes, and compare configurations obtained on
different geographic areas. Concretely, the environment offers a coordinated multi-view layout
combining an abstract graph representation of the hierarchical output with a geospatial
anchor view, so that patterns produced by the pipeline can be related to their real-world
geographic counterparts. Selecting a super-node highlights its corresponding geographic
footprint, while selecting a geographic region reveals the associated patterns, and semantic
and temporal filters are used to reduce visual load when exploring dense results (see Figure 6).
While the proposed framework enables the discovery of a variety of spatio-temporal patterns,
a comprehensive analysis of these patterns and their relevance from a domain perspective is
outside the scope of this work. Such an analysis is presented in [28].
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Figure 6 Example of hierarchical abstraction of a spatio-temporal graph. Left: dense original
graph. Middle: aggregation of RCC8 relations. Right: super-node representation based on frequent
patterns.

4 Experiments and Results

To evaluate the proposed process, we conducted an extensive case study on real-world
temporal data. The experiments aim to assess the ability of the pipeline to (i) extract
meaningful temporal patterns, (ii) efficiently localize their occurrences with high accuracy,
and (iii) produce a compact yet interpretable hierarchical abstraction of large graphs through
super-node representations. We additionally report on the implementation details and
execution times that characterize the practical behavior of the pipeline.

Data Description. The CORINE Land Cover (CLC)1 dataset is a large-scale geospatial
dataset produced at the European Union level from satellite imagery. The dataset follows
a hierarchical nomenclature with three levels of semantic granularity, covering categories
such as artificial surfaces, agricultural areas, forests, wetlands, and water bodies. In our
experiments, we rely on the second level of the classification, resulting in 15 distinct land-use
types. The minimum mapping unit is 25 hectares. The dataset is available as a long-term
time series spanning five temporal snapshots: 1990, 2000, 2006, 2012, and 2018. Each land
polygon is represented as a node labeled according to its land-use class.

4.1 Impact of the Encoder Architecture on the Mining Stage
To analyze the robustness of the mining stage, we evaluate the impact of different GNN-
based encoders on the identification of frequent spatio-temporal patterns. The objective
of this experiment is twofold: (i) to assess the stability of the embedding-based pattern
representation across architectures, and (ii) to evaluate the generalization capability of the
learned encoders across synthetic and real-world spatio-temporal graphs. We define motif
detection accuracy (equivalent to precision in this context) as the percentage of discovered
motifs that are frequent motifs.

Two complementary training scenarios are considered. In the first setting, models are
trained exclusively on synthetically generated spatio-temporal graphs containing patterns
of predefined sizes, produced with a random ST-graph generator [16]. These synthetic
graphs are designed to closely resemble real-world conditions by incorporating five temporal
snapshots and high-frequency pattern insertions. The trained models are then evaluated on

1 https://land.copernicus.eu/en/products/corine-land-cover
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real spatio-temporal graphs generated from the CLC dataset, constructed from 20 randomly
selected European cities. This scenario evaluates the ability of the model to generalize across
domains after a single training phase. In the second setting, both training and evaluation
graphs are derived from distinct geographic regions within the CLC dataset. For each
scenario, 200 graphs are used for training and an additional set of 20 graphs is reserved for
testing. The evaluation focuses on patterns of sizes 6, 8, and 10, which represent a practical
compromise between expressiveness and computational complexity.

Table 1 Pattern identification accuracy on the CLC dataset for different GNN-based encoders,
evaluated on patterns of sizes 6, 8, and 10, under synthetic and real-data training scenarios. Bold
values denote the best result per row.

Target pattern size Training Data MGCNN (Baseline) GAT R-GCN GGCN HAN MGAT MMAGAT

6 Synthetic 0.67 ± 0.01 0.69 ± 0.02 0.70 ± 0.02 0.71 ± 0.02 0.72 ± 0.02 0.72 ± 0.01 0.73 ± 0.02
CLC 0.68 ± 0.01 0.69 ± 0.02 0.71 ± 0.01 0.72 ± 0.02 0.73 ± 0.02 0.73 ± 0.02 0.74 ± 0.01

8 Synthetic 0.66 ± 0.03 0.70 ± 0.02 0.69 ± 0.03 0.69 ± 0.02 0.70 ± 0.02 0.68 ± 0.03 0.71 ± 0.02
CLC 0.66 ± 0.02 0.70 ± 0.03 0.71 ± 0.01 0.71 ± 0.02 0.72 ± 0.02 0.73 ± 0.02 0.73 ± 0.03

10 Synthetic 0.65 ± 0.01 0.68 ± 0.03 0.70 ± 0.03 0.68 ± 0.02 0.68 ± 0.03 0.68 ± 0.03 0.69 ± 0.02
CLC 0.64 ± 0.03 0.67 ± 0.02 0.68 ± 0.03 0.68 ± 0.02 0.69 ± 0.03 0.69 ± 0.03 0.69 ± 0.01

Table 1 reports the pattern identification accuracies obtained for the seven encoders
considered: the MGCN baseline, Graph Attention Network (GAT), Relational Graph Convo-
lutional Network (R-GCN) [23], Gated GCN (GGCN), Heterogeneous Attention Network
(HAN), Multi-view GAT (MGAT), and Multi-Mask Aggregators for GAT (MMAGAT) [22].
Three complementary observations can be drawn from these results. First, all GNN encoders
surpass the MGCN baseline by a margin ranging from 2 to 6 percentage points across
pattern sizes, confirming that enriched relational representations consistently benefit pattern
discovery within the proposed mining stage. Second, the gap between models trained on
synthetic data and those trained directly on real CLC graphs remains marginal (less than
1% on average), which suggests that the learned order embeddings capture transferable
structural and temporal regularities that are largely independent of the data source. This is a
practically valuable property since the cost of generating ground truth on synthetic graphs is
significantly lower than on real graphs. Third, attention-based architectures (HAN, MGAT,
MMAGAT) exhibit a consistent advantage, particularly for smaller patterns (size 6), with
MMAGAT achieving the best overall performance. This behavior can be attributed to their
ability to selectively emphasize salient spatial and temporal relations, which is especially
beneficial in multigraph settings involving heterogeneous edge semantics such as RCC-8
and temporal links. The relative gap between encoders narrows as pattern size increases,
reflecting the intrinsic difficulty of mining larger structures that span multiple temporal
snapshots.

Table 2 Average mining-stage execution time per CLC graph (seconds) and number of trainable
parameters for each encoder. Times include both pattern search and per-pattern decoding.

Metric MGCNN GAT R-GCN GGCN HAN MGAT MMAGAT
Avg. mining time (s) 19.4 27.1 25.8 29.2 28.5 27.6 28.7
Trainable params (M) 0.18 0.31 0.42 0.54 0.49 0.38 0.61

Table 2 reports the average mining-stage execution time per CLC graph, alongside the
number of trainable parameters for each encoder. All experiments were conducted on a
machine equipped with an NVIDIA GeForce RTX 4080 SUPER GPU, 64 GB of RAM,
and an AMD Ryzen 7 9800X3D processor. All neural encoders complete the mining stage
in under 30 seconds per graph, which contrasts sharply with the ground-truth MuGram
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algorithm [9] that requires on average 14 minutes (840 seconds) per CLC graph of comparable
size. The MGCN baseline is the lightest both in execution time and in parameter count,
while MMAGAT, despite reaching the highest accuracy, is the most parameter-intensive
encoder due to its per-neighbor relational masks. R-GCN offers a favorable trade-off between
accuracy and footprint and may be preferred in resource-constrained settings.

4.2 Effectiveness of Pattern Matching
The effectiveness of the matching stage relies on the same neural encoder used during the
mining stage. The objective of this experiment is twofold: (i) to assess the precision and recall
of embedding-based pattern localization using the Same-Encoder strategy alone, and (ii) to
quantify the benefits of integrating an exact subgraph isomorphism verification step within
the local neighborhoods retrieved in the embedding space. Two matching configurations are
considered:

Same-Encoder (Neural): pattern occurrences are identified solely on the basis of the
order-embedding constraint in the latent space, controlled by the relaxation threshold ϵ.
Same-Encoder + Subgraph Isomorphism (Neural + Iso.): candidate occur-
rences retrieved in the embedding space are further validated using an exact subgraph
isomorphism test within the corresponding local graph neighborhoods.

To rigorously characterize the matching stage, we report both precision and recall against
the exhaustive ground truth produced by MuGram. Recall measures the fraction of true
pattern occurrences that are recovered, whereas precision measures the fraction of returned
occurrences that correspond to genuine matches. This distinction is essential because the
embedding-based retrieval, governed by the relaxation threshold ϵ, is intentionally tuned
to avoid missing true positives, which inflates the candidate set and inevitably introduces
false positives. The threshold ϵ is estimated at the end of the training phase by analyzing
the average distance between different embedding representations of identical patterns and
averaging these distances across the training set. More specifically, ϵ is defined as a vector
having the same dimensionality as the embedding space, where each component captures the
average admissible variation observed for the corresponding embedding dimension.

Table 3 Pattern matching precision and recall (%) on the CLC dataset for the Same-Encoder
(Neural) configuration. Recall is by design near-saturated, while precision is limited by false positives
introduced by the approximate nature of continuous embeddings.

Metric MGCNN (Baseline) GAT R-GCN MGAT MMAGAT
Recall 95.62 ± 0.39 95.78 ± 0.36 95.81 ± 0.34 95.93 ± 0.28 96.04 ± 0.26
Precision 86.74 ± 0.62 87.41 ± 0.58 87.86 ± 0.55 88.92 ± 0.49 89.37 ± 0.46

Table 4 Average matching execution time per CLC graph for each encoder.

Matching Strategy MGCNN (Baseline) GAT R-GCN MGAT MMAGAT
Neural 1m18s 1m21s 1m19s 1m23s 1m24s
Neural + Iso. 3m33s 3m35s 3m36s 3m41s 3m43s

Tables 3 and 4 jointly summarize the matching performance of the pipeline, from which
three observations can be drawn. First, recall remains consistently high and stable around
95.9% across all encoders, and is essentially unaffected by the verification step since the
latter only filters previously retrieved candidates. The relaxation threshold ϵ is intentionally
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calibrated to exhaustively cover the candidate set, ensuring that the embedding-based
retrieval rarely misses a true occurrence. The small inter-encoder differences reflect the
fidelity with which each encoder preserves subgraph containment in the latent space: more
expressive encoders such as MGAT and MMAGAT produce embeddings that leave fewer true
matches outside the ϵ-ball. Precision differs markedly between the two configurations. The
Same-Encoder strategy alone yields precision values ranging from 86.7% (MGCN baseline)
to 89.4% (MMAGAT). Once the exact subgraph isomorphism verification is applied within
the retrieved neighborhoods, precision is perfect for all encoders, which justifies the omission
of a dedicated table for the post-verification values, as the step operates as a high-precision
verification step that removes false positives almost entirely without affecting true positives.
The additional verification cost remains modest. Pure neural matching is completed in
approximately 1m20s per CLC graph, whereas the Neural + Iso. configuration takes around
3m40s. This overhead is contained because exact matching is restricted to the small set of
candidates retrieved in the embedding space rather than applied globally over the full graph.
By comparison, a purely algorithmic subgraph isomorphism approach applied directly to
the entire graph requires up to 22 minutes per graph. Overall, these results validate the
design of the matching stage: the neural retrieval component ensures high recall and fast
candidate generation, while the isomorphism step delivers high precision. Decoupling the
two roles allows each component to be tuned independently and yields a matching stage
whose final precision-recall profile is significantly more favorable than what either component
could achieve in isolation.

4.3 Hierarchical Abstraction
The abstraction stage transforms the rich but dense output of the matching stage into a
compact, semantically-aware hierarchical representation of the graph. Frequent patterns
capture recurrent structural and semantic configurations that characterize the dominant
spatio-temporal behaviors observed in the data, while rare or noisy interactions are naturally
filtered out. By relying on frequent patterns as building blocks, the abstraction stage produces
a synthetic summary of the underlying graph structure: instead of manipulating thousands of
individual nodes and heterogeneous relations, the graph is summarized through a reduced set
of pattern instances and their interactions. We now evaluate this abstraction quantitatively,
by measuring the compression achieved at successive hierarchical levels, and qualitatively, by
inspecting the structural dependencies that emerge between super-nodes.

We apply the abstraction to spatio-temporal graphs of approximately 2000 nodes extracted
from different European regions, and measure the structural compression achieved at three
successive levels of the hierarchy: (L0) the original raw graph; (L1) the first abstraction
layer obtained by replacing detected pattern instances with first-order super-nodes; (L2) the
second abstraction layer obtained by re-applying the mining and matching stages on the L1
graph and aggregating the resulting pattern co-occurrences into second-order super-nodes.

Table 5 shows that the first abstraction layer reduces the size of the graph by approximately
71.5% in nodes and 74.8% in edges on average, while the second layer drives this compression
to an average reduction of 91.4% in nodes and 93.6% in edges with respect to the original
graph. Although the absolute graph sizes are comparable across the five cities considered, the
compression rates exhibit meaningful city-level variability: more structurally homogeneous
cities such as Helsinki and Madrid yield stronger compression (around 73% at L1 and 92%
at L2), reflecting the presence of more redundant structural patterns that the abstraction
can collapse, whereas more heterogeneous land-use mosaics such as Berlin and Vienna yield
slightly weaker compression (around 70% at L1 and 90% at L2). This pattern suggests that
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Table 5 Quantitative evaluation of the hierarchical abstraction on five representative European
cities. All graphs use the second-level CLC nomenclature (15 land-use classes). Mining and matching
are recursively applied at each level using the same MMAGAT encoder, with an estimated frequency
threshold of approximately 25 occurrences per pattern. |V | and |E| denote the number of nodes and
edges at each level. Reduction percentages are computed with respect to the original graph (L0).

City L0 (Raw) L1 (pattern super-nodes) L2 (Co-occurrence super-nodes)
|V | |E| |V | |E| ∆|V | ∆|E| |V | |E| ∆|V | ∆|E|

Paris 2148 8316 612 2104 −71.5% −74.7% 187 542 −91.3% −93.5%
Berlin 2103 8194 638 2189 −69.7% −73.3% 204 591 −90.3% −92.8%
Madrid 2167 8358 581 2002 −73.2% −76.0% 168 487 −92.2% −94.2%
Vienna 2089 8087 624 2126 −70.1% −73.7% 195 562 −90.7% −93.0%
Helsinki 2118 8205 568 1949 −73.2% −76.2% 162 471 −92.4% −94.3%
Mean 2125 8232 605 2074 −71.5% −74.8% 183 531 −91.4% −93.6%

the abstraction mechanism captures regularities that are intrinsic to the underlying spatio-
temporal process while remaining sensitive to the specific structural diversity of each region.
The relative reduction in edges is consistently higher than the reduction in nodes across all
cities because the partitioned LCA mechanism merges semantically similar RCC-8 relations
between the same pair of super-nodes into a single abstract edge, while still preserving
genuinely distinct relations. By contrast, applying a higher granularity λ on the original
graph aggressively merges RCC-8 relations along their hierarchy, which mechanically increases
the number of detectable structural patterns but yields patterns of limited significance, since
they collapse semantically distinct configurations into a single coarse label.

4.4 Discussion
Taken together, the experiments characterize the proposed process along three complementary
axes. The mining stage identifies frequent patterns with an accuracy of approximately 72%
on real CLC data using the best encoder (MMAGAT), while running roughly an order of
magnitude faster than the exhaustive MuGram baseline. The matching stage achieves a
stable recall of approximately 95.9% and a perfect precision once the isomorphism verification
step is added, with an overall execution time that remains within a few minutes per graph.
Finally, the abstraction stage compresses the graph by a factor of three to ten across two
hierarchical levels while preserving multi-relational structure through a tunable granularity
parameter. The clear separation of roles between stages, the use of a single encoder for
both mining and matching, and the recursive applicability of the pipeline to its own outputs
together yield a process that is interpretable, scalable, and faithful to the multi-relational
nature of environmental spatio-temporal graphs.

5 Conclusion and Perspectives

This paper has presented a complete process for mining, matching, and abstracting frequent
spatio-temporal patterns in large environmental graphs. The pipeline addresses both the
scalability and the interpretability challenges inherent to real-world spatio-temporal data.
Experiments on the Corine Land Cover dataset have shown that the learned embeddings
robustly capture recurrent spatio-temporal structures and generalize across synthetic and
real data. The Same-Encoder matching strategy enables efficient pattern localization, while
the integration of a constrained subgraph isomorphism verification step improves accuracy
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with a controlled computational overhead, offering a favorable trade-off compared to purely
algorithmic approaches. Finally, the hierarchical abstraction based on frequent patterns and
partitioned aggregation produces a compact and interpretable summary of complex graphs,
and enables the identification of higher-order pattern co-occurrences.

Future work will focus on extending the process to dynamic pattern evolution analysis
and to other classes of spatio-temporal graphs, as well as on refining the companion visual
environment to better support the exploratory analysis of pipeline outputs.
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Abstract
Temporal Graph Neural Networks (TGNN) are used to detect patterns in so-called temporal
graphs (TG): graphs in which edges may be added or removed over time. Sälzer et al. suggested to
study the expressive power of TGNNs through temporal-spatial logics, specifically the combination of
the linear-time temporal logic LTL and modal logic K. In this paper we investigate the computational
complexity of the satisfiability problem for this logic and its natural extension in which the LTL
part is replaced by a linear-time µ-calculus, reflecting TGNNs’ ability to recognise not just star-free
(word) languages. We consider their interpretation over a more natural class of models which we
call quasi-temporal graphs (QTG), relaxing certain conditions on the temporal evolutions of nodes
that are indifferent to the logic. We formalise this by giving an adjusted notion of bisimulation
which preserves satisfaction in these logics. It turns out that satisfiability over the class of QTGs is
PSPACE-complete for the temporal-spatial logic based on LTL but becomes EXPTIME-complete
when based on the µ-calculus. This is in contrast to the situation on words where both logics are
PSPACE-complete. We also discuss consequences for the special satisfiability problems over the
class of TGs.
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1 Introduction

Machine learning models are computational devices that have enabled revolutionary devel-
opments and success in artificial intelligence tasks with numerous applications in all kinds
of industrial, societal, scientific etc. domains. One such model which has gained recent
interest because of its use in the analysis of social networks for example, is that of a Temporal
Graph Neural Network (TGNN) [25, 33]. It builds upon the better known model of Graph
Neural Network (GNN) [18] which can be used to recognise patterns in static graphs, to the
recognition of properties of graphs that are dynamically evolving in time.

Sälzer et al. [30] suggested to use product logics as yardsticks for the expressiveness of
TGNNs, specifically two-dimensional products where the operators of one dimension are
used to navigate through the sequence – called the temporal dimension – and the operators
of the other – called the spatial dimension – are used to navigate through a single graph.
This corresponds closely to the functionality of TGNNs. Formally, a TGNN recognises
temporal graphs (TG) which are finite sequences of graphs which share the same node set. A
TGNN processes such a sequence by iteratively updating node representations, combining
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spatial information propagated through graph edges within each graph and with temporal
information carried forward from preceding time steps. Crucially, spatial information is
aggregated only from nodes within a bounded neighbourhood, while temporal information
is passed on recursively in most TGNNs, so that the representation of a node at step i+ 1
depends on its own representation at step i.

A natural candidate for a two-dimensional logic to capture the expressiveness of TGNNs
is LTLf×K, using Linear-Time Temporal Logic on finite traces (LTLf) [17] in the temporal
dimension and the standard modal logic K in the spatial dimension. This provides some
limited recursive mechanism temporally and no recursive mechanism spatially, i.e. expressible
properties can address moments arbitrarily far in the future, but within a graph they can
only speak about a neighbourhood of a node of fixed radius. This corresponds exactly to the
way that TGNN collect information about a temporal graph, at least when abstracting away
from the difference between real-valued and Boolean-valued information retrieval.

A natural extension of LTLf×K is obtained when LTL is replaced by the linear-time
µ-calculus µTL [2, 35], known to exceed the expressiveness of LTL by capturing all regular
properties [11]. This is also motivated by the question after the formal expressiveness of
TGNNs, as the use of non-linear functions in them permits them to do modulo counting, i.e.
to recognise temporal graphs of even length for example. Hence, LTLf×K may be a natural
logic to consider with respect to TGNN expressiveness from a pragmatic point of view due
to the popularity and simplicity of LTL; but a logic based on µTL instead seems to be better
suited from a technical perspective in order to fully capture the expressiveness of TGNNs.

As with LTL, µTL can of course be interpreted purely on finite words only, leading to the
logic µTLf [24] which comes with less combinatorial complexity. In particular, there is no
need to distinguish least and greatest fixpoint operators when formulas are guarded, using
the same kind of reasoning as is possible for the modal µ-calculus on acyclic structures [28].
Asymptotically, all four logics – LTL and µTL, interpreted on finite or infinite words – share
the same complexity: their satisfiability problems are PSpace-complete [32, 35].

Structure and contribution. We study the computational complexity of logics suggested
for temporal graphs, in particular the aforementioned LTLf×K and µTLf×K. In Sect. 2, we
formally introduce (quasi-)temporal graphs and the logics LTLf×K and µTLf×K. In Sect. 3
we show that their properties are invariant under bisimulations, adapted suitably to the
temporal-spatial setting, while the class of TGs is not, thus justifying the use of the relaxed
model of quasi-temporal graphs (QTG). In Sect. 4 we study the complexity of satisfiability
for LTLf×K and µTLf×K over QTGs, obtaining the perhaps surprising result that – whilst all
the ingredients LTLf , µTLf and K are PSpace-complete, LTLf×K remains PSpace-complete
but µTLf×K becomes ExpTime-complete. In Sect. 5 we conclude with remarks on the
complexity of satisfiability over the class of TGs and the expressiveness of TGNNs, as well
as further work for the future.

Related work. Logical characterisations of static GNNs via modal logics [3, 29] have inspired
analogous questions for temporal architectures. For TGNNs, no connection to logics had been
established prior to [30], where three classes of TGNNs are characterised via two-dimensional
product logics of temporal and modal logics. Questions regarding the exact complexity of
their satisfiability problems as well as their ability to distinguished temporal graphs from
non-temporal graphs were not investigated there.

Many-dimensional logics [16, 27] offer a general framework for combining modal logics,
each capturing a distinct aspect of reasoning such as time, space, or knowledge. The standard
theory distinguishes fusion logics, in which the component logics interact only through
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shared propositional variables, from product logics, in which models carry a Cartesian
product structure. Satisfiability and axiomatisation of two-dimensional product logics
have been studied in depth by Gabbay et al. [16]. There, product logics are, however,
interpreted on structures with static edge sets, in fact products of structures, which enforces
the commutativity axioms ♢⃝ p ↔ ⃝♢ p and ⃝□ p → □⃝ p. These are not axioms
anymore when edges may change over time.

The work that is most closely related to the present study is on temporal description
logics, cf. [26]. The structures known as temporal graphs in the machine learning community
are known as “temporal interpretations over a constant domain” in the description logic
setting, although they are fairly simple special cases with a single role (binary relation) only.
The logic LTL×K, as considered here, could be seen as a simple description logic over such
structures. A minor difference lies in the treatment of time: while the time line there is
considered to be infinite, it is finite in the study here, hence we consider LTLf×K. The main
difference, though, is that we also study an extension in the temporal dimension, namely the
logic µTLf×K, which is not done in the description logic work, and there the focus lies on
different reasoning problems where complexity is introduced via TBox axioms which is not
present here.

2 Preliminaries

Let AP be a countable set of atomic propositions and V be a countable set of (monadic
second-order) variables. A graph is a triple (S,→, L), where S is a finite set, → ⊆ S × S is
the transition relation, and L : S → 2AP is the labeling of the nodes such that |L(v)| < ∞ for
all v ∈ S.

(Quasi-)Temporal graphs. A quasi-temporal graph (QTG) is a tuple G = (G0, σ0, G1, σ1,

. . . , σn−2, Gn−1), such that for all 0 ≤ i < n, Gi = (Si,→i, Li) is a directed, 2AP-labeled
graph, and for all 0 ≤ i < n − 1, σi : Si ⇀ Si+1 is the i-th time successor function which
is partial in general. A pointed QTG is a triple (G, v, i) where G is a QTG as above,
i ∈ {0, . . . , n− 1} and v ∈ Si. Thus, it simply singles out a particular node at a particular
moment in time in the QTG. Intuitively, σi(v) is what v becomes in the i-th time step.
Nodes need not have temporal successors, but if they do, then these are unique. This is why
each σi is a partial function. A node at moment i > 0 can be the temporal successor of more
than one node at moment i− 1, though. We introduce some useful notation. Let G be as
above. For i, j with 0 ≤ i < j < n− 1 we write σi,j for the composition σi ◦ . . . ◦ σj−1. Here,
composition of partial functions can be seen as relation composition. In particular, nodes in
Gi need not have a σi,j-successor for j > i but if they do then it is the unique node that is
obtained by following the functions σi, . . . , σj−1 successively starting from v ∈ Si. Moreover,
in this case we have σi,j(v) ∈ Sj unless it does not exist.

A temporal graph (TG) is a quasi-temporal graph G = (G0, σ0, G1, σ1, . . . , σn−2, Gn−1)
in which each σi is total and bijective for i = 0, . . . , n− 2. This is clearly equivalent to the
formulation found in the literature which defines a temporal graph as a sequence of edge
relations over the same nodes set.

Linear-time temporal logic for temporal graphs. Let AP be as above. Formulas of LTLf×K
over AP are defined by the grammar

φ ::= p | φ ∧ φ | ¬φ | ⃝φ | φ | φ U φ | ♢φ

TIME 2026
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where p ∈ AP. Next (⃝) and until (U) are the temporal operators, and Diamond (♢) is
the spatial operator. The set sub(φ) of subformulas of an LTLf×K formula φ is defined
straightforwardly. The size of φ is |φ| := |sub(φ)|.

We define the usual Boolean, temporal and modal abbreviations as follows.

ff := p ∧ ¬p for some p ∈ AP tt := ¬ff □φ := ¬♢¬φ
φ ∨ ψ := ¬(¬φ ∧ ¬ψ) ·⃝φ := ¬ ⃝ ¬φ
φ R ψ := ¬(¬φ U ¬ψ) Fφ := tt U φ Gφ := ¬ F ¬φ

An LTLf×K formula is in negation normal form (NNF) if it is built from literals p and
¬p using the operators ∧,∨,♢,□,⃝, ·⃝,U and R only. It is standard to show that every
formula can equivalently be transformed into NNF with an at most linear blow-up in size.
Equivalence needs a formal notion of semantics of course, which we define next.

Formulas of LTLf×K are interpreted on pointed QTG (G, v, i) with G = (G0, σ0, . . . , σn−2,

Gn−1) and Gi = (Si,→i, Li) for i = 0, . . . , n− 1 as follows.

G, v, i |= p ⇐⇒ p ∈ Li(v)
G, v, i |= φ ∧ ψ ⇐⇒ G, v, i |= φ and G, v, i |= ψ

G, v, i |= ¬φ ⇐⇒ G, v, i ̸|= φ

G, v, i |= ⃝φ ⇐⇒ i < n− 1 and G, σi(v), i+ 1 |= φ

G, v, i |= φ U ψ ⇐⇒ there is k s.t. i ≤ k < n and G, σi,k(v), k |= ψ

and for all j with i ≤ j < k : G, σi,j(v), j |= φ

G, v, i |= ♢φ ⇐⇒ there is u ∈ Si s.t. v →i u and G, u, i |= φ

Two formulas φ,ψ of LTLf×K are equivalent, written φ ≡ ψ, if for all pointed QTGs G, v, i

we have G, v, i |= φ iff G, v, i |= ψ.
The following is standard knowledge about LTL, resp. LTLf , and holds in LTLf×K for

exactly the same reasons.

▶ Lemma 1. For all φ,ψ ∈ LTLf×K we have

φ U ψ ≡ ψ ∨ (φ ∧ ⃝(φ U ψ)) , φ R ψ ≡ ψ ∧ (φ ∨ ·⃝(φ R ψ)) .

Fixpoint logic for temporal graphs. The two-dimensional logic µTLf×K is obtained from
LTLf×K by replacing the temporal Until operator with a general fixpoint operator rec.
Traditionally, µ-calculi are introduced with two different fixpoint operators µ and ν to denote
the generally different least and greatest fixpoint of a predicate transformer φ(X) making
use of the Knaster-Tarski Theorem [21, 34]. However, the difference only shows up in limits,
i.e. in infinite unfoldings. This is prevented here by a combination of the finiteness in the
temporal dimension of models and the impossibility to explore paths of infinite length inside
a single graph, ensured by the syntactic restriction of guardedness.

Let AP be given as above. Moreover, let Var = {X,Y, . . .} be a countable set of monadic
second-order variables. Formulas of µTLf×K over AP (and, technically, also over Var) are
defined by the grammar

φ ::= p | X | φ ∧ φ | ¬φ | ⃝φ | recX.φ | ♢φ

where p ∈ AP and X ∈ V.
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The set sub(φ) of subformulas of φ is defined as usual. Again, the size of φ is |φ| := |sub(φ)|.
As with LTLf×K, we introduce ff, tt,∨, ·⃝ and □ as abbreviations. A µTLf×K formula is
said to be in NNF, if it is built from literals p and ¬p for any p ∈ AP, as well as variables
X ∈ Var, using only the operators ∧,∨,⃝, ·⃝, rec,♢ and □. Again, it is standard to show
that every formula can equivalently be transformed into one in NNF with an at most linear
blow-up, with equivalence formally defined below.

The operator rec acts as a binder for the variable X. We only consider sentences, i.e.
formulas without unbound occurrences of variables, as top-level formulas. Formulas with
free variables can of course occur as subformulas of a formula in µTLf×K.

We employ further syntactic restrictions on formulas. They are all standard in the
literature on µ-calculi, cf. [6, 7, 12]. (i) Formulas must be well-named: each variable X gets
bound at most once in any subformula of the form recX.ψ. Then such a φ comes with an
identifier function fpφ mapping a variable X that is bound in φ to the unique subformula
recX.ψ in which it is bound. (ii) There must be an even number of negation symbols on any
path in the syntax tree of a formula φ, starting in fpφ(X) for any X ∈ Var and ending in a
leaf node X. This ensures that fixpoints are well-defined because the underlying predicate
transformers ψ(X) are indeed monotone. (iii) Formulas must be temporally guarded. In the
syntax tree there must be at least one occurrence of an operator ⃝, on any path starting in
fpφ(X) and ending in a leaf node X, for any variable X.

Unlike (i) and (ii), restriction (iii) is in fact a semantic restriction. One cannot simply
use the well-known fact that formulas of the µ-calculus can equivalently be transformed into
guarded form [22, 37, 8], because here we require variables in fixpoint formulas not just to
be guarded by some modal or temporal operator, but specifically by a temporal one. Hence,
formulas like recX.p ∨ ♢X are guarded from a modal µ-calculus perspective but temporally
unguarded regarding condition (iii). Such a formula expresses reachability of a p-node in the
current graph at an arbitrary distance, and this is a property that TGNN most likely cannot
check which justifies the restriction to temporally guarded formulas. We leave it as an open
question whether equivalence of an unrestricted formula to a temporally guarded one can be
decided and such a temporally guarded equivalent can be constructed automatically. In any
case, such considerations rely on a formal semantics for µTLf×K which we explain next.

Formulas of µTLf×K are interpreted in pointed QTGs (G, v, i). It is more convenient to
fix a QTG G = (G0, σ0, . . . , σn−2, Gn−1) with Gi = (Si,→i, Li) for i = 0, . . . , n− 1 over the
same set AP of atomic propositions, and then to define, by induction on the structure of a
given formula φ, its extension JφKG in G, consisting of all points (v, i) such that G, v, i |= φ

in the same sense as for LTLf×K. Induction on the formula structure bears the burden of
dealing with free variables in subformulas. This is done by extending the interpretation to a
set JφKGρ of points (v, i) in time that satisfy φ under the assumption that any free variable
X is satisfied by the points in ρ(X). Thus, ρ : Var → P(

⋃n−1
i=0 Si × {i}). We write ρ[X 7→ T ]

to denote the function which maps X to T and behaves like ρ otherwise.

JpKGρ = {(v, i) | p ∈ Li(v)}
JXKGρ = ρ(X)

J¬φKGρ =
n−1⋃
i=0

(Si × {i}) \ JφKGρ

Jφ ∧ ψKGρ = JφKGρ ∩ JψKGρ

J⃝φKGρ =
n−2⋃
i=0

{(v, i) | v ∈ Si, σi(v) exists and (σi(v), i+ 1) ∈ JφKGρ }

TIME 2026
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JrecX.φKGρ =
⋂

{T ⊆
n−1⋃
i=0

Si × {i} | JφKGρ[X→T ] ⊆ T}

J♢φKGρ =
n−1⋃
i=0

{(v, i) ∈ Si × {i} | there is u ∈ Si s.t. v →i u and (u, i) ∈ JφKGρ }

It is standard to show that sentences φ are invariant under variable interpretations in the
sense that JφKGρ = JφKGρ′ for any G, closed φ and ρ, ρ′. Hence, in such cases we can simply
write JφKG or, likewise, G, v, i |= φ for some v.

The notion of equivalence between two sentences, φ ≡ ψ, carries over from LTLf×K to
µTLf×K. Since sentences of the latter and formulas of the former are both interpreted in
pointed QTGs, equivalence between these is also well-defined.

We get an embedding of LTLf×K into µTLf×K by a straight-forward extension of the
known translation from LTL into µTL where φ U ψ becomes recX.ψ ∨ (φ ∧ ⃝X).

▶ Lemma 2. For every φ ∈ LTL×K there is φ′ ∈ µTLf×K s.t. |φ′| = O(|φ|) and φ′ ≡ φ.

For reasoning about fixpoint formulas it is useful to introduce approximants. Since we
are only interested in finite models, we do not need trans-finite ordinals in their construction.
For a fixpoint formula recX.φ we define its approximants for all i ∈ N via rec0 X.φ := ff
and reci+1 X.φ := φ[reci X.φ/X]. The following enables reasoning about formulas with free
variables by interpreting them as approximants. Its proof is standard, relies on temporal
guardedness and is omitted.

▶ Lemma 3. Let G be a QTG of some length n. For every recX.φ ∈ µTLf×K and every
variable assignment ρ we have JrecX.φKGρ = Jrecn X.φKGρ .

3 Temporal Bisimulations

We adjust the well-known notion of bisimulation to the setting of QTGs.

▶ Definition 4. Let G = (G0, σ0, . . . , σn−2, Gn−1) and G′ = (G′
0, σ

′
0, . . . , σ

′
n′−2, G

′
n′−1) be

two QTGs, not necessarily of the same length, with Gi = (Si,→i, Li) and G′
j = (S′

j ,→′
j , L

′
j)

for i = 0, . . . , n− 1 and j = 0, . . . , n′ − 1.
A relation β between points of G and G′ is a temporal bisimulation if for all (v, i) β (u, j)

we have
(1) Li(v) = L′

j(u),
(2) for all v′ ∈ Si with v →i v

′ there is u′ ∈ S′
j with u →′

j u
′ and (v′, i) β (u′, j),

(3) for all u′ ∈ Sj with u →′
j u

′ there is v′ ∈ S′
i with v →i v

′ and (v′, i) β (u′, j),
(4) σi(v) exists iff σ′

j(u) exists, and in case they do, (σi(v), i+ 1) β (σ′
j(u), j + 1).

As usual, two points (v, i) and (u, j) are temporally bisimilar, written (G, v, i) ⇄ (G′, u, j) if
there is a bisimulation β between G and G′ such that (v, i) β (u, j).

In condition (4), it should be understood that σi(v) does not exist whenever i = n− 1,
because the function σn−1 itself does not exist (and similarly for when j = n′ − 1).

In the following, we will simply speak of bisimulations etc. when in fact we mean temporal
bisimulations. No confusion should arise, as ordinary bisimulations play no technical role
here.

The following theorem states that µTLf×K is invariant under temporal bisimulations.
The proof is the same as for one-dimensional µ-calculi (see, for instance, [12]). Finiteness of
QTGs in length simplifies the proof because fixpoints are reached after a finite amount of
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p q p, q p q p, q
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Figure 1 Examples of QTGs, resp. a TG (in the middle), concerning temporal bisimilarity.

iterations, cf. Lemma 3. We introduce elementary equivalence between two pointed QTGs
in the usual way: we have (G, v, i) ≡µTLf ×K (G′, u, j) if for all φ ∈ µTLf×K: G, v, i |= φ iff
G′, u, j |= φ.

▶ Theorem 5. For two pointed QTGs (G, v, i) and (G′, u, j) we have G, v, i ⇄ G′, u, j iff
(G, v, i) ≡µTLf ×K (G′, u, j).

The proof is in Appendix A. Whilst Thm. 5 is not surprising, it is significant for a study
of the expressiveness of TGNNs that are interpreted over TGs. Note that, unlike the class of
QTGs, the class of TGs is not closed under temporal bisimulations. Specifically, the two
pointed QTGs shown on the left and in the middle of Fig. 1, with spatial neighbourhood
relation shown in solid arrows and temporal successors in dashed arrows, are bisimilar but
only one of them is a TG. These two suggest that QTGs can be “unwound” and given
extra dummy nodes in early graphs of the sequence in order to turn them into a bisimilar
TG. However, the QTG on the right show that this is not possible, specifically when there
are maximal paths from the initial point that do not have the same number of temporal
transitions in them.

One may argue that this calls for a stronger notion of quasi-temporal graph, namely
sequences (G0, σ0, . . . , σn−2, Gn−1) such that all temporal successor functions σ are total.
We call such QTGs (temporally) synchronised. The aforementioned technique of unwinding
temporal paths and potentially completing their pasts yields the following result.

▶ Theorem 6. For every pointed and temporally synchronised QTG (G, v, 0) there is a
pointed TG (G′, v, 0) with the same temporal length and at most polynomial blow-up in nodes
such that (G, v, 0) ⇄ (G′, v, 0).

Thm. 6 does not hold for temporally unsynchronised QTGs. This is also witnessed by
the formula p ∧ ⃝(q ∧ ♢ ·⃝ ff ∧ ⃝ tt) which is satisfied by the QTG on the right in Fig. 1 but
cannot be satisfied by a synchronised QTG.

4 The Satisfiability Problems

We study the computational complexity of the satisfiability problems for LTLf×K and µTLf×K
over the class of QTGs. We begin with lower bounds.

4.1 Lower Bounds
The satisfiability problem for LTL and also LTLf is well-known to be PSpace-complete [32].
The lower bound trivially carries over to LTLf×K since every formula of LTLf is also one of
LTLf×K and a QTG model (G, v, 0) of the latter is easily turned into a pure linear-time model
of the form v, σ0,1(v), σ0,2(v), . . . , σ0,n−1(v) for the respective temporal successor functions
σ0, . . . , σn−2.

▶ Theorem 7. The satisfiability problem for LTLf×K is PSpace-hard.
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In the pure linear-time setting, µTL has higher expressiveness than LTL but its satisfiability
problem is not more difficult, at least not more than by a polynomial overhead: it is also
PSpace-complete [20]. Interestingly, µTLf×K appears to be more difficult than LTLf×K. We
show that its satisfiability problem is ExpTime-hard. This is at least curious in that µTLf×K
appears to be a linear-time temporal logic whose satisfiability problems are typically complete
for space-complexity classes. It is typically the satisfiability problems for branching-time
temporal logics that tend to be complete for time-complexity classes [13, 15, 14, 36, 19]
with the exception of K which is arguably not really a temporal logic as its formulas cannot
“look” arbitrarily deep into a structure. The satisfiability problem for K is also known to be
PSpace-complete [23].

So the combination of the PSpace-complete logics LTLf and K into LTLf×K turns out
not to be more difficult than PSpace – a matching upper bound is given below – whilst the
combination of the PSpace-complete logics µTL and K becomes ExpTime-hard.

We show ExpTime-hardness by a reduction from a tiling game problem, known to be
ExpTime-complete [10] as it captures the essence of the word problem for alternating, space
bounded Turing machines and APSpace = ExpTime [9].

▶ Definition 8. A tiling system is a T = (T,H, V, tI , t, F ) where T is a finite set of tiles
with two designated initial and final tiles tI , tF ∈ T such that tI ≠ tF . H,V ⊆ T × T are the
horizontal and vertical matching relation.

The n-corridor tiling game is played between players S and C who successively places
tiles on the grid {0, . . . , n− 1} × N row-by-row, starting with row 0, i.e. placing tiles on the
coordinates (0, 0), . . . , (n− 1, 0), then filling row 1, etc. The filling of the i-th row is done as
follows.
1. Player S chooses a tile t ∈ T and places it on the coordinate (0, i).
2. Player C chooses tiles t1, . . . , tn−1 ∈ T places them on the coordinates (1, i), . . . , (n− 1, i).

This can also be seen as the successive construction of a mapping τ : [n] × N → T . Thus, we
will write τ(j, i) for the tile placed in the j-th column in row i.

Player C wins a play constructing ρ if one of the following conditions holds.
ρ(0, 0) ̸= tI , i.e. S did not choose the designated initial tile at the very beginning.
There is i ∈ N such that (τ(0, i), τ(0, i+ 1)) ̸∈ V , i.e. player S has violated the vertical
matching condition when placing a tile.
There are j ∈ [n], i ∈ N such that τ(j, i) = tF , i.e. some player placed the final tile.

Likewise, S wins the play if there is j ∈ {0, . . . , n−2} and i ∈ N such that (τ(j, i), τ(j+1, i)) ̸∈
H, i.e. C placed a tile does not match its neighbour horizontally.

The n-corridor tiling game problem is the following. Given a tiling system T and an
n ∈ N encoded unarily, decide whether player C has a winning strategy for the n-corridor
tiling game.

▶ Proposition 9 ([10]). The n-corridor tiling game problem is ExpTime-complete.

▶ Theorem 10. Satisfiability for µTLf×K over quasi-temporal graphs is ExpTime-hard.

Proof. By a reduction from the n-corridor tiling game problem. Let T = (T,H, V, tI , tF )
and n ∈ N be given, with n encoded unarily. This means that the construction only needs to
be polynomial in the value of n, not necessarily the size needed to write down n succinctly
in binary encoding for instance.

We construct a formula ΦT ,n ∈ µTLf×K that is satisfied in a QTG iff C has a winning
strategy for the game on T and n. Intuitively such a winning strategy can be seen as a tree
with nodes representing tiled rows (and separating nodes in between) as shown in Fig. 2.
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0 , . . . , q•

n−1
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n−1

...
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. . .
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. . .

Figure 2 Representation of winning strategies in n-corridor tiling games as quasi-temporal graphs.

We use AP = T × [n] and write qt
i for the proposition (t, i). Note that an entirely tiled row

t0, . . . , tn−1 can be represented in the label of a single graph node v as L(v) = {qt0
0 , . . . , q

tn−1
n−1 }.

Fig. 2 also shows how the tree-like winning strategy can be seen as a quasi-temporal graph
in which every graph has a designated node that is the temporal successor of a node in the
previous graph, and has multiple spatial neighbours. The branching represents the choices
that S makes at the start of each row.

We construct ΦT ,n as the conjunction of the following five formulas, resp. properties.
(i) The labeling on the first node and every second one after that needs to represent the
tiling of a row in the sense that for every j ∈ [n] the label contains a unique proposition qt

j .

φrows := recX.
( n−1∧

j=0

∨
t∈T

qt
j ∧

∧
t′∈T
t′ ̸=t

¬qt′

j

)
∧ ·⃝□X

(ii) The first tile is tI . This is expressed simply as φinit := qtI
0 . (iii) The horizontal matching

relation is respected everywhere.

φhoriz := recX.
( n−2∧

j=0

∧
(t,t′ )̸∈H

¬(qt
j ∧ qt′

j+1)
)

∧ ·⃝□X

(iv) The vertical matching relation is respected everywhere that C makes a move.

φvert := recX.
( n−1∧

j=1

∧
(t,t′ )̸∈V

¬(qt
j ∧ ⃝♢ qt′

j )
)

∧ ·⃝□X

(v) The tree representing a winning strategy for C contains all the choices that are possible
for S, unless the final tile has been placed already. We use the abbreviation tV for {t′ |
(t, t′) ∈ V }.

φplay := recX.
(

(
n−1∧
j=0

¬qtF
j ) →

( ∧
t∈T

qt
0 →

∧
t′∈tV

⃝♢ qt′

0
))

∧ ·⃝□X

Note that, if tV = ∅ then the corresponding conjunction becomes true, and no diamonds
need to be satisfied. This guarantees the existence of finite models representing winning
strategies in which C wins plays because S has no legal move to play.
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φi,Φ
(Or)

φ1 ∨ φ2,Φ
Φ,Ψ φ1,Γ . . . φk,Γ

(Mod) Φ ̸= ∅
⃝ Φ, ·⃝ Ψ,♢φ1, . . . ,♢φk,□Γ,Λ

φ1, φ2,Φ
(And)

φ1 ∧ φ2,Φ
φ1,Γ . . . φk,Γ

(Mod0)
·⃝ Ψ,♢φ1, . . . ,♢φk,□Γ,Λ

φ,Φ
(FP) fp(X) = recX.φ

X,Φ
X,Φ

(Var)
recX.φ,Φ

Figure 3 Rules for the satisfiability tableaux for µTLf×K.

Clearly, ΦT ,n := φrows ∧ φinit ∧ φhoriz ∧ φvert ∧ φplay is of polynomial size in |T | and the
value of n. Moreover, a quasi-temporal graph satisfying it represents a winning strategy
in the way that is sketched above, and vice-versa. This construction therefore facilitates a
polynomial reduction from the n-corridor tiling game problem to the satisfiability problem
of µTLf×K. ◀

4.2 Upper Bounds
We begin with an upper bound for the more general logic µTLf×K. We characterise its
satisfiability problem in terms of tableaux as witnesses for satisfiability and then show that
their existence can be decided in exponential time.

We use Greek capital letters to denote sets of formulas. We avoid braces and simply
write φ,Φ for the set {φ} ∪ Φ, additionally implying φ ̸∈ Φ. For the modal and temporal
next-operators ⊗ ∈ {♢,□,⃝, ·⃝} we write ⊗Φ to denote a set of formulas in which everyone
starts with the operator ⊗. In the context of such an ⊗Φ, Φ then denotes the set of all
formulas that are obtained from ⊗Φ by stripping of the top-level temporal, resp. modal
operator ⊗. The symbol Λ is solely used for a propositionally consistent set of literals, i.e.
a set of formulas of the form q or ¬q that does not contain both the positive and negative
version of any proposition.

▶ Definition 11. A tableau for an LTLf×K, resp. µTLf×K formula φ in negation normal
form is a finite tree whose nodes are labeled with sets of subformulas of φ, built according to
the rules presented in Fig. 3. The tableau is closed if all its branches end in an axiom, i.e. a
set of the form ·⃝ Ψ,□Γ,Λ with Ψ and Γ possibly empty, and Λ being a consistent set of
literals.

Remember that µTLf×K formulas are required to be temporally guarded. Hence, any
tableau for such a formula φ0 is structured as follows. Starting with the root node there
are a linearly (in |φ0|) bounded number of applications of the rules (Or), (And), (FP) and
(Var), leading to a non-branching growth of the tableau tree until a formula set is reached
that matches the premise of either of the rules (Mod) or (Mod0). We call such a sequence of
formula sets a block. The application of either of the latter rules creates a branching of degree
given by the number of ♢-formulas, i.e. also linear in |φ0|. From the premises obtained after
the application of either of the modal rules, new blocks can be obtained just like they are
from the root node. Hence, any such tableau can be compressed into a tree whose nodes are
the blocks and whose branching is given by the modal rules.

This tableau calculus is sound and complete w.r.t. satisfiability of µTLf×K formulas over
the class of QTGs.
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ψ,Φ
(U−)

φ U ψ,Φ
φ,⃝(φ U ψ),Φ

(U+)
φ U ψ,Φ

ψ,φ,Φ
(R−)

φ R ψ,Φ
ψ, ·⃝(φ R ψ),Φ

(R+)
φ R ψ,Φ

Figure 4 Rules for the satisfiability tableaux for LTLf×K to replace (FP) and (Var).

▶ Theorem 12. Let φ0 be a formula of µTLf×K. It is satisfiable over the class of quasi-
temporal graphs iff there is a closed tableau for φ0.

The proof is in Appendix A and follows standard arguments: a closed tableau can be
collapsed into a tree-like QTG model of the formula, and a given model can be used to guide
the construction of a closed tableau.

An immediate consequence of Thm. 12 is the fact that satisfiability in µTLf×K over
QTGs can be decided in exponential time.

▶ Theorem 13. The satisfiability problem for µTLf×K over QTGs is in ExpTime.

Proof. We sketch an alternating, polynomially space-bounded algorithm [9]. Note that every
branch of length more than 22·n for formulas of size n must repeat some formula set. Hence,
tableaux can be assumed to be of height at most 22n. Then an alternating algorithm can
check for the existence of such a “small” tableau by nondeterministically guessing applications
of rule (Or) and deterministically applying (And), (FP) and (Var) whenever needed. When
eventually rule (Mod) or (Mod0) need to be applied, the algorithm universally branches to
follow all premises. Additionally, it maintains a counter that is started at 22n and decreased
in every step of a rule application. If the counter reaches 0, it rejects. It accepts when a
branch can be closed.

The space needed for this is polynomial: it only needs to store a formula set and a counter
of maximal value 22n. The latter only requires polynomially many bits. The former is also
only of polynomial size, as it only requires the storing of a single bit per subformula. ◀

So this raises the question after the exact complexity of LTLf×K. The crucial use of
unbounded alternations between modal and temporal operators in the fixpoint formulas
constructed to simulate the tiling game problem would suggest that satisfiability for LTLf×K
is not as hard as that for µTLf×K. The fact that LTLf and µTLf have the same asymptotic
complexity may suggest that so should LTLf×K and µTLf×K. This is not true, though. The
lack of a general fixpoint operator that allows formulas to look arbitrarily deep into graphs
(that are sufficiently far away in a QTG) makes for a simpler complexity, at least up to
common complexity-theoretic assumptions.

To formally reason about satisfiability in LTLf×K we introduce a similar tableau calculus:
simply replace rules (FP) and (Var) by the four rules shown in Fig. 4. Correctness of these
tableau is proved in the same way as in Thm. 12. The only difference here is that the
formulas occurring in a tableau for φ0 are not just subformulas of φ0. Instead, for each
subformula of the form φ U ψ or φ R ψ, the extended subformulas ⃝(φ U ψ) and ·⃝(φ R ψ)
may also occur. This is asymptotically harmless. Moreover, no additional reasoning for free
variables is needed in the correctness proof.

▶ Corollary 14. Let φ0 be a formula of LTLf×K. It is satisfiable over the class of quasi-
temporal graphs iff there is a closed tableau for φ0.
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The crucial insight leading to an improved upper complexity bound is the observation
that for LTLf×K a nondeterministic, rather than alternating polynomial-space algorithm
suffices. Then by Savitch’s Theorem [31] we get a PSpace upper bound. This may seem
strange, though, because rule (Mod) and (Mod0) still induce genuine branching in the tableaux,
and nondeterministic choices also need to be made in rule (Or) and the rules for temporal
operators. However, in an LTLf×K formula, the argument of a modal operator is genuinely
smaller in the sense that in an application of rule (Mod) or (Mod0) to a premise containing φ
one cannot “go back” to ♢φ or □φ, at least not through φ.

▶ Theorem 15. The satisfiability problem for LTLf×K over QTGs is in PSpace.

Proof. An algorithm can nondeterministically check for satisfiability by successively applying
rules whilst performing guesses for (Or), (U−), (U+), (R−) and (R+). No guess is needed for
rule (And). When a formula set is reached that forms the end of a block, i.e. that requires an
application of rule (Mod) or (Mod0), we proceed as follows. Consider the case of (Mod), as the
one for (Mod0) is just a special case of that one. Suppose the number of premises for this
rule application is k. Note that necessarily k ≤ n+ 1. The algorithm stores the k − 1 left
premises and continues searching for a tableau for the rightmost premise. Upon successful
termination it backtracks and continues with the next rightmost premise that has not been
explored yet, re-using the space that was needed for the exploration of the previous premise.

Since the input formula is from LTLf×K, the recursion depth of this backtracking procedure
is bounded: all but the leftmost premise of rule (Mod) have a modal depth that is strictly
smaller than the modal depth of the conclusion. Hence, the call stack for the recursion in
this algorithm has at most linear depth, and each stack frame has at most quadratic size,
yielding an at most cubic space consumption. ◀

5 Conclusion

This paper studied the computational complexity of satisfiability for the two temporal-
spatial logics LTLf×K and µTLf×K, interpreted over quasi-temporal graphs. The results
draw a slightly unexpected picture: while satisfiability for the underlying one-dimensional
logics LTLf and µTLf is PSpace-complete in either case, the two-dimensional combinations
behave differently. LTLf×K remains PSpace-complete, whereas µTLf×K becomes ExpTime-
complete, a complexity that is more reminiscent of branching-time temporal logics than of
linear-time ones.

The use of QTGs rather than the more restrictive class of TGs is justified by the temporal-
spatial bisimulation invariance of µTLf×K established in Thm. 5. The class of TGs is not
closed under bisimulation, which from a logical perspective makes QTGs the more natural
class to consider. Nevertheless, satisfiability over the class of TGs is a meaningful problem in
its own right, not least because TGs are the objects TGNNs reason about. TG-satisfiability is
a strictly stronger condition than QTG-satisfiability as seen with a formula like ♢ ·⃝ ff ∧ ⃝ tt
which is QTG-satisfiable, but neither satisfiable over synchronised QTGs nor TGs. Hence,
the decision procedures do not directly transfer to the TG-setting. However, the lower bounds
do. PSpace-hardness for LTLf×K and ExpTime-hardness for µTLf×K remain valid over
the class of TGs. For matching upper bounds, the situation is more delicate. The tableau
construction in Thm. 12 yields a QTG whose temporal successor functions are neither total
nor injective. Thm. 6 provides a partial bridge by showing that every synchronised QTG can
be unfolded into a bisimilar TG, but the formula above witnesses that this bridge cannot be
extended to unsynchronised QTGs. We conjecture that TG-satisfiability is no harder than
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QTG-satisfiability for either logic, with the upper bound obtained by an adaptation of the
tableau calculus that enforces totality and injectivity of the temporal successor functions on
closed branches. A precise proof of this, and the question of whether the formulation can be
carried out without further blow-up in complexity, is left for future work.

The original motivation for studying these logics stems from their role as yardsticks for
the expressive power of Temporal Graph Neural Networks. A potential next step is to replace
the spatial logic K by stronger modal logics, such as K# [1] or logics with Presburger-style
counting [4], which are often considered in the expressiveness research of TGNNs [29, 5].
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A Proof Details

Proof of Thm. 5. Let G = (G0, σ0, . . . , σn−2, Gn−1) and G′ = (G′
0, σ

′
0, . . . , σ

′
n′−2, G

′
n′−1)

with Gi = (Si,→i, Li) and G′
j = (S′

j ,→′
j , L

′
j).

“⇒” By a slight abuse of notation, we write ⇄ for the restriction of the bisimilarity
relation to points in G and G′. It is standard to argue that ⇄ is the union of all bisimulation
relations between G and G′, and that it is itself a bisimulation between G and G′.

Let T ⊆
⋃n−1

i=0 Si × {i} and T ′ ⊆
⋃n′−1

j=0 Sj × {j}. We say that the pair (T, T ′) respects
bisimilarity if for all (v, i) ⇄ (u, j) we have (v, i) ∈ T iff (u, j) ∈ T ′. Hence, our goal is to
show that for all φ ∈ µTLf×K, the pair (JφKG, JφKG

′) respects bisimilarity. In order to enable
a proof by induction on the structure of formulas, we need to strengthen the claim to cover
free variables. We say that a pair (ρ, ρ′) of variable assignments for G and G′ respectively
respects bisimilarity if (ρ(X), ρ′(X)) respects bisimilarity for all X ∈ Var. We show that for
all φ ∈ µTLf×K and all (ρ, ρ′) that respect bisimilarity, we have that (JφKGρ , JφKG

′

ρ′ ) respects
bisimilarity.

The case φ = p ∈ AP follows from condition (1) in Def. 4, and the case of φ = X ∈ Var
from the assumption about ρ and ρ′. The cases of the boolean operators ∧ and ¬ follow
directly from the hypothesis.

Let φ = ⃝ψ. Suppose that (v, i) ⇄ (u, j) and (v, i) ∈ J⃝ψKGρ . Then i < n − 1, σi(v)
exists and (σi(v), i+1) ∈ JψKGρ . By condition (4) in Def. 4 we have j < n′ −1, σ′

j(u) exists and
(σi(v), i+ 1) ⇄ (σ′

j(u), j + 1). By the induction hypothesis, (σ′
j(u), j + 1) ∈ JψKG

′

ρ′ and thus
(u, j) ∈ J⃝ψKG

′

ρ′ . The converse implication is treated symmetrically. Hence, (JφKGρ , JφKG
′

ρ′ )
respects bisimilarity.

The case φ = ♢ψ is treated similarly, using conditions (2) and (3) of Def. 4.
Finally, let φ = recX.ψ. Suppose that (v, i) ⇄ (u, j) and (v, i) ∈ JrecX.ψKGρ . According

to Lemma 3, we have (v, i) ∈ Jrecn X.ψKGρ . The crucial insight here is that, while recn X.ψ is
generally larger than recX.ψ and not a subformula of it, recn X.ψ does not contain X anymore.
By a separate induction on the approximant level n we can infer that (u, j) ∈ Jrecn′

X.ψKG
′

ρ′ ,
making use of the main induction hypothesis for formulas not containing X anymore. A
second application of Lemma 3 then yields (u, j) ∈ JrecX.ψKG

′

ρ′ .
“⇐” It suffices to show that ≡µTLf ×K is a temporal bisimulation. Condition (1) is satisfied

because propositions are formulas. Hence, suppose that the pair of points (v, i) and (u, j)
could not be included because Li(v) ̸= L′

j(u) then there is some p ∈ AP such that G, v, i |= p

and G′, u, j ̸|= p or vice-versa.
The reasoning for conditions (2) and (3) is the same as that for pure modal logic. Suppose

that, say, (v, i) has a spatial successor (v′, i) that cannot be matched by any successor (u′, j)
of (u, j). Due to the co-inductive nature of bisimilarity, we can assume that there is a
formula φ satisfied by (v′, i) but not by any successor (u′, j) of (u, j). Then G, v, i |= ♢φ
but G′, u, j ̸|= ♢φ.

The reasoning for condition (4) is also done along the same line. Here the separating
formula is of the form ⃝φ. ◀
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Proof of Thm 12. “⇒” Suppose that (G, v0, 0) |= φ0 for some QTG G = (G0, σ0, . . . , σn−2,

Gn−1) with Gi = (Si,→i, Li) and node v ∈ S0.
We build a tableau for φ0, guided by nodes in G, starting with v0 and the root node

{φ0} of the tableau. Note that, by assumption, we have (G, v0, 0) |= φ0. The construction of
the tableau will maintain the invariant that (G, v, i) |= φ for all φ ∈ Φ, provided that v is
the current guide node, v ∈ Si and Φ is the current formula set at the end of a non-closed
tableau branch. We call i the height of the tableau node.

Suppose that v is the current node, and the current node set Φ is not of the form
⃝ Φ, ·⃝ Ψ,♢∆,□Γ,Λ. Then it must contain a conjunction ψ1 ∧ ψ2, a fixpoint formula
recX.ψ, a variable X or a disjunction ψ1 ∨ ψ2. In the first three cases we simply apply rule
(And), (FP) or (Var) to deterministically obtain a new formula set that is the premise of the
rule application. The current node remains to be v. It is easy to see that the invariant is
maintained under rule (And).

For rules (FP) and (Var) this is less obvious because now the formula set may contain free
variables. We refine the invariant as follows, thus also maintaining it with these two rules: if
the current guide node is v ∈ Si and the current formula set is Φ then we have (G, v, i) |= φ

for all φ ∈ Φ where we interpret any variable X ∈ Var as recn−i+1 X.ψ if fpφ0(X) = recX.ψ.
At last, if Φ contains a disjunction ψ1∨ψ2 then by the invariant we have (G, v, i) |= ψ1∨ψ2.

Hence, it is possible to choose one of the two disjuncts with rule (Or) to maintain the invariant.
Now suppose that the current node set is of the form ⃝ Φ, ·⃝ Ψ,♢∆,□Γ,Λ. Since

(G, v, i) |= φ for all φ in it, the following must be true.
Λ must indeed be propositionally consistent because q ∈ Li(v) and q ̸∈ Li(v) is impossible.
If Φ ̸= ∅ then i < n−1 and σi(v) ∈ Si+1, and for all φ ∈ Φ∪Ψ we have (G, σi(v), i+1) |= φ.
If ∆ ̸= ∅ then for every φ ∈ ∆ there is uφ ∈ Si with v →i uφ and (G, uφ, i) |= ψ for all
ψ ∈ {φ} ∪ Γ.

This shows that rule (Mod) can be applied maintaining the invariant for new guide nodes
σi(v) and uφ for φ ∈ ∆. The reasoning for rule (Mod0) is the same; just the second condition
of the three becomes void.

This shows that, for as long as a tableau branch is not closed, the construction can be
continued, guided by nodes in G. Temporal guardedness ensures that no branch of the
tableau can have two applications of rule (Var) for the same variable without going through
the leftmost premise of rule (Mod). On the other hand, (Var) is the only rule that increases
the current formula set. Hence, the heights of nodes on every tableau branch must eventually
be strictly increasing, but no node can have height ≥ n. Thus, each branch must eventually
be guided by a node with no temporal successor, closing the branch.

“⇐” Suppose that φ0 has a closed tableau. According to the observation made above, it
can be collapsed into a tree of blocks. This tree can be rearranged as a quasi-temporal graph
G = (G0, σ0, G1, . . . , Gn) by assigning each block as a node to graph Gi if the path from that
block to the root block of the tableau contains i many steps through the leftmost premise
of (Mod). The other connections between blocks obtained through non-leftmost premises
of (Mod) or applications of (Mod0) are translated into edges in the respective graphs. The
temporal successors functions σi map any block to the block (necessarily in the next graph)
that is started by the leftmost premise of the application of (Mod) at the end of the block.

One can then show, for i = n, . . . , 0 and every node v from Gi that is obtained as a
collapsed block Φ1, . . . ,Φk that (G, v, i) |= φ for all φ ∈ Φ1 ∪ . . . ∪ Φk. Again, we interpret a
variable X occurring in a block forming a node in Gi as recn−i+1 X.φ when fpφ0(X) = recX.φ.
Consequently, since φ0 is contained in the root block of the tableau, it has a model. ◀
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Abstract
We introduce a new framework for multi-agent temporal planning, based on event-based temporal
planning, dynamic team formation and Multi-Robot Task Allocation (MRTA). Unlike existing
approaches, team formation is directly integrated into the planning and scheduling process. Then,
both the teams and agents’ skills may evolve over time. In particular, our framework allows
us to address complex and dynamic multi-agent problems, such as cooperative task execution,
where heterogeneous agents with qualitative and quantitative skills must cooperate dynamically.
We propose an SMT encoding of these team temporal planning problems that utilizes the linear
arithmetic theory over the rational numbers, QF-LRA. Next, to demonstrate that our approach is
suitable for real-world applications, we present experimental results on disaster response problems.
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1 Introduction

The deployment of autonomous agents in complex, real-world environments, such as search-
and-rescue operations, automated manufacturing, and space exploration, relies increasingly
on Multi-Agent Systems (MAS). In these domains, tasks are often too complex, heavy,
or specialized to be executed by a single agent. Consequently, heterogeneous agents must
cooperate by forming temporary groups to fulfill specific mission requirements. This challenge
falls at the intersection of Multi-Agent Task Allocation (MRTA), dynamic team formation
and temporal planning.

A critical aspect of modeling heterogeneous agents lies in accurately capturing their
capabilities. In this paper, we distinguish between two fundamental types of skills. Qualitative
skills represent static, innate capabilities (e.g. possessing a specific sensor) that an agent
either masters or does not. Conversely, quantitative skills represent measurable, bounded
capacities (e.g. lifting capacity or battery level) that can be aggregated among agents and
consumed or produced over time.

Furthermore, real-world tasks are rarely instantaneous. They are dynamic processes that
unfold over time, requiring different skills at different stages and inducing specific effects
at precise moments. While existing literature on task-driven team formation extensively
covers the assignment of agents to tasks based on skill matching, it often abstracts away the
fine-grained temporal constraints of task execution. On the other hand, expressive temporal
planning frameworks handle complex temporal and numeric constraints but traditionally
struggle with the combinatorial explosion of dynamically forming teams. Encoding such heav-
ily numeric and temporal problems into classical boolean Satisfiability (SAT) is notoriously
inefficient due to the discretization of time and resources.
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To bridge this gap, this paper introduces a novel framework for Multi-Agent Temporal
Planning Problems. We propose an event-based temporal task model that seamlessly
integrates dynamic team formation with fine-grained temporal and numeric reasoning. By
leveraging Satisfiability Modulo Theories (SMT), we map the discrete logic of qualitative
skill alignment to the boolean engine, while delegating the continuous temporal constraints
and quantitative resource aggregations to specialized arithmetic theory solvers.

Specifically, the main contributions of this paper are the following:
We formalize a temporal multi-agent planning domain encompassing heterogeneous agent
classes with qualitative and quantitative skills.
We extend classical event-based temporal semantics to support task-driven team formation,
defining strict applicability conditions based on skill requirements and temporal effects.
We present an efficient SMT encoding that natively resolves the complex interaction
between discrete team assignments and the numeric constraints of temporal execution,
validated by experimental results on disaster response problems.

This paper is organized as follows: Section 2 covers related work across SMT, temporal
planning, MRTA, and dynamic team formation. Section 3 formalizes the multi-agent temporal
planning problem, while Section 4 describes its SMT encoding. Section 5 evaluates the
framework through experiments in a disaster response domain. Finally, Section 6 concludes
this work and outlines future research directions.

2 Related Work

2.1 Satisfiability Modulo Theory (SMT)
Satisfiability Modulo Theories (SMT) extends the classic boolean Satisfiability (SAT) problem
by interpreting symbols with respect to background theories, such as Linear Integer Arithmetic
(LIA) or Linear Real Arithmetic (LRA) [1]. Traditional SAT solvers strictly operate on
propositional formulas, while SMT solvers can natively evaluate logical formulas containing
complex numeric and arithmetic constraints (e.g. x + y ≤ z). Although SAT is widely used
in classical automated planning, SAT-based approaches inherently struggle with two major
aspects of real-world dynamic domains: temporal flexibility (continuous or dense time) and
numeric resources [14]. This limitation arises from the severe combinatorial explosion caused
by discretizing large numeric domains, quantitative capacities, or real-valued timepoints into
purely boolean variables.

SMT overcomes these limitations by delegating arithmetic reasoning to specialized theory
solvers, allowing for scalable reasoning over continuous time and quantitative state variables.
In the context of temporal and numeric planning, SMT has been successfully used to encode
highly expressive formalisms such as PDDL2.1. Approaches like SMTPlan+ [4] and works
in temporal planning [13] demonstrate that SMT is particularly well-suited for event-based
planning. In these encodings, real-valued or integer variables represent the exact occurrence
times of events (e.g. τi) and the levels of numeric resources. The temporal relationships
between tasks are efficiently encoded using Difference Logic, while resource consumptions
and productions are modeled using Linear Arithmetic.

Our multi-agent temporal planning problem aligns perfectly with the capabilities of SMT.
The event-based framework introduced in the previous sections relies simultaneously on strict
logical prerequisites and cumulative numeric constraints. Encoding this model into SMT
allows us to jointly and efficiently solve two interdependent problems:
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The discrete logic of task assignments and team formation based on qualitative skill
matching, natively handled by the boolean SAT engine.
The arithmetic aggregation of quantitative skills (e.g. ensuring team resources meet task
requirements) and the resolution of the relative temporal constraints over event times,
natively handled by the LRA theory solver.

2.2 Event-based Temporal Planning
To model durative actions and continuous time, we rely on an event-based temporal planning
framework similar to that given in [6]. Rather than treating actions as atomic units with
fixed durations, this framework decomposes each action into a set of instantaneous events
(e.g. starting an action, establishing a fact, or ending a condition) scheduled over a temporal
horizon.

State variables representing properties of the environment that evolve over time are
modeled as boolean fluents. An action (or action-instance) a is defined by its constituent
events, denoted Events(a), which interact with fluents in two ways:

Effects: The event a → f establishes fluent f (making it true), while a → ¬f destroys f

(making it false).
Conditions: The notations f |→ a and f →| a represent the exact start and end timepoints,
respectively, of the continuous interval over which fluent f must remain true for action a

to be valid.

A real-valued function τ(E) ∈ R assigns the absolute execution time to any event E.
The internal temporal structure of an action a is governed by relative temporal constraints
Constr(a). For any pair of events e1, e2 ∈ Events(a), their relative time difference is bounded
by an interval [αa(e1, e2), βa(e1, e2)], imposing that τ(e1) − τ(e2) ∈ [αa(e1, e2), βa(e1, e2)].
This mechanism naturally models variable action durations and internal event orderings.

A valid temporal plan must satisfy two fundamental categories of constraints:
1. Inherent Constraints: Every action instance a ∈ A must respect its internal timing rules

defined by Constr(a).
2. Contradictory-Effects Constraints: To prevent physical inconsistencies, no two events

occurring at the exact same instant can establish and destroy the same fluent. Formally,
for any pair of action instances ai, aj ∈ A and any fluent f ∈ Del(ai) ∩ Add(aj), we
require that τ(ai → ¬f) ̸= τ(aj → f).

▶ Definition 1 (Temporal Planning Problem). A temporal planning problem is a tuple ⟨I, A, G⟩
where I is the initial set of true fluents, G is the set of goal fluents, and A is the set of
actions.

▶ Definition 2 (Temporal Plan). A temporal plan for a problem ⟨I, A, G⟩ is a pair P = ⟨A, τ⟩,
where A is a finite set of action-instances {a1, . . . , an} and τ is a real-valued function on
Events(A), is a temporal plan for the problem ⟨I, A′, G⟩ if (1) A ⊆ A′, and (2) P satisfies
the inherent and contradictory-effect constraints on A; and when P is executed (i.e. fluents
are established or destroyed at the times given by τ) starting from the initial state I: (3) for
all ai ∈ A, each f ∈ Cond(ai) is true when it is required, and (4) all goal fluents g ∈ G are
true at the end of the execution of P .

Events are instantaneous, whereas actions are not only durative but may also be of
variable length. Thus a temporal plan P does not schedule its action-instances directly but
schedules all the events in its action-instances.

TIME 2026
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2.3 Multi-Robot Task Allocation
Multi-Robot Task Allocation (MRTA) is a coordination problem where a group of agents
must efficiently assign themselves to tasks in order to perform them.

▶ Definition 3 (MRTA framework). Formally, the MRTA framework is defined in the literature
as a tuple ⟨N, T, u⟩, such that:

N = {r1, r2, . . . , rn}, a set of n robots.
T = {t1, t2, . . . , tm}, a set of m tasks.
u : N × T → R, a utility function that assigns the value of performing a task to a robot.

The resulting value uij represents the utility gained (or cost incurred, as negative utility)
from robot ri completing task tj. In the extended case where tasks require multiple robots,
this utility function is typically generalized over subsets of agents: u : 2N × T → R.

The more standard formalism of MRTA defines this problem in a “one-to-one” way: one
agent can be assigned to one task, and one task can be assigned by one agent. However,
as defined in [9], there is a comprehensive taxonomy allowing us to describe more complex
types of problems. This taxonomy is defined following three axes:

Single-task (ST) vs Multi-task (MT) robots: ST means that one robot can only perform
one task simultaneously, while MT means that one robot can perform one or more task
simultaneously.
Single-robot (SR) vs Multi-robot (MR) tasks: SR means that a task can be performed by
a single agent, while MR means that multiple robots can be required to perform the task.
Instantaneous (IA) vs Time-extended (TA) assignment: IA means that we can only create
an assignment for the next execution phase, without future planning. TA means that we
can schedule assignments in advance, before sequential and/or asynchronous executions.

According to this taxonomy, the challenge addressed in this paper, i.e. of coordinating
a fleet of heterogeneous agents to execute complex tasks through an automated planning
approach, falls into the ST-MR-TA category.

2.4 Dynamic Team Formation
While classic MRTA algorithms excel at optimizing utility and task scheduling, they often
treat the required groups as black boxes. To address the inner mechanics of group composition,
the Multi-Agent Systems (MAS) literature proposed the field of Dynamic Team Formation
[16, 8]. Dynamic team formation focuses on cooperative, short-lived and task-driven alliances
between agents. This framework is highly relevant for critical and high-uncertainty domains
such as Search and Rescue (SAR), where teams of heterogeneous robots must be formed
on-the-fly to combine complementary capabilities against emerging disaster events [11]. In
these scenarios, teams dissolve immediately upon task completion so that individual assets
can be fluidly redistributed to other pressing sub-goals [8].

To ensure the feasibility of these dynamic teams, the allocation framework must explicitly
model the capabilities of heterogeneous agents. In the literature, this is achieved by matching
agent profiles against task requirements using two distinct paradigms:

Qualitative Skill Alignment: Tasks specify a set of mandatory operational roles or technical
skills (e.g. search capability, specific sensor). A formed team is valid if and only if the
joint capabilities of its assigned members satisfy the qualitative prerequisites of the task,
ensuring that all required roles are covered [5].
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Quantitative Resource Aggregation: Beyond binary skills or roles, agents possess bounded,
numeric resources (e.g. payload capacity, battery power). The quantitative capability of
a team is modeled as the cumulative sum of the individual resources contributed by its
members, which must satisfy or exceed the task’s dynamic requirement threshold [15].

Despite the maturity of both MRTA and dynamic team formation, a significant gap
remains at their intersection with formal temporal planning. Most existing team formation
algorithms operate under large-scale temporal abstractions, treating tasks as blocks with
static durations and fixed resource costs. Conversely, expressive temporal planners can
schedule complex timelines but struggle with the combinatorial explosion induced by the
dynamism of heterogeneous teams. Our work bridges this gap by unifying dynamic, skill-
driven team formation with an event-based temporal planning framework, leveraging the
efficiency of SMT solvers to handle the underlying numeric and logical constraints.

3 Multi-Agent Temporal Planning

We address a Multi-Agent Temporal Planning Problem. Briefly, this involves multi-agent
planning within a dynamic and temporal environment, where the cooperation between
heterogeneous agents is required to successfully execute a plan.

3.1 Agents and Mastered Skills over Time
▶ Definition 4 (Environment). Let us define the multi-agent environment of our problem as
a tuple E = ⟨N,T⟩, where N = {n1, ..., nm} is a set of m agents and T ∈ {Z,Q} represents
the temporal domain of the environment (discrete or continuous).

Agents and tasks are characterized by a set of skills K, partitioned into qualitative and
quantitative types based on their temporal evolution and aggregation properties.

▶ Definition 5 (Skills). Let K = Kql ∪ Kqt be the set of all available skills, defined as the
disjoint union of qualitative (boolean) skills Kql = {k1, ..., kl} and quantitative (measurable)
skills Kqt = {kl+1, ..., kl+l′}.

▶ Example 6 (Running domain). Throughout this section, we illustrate the definitions
on a simplified Disaster Response domain with Kql = {Fire extinguishing} and Kqt =
{Water Capacity}.

To model agent heterogeneity, we group agents into stationary classes (e.g. operational
roles) with fixed profiles of mastered skills that cannot be acquired or lost over time.

▶ Definition 7 (Agent Class). An agent class w ∈ W is defined as a tuple w = ⟨Nw, Kw
ql , Kw

qt ,

P w
qt⟩ where:

Nw ⊆ N is a subset of agents that belongs to the class w,
Kw

ql ⊆ Kql is a subset of qualitative skills that agents in this class have mastered,
Kw

qt ⊆ Kqt is a subset of quantitative skills that agents in this class have mastered,
P w

qt : Kw
qt → Q+ is a capacity function mapping each quantitative skill k ∈ Kw

qt to its
maximum capacity for an agent of class w.

▶ Example 8 (Agent Profile). In a Disaster Response scenario, an agent class w = Firefighting
Drone could be defined with Kw

ql = {Fire extinguishing}, and a bounded quantitative skill
Kw

qt = {Water Capacity} with P w
qt(Water Capacity) = 100L.

TIME 2026



9:6 Dynamic Quantitative Skill Distribution in Multi-Agent Temporal Planning as SMT

Qualitative skills represent static capabilities required to participate in a task. They are
evaluated via a class-dependent indicator function.

▶ Definition 9 (Qualitative skills function). Let m01 : N × Kql → {0, 1} be the indicator
function determining whether an agent n ∈ Nw of class w ∈ W masters a skill k ∈ Kql:

m01(n, k) =
{

1 if k ∈ Kw
ql

0 otherwise

▶ Example 10 (Qualitative instantiation). For n a Firefighting Drone, m01(n, Fire extinguish-
ing) = 1, while m01(n, k) = 0 for any other qualitative skill k ∈ Kql .

Accordingly, m01
n = {k ∈ Kql | m01(n, k) = 1} denotes the skills of agent n, and

m01
C =

⋃
n∈C m01

n defines the qualitative skills aggregated by a team of agents C ⊆ N via
set union. Conversely, quantitative skills describe bounded capacities (e.g. resource) whose
operational values can dynamically evolve but are bounded by the agent’s class capacity.

▶ Definition 11 (Quantitative skills function). Let mQ : N × Kqt × T → Q+ be the dynamic
function determining the level of a quantitative skill for agent n ∈ Nw of class w ∈ W at
time τ ∈ T:

∀k ∈ Kqt , 0 ≤ mQ(n, k, τ) ≤

{
P w

qt(k) if k ∈ Kw
qt

0 otherwise

▶ Example 12 (Quantitative instantiation). At time τ , a Firefighting Drone n with a half-full
tank has mQ(n, Water Capacity, τ) = 50 ≤ P w

qt(Water Capacity) = 100.

The current profile of agent n is denoted mQ
n(τ) = {(k, mQ(n, k, τ)) | k ∈ Kw

qt ∧
mQ(n, k, τ) > 0}, and the aggregated quantitative skills of a team C ⊆ N are modeled
via arithmetic sum: mQ

C(τ) = {(k, v) | k ∈ Kqt , v =
∑

n∈C mQ(n, k, τ)}.

3.2 Event-Based Tasks
We extend the event-based temporal planning framework in [6], representing plans as networks
of primitive events occurring at specific timepoints. We use a placeholder dot (·) to denote
any entity (e.g. a task t or Nature) interacting with the environment state.

▶ Definition 13 (Primitive Events). Let f ∈ F be a fluent, and kql ∈ Kql, and kqt ∈ Kqt with
a value v ∈ Q+ respectively a qualitative and a quantitative skill. We define the following
primitive events:

Fluent events: · → f (establish f), · → ¬f (destroy f), and f → · (require f).
Skill events: kql → · (require kql), (kqt ≥ v) → · (require capacity v), · → kqt(+v)
(produce capacity v), and · → kqt(−v) (consume capacity v).

▶ Example 14 (Primitive events). The task t = Extinguish Fire requires the qualitative skill
via Fire extinguishing → t, requires an aggregated capacity of 150L via (Water Capacity ≥
150) → t, and later consumes it via t → Water Capacity(−150).

When a specific task t ∈ T triggers an event, the placeholder · is replaced by t. Tasks are
modeled as collections of temporal requirements and effects over an inherent timeline.

▶ Definition 15 (Task Events). For a task t ∈ T and a relative timepoint τ ∈ T at which the
event occurs, we define the following profile functions:

Fluent requirement: condf : T × F × T → {0, 1} indicates if f ∈ F is necessary (1) or
not (0).
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Qualitative requirement: r01 : T × Kql × T → {0, 1} indicates if k ∈ Kql is necessary (1)
or not (0).
Quantitative requirement: rQ : T × Kqt × T → Q+ specifies the minimum capacity needed
for k ∈ Kqt.
Fluent effect: efff : T × F × T → {0, 1} indicates whether fluent f is established (1) or
destroyed (0).
Quantitative production: addqt : T × Kqt × T → Q+ represents the capacity produced.
Quantitative consumption: delqt : T × Kqt × T → Q+ represents the capacity consumed.

▶ Example 16 (Task profile instantiation). For t = Extinguish Fire: at τ = 0, r01(t,Fire extin-
guishing, 0) = 1 and rQ(t, Water Capacity, 0) = 150; at τ = 2, delqt(t, Water Capacity, 2) =
150 (the capacity is consumed once the fire is extinguished).

We map the occurrence times of these structural conditions and effects directly to the
execution plan. Let τi(e) denote the relative timepoint of the i-th instance of event e

(simplified to τ(e) if it occurs exactly once).

▶ Definition 17 (Event Mapping). Let t ∈ T be a temporal task. The relationship between
the syntactic events of t and its temporal profile functions is defined as follows:

τ(f → t) = τi ⇐⇒ condf (t, f, τi) = 1
τ(kql → t) = τi ⇐⇒ r01(t, kql, τi) = 1

τ((kqt ≥ v) → t) = τi ⇐⇒ rQ(t, kqt, τi) ≥ v

τ(t → f) = τi ⇐⇒ efff (t, f, τi) = 1
τ(t → ¬f) = τi ⇐⇒ efff (t, f, τi) = 0

τ(t → kqt(+v)) = τi ⇐⇒ addqt(t, kqt, τi) = v

τ(t → kqt(−v)) = τi ⇐⇒ delqt(t, kqt, τi) = v

Internal temporal constraints Constr t are expressed as relations over these event times (e.g.
τ((kqt ≥ v) → t) ≤ τ(t → kqt(−v)) ensures that capacity verification precedes consumption).
Tasks can only be executed if the assigned team jointly satisfies these prerequisites.

▶ Definition 18 (Executable Task Condition). A task t ∈ T is executable by a team C ⊆ N at
time τ ∈ T if and only if it satisfies both:

Qualitative validity: ∀k ∈ Kql , r01(t, k, τ) = 1 =⇒ k ∈ m01
C

Quantitative validity: ∀k ∈ Kqt , rQ(t, k, τ) ≤
∑

n∈C mQ(n, k, τ)
We denote TC(τ) ⊆ T as the subset of tasks that are executable by the team C at time τ .

▶ Example 19 (Task Execution). Consider a task t = Extinguish Fire. It requires the
qualitative skill r01(t, Fire Extinguishing, τ) = 1 to be able spread water, and a quantitative
aggregate capacity rQ(t, Water Capacity, τ) ≥ 150L. A single Firefighting Drone (max 100L)
cannot execute this task alone. The Executable Task Condition forces the dynamic formation
of a team C containing at least two drones to satisfy the 150L threshold, alongside an agent
providing the Fire Extinguishing capability.

▶ Definition 20 (Temporal State). The dynamic state of the environment at time τ ∈ T is a
tuple S(τ) = ⟨C(τ), mQ(τ), F (τ)⟩, where C(τ) is the active team structure (a partition of N),
mQ(τ) tracks individual quantitative skill levels, and F (τ) ⊆ F is the set of true fluents.
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3.3 Temporal Task Model and Team Formation Process
To formalize the problem, we first define the overall model, which encapsulates agents, skills,
and tasks.

▶ Definition 21 (Temporal Task Model). A Temporal Task Model (TTM) is a tuple M =
⟨W, N, T, K, F ,T⟩ where W is the set of agent classes, N is the set of m agents partitioned
into W, T is the set of temporal tasks, K = Kql ∪ Kqt is the partitioned set of skills, F is
the set of propositional fluents, and T is the temporal domain.

As previously mentioned, in our environment, a task is not instantaneous. Its conditions
and effects are tied to relative timepoints τ representing the progression of the task.

▶ Definition 22 (Temporal Task). A temporal task t ∈ T is a tuple t = ⟨Et, Constr t⟩,
where Et = ⟨Condt, Eff t⟩ encapsulates the task events, and Constr t represents the internal
synchronization and duration constraints over its relative timepoints τ :

Task Conditions (Condt):
condf (t, f, τ) ∈ {0, 1} indicates whether fluent f ∈ F must be true (1) at timepoint τ .
r01(t, k, τ) ∈ {0, 1} indicates if qualitative skill k ∈ Kql is required.
rQ(t, k, τ) ∈ Q+ specifies the minimum required aggregate level of quantitative skill
k ∈ Kqt.

Task Effects (Eff t):
efff (t, f, τ) ∈ {0, 1} dictates whether fluent f is established (1) or destroyed (0) at
timepoint τ .
addqt(t, k, τ) ∈ Q+ and delqt(t, k, τ) ∈ Q+ respectively define the quantitative skill
amounts produced or consumed at timepoint τ .

▶ Definition 23 (Team Formation Process). Let M be a TTM. A Team Formation Process
(TFP) is a tuple p = ⟨C, X, Tb, Td, Te⟩ where:

C ⊆ N is the subset of agents allocated to the process.
X ⊆ T is the subset of tasks to be executed by the team.
Tb ≤ Td ≤ Te are three ordered global timepoints representing the assembly phase (Tb), the
effective deployment (Td), and the dissolution of the team (Te).

For any task t ∈ X, T t
b and T t

e denote its specific start and end execution times, satisfying
Td ≤ T t

b ≤ T t
e ≤ Te.

▶ Example 24 (Team Formation Process). Continuing the running example, a TFP p =
⟨{n1, n2}, {Extinguish Fire}, 0, 1, 3⟩ assembles two Firefighting Drones n1, n2 at Tb = 0,
deploys them as a unified team from Td = 1, during which they jointly satisfy the 150L

requirement of Extinguish Fire (100L + 100L ≥ 150L), and dissolves the team at Te = 3.

A TFP is applicable in a state S(Tb) if all participating agents are initially free, i.e. they
belong to singleton sets in the active team structure: ∀ni ∈ C, {ni} ∈ C(Tb). Once triggered,
the process enforces the following structural state transitions:

∀ni ∈ C, {ni} ∈ C(τ) is maintained for all states during the assembly interval τ ∈ [Tb, Td[;
C ∈ C(τ) represents the unified operational team for all states during execution τ ∈
[Td, Te];
∀ni ∈ C, {ni} ∈ C(Te) models the instant dissolution of the team back into individual
assets.
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3.4 Multi-Agent Temporal Planning Problem
▶ Definition 25 (Team Temporal Planning Problem). A Team Temporal Planning Problem
(TTPP) is a tuple ⟨M, I, G⟩ where M is a Temporal Task Model (TTM), I = ⟨C0, mQ

0 , F0⟩
is the initial temporal state, and G ⊆ F the set of goal fluents.

To ensure physical feasibility, the scheduling of tasks and TFPs must strictly satisfy three
Exclusivity Constraints:

Agent exclusivity: An agent can participate in at most one active TFP at any given time.
For any two concurrent TFPs sharing an agent, their global temporal intervals [Tb, Te]
must not overlap.
Task exclusivity: A specific task instance can be executed by at most one TFP simul-
taneously. For any two instances of the same task t1, t2 executed by two different TFPs,
their respective execution intervals [T t1

b , T t1
e ] and [T t2

b , T t2
e ] must not overlap.

Team exclusivity: A formed team executes exactly one task at a time. For any two
tasks t1, t2 executed by the same TFP, their respective execution intervals [T t1

b , T t1
e ] and

[T t2
b , T t2

e ] must not overlap.
Consequently, agent’s skills are inherently dedicated to a single task at any given moment,
naturally preventing the simultaneous use of its skills for two tasks in parallel without
requiring an explicit skill exclusivity constraint.

Furthermore, any valid plan must respect Inherent Constraints (the internal timing bounds
Constr t within each task) and Contradictory-Effects Constraints. Since qualitative skills are
static in our model, contradictory effects only apply to fluents and quantitative capacities:
two primitive events occurring at the exact same instant τ cannot assign conflicting boolean
values to the same fluent f ∈ F , nor assign diverging absolute values to the same quantitative
skill level of an agent.

▶ Definition 26 (Team Temporal Plan). Let ⟨M, I, G⟩ be a TTPP. A Team Temporal Plan
(TTP) is a tuple Π = ⟨P, τ⟩, where P = {p1, ..., pn} is a finite set of TFPs and τ is a
rational-valued scheduling function mapping every primitive event to a specific timepoint. Π
is a valid temporal plan for the TTPP if the following conditions are met:
1. Consistency: P strictly satisfies all inherent, contradictory-effect and exclusivity con-

straints over M.
2. Execution Validity: When executing Π from the initial state I (i.e. fluents and quantitative

skills are updated at the precise times given by τ):
a. For all executed tasks, required conditions f ∈ F hold true over their specified require-

ment intervals.
b. For every task t executed by a team C at time τt, the team satisfies the Executable Task

Conditions (i.e. C covers all required qualitative skills r01 and continuously provides
sufficient aggregated quantitative capacities rQ).

c. All goal fluents g ∈ G are true at the end of the execution of Π.

4 Multi-Agent Temporal Planning as SMT

To encode our temporal multi-agent problem into SMT, we must first define the variables
representing the timeline of events. Unlike standard SAT encodings that discretize time into
fixed steps, our SMT approach uses rational-valued variables to represent exact timepoints.
First, we encode the chronological validity of the TFPs. A TFP cannot occur instantaneously,
it follows a strict sequence of stages. For any given TFP, its initialization must precede its
execution phase (but can not precede the initial timepoint), and finally conclude at its end
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time. We also define the virtual event τ(n 99K p) corresponding to a past timepoint τ where
we establish that agent n is tied to p and can not be used for another TFP. To enforce this
structure, we impose the following constraint for all TFPs:∧

p∈P

(
(TInit − T p

b ≤ 0) ∧ (T p
b − T p

d ≤ 0) ∧ (T p
d − T p

e ≤ 0)
)

By formulating these temporal relations as difference logic inequalities (e.g. x − y ≤ 0), we
ensure that the SMT solver’s arithmetic theory engine can efficiently resolve the temporal
bounds without combinatorial explosion.

∧
p1∈P
n∈N


(n ∈ Cp1) ⇒

(
τ(n 99K p1) − T p1

b ≤ 0
)

∧ ∨
p2∈P
p1 ̸=p2

(
(n ∈ Cp2) ∧ (τ(n 99K p1) − T p2

e = 0)
)

∨
(

τ(n 99K p1) − TInit = 0
)


∧
n∈N

p1,p2∈P
p1 ̸=p2

(
(n ∈ Cp1) ∧ (n ∈ Cp2) ⇒

(
τ(n 99K p1) − T p2

e ≥ 0
)

∨
(

τ(n 99K p2) − T p1
e ≥ 0

))

To track the continuous evolution of quantitative skills, our encoding relies on two mechanisms:
local updates via a pass-through logic, and global causal links protected by formulas φ1 and
φ2 below. On the one hand, the pass-through mechanism acts as a frame axiom. For any
task event, if an agent is not part of the assigned team (¬(n ∈ Cp)), the solver enforces a
strict equality between their before and after skill values (valp,t,k,n

AddB = valp,t,k,n
AddA ). The event

is mathematically transparent to them, preventing unintended resource modifications.

∧
p∈P
t∈T



(t ∈ Xp) ⇒

∧
(t→kqt(+v))∈Et



(
up,t,k

|N | = 0
)

∧
(

up,t,k
0 = v

)
∧

∧
i∈{1,...,|N |}

(
up,t,k

i−1 − up,t,k
i − valp,t,k,ni−1

AddA + valp,t,k,ni−1
AddB = 0

)

∧
∧

n∈N



(
¬(n ∈ Cp) ⇒

(
valp,t,k,n

AddA − valp,t,k,n
AddB = 0

))
∧
(

valp,t,k,n
AddB − valp,t,k,n

AddA ≤ 0
)

∧
∧

w∈W
n∈Nw

k∈Kw
qt

(
valp,t,k,n

AddA − P w
qt(k) ≤ 0

)





On the other hand, for the participating agents, we must link their current before state to a
valid past event. This is achieved through virtual timepoints and the two sub-formulas: φ1
(Causal Support) that forces the solver to find a preceding event (an effect of a past task, or
the initial state) whose after value exactly matches the current before requirement, effectively
establishing a causal link. φ2 (Causal Link Protection) that resolves potential threats by
ensuring that no other event modifying this agent’s specific skill can be scheduled inside the
interval between the supporting past event and the current task event. Any interfering task
must be constrained to occur before the support or after the current event. As before, we
use again a virtual event for each agent n, for example τp,n(t 99K kqt(+v)), to reserve in the
past the amount of contribution valp,t,k,n

AddB of skill k from agent n for the task t timepoint
τp(t → kqt(+v)).
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∧
p∈P
t∈T

(
(t ∈ Xp) ⇒

∧
n∈N

(t→kqt(+v))∈Et

(
τp,n(t 99K kqt(+v)) − τp(t → kqt(+v)) ≤ 0 ∧ φ1 ∧ φ2

))

φ1 =


∨

p2∈P



∨
t2∈T

(t2→kqt(+v2))∈Et2
(p ̸=p2∨t̸=t2)

(t2 ∈ Xp2 )
∧
(
valp,t,k,n

AddB − valp2,t2,k,n
AddA = 0

)
∧ (τp,n(t 99K kqt(+v)) − τp2 (t2 → kqt(+v2)) = 0)



∨
∨

t2∈T
(t2→kqt(−v2))∈Et2

(t2 ∈ Xp2 )
∧
(
valp,t,k,n

AddB − valp2,t2,k,n
DelA = 0

)
∧ (τp,n(t 99K kqt(+v)) − τp2 (t2 → kqt(−v2)) = 0)




∨
((

valp,t,k,n
AddB = valk,n

Init

)
∧ (τp,n(t 99K kqt(+v)) − TInit = 0)

)



φ2 =
∧

p3∈P



(n ∈ Cp3 ) ⇒

∧
t3∈T

(t3→kqt(−v3))∈Et3
(p ̸=p3∨t ̸=t3)

(t3 ∈ Xp3 ) ⇒
τp3 (t3 → kqt(−v3)) − τp,n(t 99K kqt(+v)) ≤ 0
∨τp(t → kqt(+v)) − τp3 (t3 → kqt(−v3)) ≤ 0



∧
∧

t3∈T
(t3→kqt(+v3))∈Et3

(p ̸=p3∨t̸=t3)

(t3 ∈ Xp3 ) ⇒
τp3 (t3 → kqt(+v3)) − τp,n(t 99K kqt(+v)) ≤ 0
∨τp(t → kqt(+v)) − τp3 (t3 → kqt(+v3)) ≤ 0






This causal linking mechanism is not limited to quantitative skills, but serves as a universal
foundation for our encoding. We apply an identical virtual event formulation to manage the
logical consistency of fluents and qualitative skills. For any required propositional condition,
the solver instantiates a virtual event that binds the requirement to a valid past establishing
event (such as a previous task’s effect or the initial state). Simultaneously, the encoding
secures this causal chain by ensuring that any conflicting event (e.g. a deletion effect) is
strictly isolated outside the protected temporal interval. Consequently, both the numeric and
propositional states of the environment remain strictly consistent throughout the timeline.
All additional encoding rules are given in Appendix A.

In terms of expressivity, our model captures the numeric and temporal semantics of
PDDL2.1, naturally mapping quantitative skills to increase, decrease, and assign effects.
While encoding such expressiveness in SAT causes combinatorial explosion through time and
resource discretization, our SMT formulation over Quantifier-Free Linear Real Arithmetic (QF-
LRA) natively handles continuous variables without artificial discretization. Theoretically,
concurrent planning is EXPSPACE-complete over discrete time (T = Z) [12] and generally
undecidable over dense time (T = Q) [10]. However, by bounding the maximum number of
TFPs, our encoding restricts the continuous state space to a finite, polynomially bounded set
of events. This reduces our specific planning task to a bounded scheduling problem. Since
the satisfiability of QF-LRA is NP-complete, our bounded formulation fundamentally lowers
the theoretical complexity. To guarantee that our SMT formulation accurately captures the
semantics of the Multi-Agent Temporal Planning Problem, we state the following theorem.

▶ Theorem 27 (Soundness and Completeness). Let ⟨M, I, G⟩ be a Team Temporal Planning
Problem (TTPP). Any satisfying assignment produced by the SMT encoding corresponds to
a valid Team Temporal Plan Π for this TTPP (Soundness). Conversely, if a valid plan Π
exists for the TTPP within the bounded number of TFPs, the SMT encoding is satisfiable
(Completeness).

The complete formal proof of this theorem is given in Appendix B.
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5 Experimental Evaluation

To evaluate our approach, we model a disaster response scenario, which describes a highly
uncertain environment requiring heterogeneous agents to dynamically form teams to execute
complex, time-critical tasks (e.g. firefighting, rescuing victims).

5.1 Domain Description and Setup
Our domain defines five innate qualitative skills (Search, Rescue, Fire extinguishing, Clear,
Mark) and two quantitative skills (Water supply and Strength, bounded in [0, 100]). To solve
the tasks, we define five heterogeneous agent classes, summarized in Table 1.

Table 1 Agent classes and their respective qualitative and quantitative skill profiles.

Class Type Qualitative Skills Quantitative Skills

Firefighter Human Fire ext., Rescue, Mark Water supply, Strength
Reconnaissance Drone UAV Search, Mark -
Firefighting Drone UAV Fire ext. Water supply
Ground Support Drone UGV Rescue Water supply
High-risk Inspection Drone UGV Search Strength

To conduct a robust evaluation, temporal tasks are generated using randomized structural
profiles. Tasks can be either production tasks (20% probability), establishing 1 to 3 new
fluents with no fluent prerequisites, or as transition tasks (80%), requiring 1 to |F |/2 fluents
and establishing 1 to |F |/2 new ones, with a 50% chance of consuming each initial condition.
Qualitative skills have a 30% probability of being required. Quantitative skills have a 30%
chance of being required (sampled uniformly in [10, 100]). If a capacity is required, it has a
50% chance of being consumed; otherwise, it has a 5% chance of being restored (sampled in
[10, 100]). Additionally, dedicated refueling tasks are explicitly generated to replenish specific
quantitative capacities. Finally, every task condition and effect is assigned a randomized
relative timepoint to accurately simulate complex internal task synchronizations.

5.2 Protocol and metrics
We generated benchmarks varying along three axes: the number of agents |N | ∈ [3, 10]
(uniformly distributed among classes), tasks |T | ∈ {10, 15, 20}, and fluents |F | ∈ {6, 12}.
Since our event-based SMT formulation requires an upper bound on the number of Team
Formation Processes (TFPs) to unfold the timeline, we applied a dichotomic search strategy
to find the minimal feasible plan. For |N | ≤ 7, the search explored up to 8 TFPs with a 300s
timeout per instance. For |N | ≥ 8, the bound was extended to 10 TFPs with a 600s timeout.

Instances were encoded into SMT using TouIST [7] and solved with Yices on an Intel
Core i7-1370P (32GB RAM). We recorded the translation time (Ttrans), solving time (Tsolve),
total execution time (Texec), number of teams formed (|T F|), number of executed tasks
(|X|), and makespan.

It is crucial to note that the Success Rate reported in our results strictly isolates
non-trivial SAT instances. The remaining percentage encompasses not only classical solver
timeouts and proven UNSAT instances, but also trivially solvable scenarios where the goal
state was immediately satisfied by the initial state or by uncontrolled environment events
(Nature) without requiring any active team formation.
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It is important to emphasize why direct empirical comparisons with existing temporal-
numeric planners (e.g. OPTIC [2], SMTPlan+ [4] or ARIES [3]) are omitted. Standard
PDDL-based and temporal-numeric planners do not natively support dynamic team formation.
Attempting to encode our TTPP into classical temporal-numeric languages would require
explicitly grounding all possible 2|N | team combinations as individual actions. This artificial
translation induces a combinatorial explosion before the temporal scheduling and resource
aggregation begins.

5.3 Results
Tables 2 and 3 summarize the average metrics for successful runs. Preliminary observations
indicated that the number of logical fluents exerts a marginal impact compared to the
combinatorial explosion of team assignments, thus, our analysis focuses on |N | and |T |.

Table 2 Average performance metrics grouped by number of agents (|N |). Times in seconds.

|N | Success Rate Ttrans Tsolve Texec |T F| |X| Makespan

3 29.0% 0.17 2.34 2.51 1.45 4.00 27.64
4 30.7% 0.18 2.75 2.93 1.45 4.28 30.37
5 31.7% 0.20 3.91 4.11 1.20 3.74 25.32
6 32.0% 0.20 5.03 5.23 1.48 4.83 33.99
7 36.0% 0.28 1.20 1.48 1.30 3.57 27.55
8 33.3% 0.49 2.06 2.55 1.30 3.31 21.94
9 26.7% 0.48 6.35 6.84 1.41 3.85 30.07
10 33.0% 0.59 2.64 3.24 1.31 3.60 28.26

Table 3 Average performance metrics grouped by number of tasks (|T |). Times in seconds.

|T | Success Rate Ttrans Tsolve Texec |T F| |X| Makespan

10 27.4% 0.18 2.24 2.43 1.38 3.25 21.05
15 31.0% 0.34 2.96 3.30 1.35 3.95 29.13
20 36.3% 0.42 4.11 4.53 1.35 4.31 32.43

As observed, the SMT encoding demonstrates remarkable efficiency. The translation time
(Ttrans) remains negligible, consistently staying well below one second, which highlights the
structural compactness of our TouIST encoding rules.

The solving time (Tsolve) is highly competitive. Across all configurations, the solver
successfully navigates the complex interplay between dynamic capability matching and dense
temporal constraints in an average of 2 to 6 seconds. While scaling the problem naturally
induces combinatorial growth, the framework comfortably manages up to 10 heterogeneous
agents and 20 temporal tasks within acceptable planning windows.

Furthermore, analyzing the generated plans reveals an interesting structural behavior:
the average number of formed teams (|T F| ≈ 1.3) is above 1 which means that, on average,
several TFPs are created, but the fact that the average number is between 1 and 2 also
indicates that the solver actively leverages the agents’ combined skills by packing multiple
sequential tasks (|X| ≈ 4) into a single, long-lived team rather than frequently dissolving and
reassembling different groups. This behavior is fundamentally tied to the nature of standard
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SMT solvers, which are designed to find the first logically valid assignment (satisfiability)
rather than the globally optimal one. Without an explicit objective function to minimize the
makespan, the solver lacks the mathematical incentive to parallelize tasks across multiple
simultaneous teams. Extending this framework to support optimization metrics to actively
minimize the makespan represents a highly promising avenue for future work.

5.4 Discussion on Expressive Capabilities
To clarify the contribution of our model independently of the underlying solver, it is essential
to position its expressive capabilities against existing temporal planning frameworks such
as PDDL2.1. While standard action-based languages are highly expressive and could
theoretically model dynamic team formation, doing so requires severe and inefficient structural
workarounds. To represent a cooperative task, a modeler would have to either explicitly
ground a distinct action for every possible subset of agents (causing an immediate 2|N |

combinatorial explosion in the domain definition itself), or introduce intricate sequences of
intermediate “join-team” and “leave-team” actions. The latter approach artificially inflates
the plan length and severely complicates the temporal synchronization of concurrent effects.

Our framework offers a fundamentally different representation that avoids these pitfalls
by treating dynamic team formation and capability aggregation as first-order concepts. The
expressive advantage of our model does not lie in bypassing classical decidability limits, but in
its ability to natively and compactly represent cooperative task execution: a task dynamically
dictates its qualitative and quantitative requirements over time, and a valid team emerges
to fulfill them simultaneously. This provides a significantly more natural representation for
complex Multi-Robot Task Allocation (MRTA) scenarios, by clearly decoupling the temporal
logic of the tasks from the combinatorial complexity of agent assignments.

6 Conclusion and Perspectives

In this paper, we have introduced a new framework for multi-agent temporal planning that
effectively integrates dynamic team formation with event-based temporal reasoning. Our
approach overcomes the traditional limitations of SAT encoding for complex timelines and
also unifies the dynamics of team formation with the arithmetic complexity of quantitative
skill allocation through SMT encoding. Our experiments on disaster response scenarios
demonstrate that our unified encoding is both expressive and computationally scalable,
successfully coordinating heterogeneous agents to execute complex and distributed tasks.
This work establishes a robust foundation for multi-agent temporal planning where cooperative
team structures are not predefined, but emerge dynamically as a direct result of the temporal
scheduling process.

In this article, we focus on a framework describing only two classes of skills, with fixed
domains and aggregation functions. Future work may include the generalization of classes,
with a higher-level definition of their domains and aggregation functions. Thus, this would
enable us to use our model to define a wider range of problems in a flexible manner.

The experiments presented in this work focused on finding valid plans, while optimization
was performed manually by adjusting the number of TFPs in order to identify the minimum
achievable makespan for a given problem instance. However, some TFPs may be created and
certain tasks executed even though they are not strictly necessary for the plan to be valid.
A promising direction for future work would be to investigate multi-objective optimization
approaches that jointly consider the makespan, the number of TFPs, and the number of
executed tasks. Such optimization could notably be addressed using another solver such as
Z3 through the SMT-LIB formalism.
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A Additional Encoding Rules (Complete Encoding)

This section details the exhaustive SMT encoding rules applied to generate the valid Team
Temporal Plans. To ensure readability, formulas use the mathematical notations introduced
in Section 3 and Section 4. Let τp(t) denote the base reference timepoint of task t within the
TFP p. T p,t

b and T p,t
e represent the specific start and end temporal execution boundaries of

task t within p. For quantitative aggregations, up,t,k
i represents the cumulative sum variable

over the agents.

Structural Constraints

Agents cannot belong to a Team Formation Process (TFP) if it does not execute any task:∧
p∈P

∧
n∈N

(
(n ∈ Cp) ⇒

∨
t∈T

(t ∈ Xp)
)

All TFPs must strictly start after the initial chronological timepoint TInit :∧
p∈P

(
TInit − T p

b ≤ 0
)

If a task t is executed within a TFP p, its precise temporal bounds T p,t
b and T p,t

e are
restrained within the TFP execution phase [T p

d , T p
e ]. Furthermore, every primitive event

e ∈ Et must strictly occur within the task boundaries:

∧
p∈P

∧
t∈T

(t ∈ Xp) ⇒
(
T p

d − T p,t
b ≤ 0

)
∧ (T p

e − T p,t
e ≥ 0)

∧
∧

e∈Et

((
T p,t

b − τp(e) ≤ 0
)

∧
(
T p,t

e − τp(e) ≥ 0
))

Inherent Internal Task Constraints (Constrt)

For every executed task t in a TFP p, the relative occurrence of its condition and effect
events must respect the structural offset bounds ∆t defined in its domain profile:
Fluents Constraints:

∧
p∈P

∧
t∈T



∧
(f→t)∈Et

(
τp(f → t) − τp(t) = ∆t(f → t)

)
∧

∧
(t→f)∈Et

(
τp(t → f) − τp(t) = ∆t(t → f)

)
∧

∧
(t→¬f)∈Et

(
τp(t → ¬f) − τp(t) = ∆t(t → ¬f)

)


Quantitative Skills Constraints:

∧
p∈P

∧
t∈T



∧
((kqt≥v)→t)∈Et

(
τp((kqt ≥ v) → t) − τp(t) = ∆t((kqt ≥ v) → t)

)
∧

∧
(t→kqt(+v))∈Et

(
τp(t → kqt(+v)) − τp(t) = ∆t(t → kqt(+v))

)
∧

∧
(t→kqt(−v))∈Et

(
τp(t → kqt(−v)) − τp(t) = ∆t(t → kqt(−v))

)


Qualitative Skills Constraints:∧

p∈P

∧
t∈T

∧
(kql→t)∈Et

(
τp(kql → t) − τp(t) = ∆t(kql → t)

)
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Qualitative Capability Checking

Tasks requiring qualitative skills kql must be executed by a team where at least one assigned
agent natively masters the specific skill:

∧
p∈P

∧
t∈T

(
(t ∈ Xp) ⇒

∧
(kql→t)∈Et

∨
n∈N

kql∈m01
n

(n ∈ Cp)
)

Causality and Protection over Propositional Fluents (F )

Goal Fluents (G): For each goal f ∈ G, its virtual requirement event τ req(G, f) must occur
at or before TGoal . It must be supported by a preceding production effect or the initial
state I. Any deletion of f must explicitly occur strictly before the protection interval starts.

∧
f∈G



(
τ req(G, f) − TGoal ≤ 0

)

∧


∨

p1∈P

∨
t1∈T

(t1→f)∈Et1

(
(t1 ∈ Xp1) ∧

(
τ req(G, f) − τp1(t1 → f) = 0

))

∨


(

τ req(G, f) − TInit = 0
)

if f ∈ I

⊥ otherwise


∧
∧

p2∈P

∧
t2∈T

(t2→¬f)∈Et2

(
(t2 ∈ Xp2) ⇒ τp2(t2 → ¬f) − τ req(G, f) < 0

)


Task Fluents Conditions (CondF ): Any task condition f must similarly be supported by a
valid past event. Any conflicting deletion must be scheduled entirely outside the resulting
causal protection link.

∧
p2∈P

∧
t2∈T

(
(t2 ∈ Xp2) ⇒

∧
(f→t2)∈Et2



(
τp2,req(f 99K t2) − τp2(f → t2) ≤ 0

)

∧


∨

p1∈P

∨
t1∈T

(t1→f)∈Et1

(
(t1 ∈ Xp1)
∧
(

τp2,req(f 99K t2) − τp1(t1 → f) = 0
))

∨


(

τp2,req(f 99K t2) − TInit = 0
)

if f ∈ I

⊥ otherwise


∧
∧

p3∈P

∧
t3∈T

(t3→¬f)∈Et3


(t3 ∈ Xp3) ⇒(

τp3(t3 → ¬f) − τp2,req(f 99K t2) < 0
)

∨
(

τp2(f → t2) − τp3(t3 → ¬f) < 0
)



)

Quantitative Constraints and Causal Link Logic

The encoding of quantitative skills relies on two symmetrical mechanisms for each event
type (Addition, Consumption, and Condition): the intra-task capacity aggregation, and the
inter-task causal link protection. As the complete formulas for capacity production (AddQt)
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are already detailed in Section 4, we define the consumption (DelQt) and requirement
(CondQt) constraints by highlighting their specific deviations from the AddQt base formulas
to maintain brevity.

1. Task Quantitative Aggregation: The aggregation logic iterates over all agents to sum
their individual contributions up,t,k

i .
For Requirements (CondQt), the exact matching up,t,k

0 = v is relaxed to a lower
bound up,t,k

0 ≥ v. Furthermore, since a condition does not consume the resource, the
before/after state variables (valAddA, valAddB) are replaced by a single contribution
variable valp,t,k,n

Cond . For non-participating agents, we enforce valCond = 0.
For Consumptions (DelQt), the logic mirrors AddQt but reverses the before/after
dynamics. The sequence enforces up,t,k

i−1 − up,t,k
i − valp,t,k,n

DelB + valp,t,k,n
DelA = 0. For

participating agents, we ensure non-negativity and strict value tracking: valDelB −
valDelA ≥ 0 and valDelA ≥ 0. Non-participating agents pass their values through
unchanged (valDelB = valDelA).

2. Virtual Causal Events and Protection: To guarantee causal consistency, every individual
contribution (valp,t,k,n

Cond or valp,t,k,n
DelB ) must be anchored to a past establishing event without

any contradictory events occurring in between. The formulas are strictly identical to
the φ1 (Causal Support) and φ2 (Causal Protection) formulas provided for AddQt in
Section 4, subject to the following variable substitutions:

For CondQt: The virtual timepoint τp,n(t 99K kqt(+v)) is replaced by a condition
virtual timepoint (e.g. τp,n((kqt ≥ v) 99K t)), and the target variable valp,t,k,n

AddB is
replaced by valp,t,k,n

Cond .
For DelQt: The virtual timepoint τp,n(t 99K kqt(+v)) is replaced by τp,n(t 99K
kqt(−v)), and the target variable valp,t,k,n

AddB is replaced by valp,t,k,n
DelB .

Exclusivity Constraints (Mutex)

Agent Exclusivity: An agent n assigned to two distinct TFPs ensures strict sequentiality
between the deployment intervals.∧

n∈N

∧
p1∈P

∧
p2∈P
p1 ̸=p2

(
(n ∈ Cp1) ∧ (n ∈ Cp2) ⇒ (T p1

b − T p2
e ≥ 0) ∨ (T p2

b − T p1
e ≥ 0)

)

Task Exclusivity: Instances of the same task cannot be concurrently executed across distinct
TFPs.∧

p1∈P

∧
p2∈P
p1 ̸=p2

∧
t∈T

(
(t ∈ Xp1) ∧ (t ∈ Xp2) ⇒

(
T p1,t

b − T p2,t
e ≥ 0

)
∨
(
T p2,t

b − T p1,t
e ≥ 0

) )

Team Exclusivity: Tasks executed consecutively within the same TFP must not internally
overlap.∧

p∈P

∧
t1∈T

∧
t2∈T
t1 ̸=t2

(
(t1 ∈ Xp) ∧ (t2 ∈ Xp) ⇒

(
T p,t1

b − T p,t2
e ≥ 0

)
∨
(
T p,t2

b − T p,t1
e ≥ 0

) )

B Proof of the Soundness and Completeness Theorem

In this section, we provide the formal proof of Theorem 27 establishing the equivalence
between the satisfiability of our SMT encoding and the existence of a valid Team Temporal
Plan for a given Team Temporal Planning Problem (TTPP).
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▶ Theorem 27 (Soundness and Completeness). Let ⟨M, I, G⟩ be a Team Temporal Planning
Problem (TTPP). Any satisfying assignment produced by the SMT encoding corresponds to
a valid Team Temporal Plan Π for this TTPP (Soundness). Conversely, if a valid plan Π
exists for the TTPP within the bounded number of TFPs, the SMT encoding is satisfiable
(Completeness).

Proof. The proof is divided into two parts: establishing soundness by formally extracting a
valid plan from a satisfying SMT assignment, and establishing completeness by mapping a
valid plan back to a satisfying assignment.

Soundness. Let I be a satisfying assignment (a valid model) returned by the SMT solver
for the encoded formula over the QF-LRA theory, generated for the specific TTPP ⟨M, I, G⟩.
We construct a Team Temporal Plan Π = ⟨P, τ⟩ using the extraction mapping defined in
Section A. We must prove that Π satisfies all conditions of a valid temporal plan for this
TTPP (Definition 26):

Structural Consistency and Exclusivity: Because I strictly satisfies the structural and
mutex difference-logic constraints, all task bounds [T p,t

b , T p,t
e ] are appropriately ordered

and enclosed within their respective TFP deployment phases. Furthermore, for any two
active TFPs sharing an agent or executing the same task, the temporal intervals are
strictly disjoint. Thus, Π is physically plausible and respects all exclusivity constraints.
Inherent Constraints: The SMT formulation enforces precise arithmetic offsets τp(e) −
τp(t) = ∆t(e). Consequently, the relative timing of all primitive events within every
scheduled task in Π exactly matches the domain definition Constr t.
Execution Validity and Causal Consistency: The pass-through logic (e.g., up,t,k

i−1 − up,t,k
i −

valCond = 0) mathematically guarantees that the total capacity required by a task is
exactly the sum of the individual contributions of the assigned agents in Π. Crucially,
for any temporal requirement (whether a propositional fluent or a quantitative resource)
scheduled at τreq, the causal support formula φ1 forces I to anchor a virtual support
event to a strictly preceding establishing event (or to the initial state I). Simultaneously,
the protection formula φ2 logically isolates the temporal interval [τsup, τreq]. It guarantees
that any potentially contradictory event τconf is scheduled such that either τconf < τsup
or τconf > τreq. Thus, no Contradictory-Effects occur, and Π accurately satisfies the
Executable Task Conditions.
Initial and Goal States Consistency: The SMT encoding explicitly roots the causal chains
in the initial state I, meaning the execution of Π originates from a valid configuration.
Finally, the goal constraints enforce that all g ∈ G are supported by a valid establishing
event prior to TGoal and protected from subsequent deletions, ensuring the final state
reached by Π correctly satisfies G.

Since all criteria (consistency, execution validity, initial state consistency, and goal reachability)
are met, Π is a valid Team Temporal Plan for the given TTPP.

Completeness. Let Π = ⟨P, τ⟩ be a valid Team Temporal Plan for the TTPP ⟨M, I, G⟩,
operating within the established bound ncfp. We construct an assignment I for the SMT
formula as follows:
1. Assign the boolean variables (t ∈ Xp) and (n ∈ Cp) to true according to the exact sets

X and C defined in P. Assign all unused TFP variables to false.
2. Assign the temporal variables (T p

b , τp(t), τp(e)) to the exact rational values dictated by
the scheduling function τ mapping the events in Π.
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3. Assign the quantitative capability variables (valAddA, valDelB, etc.) to the numeric values
representing the agents’ true resource levels at those specific timepoints during the valid
execution of Π.

We now demonstrate that I satisfies every clause of the encoded formula:
Because Π is a valid TTP, it inherently respects all chronological boundaries and internal
task durations. Thus, all corresponding structural difference-logic equations (≤, =)
naturally evaluate to true in I.
Because Π rigorously prevents agent and task overlapping, the continuous real-time
intervals in τ are fully disjoint. Therefore, the logical disjunctions within the Mutex
constraints evaluate to true.
Because Π is validly executable from the initial state I, all required conditions and
resources are correctly provided when needed. Consequently, every condition possesses a
valid establishing event in the past timeline of Π. By assigning the virtual event variables
(τp,n(t 99K kqt(+v)), τ req, etc.) to the exact timepoints of these past supportive events,
the equality constraints within the causal support formulas (φ1) evaluate to true.
Furthermore, because Π contains zero unresolvable contradictory effects, strict temporal
separation exists between any support event and any interfering effect. Thus, the temporal
boundaries inherently satisfy the strict disjunctions required by the protection intervals
(φ2).
Finally, since Π successfully reaches the goal state G, the goal-specific causal link formulas
accurately map to a final sequence of valid establishing events.

Since the assignment I flawlessly maps the valid properties of the continuous temporal
plan into the QF-LRA domains without discretization artifacts, the entire logical formula
evaluates to true, thus proving the completeness of the encoding. ◀
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Digital forensic analysts interpret timestamps from digital systems to assess what happened in the
past. Since these systems encode time according to different underlying domains, timestamps cannot
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always be determined. Furthermore, we illustrate that existing forensic tools do not adhere to the
proposed normalization, resulting in violations of forensic soundness in the example discussed.
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1 Introduction

Law enforcement increasingly relies on digital investigations that analyze devices such as
smartphones, computers, smartwatches, or servers. For these investigations, as in traditional
forensics, traces1 are relevant. Conceptually, digital traces are evidential artifacts derived
from investigated digital sources that support the assessment of hypotheses (e.g., whether a
suspect committed fraud or possessed illegal material) [11].

Important artifacts of this nature are so-called timestamps. Digital systems (such as
file systems, operating systems, and many others) track when events occur and store this
information as timestamps in databases, logs or file metadata [10, 11]. These timestamps
are then used for event reconstruction, the investigative task of constructing and assessing
hypotheses about past actions. Importantly, event reconstruction normally involves examining
timestamps stored across devices and digital systems [9, 23].

1 In forensic science, traces refer to signs of prior activity. This differs from traces in temporal logic and
system verification, where it is defined as sequence of states or transitions (see, for example, [5]).
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To enable cross-device and cross-system analysis, timestamps must be represented uni-
formly [9]. We refer to this task as timestamp normalization (informally defined in Sec-
tion 2.2.3). Although forensic software, such as Plaso [35], Sleuth Kit [36], and Hansken [33],
performs this operation and it is recognized as a challenge by digital forensic investigators [28],
timestamp normalization for digital forensics has received no theoretical attention.

Contribution. This paper addresses this gap by providing a formal model of timestamp nor-
malization that aligns with the principles of forensic soundness. This formalization establishes
a standard that documents the essential properties to which timestamp normalization must
adhere in digital forensic analysis. Upon examining the formalization, we show that forensi-
cally sound normalization does not guarantee the comparability of normalized timestamps.
In other words, for certain timestamps, it is impossible to determine the order of tracked
events. Additionally, we demonstrate that state-of-the-art forensic software inadequately
normalizes timestamps, which might lead to forensically unsupported conclusions.

Outline. In Section 2, we introduce time tracking of civil time, time tracking in digital
systems and how this results in distinct underlying time domains highlighting the need for
normalization. Additionally, we informally define timestamp normalization and outline the
forensic soundness requirements for it. In Section 3, we introduce the formal framework
leading to the definition of normalization of timestamps (Section 3.6) building upon the
definition of normalization of time domains (Section 3.3). We show how the formalization of
normalization leads to incomparable timestamps in Section 3.5. In Section 4, we illustrate
how Sleuth Kit, Plaso, and Hansken do not soundly normalize timestamps and elaborate on
the resulting negative consequences using a real-world example. We discuss related work in
Section 5 and outline directions for future research in Section 6. Proofs omitted throughout
this paper are available in the appendix (Appendix A).

2 Defining Time in Digital Systems

Digital systems depend on defined time points to assign timestamps. We refer to the set of
time points that a system can use to assign timestamps as its time domain. No single time
domain is used by all digital systems; rather, the time domains of digital systems vary.

To illustrate this aspect, we will characterize the time domains of the following digital
systems: the extensible File Allocation Table (exFAT) [29], the Apple File System (APFS) [3],
the New Technology File System (NTFS) [30], and Discord Snowflake (DS) [18]. Figure 1
provides an overview over their time domains. ExFAT, APFS, and NTFS are file systems
frequently found on portable storage devices (e.g., USB flash drives), Apple devices, and
Windows devices, respectively. A file system organizes the storage and retrieval of files and
directories on a storage device. In contrast, DS is a unique identifier containing a timestamp,
used for messages, users, and servers on the social network Discord. We chose exFAT, APFS,
and NTFS because they are significant in digital investigations, while DS serves as an example
of a less common digital system that is nonetheless interesting in terms of timestamping.

2.1 Time Tracking of Civil Time
Civil life depends on a shared understanding of time. To ensure this, time standards are
used which function as unified foundation to refer to points in time. For our purpose, the
time standards Universal Time (UT1), International Atomic Time (TAI), and Coordinated
Universal Time (UTC) are of interest. For references on UT1, TAI and UTC, see [24, 25].
Simplified, but sufficient for our purpose, these time standards relate as follows.
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January 1,
1601 UTC

September 21,
1677 UTC

December 31,
1979 UTC

January 1,
2001 UTC

January 1,
2015 UTC

September 6,
2084 UTC

January 1,
2108 UTC

April 11,
2262 UTC

28 May,
60,056 UTC

DS (ms)

APFS (ns)

exFAT (2s/10ms)

NTFS (100ns)

Figure 1 Comparison of time domains of DS, APFS, exFAT, and NTFS.

TAI is the weighted average of hundreds of cesium atomic clocks spread worldwide and is
based on fixed duration of a second (which is tracked by these atomic clocks). Based on this
duration of a second, other units of time, like milliseconds, minutes or hours, are defined
as fixed multiples of the second. For instance, 1/1000th of a second is a millisecond and
60 seconds are a minute. In contrast, Universal Time (UT1) tracks time by assessing the
earth’s rotation relative to the sun. Due to irregularities of earth’s rotation, UT1 and TAI
drift. UTC is the compromise of UT1 and TAI, as it keeps the same duration for seconds as
TAI, but adds leap seconds when needed (at unpredictable times) to keep UTC within 0.9
seconds of UT1. Leap seconds are extra seconds added (or subtracted) at March 31, June 30,
September 30, or December 31. So far, 27 leap seconds have been added and no leap second
has been subtracted. As a consequence, some minutes of UTC consist of 61 instead of 60
seconds. For instance, the last leap second is December 31, 2016 23:59:60 UTC.

UTC is the primary time standard upon which all timezones are based. Local timezones
are defined by an offset relative to UTC which can change throughout the year. For example
Nepal uses Nepal Standard Time (NPT), defined as UTC+05:45, for the entire year. The
Netherlands uses the Central European Time (CET) during winter, defined as UTC+01:00,
and Central European Summer Time (CEST) during summer, defined as UTC+02:00.

2.2 Time Tracking in Digital Systems
Digital systems frequently, but not necessarily, use UTC as the foundation of their time
domain. However, due to practical limitations UTC does not define their time domain; i.e.,
the finite set of time points that a system can represent as a timestamp.

2.2.1 Defining Time Points by Date and Time
Some digital systems base the encoding of timestamps on common human calendar systems.
For instance, exFAT’s time domain is based on the Gregorian calender. It provides 16 bits
for the date (7 bits for the year, 4 bits for the month, and 5 bits for the day), 16 bits for
the time with a resolution2 of 2 seconds (5 bits for hours, 6 bits for minutes, and 5 bits for
seconds with a resolution of two seconds) and, only for file creation and last modification
timestamps, 8 additional bits for milliseconds with a resolution of 10 milliseconds. For each
group of bits, a range of values is defined. As an example, for years the range value is from 0

2 In digital forensics, the notions “resolution”, “granularity”, and “precision” are used to refer, in the
context of timestamps, to the smallest unit of time that a digital system can distinguish. To avoid
confusion, we use only “resolution” to refer to this unit.
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10:4 A Formal Model for Forensically Sound Timestamp Normalization

(year 1980) to 127 (year 2107), while for months the range value is from 1 (month January)
to 12 (month December). The valid range for seconds is 0 to 29 and for milliseconds 0 to
199, illustrating that exFAT does not account for leap seconds.

Since exFAT provides these values relative to the local time (sensitive to timezone), it
keeps track of the relative offset to UTC. This offset is given by 8 bits (6 bits signed decimal
for offset with a resolution of 15 minutes, 1 bit to define whether offset is known). The valid
range for the offset is -64 (UTC - 16:00) to 63 (UTC + 15:45) with 0 being UTC. Due to
the offset of UTC, exFAT’s time domains relative to UTC are defined as follows with D1

exFAT
denoting the time domain for file creation and last modification timestamps, whereas D2

exFAT
refers to the time domain for the last access timestamps.

D1
exFAT: Every 10 milliseconds between December 31, 1979 00:08:00.00 UTC

and January 1, 2108 15:45:59.99 UTC excluding leap seconds
D2

exFAT: Every 2 seconds between December 31, 1979 00:08:00 UTC
and January 1, 2108 15:45:58 UTC excluding leap seconds

2.2.2 Defining Time Points by Elapsed Time since Epoch
More frequently, time points are defined by counting forwards and, when applicable, backwards
from a fixed point in time, called the epoch. The time domains of DS, APFS, and NTFS are
defined by this method. As a foundation, they define the following epochs: January 1, 1970
00:00:00 UTC for APFS, January 1, 1601 00:00:00 UTC for NTFS, January 1, 2015 00:00:00
UTC for DS.

Counting forward and backward depends on a system’s time resolution. Each step
corresponds to one unit of the chosen resolution. APFS uses nanosecond resolution, NTFS
uses 100-nanosecond resolution, and DS uses millisecond resolution.

Since these systems define a finite space allocated for storing the numeric value representing
the counted elapsed (41 bits for DS and 64 bits for APFS and NTFS), we can determine the
earliest and the latest time point defined of the time domain. Since DS and NTFS do not allow
backward counting, DS can theoretically store elapsed times in the range from 0 to 241 − 1 =
2,199,023,255,551 milliseconds and, NTFS from 0 to 264 − 1 = 18,446,744,073,709,551,615
hundreds of nanoseconds. In contrast, APFS allows value from the range from −263 =
−9,223,372,036,854,775,808 to 263 − 1 = 9,223,372,036,854,775,807 nanoseconds. Picking
the epoch as the time point corresponding to the value 0 of the valid range, we can then
compute the earliest and latest time point defined. Without taking leap seconds into account
due to their unpredictability, their time domains, denoted by DAPFS, DNTFS, and DDS, are
defined as follows.

DAPFS: Every nanosecond between September 21, 1677 00:12:43.145224192 UTC
and April 11, 2262 23:47:16.854775807 UTC excluding leap seconds

DNTFS: Every 100 nanoseconds between January 1, 1601 00:00:00.0000000 UTC
and 28 May, 60056 05:36:10.9551615 excluding leap seconds

DDS: Every millisecond between January 1, 2015 00:00:00.000 UTC
and September 6, 2084 15:47:35.551 UTC excluding leap seconds

2.2.3 Forensic Analysis of Timestamps
Digital investigations require to interpret obtained traces, including timestamps, from different
sources. For instance, a case might require to analyze a USB-stick with exFAT, a phone
with APFS and a laptop with NTFS. To enable consistent handling, comparison, and
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searching across theses sources, one needs to establish links between timestamps across
distinct underlying time domains. Drawing these links refers to the task of timestamp
normalization, informally defined as follows.

▶ Definition 1. Timestamp normalization refers to the process of representing timestamps
from different time domains in a single time domain.

These normalizations cannot be performed arbitrarily, but need to adhere to principle of
forensic soundness which is essential to obtain admissible evidence for criminal proceedings.
This concept refers to the ideals of integrity and chain of custody. Integrity demands that
the preservation of evidence and its meaning be maintained. However, this does not imply
that digital evidence has to be preserved in its entire form, as acquiring data can already
lead to modification of data. This is why the ideal of chain of custody demands that any
action performed on digital evidence is documented [4, 11, 40]. For the normalization of
timestamps, we recognize the following implications of forensic soundness:

To ensure the integrity of timestamps, the temporal relationships within the same domain
must be preserved. However, integrity does not require that a time point may only be
normalized with the same time point. As we will discuss later, this flexibility is necessary
to normalize time points with different resolutions.
In light of the ideal of chain of custody, any normalization procedure and the resulting
links between timestamps across distinct domains must be grounded in a definition to
guarantee explainability, accounting for these potential differences in representation of
time points.

The second aspect emphasizes the importance of a formal definition of timestamp normaliza-
tion for ensuring compliance with these requirements.

3 A Formal Framework for Timestamp Normalizations

In this section, we formalize the notion of forensically sound timestamp normalization. To
do this, we first define normalizations of time domains (Section 3.3), which builds on core
notions like time domains and their intervals (Sections 3.1 and 3.2). We then formally define
timestamp normalization (Section 3.6) and reveal a critical insight: normalized time points
may not be comparable, which is related to the resolution of the time domain (Sections 3.4
and 3.5) and affects the comparability of normalized timestamps.

3.1 Introducing the Core Notions

Time Domain. As discussed informally in Section 2, time domains are sets of time points
which refer to specific moments in time. We denote time domains by capital letters like D

and T. Formally, any time domain D is a non-empty (possibly countably infinite) set of time
points. The time domains D1

exFAT, D2
exFAT, DAPFS, DNTFS, and DDS described in the previous

section are examples of time domains. We denote any time point of some time domain by t.
Examples of time points are t0 and t1.

t0 = January 1, 2020 00:00:00 UTC t1 = January 1, 2020 00:00:00.000 UTC

Importantly, t0 and t1 do not refer to the same moment in time because the latter contains
more temporal information than the former one due to the different resolution.
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Time Domain Relation. We assume that for any time domain in digital systems, its time
points are comparable. Given any t1 and t2 of the same time domain, one knows whether t1
follows t2 or vice versa. This clearly holds for D1

exFAT, D2
exFAT, DAPFS, DNTFS, and DDS.

Formally, for any time domain D, we fix a time domain relation ⪯D on D so that ⪯D is
a total order. That is, ⪯D⊆ D × D is reflexive, antisymmetric, transitive and total. A time
domain relation expresses the temporal order within the domain considered.

We fix that for any time domains D and T, if t1, t2 ∈ D ∩ T, then t1 ⪯D t2 if and only if
t1 ⪯T t2. As a consequence, if D = T, then ⪯D=⪯T . This condition ensures that any time
points shared between different domains preserve the same ordering across all domains.

We further introduce the follow notation: t1 ̸⪯D t2 denotes that it does not hold that
t1 ⪯D t2, while t1 ≺D t2 denotes that t1 ⪯D t2 and t2 ̸⪯D t1. Further, t1 =D t2 denotes that
t1 ⪯D t2 and t2 ⪯D t1. If the context is clear, we omit the reference to the respective time
domain D for ⪯D , ≺D , and =D . That is, ⪯, ≺, and = denote the time domain relation, its
strict part and its equivalence part of D.

Timestamps. Digital system do not provide timestamps for arbitrary events, but for a
specific list of events. For example, a file system timestamps the creation and last access
time of files, among other things. An event set provides such events and we denote them by
E. Formally, an event set is a non-empty (possibly countably infinite) set and we denote an
event of E by e. The information that an event occurred is stored as an artifact in form of a
timestamp. Given a set of events E and a time domain D, a timestamp relative to E and D

is a tuple ⟨e, t⟩ with e ∈ E and t ∈ D. A timestamp is therefore a pair consisting of a trace
and a time point specifying one time point of D where e was registered.

Given two timestamps, ⟨e1, t1⟩ and ⟨e2, t2⟩, relative to the same time domain t1, t2 ∈ D,
we can then express that event e1 tracked by ⟨e1, t1⟩ (weakly) precedes e2 tracked by ⟨e2, t2⟩
using the time domain order ⪯D on D. That is, e1 tracked by ⟨e1, t1⟩ precedes e2 tracked by
⟨e2, t2⟩ if t1 ⪯D t2.

3.2 Intervals of Time Domains
As we will discuss in Section 3.3, normalizations of time domains require intervals of time
points. Intuitively, an interval of a time domain is a set of time points that lie between an
upper and a lower bound.

▶ Definition 2. Let D be a time domain and ⪯ be its time domain relation. For any
t1, t2 ∈ D, [t1, t2] is defined as [t1, t2] = {t ∈ D | t1 ⪯ t ⪯ t2}. The set I⪯

D of (non-empty)
intervals of D relative ⪯ is defined as I⪯

D = {[t1, t2] | t1, t2 ∈ D ∧ t1 ⪯ t2}.

We say that [t1, t2] is an interval of D and ⪯, if [t1, t2] ∈ I⪯
D . For any time domain D and any

t ∈ D, [t, t] = {t} is an interval of D, because any time domain relation ⪯ is reflexive. We
refer to [t, t] as the time point interval of t. Further, the definition of the set of (non-empty)
intervals enforces that no I⪯

D contains any empty sets or is empty.

▶ Proposition 3. For any time domain D and its time domain relation ⪯, (i) I⪯
D ≠ ∅, and

(ii) for any [ti, tj ] ∈ I⪯
D it holds that [ti, tj ] ̸= ∅.

Building on the fixed time domain relation of a time domain, we define a relation on the
set of time intervals of that domain as follows.

▶ Definition 4. Given a time domain D and its time domain relation ⪯, the interval relation
⪯I

D⊆ I⪯
D × I⪯

D is defined as for any [t1, t2], [t3, t4] ∈ I⪯
D , [t1, t2] ⪯I

D [t3, t4] ⇐⇒ t2 ⪯ t3.



L. Hornung, C. Bakker, B. Timbermont, R. van Dijk, H. van Beek, and N. Alechina 10:7

Since ⪯ is reflexive, the interval relation ⪯I
D allows ordered intervals to overlap. That is,

if t2 = t3, then [t1, t2] ⪯I
D [t3, t4]. This is why, we say that [t1, t2] weakly precedes [t3, t4].3

Further, unlike the underlying time domain relation, the interval relation is neither reflexive
nor total if the time domain contains more than one time point.

▶ Proposition 5. Let D be any time domain, ⪯ be its time domain relation, and ⪯I
D⊆ I⪯

D ×I⪯
D

be its interval relation.
(1) ⪯I

D is transitive and antisymmetric.
(2) If |D| = 1, then ⪯I

D is reflexive and total.
(3) If |D| > 1, then ⪯I

D is neither reflexive nor total.

3.3 Time Domain Normalization
As informally specified in Definition 1, normalizing a time domain requires characterizing
its time points in terms of time points from another time domain. We formally define
normalization of a time domain as follows.

▶ Definition 6. Let D and T be time domains, and ⪯D and ⪯T be their time domain
relations. A normalization of D relative to T is a partial function n : D → I⪯T

T such that
(1) if n(t1) and n(t2) are defined for t1, t2 ∈ D, then n(t) is defined for all t ∈ D with

t1 ⪯D t ⪯D t2;
(2) for any t1, t2 ∈ D with n(t1) and n(t2) defined, if t1 ≺D t2, then n(t1) ⪯I

T n(t2);
(3) for any t ∈ D ∩ T, n(t) = [t, t].
For any t ∈ D, if n(t) is defined, we call n(t) the normalization of t relative to n and T.

Accordingly, a normalization is a partial function whose domain is a time domain (i.e., D)
and whose codomain is a set of intervals (i.e., I⪯T

T ). A set of intervals as the codomain
is necessary to accommodate time domains of different resolution. Consider, for instance,
DDS and DAPFS. A time point t in DDS with millisecond precision corresponds to 1,000,000
time points in DAPFS, each representing a time point with nanosecond precision. Due to
the hierarchical composition of tracked time, t is not equivalent to any single one of these
1, 000, 000 time points in DAPFS, but to the set of all of them.

We can express the fact that not all time points in the domain are necessarily normalized
by looking at the partiality of normalizations. This property provides sufficient flexibility
when the time domain to be normalized and the time domain used for normalization do
not cover the same period of time. For example, D1

exFAT contains time points starting from
December 31, 1979 UTC, whereas the earliest defined time points in DDS begin on January 1,
2015 UTC. If normalizations were not partial, attempting to normalize D1

exFAT relative to
DDS would require assigning time points from the 20th century to intervals occurring at least
35 years later. The forensic soundness would be violated by such a drastic redating.

Constraint (1) limits where a normalization may be undefined. It requires the set of
time points for which the normalization is defined must form a contiguous segment of the
time domain. As a consequence, the normalization of time points at the boundaries can
be undefined (assuming that the normalization of some time points is defined). In the
previous example of normalizing D1

exFAT relative to DDS, this allows all time points before

3 Analogously, strict precedence on intervals is definable by demanding t2 ≺ t3. However, only weak
precedence is required to express order preservation during normalization across different resolutions.
Nevertheless, future research should address strict precedence when constructing timelines of events
based on normalized timestamps.
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January 1, 2015 UTC and after September 6, 2084 UTC to remain undefined, while requiring
the normalization to be defined for all intermediate time points of D1

exFAT, if time points of
D1

exFAT are normalized by their counterparts in DDS.
Constraint (2) demands that a normalization does not alter the ordering of time points

during a normalization. To ensure this property, if for t1, t2 ∈ D it holds that t1 ≺D t2, then
for their normalized values n(t1) and n(t2), it must hold that interval n(t1) weakly precedes
n(t2). Note that the inverse does not hold, as illustrated in Example 7.

▶ Example 7. Let us consider the normalization of D = D1
exFAT relative to T = D2

exFAT by
focusing on the following time points t1, . . . , t199 ∈ D and t ∈ T.

t0 = January 1, 2000 00:00:00.00 UTC t = January 1, 2000 00:00:00 UTC
...

t199 = January 1, 2000 00:00:01.99 UTC

We define the normalization n of D relative to T as n(t0) = . . . = n(t199) = [t, t]. Since
D1

exFAT is hence normalized by a time domain with a more coarse resolution, time points
distinguishable by the time domain relation of D like t0 and t199 (i.e., t0 ≺D t199), are not
distinguishable after the normalization because n(t0) = n(t199). Further, because they are
both normalized by the point interval of t, n(t199) ⪯I

T n(t0), while t199 ̸⪯D t0.

Lastly, let us discuss constraint (3) that considers normalizations where the time domain
to be normalized contains time points also contained by the time domain relative to which
the former is normalized; i.e., D ∩ T ̸= ∅. For the time points occurring in both time domains,
it is required that they are normalized by their time point interval. For these values, the
interval relation and the time domain relation encode the same ordering.

▶ Proposition 8. Let D and T be time domains, ⪯D and ⪯T be their time domain order,
and n : D → I⪯T

T be any normalization of D relative to T. If D ∩ T ̸= ∅, then for any
t1, t2 ∈ D ∩ T, t1 ⪯D t2 ⇐⇒ n(t1) ⪯I

T n(t2).

Besides these constraints, one can define further properties of normalizations.

▶ Definition 9. Let D and T be time domains, and ⪯D and ⪯T be their time domain
relations. A normalization n : D → I⪯T

T is
(1) non-empty if n(t) is defined for some t ∈ D;
(2) gap-free if for any t1, t2 ∈ T with t1 ∈ n(t′

1) and t2 ∈ n(t′
2) for some t′

1, t′
2 ∈ D, then for

any t with t1 ⪯T t ⪯T t2, there exist t′ ∈ D such that t ∈ n(t′);
(3) even if for any t1, t2 ∈ D with n(t1) and n(t2) defined, |n(t1)| = |n(t2)|.

Non-emptiness indicates that, under the given normalization, the time domains overlap,
ensuring that at least one point of D is normalized by an interval of T. Gap-freeness and
evenness guarantee that the normalized time points (and the intervals that normalize them)
are uniformly distributed over the target time domain. This uniformity is crucial when the
domain itself is evenly spaced, such as all time domains based on UTC.

3.4 Comparing Time Domain Resolutions relative to Normalizations
Normalizations enable us to compare the resolution of time domains. That is, given a
normalization of a time domain relative to another time domain, we can evaluate whether
the former is more coarse or fine-grained than the latter. As we will discuss in Section 3.5,
differences in resolution affect the comparability of normalized time points originating from
different time domains.
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▶ Definition 10. Let D and T be time domains and let n : D → I⪯T

T be a normalization of
D relative to T with Dom(n) = {t ∈ D | n(t) defined}. We say that

D is at t ∈ Dom(n) strictly more fine-grained than T relative to n (denoted T◁t
nD), if

there exist t′ ∈ D such that t ≠ t′ and n(t) = n(t′). Further, D is globally strictly more
fine-grained than T relative to n (denoted T◁⊤

n D), if for any t ∈ Dom(n), T◁t
nD.

D is at t ∈ Dom(n) at least as fine-grained as T relative to n (denoted T ⊴t
n D), if

|n(t)| = 1. Further, D is globally at least as fine-grained as T relative to n (denoted
T ⊴⊤

n D), if for any t ∈ Dom(n), T ⊴t
n D.

D is at t ∈ Dom(n) strictly less fine-grained than T relative to n (denoted D◁t
nT), if

|n(t)| > 1. Further, D is globally strictly less fine-grained than T relative to n (denoted
D◁⊤

n T), if for any t ∈ Dom(n), D◁t
nT.

Strictly-more-fine-grainedness requires comparing the normalization of multiple time
points. Intuitively, a time domain is strictly more fine-grained than another when multiple
distinct points in the former normalize to the same value in the latter. For example, seconds
are strictly more fine-grained than minutes because 60 distinct seconds normalize to the same
minute. At-least-as-fine-grainedness does not demand the comparison of two time-points.
In Proposition 11, it will be shown that strictly-more-fine-grainedness implies at-least-as-
fine-grainedness. Strictly-less-fine-grainedness occurs when a time point in the domain
corresponds to multiple normalized values. For instance, an hour is strictly less fine-grained
than minutes because one hour normalizes to 60 minutes. These distinctions lead to the
definitions above. Independent of the different definitions, these notions intuitively relate to
each other. For instance, if a domain is locally (i.e., at a time point) or globally strictly more
fine-grained than the domain used to normalize, it implies that it is also locally or globally at
least as fine-grained as the other domain, but not locally or globally strictly less fine-grained.
This intuitive property, among others, is given by Proposition 11.

▶ Proposition 11. Let D and T be time domains, while n : D → I⪯T

T be a non-empty
normalization of D relative to T with Dom(n) = {t ∈ D | n(t) defined}. For any t ∈ Dom(n),
(1) D◁t

nT if and only if T ̸⊴t
n D;

(2) if T◁t
nD then T ⊴t

n D;
(3) if T◁t

nD then D ̸ ◁t
n T;

(4) if D◁⊤
n T then T ̸⊴⊤

n D;
(5) if T◁⊤

n D then T ⊴⊤
n D;

(6) if T◁⊤
n D then D ̸ ◁⊤

n T.

3.5 Comparing Normalized Time Domains
Normalizing multiple time domains relative to the same time domain provides the foundation
to compare these time points. However, normalization relative to the same time domain does
not ensure that the normalized time points of the distinct time domains are comparable.
This means that we are not able to state whether the one normalized time point happened
before or after the other normalized time point (in the sense of weak precedence). Such
incomparability is formally due to the fact that the interval time domain order ⪯I

D is not total
for a time domain D containing more than one time point, as illustrated by Proposition 5.

▶ Example 12. As illustrated in Section 2.2, exFAT file system provides last access timestamps
with a 2 seconds resolution, while NTFS provides file timestamps, including last access
timestamps, with a resolution of 100 nanoseconds. An example of time points of these
domains are t ∈ DNTFS and t′ ∈ D2

exFAT which are defined as follows.

t = January 1, 2026 10:00:00.5000000 UTC t′ = January 1, 2026 10:00:00 UTC
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If t and t′ are normalized relative to a time domain T of resolution milliseconds (e.g.,
T = DDS), it is impossible to determine which time point was registered first. This is due to
the coarser resolution of D2

exFAT. To make this circumstance explicit, we normalize both time
points relative to DDS. We define two normalizations n1 and n2 such that n1(t) = [t500, t500]
and n2(t′) = [t0, t1999] where t0, . . . , t1999 are defined as follows.

t0 = January 1, 2026 10:00:00.000 UTC t1000 = January 1, 2026 10:00:01.000 UTC
...

...
t500 = January 1, 2026 10:00:00.500 UTC t1500 = January 1, 2026 10:00:01.500 UTC

...
...

t999 = January 1, 2026 10:00:00.999 UTC t1999 = January 1, 2026 10:00:01.999 UTC

The fact that t0 ≺T t500 ≺T t1999 highlights that we have no information about the relative
temporal ordering of these normalized time points.

Generally speaking, incomparable normalized time points occur if the intervals constituting
their normalizations overlap so that, analogously to the discussed example, one is not capable
to state which normalized time point weakly precedes the other normalized time point.

▶ Proposition 13. Let D1, D2, and T be time domains, and n1 and n2 be normalizations of
D1 and D2 relative to T. For any t ∈ D1 and t′ ∈ D2 with n1(t) = [t1, t2] and n2(t′) = [t3, t4],
n1(t) ̸⪯I

T n2(t′) and n2(t′) ̸⪯I
T n1(t) if and only if t3 ≺T t2 and t1 ≺T t4.

Incomparability of distinct time points occurs only when normalized time points from
different domains are considered and these time domains, including the domain used for the
normalizations, are not identical. This result is captured by the following proposition.

▶ Proposition 14. Given the time domains D1, D2, and T such that D1 = D2 = T, then for
any normalizations n1 and n2 of D1 and D2 relative to T respectively, n1(t1) ⪯I

T n2(t2) or
n2(t2) ⪯I

T n1(t1) for any t1 ∈ D1 and t2 ∈ D2.

As previously mentioned, the (in)comparability of normalized time points from different
domains is related to the differences in resolution between the normalized time domains and
the domain used for normalization. Proposition 15 illustrates one aspect of this connection.

▶ Proposition 15. Let D1, D2, and T be time domains, and n1 and n2 be normalization of
D1 and D2 relative to T, respectively.
(1) If T ⊴⊤

n1
D1 and T ⊴⊤

n2
D2, then n1(t1) ⪯I

T n2(t2) or n2(t2) ⪯I
T n1(t1) for any t1 ∈ D1

and t2 ∈ D2 with n1(t1) and n2(t2) defined.
(2) If T ⊴⊤

n1
D1 and D2◁⊤

n2
T where |n2(t)| = 2 for any t ∈ {t ∈ D2 | n2(t) defined}, then

n1(t1) ⪯I
T n2(t2) or n2(t2) ⪯I

T n1(t1) for any t1 ∈ D1 and t2 ∈ D2 with n1(t1) and
n2(t2) defined.

Note that (1) also holds if D1 or D2 are globally strictly more fine-grained than T, because,
as stated in Proposition 11, strictly-more-fine-grainedness implies at-least-as-fine-grainedness.
Analogously, (2) also holds if D1 is globally strictly more fine-grained than T.

Further, proposition (1) suggests that a less fine-grained time domain used for normaliza-
tion can ensure comparability between time points from different time domains. However,
such a less fine-grained time domain implies a loss of resolution in distinguishing time points
which means that information is lost. Proposition (2) sheds lights on a relevant fact for
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the digital forensic domain. Although digital systems like exFAT use time domains with
a resolution of two seconds, normalizing it to a time domain with second resolution does
not lead to incomparable time points if another time domain with finer-grained resolution is
normalized to the same time domain.

Nevertheless, comparability of time points of different time domains after normalization
relative to one time domain cannot be guaranteed. Proposition 16 investigates some of these
situations that are forensically interesting. It articulates the inevitability of incomparable
normalized time points when two time domains are normalized relative to a reference time
domain that is at least as fine-grained as at least one of the time domains being normalized,
and when the overlap of the normalized time points contains a sufficiently large number
of time points. A natural example is the normalization of time domains, such as DDS and
DAPFS, with millisecond and nanosecond resolution, respectively, relative to a time domain
with microsecond resolution. Clearly, the overlap of the normalized values should exceed the
required three microseconds.

▶ Proposition 16. Let D1, D2 and T be time domains, and n1 and n2 be gap-free normal-
izations of D1 and D2 relative to T, respectively.
(1) If T ⊴⊤

n1
D1, D2◁⊤

n2
T where |n2(t)| ≥ 3 for any t ∈ {t ∈ D2 | n2(t) defined}, and

|{t ∈ T | t ∈ n1(t′
1) for some t′

1 ∈ D1} ∩ {t ∈ T | t ∈ n2(t′
2) for some t′

2 ∈ D2}| ≥ 3,
then there exist t1 ∈ D1 and t2 ∈ D2 such that n1(t1) ̸⪯I

T n2(t2) and n2(t2) ̸⪯I
T n1(t1).

(2) If D1◁⊤
n1

T where |n1(t)| ≥ 3 for any t ∈ {t ∈ D1 | n1(t) defined}, D2◁⊤
n2

T where
|n2(t)| ≥ 3 for any t ∈ {t ∈ D2 | n2(t) defined}, and |{t ∈ T | t ∈ n1(t′

1) for some t′
1 ∈

D1} ∩ {t ∈ T | t ∈ n2(t′
2) for some t′

2 ∈ D2}| ≥ 2, then there exist t1 ∈ D1 and t2 ∈ D2
such that n1(t1) ̸⪯I

T n2(t2) and n2(t2) ̸⪯I
T n1(t1).

3.6 Timestamp Normalization
In the next step, we want to normalize timestamps. Recall that, given a set of events E

and a time domain D, a timestamp relative to E and D is tuple ⟨e, t⟩ with e ∈ E and
t ∈ D denoting that e was registered at t. To normalize this timestamp relative to time
domain, a normalization of the time domain underlying the timestamp relative to this other
time domain is needed. If such a normalization is given, we normalize the timestamp by
normalizing its time point. We define this process as follows.

▶ Definition 17. Let D and T be time domains, E be a set of events, and n be a normalization
of D relative to T. Any timestamp ⟨e, t⟩ with e ∈ E and t ∈ D is normalizable by n relative
to T if n(t) is defined. For any normalizable timestamp ⟨e, t⟩ with e ∈ E and t ∈ D, we
define the the normalization of ⟨e, t⟩ relative to n and T, denoted n(⟨e, t⟩), as ⟨e, n(t)⟩.

As a consequence of this definition, timestamps and normalized timestamps conceptually
differ. Timestamps are pairs containing one event and one time point, while normalized
timestamps are pairs containing one event and a set of time points (i.e., the interval that
normalizes the time point). This conceptual difference is an inescapable consequences of
accounting for different time domains in the process of normalizations.

Timestamp normalization allows us to infer the order of events which are tracked using
different time domains. Given two timestamps ⟨e1, t1⟩ and ⟨e2, t2⟩ based on time domains D1
and D2, and their normalizations n1(⟨e1, t1⟩) and n2(⟨e2, t2⟩) relative to T, we can establish
an order between the tracked events e1 and e2 using the interval time domain order ⪯I

T . That
is, e1 tracked by normalized timestamp n1(⟨e1, t1⟩) weakly precedes e2 tracked by normalized
timestamp n2(⟨e2, t2⟩) if n1(t1) ⪯I

T n2(t2) and vice versa.
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The findings discussed in Section 3.5 regarding incomparable normalized time points
affect the comparability of normalized timestamps. If the underlying time domains of
two timestamps contain incomparable normalized time points (as, for instance, discussed
in Proposition 16), the timestamps may become incomparable. This means the order of
events cannot be determined. This occurs when for n1(⟨e1, t1⟩) and n2(⟨e2, t2⟩) it holds that
n1(t1) ̸⪯I

T n2(t2) and n2(t2) ̸⪯I
T n1(t1). For a forensically sound analysis, it must therefore

always be taken into account that timestamps, despite an underlying time domain where
every point in time is comparable, become incomparable through normalization. In Section 4,
we will see that state-of-the-art forensic software does not fulfill this demand.

4 Normalization in Forensic Software

In this section, we evaluate the timestamp normalization implementations in Plaso version
20260119, Sleuth Kit version 4.14.0., and Hansken version 47.42.0. We show how they violate
our proposed model of forensically sound normalization, illustrating the negative impact
with a real-world example.

4.1 Timestamp Normalization in Plaso, Sleuth Kit, and Hansken

Plaso. Plaso [35] represents timestamps from various sources on a unified timeline. For this
purpose, it parses artifacts from multiple sources, such as file systems, logs, and cache data.
Given this parsed information, it represents the timestamp events on one timeline. Plaso
normalizes timestamps into a standardized string representation of the form YYYY-MM-DD
hh:mm:ss.######[±]HH:MM. Only the date component (YYYY-MM-DD) is mandatory, while
the time of day (hh:mm:ss), fractional seconds with milli- or microsecond resolution (######),
and timezone offset with minute resolution relative to UTC ([±]HH:MM) are optional. If no
timezone is specified, UTC is assumed.4

Sleuth Kit. The Sleuth Kit [36] is frequently used in forensic analysis for volume and file
system analysis. The aim of this analysis is to make metadata of files within a file system,
like the timestamps of a file, accessible for forensic investigations. Sleuth Kit normalizes
file timestamps by converting any timestamp in a UNIX timestamp. For the considered file
systems, any exFAT timestamps is converted into the a single positive number of seconds
since January 1, 1970 00:00:00 UTC, while any NTFS or APFS timestamp is converted into
a single positive number of nanoseconds since this epoch.

Hansken. Hansken [33, 41] extracts traces from digital data, systemizes them, and provides
tools to efficiently search this data. It extracts timestamps from various sources and normalizes
them into a standardized string of the form YYYY-MM-DD hh:mm:ss.sss Z, where Z is the
standard notation for UTC timezone. The date (YYYY-MM-DD) and time (hh:mm:ss.sss Z)
are both mandatory and are always given relative to UTC. Further, Hansken provides the
resolution of the original timestamp, but not the timestamp itself.

4 Assigning a default timezone to timestamps lacking timezone information refers to the process of
inferring missing temporal context. We briefly outline this challenge as future work in Section 6.
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4.2 Assessing Alignment with the Proposed Model
Unlike our model of forensically sound timestamp normalization (Sections 3.3 and 3.6), Plaso,
Sleuth Kit, and Hansken normalize timestamps by converting time points into a different time
domain, which may have a different resolution. Consequently, their method does not align
with ours as it does not utilize intervals. This discrepancy leads to misleading normalized
timestamps, as the following example illustrates.

▶ Example 18. Using a script, we created multiple .txt files on exFAT and NTFS file
systems on Windows 11. Filenames include a sequential creation index and a timestamp
with millisecond resolution (UTC+02:00) to track the order and time of file creation. ExFAT
and NTFS store a file’s creation time and last access time in its metadata. Since no file
was accessed after creation, these timestamps refer to the same time in the corresponding
time domain. As discussed in Section 2.2, exFAT tracks the former with a resolution of 10
milliseconds and the latter with a resolution of 2 seconds, while NTFS timestamps both
with a resolution of 100 nanoseconds. The following table shows the extracted normalized
timestamps of two created files.

Table 1 Timestamps extracted and normalized by Plaso, Sleuth Kit and Hansken for two files.

Software Create Timestamp Last Access Timestamp

File 02.2026-04-10T09-07-04.484.txt stored in NTFS file system:
Plaso 2026-04-10T07:07:04.484325+00:00 2026-04-10T07:07:04.484325+00:00
Sleuth Kit 2026-04-10 09:07:04.484325000 (CEST) 2026-04-10 09:07:04.484325000 (CEST)
Hansken 2026-04-10T07:07:04.484Z 2026-04-10T07:07:04.484Z

File 05.2026-04-10T09-07-05.992.txt stored in exFAT file system:
Plasoa) 2026-04-10T09:07:05.000000+00:00 2026-04-10T09:07:04.000000+00:00
Sleuth Kit 2026-04-10 09:07:05 (CEST) 2026-04-10 09:07:04 (CEST)
Hansken 2026-04-10T07:07:05.990Z 2026-04-10T07:07:04.000Z

a) Plaso incorrectly uses UTC instead of UTC+02:00 for both timestamps.

None of the software informs users when a timestamp has been normalized relative to a
domain with a different resolution than the original. However, due to the resolution of the
original timestamps provided, Hansken provides clues to such differences. Further, none of
the tools provide information indicating that the time points given as the normalized value
should be interpreted as intervals. Consequently, the timestamps appear to be time points,
as shown in Table 1. This can lead to the following undesired conclusions.

Although the create and the last access timestamp within exFAT track the same moment
in time when a file is created, the normalized timestamps of the forensic tools incorrectly
suggest that 02...txt was created after it was last accessed. Furthermore, while 02...txt
was created and hence accessed prior to 05...txt, a comparison limited to 02...txt’s last
access time and 05...txt’s creation time reveals a temporal inversion. The normalized last
access time of 02...txt appears after the normalized creation time of 05...txt. This data
incorrectly implies that 05...txt was accessed before 02...txt was created. In a forensic
investigation aimed at reconstructing the sequence of events, such discrepancies could lead
to incorrect conclusions regarding the chronology of created and accessed files.

Importantly, forensically unsound conclusions based on timestamps normalized by these
tools can be avoided by representing normalized timestamps as time intervals rather than
single points. For example, normalizing 02...txt’s create timestamp and 05...txt’s last
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access timestamp with a time interval (e.g., a single point interval of 2026-04-10 09:07:04.484
CEST and a range interval from 2026-04-10 09:07:04.000 CEST to 2026-04-10 09:07:06.000
CEST, respectively) would lead to the forensically sound conclusion that one cannot determine
whether 05...txt was accessed before or after 02...txt.

5 Related Work

To our knowledge, timestamp normalization in digital forensics has not been formally studied
as a distinct problem, yet our work relates to research in forensic science, temporal logic
including models of different temporal granularities, and temporal expression processing.

Within forensic science, connecting artifacts across domains has received some attention.
One approach [19] connects time domains, including ones underlying implicit and explicit
timing information (e.g., file IDs and file timestamps), but focuses on making implicit
timing information available for forensic investigations rather than normalizing timestamps.
Another [12] provides a formal framework for reasoning about timelines from multiple trace
sources, but presupposes normalized timestamps. Our work establishes a formal foundation
for performing timestamp normalization in a forensically sound manner.

Our proposed representation of tracked time, specified by time domains, time domain
relations and intervals, is based on instant-based and interval-based formal models of time [1,
21, 42], which have been applied in the legal domain to, for instance, encode transportation
regulations [17]. The time domain normalization and resolution definitions (Definitions 6
and 10) relate to time-domain based models of temporal granularity5. Prior work, surveyed
in [16, 20], proposes the following domain-based approaches. Approach (i) [15] defines a
sequence of time domains, ordered from finest to coarsest granularity, where each domain
(except the first) maps to a finite interval of the previous domain, covering all its elements.
Approach (ii) [14, 31] relaxes this constraint, modeling levels of granularity as disjoint time
domains and stipulating a total order on them to express granularity comparisons. Both (i)
and (ii) define a mapping from time points of a coarser domain to intervals of time points in
a more fine-grained domain, while (ii) includes a reverse mapping from time points of a more
fine-grained domain to a single time point in a more coarse domain. Our approach to time
domain normalization relates to these mappings (like them, it maps time points to intervals),
but it and our notion of granularity (i.e., resolution) differ. In our approach, non-normalized
(i.e., unmapped) time points are permitted; during normalization, time points are always
mapped to intervals; and differences in granularity are defined based on normalizations.
Approach (iii) [6, 7] defines levels of granularity as mappings from an infinite time domain R
to sets of non-overlapping intervals on R, deriving fine-grainedness comparisons from set-
theoretic relations and providing interval-to-interval mappings to relate temporal information
across different levels of granularity. Normalizing multiple time domains relative to the same
time domain results in distinct sets of intervals on the latter that resemble levels of granularity
according to (iii). However, their mappings and granularity relations diverge from ours, as
they allow reasoning about levels of granularity (i.e., resolution) after the normalization
(interval-to-interval level) and not during the normalization (time-point-to-interval level).

Lastly, handling temporal data is not unique to digital forensics. It is addressed in
many fields, including natural language processing [13, 39], medicine [27], archaeology [8],
ontology languages [2], and operating systems [22]. They aim to provide a uniform format

5 In the literature on formal models of temporal granularity, the notion of “granularity”, similar to the
notion of “resolution” used in this paper, refers to different units of time (e.g., seconds, minutes, hours).
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for dates and temporal expressions, such as ISO 8601 [24]. Our work shares this goal, but
differs in scope. We provide a model of forensically sound timestamp normalization across
heterogeneous digital systems rather than parsing temporal expressions and dates.

6 Conclusion and Discussion

The analysis of digital devices such as smartphones and laptops is currently indispensable in
criminal investigations. Given the critical role of digital investigations, these investigations
also carry a significant responsibility to uphold justice, accuracy, and accountability. In order
to live up to these values, digital forensic processes must align with the principles of forensic
soundness. In particular, it is crucial to ensure that automated forensic software processes
are well understood and adhere to these principles.

Summary. This paper contributes to addressing this fundamental challenge by providing
and investigating a formalization of forensically sound timestamp normalization (Sections 3.3
and 3.6), which is a key process that enables cross-device and cross-system timestamp analysis.
This formalization not only serves as a novel foundation for timestamp normalization and thus
a potential basis for future implementations, but also reveals that normalization might lead
to incomparable normalized timestamps due to different resolutions (Sections 3.4 and 3.5).
Critically, this second aspect is not adhered to by state-of-the-art forensic software, resulting
in forensically unsound results (Section 4).

Limitations and Future Work. From a practical standpoint, although our work establishes
a theoretical basis for forensically sound timestamp normalization, an implementation is
lacking. This should be the subject of future research. Furthermore, timestamp normalization
is only one process among many that play a role in timestamp analysis. Therefore, this
paper does not address other processes that influence digital investigations in general, or
timestamp analysis in particular, which require further formal investigation.

First, the time tracking of digital systems, such as exFAT, can rely on the local time
of the device on which it is running. If the local time differs from the actual time, the
timestamps must be adjusted to account for this discrepancy [38, 44]. Ideally, future work
should specify normalizations that account for discrepancies between local time and actual
time by extending proposed methods like using so-called time anchors [43]. Second, obtained
timestamps might be ambiguous or incomplete. For example, so-called naive timestamps miss
timezone information [26, 37] or unknown date formats may cause dates like 03-02-2026 to be
interpreted as either February 3, 2026 or March 2, 2026. To correctly analyze such ambiguous
or incomplete timestamps, they must be interpreted in the context of other artifacts such as
location data or system data. Future work should address this aspect in order to lay the
groundwork for such implementations through a formal model of timestamp contexts. Third,
anti-forensics measures like the manipulation of timestamps is a non-negligible possibility that
casts doubt on the reliability of digital investigations involving timestamps [32]. Although
several methods for detecting tampered timestamps have already been proposed [34], there
is no formal framework for verifying obtained timestamps, which ideally aligns the challenge
of completing incomplete timestamps. Therefore, future work should aim to establish such a
framework for systematically evaluating the trustworthiness of timestamps.
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A Proofs of Propositions

▶ Proposition 5. Let D be any time domain, ⪯ be its time domain relation, and ⪯I
D⊆ I⪯

D ×I⪯
D

be its interval relation.
(1) ⪯I

D is transitive and antisymmetric.
(2) If |D| = 1, then ⪯I

D is reflexive and total.
(3) If |D| > 1, then ⪯I

D is neither reflexive nor total.

Proof. For (1), we need to show that ⪯I
D is transitive and antisymmetric. For the former, let

[t1, t2], [t3, t4], [t5, t6] ∈ I⪯
D be arbitrary. Suppose that [t1, t2] ⪯I

D [t3, t4] and [t3, t4] ⪯I
D [t5, t6].

This implies by Definition 4 that t2 ⪯ t3 and t4 ⪯ t5. According to Definition 2, from
[t3, t4] ∈ I⪯

D it follows that t3 ⪯ t4. Consequently, t2 ⪯ t3 ⪯ t4 ⪯ t5. This means
according to Definition 4, [t1, t2] ⪯I

D [t5, t6]. Further, to show that ⪯I
D is anti-symmetric, let

[t1, t2], [t3, t4] ∈ I⪯
D be arbitrary. Suppose that [t1, t2] ⪯I

D [t3, t4] and [t3, t4] ⪯I
D [t1, t2]. From

Definitions 2 and 4, the former implies that t1 ⪯ t2 ⪯ t3 ⪯ t4, while the latter implies that
t3 ⪯ t4 ⪯ t1 ⪯ t2. Since ⪯ is a time domain relation and hence transitive and antisymmetric
(see Section 3.1), it follows that t1 = t2 = t3 = t4. This implies that [t1, t2] = [t3, t4].

For (2), let |D| = 1. This means that I⪯
D = {[t, t]} with t ∈ D and ⪯I

D= {([t, t], [t, t])}.
It clearly holds that ⪯I

D is reflexive and total.
For (3), let |D| > 1. We need to prove that ⪯I

D on I⪯
D is neither reflexive nor total. For

the former, it suffices to show that [t1, t2] ∈ I⪯
D with [t1, t2] ̸⪯I

D [t1, t2], while for the latter
it suffices to show that [t1, t2], [t′

1, t′
2] ∈ I⪯

D with [t1, t2] ̸⪯I
D [t′

1, t′
2] and [t′

1, t′
2] ̸⪯I

D [t1, t2].
Since |D| > 1 and ⪯ is a total order, there exist t3, t4 ∈ D with t3 ≺ t4. By Definition 2,
[t3, t4] ∈ I⪯

D . Since t3 ≺ t4 and hence t4 ̸⪯ t3, Definition 4 implies that [t3, t4] ̸⪯I
D [t3, t4].

This means that ⪯I
D is not reflexive. However, then there exist [t1, t2], [t′

1, t′
2] ∈ I⪯

D (by picking
[t1, t2] =, [t′

1, t′
2] = [t3, t4]) such that [t1, t2] ̸⪯I

D [t′
1, t′

2] and [t′
1, t′

2] ̸⪯I
D [t1, t2]. Therefore, ⪯I

D

is not total. ◀

▶ Proposition 8. Let D and T be time domains, ⪯D and ⪯T be their time domain order,
and n : D → I⪯T

T be any normalization of D relative to T. If D ∩ T ̸= ∅, then for any
t1, t2 ∈ D ∩ T, t1 ⪯D t2 ⇐⇒ n(t1) ⪯I

T n(t2).
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Proof. Suppose that t1, t2 ∈ D ∩ T. By constraint (iv) of Definition 6, n(t1) = [t1, t1] and
n(t2) = [t2, t2]. Further, note that according to the specification of time domain orders
(Section 3.1), t1, t2 ∈ D ∩ T implies that t1 ⪯D t2 if and only if t1 ⪯T t2.

For the left-to-right direction, suppose that t1 ⪯D t2. Then by the specification of time
domain orders, t1 ⪯T t2. Then by Definition 4 it follows that [t1, t1] ⪯I

T [t2, t2]. Consequently,
n(t1) ⪯I

T n(t2). For the right-to-left direction, suppose that n(t1) ⪯I
T n(t2) and hence

[t1, t1] ⪯I
T [t2, t2]. Definition 4 implies that t1 ⪯T t2. By the specification of time domain

orders is follows that t1 ⪯D t2. ◀

▶ Proposition 11. Let D and T be time domains, while n : D → I⪯T

T be a non-empty
normalization of D relative to T with Dom(n) = {t ∈ D | n(t) defined}. For any t ∈ Dom(n),
(1) D◁t

nT if and only if T ̸⊴t
n D;

(2) if T◁t
nD then T ⊴t

n D;
(3) if T◁t

nD then D ̸ ◁t
n T;

(4) if D◁⊤
n T then T ̸⊴⊤

n D;
(5) if T◁⊤

n D then T ⊴⊤
n D;

(6) if T◁⊤
n D then D ̸ ◁⊤

n T.

Proof. For proposition (1), note that from Definition 6 it follows that for t ∈ Dom(n),
|n(t)| ≥ 1. Consequently, |n(t)| = 1 if and only if |n(t)| ≯ 1. By Definition 10 this means
that D◁t

nT if and only if T ̸⊴t
n D.

For proposition (2), suppose that T◁t1
n D for t1 ∈ Dom(n). According to Definition 10,

T◁t1
n D means that there exists t2 ∈ Dom(n) such that t1 ̸= t2 and n(t1) = n(t2). Note that

it needs to be shown that T ̸ ◁t1
n D and hence that |n(t1)| = 1. For the sake of contradiction,

assume that n(t1) > 1. Therefore, n(t1) = [t3, t4] with t3, t4 ∈ T and t3 ̸= t4. Since ⪯T is a
total order and t3 ̸= t4, t3 ≺T t4 or t4 ≺T t3. Thus, by Definition 4, [t3, t4] ̸⪯I

T [t3, t4]. Further,
n(t2) = [t3, t4] because n(t1) = n(t2). By constraint (ii) of Definition 6, n(t1) ⪯I

T n(t2) or
n(t2) ⪯I

T n(t1) because t1 ̸= t2. This implies that in any of the two case, [t3, t4] ⪯I
T [t3, t4].

This is a contradiction. Therefore, |n(t1)| = 1 as wanted.
To prove proposition (3), suppose that T◁t

nD. By proposition (2), T ⊴t
n D. Then by

proposition (1), D ̸⊴t
n T, as wanted.

To prove (4) - (6), note that n is non-empty. This implies that |Dom(n)| ≥ 1. As this
holds, (4) follows from (1), (5) follows from (2), and (6) follows from (3). ◀

▶ Proposition 14. Given the time domains D1, D2, and T such that D1 = D2 = T, then for
any normalizations n1 and n2 of D1 and D2 relative to T respectively, n1(t1) ⪯I

T n2(t2) or
n2(t2) ⪯I

T n1(t1) for any t1 ∈ D1 and t2 ∈ D2.

Proof. Let n1 and n2 be arbitrary normalization of D1 and D2 relative to T, respectively.
Let t1, t2 ∈ D1 = D2 = D be arbitrary. It suffices to show that n1(t1) ⪯I

T n2(t2) or
n2(t2) ⪯I

T n1(t1). Since ⪯T on T is a total order, t1 ⪯T t2 or t2 ⪯T t1. In any of the two
cases, Definition 4 implies that [t1, t1] ⪯I

T [t2, t2] or [t2, t2] ⪯I
T [t1, t1]. Since D1 = D2 = T,

constraint (4) of Definition 6 implies that n1(t1) = [t1, t1] and n2(t2) = [t2, t2]. This means
that n1(t1) ⪯I

T n2(t2) or n2(t2) ⪯I
T n1(t1). ◀

▶ Proposition 15. Let D1, D2, and T be time domains, and n1 and n2 be normalization of
D1 and D2 relative to T, respectively.
(1) If T ⊴⊤

n1
D1 and T ⊴⊤

n2
D2, then n1(t1) ⪯I

T n2(t2) or n2(t2) ⪯I
T n1(t1) for any t1 ∈ D1

and t2 ∈ D2 with n1(t1) and n2(t2) defined.
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(2) If T ⊴⊤
n1

D1 and D2◁⊤
n2

T where |n2(t)| = 2 for any t ∈ {t ∈ D2 | n2(t) defined}, then
n1(t1) ⪯I

T n2(t2) or n2(t2) ⪯I
T n1(t1) for any t1 ∈ D1 and t2 ∈ D2 with n1(t1) and

n2(t2) defined.

Proof. To prove statement (1), let t1 ∈ {t ∈ D1 | n1(t) defined} and t2 ∈ {t ∈ D2 |
n2(t) defined} be arbitrary. The fact that T ⊴⊤

n1
D1 and T ⊴⊤

n2
D2 imply by Definition 10

that |n1(t1)| = 1 and |n2(t2)| = 1. This means that n1(t1) = [t3, t3] and n2(t2) = [t4, t4]
for some t3, t4 ∈ T. Since ⪯T on T is a total order, t3 ⪯ t4 or t4 ⪯ t3. By Definition 4,
[t3, t3] ⪯I

T [t4, t4] or [t4, t4] ⪯I
T [t3, t3]. It follows that n1(t1) ⪯I

T n2(t2) or n2(t2) ⪯I
T n1(t1).

To prove statement (2), let t1 ∈ {t ∈ D1 | n1(t) defined} and t2 ∈ {t ∈ D2 | n2(t) defined}
be arbitrary. Since T ⊴⊤

n1
D1, |n1(t1)| = 1 by Definition 10. This means that n1(t1) = [t3, t3]

for some t3 ∈ T. In contrast, |n2(t)| = 2 for any t ∈ {t ∈ D2 | n2(t) defined}. Therefore,
n2(t2) = [t4, t5] = {t4, t5} for some t4, t5 ∈ D with t4 ≺T t5 and for any t ∈ T with t ̸= t4
and t ̸= t5, t ≺T t4 or t5 ≺T t. Since ⪯T on T is a total order, one of the following cases
holds: t3 ⪯T t4 ≺T t5 or t4 ≺T t5 ⪯T t3. By Definition 4, it follows that in the first case
n1(t1) ⪯I

T n2(t2), while in the second case n2(t2) ⪯I
T n1(t1). ◀

▶ Proposition 16. Let D1, D2 and T be time domains, and n1 and n2 be gap-free normal-
izations of D1 and D2 relative to T, respectively.
(1) If T ⊴⊤

n1
D1, D2◁⊤

n2
T where |n2(t)| ≥ 3 for any t ∈ {t ∈ D2 | n2(t) defined}, and

|{t ∈ T | t ∈ n1(t′
1) for some t′

1 ∈ D1} ∩ {t ∈ T | t ∈ n2(t′
2) for some t′

2 ∈ D2}| ≥ 3,
then there exist t1 ∈ D1 and t2 ∈ D2 such that n1(t1) ̸⪯I

T n2(t2) and n2(t2) ̸⪯I
T n1(t1).

(2) If D1◁⊤
n1

T where |n1(t)| ≥ 3 for any t ∈ {t ∈ D1 | n1(t) defined}, D2◁⊤
n2

T where
|n2(t)| ≥ 3 for any t ∈ {t ∈ D2 | n2(t) defined}, and |{t ∈ T | t ∈ n1(t′

1) for some t′
1 ∈

D1} ∩ {t ∈ T | t ∈ n2(t′
2) for some t′

2 ∈ D2}| ≥ 2, then there exist t1 ∈ D1 and t2 ∈ D2
such that n1(t1) ̸⪯I

T n2(t2) and n2(t2) ̸⪯I
T n1(t1).

Proof. For statement (1) note that since |{t ∈ T | t ∈ n1(t′
1) for some t′

1 ∈ D1} ∩ {t ∈
T | t ∈ n2(t′

2) for some t′
2 ∈ D2}| ≥ 3 and n1 and n2 are gap-free, there exist t4, t5, t6 ∈ T

such that (i) t4 ≺T t5 ≺T t6, (ii) for t ∈ {t4, t5, t6}, there exist t′
1 ∈ D1 and t′

2 ∈ D2 such
that t ∈ n1(t′

1) and t ∈ n2(t′
2), and (iii) for any t ∈ T with t ̸= t4, t ̸= t5, and t ̸= t6,

t ≺T t4 or t6 ≺T t. Further, since D ⊴⊤
n1

D1, it follows by Definition 10 that |n1(t)| = 1
for any t ∈ {t ∈ D1 | n1(t) defined}. Consequently, there exist t′

4, t′
5, t′

6 ∈ D1 such that
n1(t′

4) = [t4, t4], n1(t′
5) = [t5, t5], and n1(t′

6) = [t6, t6]. Further, due to fact that |n2(t)| ≥ 3
for any t ∈ {t ∈ D2 | n2(t) defined}, (ii) and (iii), one of following cases holds:

There exists t7 ∈ D2 such that n2(t7) = [t8, t9] with t4, t5, t6 ∈ [t8, t9]. This means that
t8 ⪯T t4 and t6 ⪯T t9. By (i) it follows that t8 ≺T t5 ≺T t9. Proposition 13 implies that
then n1(t′

5) ̸⪯I
T n2(t7) and n2(t7) ̸⪯I

T n1(t′
5).

There exist t7, t′
7 ∈ D2 such that n2(t7) = [t8, t4] and n2(t′

7) = [t5, t9] with t6 ∈ [t5, t9].
Since |n2(t)| ≥ 3 for any t ∈ {t ∈ D2 | n2(t) defined}, |n2(t′

7)| = |[t5, t9]| ≥ 3. By (iii),
t6 ≺T t9. It follows that t5 ≺T t6 ≺T t9. Proposition 13 implies that then n1(t′

6) ̸⪯I
T n2(t′

7)
and n2(t′

7) ̸⪯I
T n1(t′

6).
There exist t7, t′

7 ∈ D2 such that n2(t7) = [t8, t5] and n2(t′
7) = [t6, t9] with t4 ∈ [t8, t5].

By analogous reasoning as in the previous case, n1(t′
4) ̸⪯I

T n2(t7) and n2(t7) ̸⪯I
T n1(t′

4).
In any of the cases it holds that there exist t1 ∈ D1 and t2 ∈ D2 with n1(t1) ̸⪯I

T n2(t2) and
n2(t2) ̸⪯I

T n2(t2) as wanted.
To prove (2), let us first prove the following statement.
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▶ Statement 17. Let D be a time domain with ⪯ being the time domain relation of D.
For any [t1, t2], [t3, t4] ∈ I⪯

D with |[t1, t2]| ≥ 2, |[t3, t4]| ≥ 2 and |[t1, t2] ∩ [t3, t4]| ≥ 2,
[t1, t2] ̸⪯I

D [t3, t4] and [t3, t4] ̸⪯I
D [t1, t2].

Proof. To prove this, let [t1, t2], [t3, t4] ∈ I⪯
D satisfy the aforementioned conditions. Since

|[t1, t2] ∩ [t3, t4]| ≥ 2, there exist t5, t6 ∈ D such that t5 ≺ t6 with t5, t6 ∈ [t1, t2] and
t5, t6 ∈ [t3, t4]. Further, since |[t1, t2]| ≥ 2 and |[t3, t4]| ≥ 2, t1 ⪯ t5 ≺ t6 ⪯ t2 and
t3 ⪯ t5 ≺ t6 ⪯ t4. Suppose towards contradiction that [t1, t2] ⪯I

D [t3, t4]. This implies
that t5 ≺ t6 ⪯ t2 ⪯ t3 ⪯ t5 ≺ t6. So that t6 ⪯ t5 and t6 ̸⪯ t5 (because t5 ≺ t6) which is
a contradiction. Therefore, [t1, t2] ̸⪯I

D [t3, t4]. By analogous reasoning, one obtains that
[t3, t4] ̸⪯I

D [t1, t2]. ◀

Given this result, we can then prove (2). Note that since |{t ∈ T | t ∈ n1(t′
1) for some t′

1 ∈
D1} ∩ {t ∈ T | t ∈ n2(t′

2) for some t′
2 ∈ D2}| ≥ 2 and n1 and n2 are gap-free, there exist

t4, t5 ∈ T, such that (i) t4 ≺T t5, (ii) for t ∈ {t4, t5}, there exist t′
1 ∈ D1 and t′

2 ∈ D2 such
that t ∈ n1(t′

1) and t ∈ n2(t′
2), and (iii) for any t ∈ T with t ̸= t4 and t ̸= t5, t ≺T t4 or

t5 ≺T t. This implies that one of the following cases holds:
There exist t7 ∈ D1 and t8 ∈ D2 such that t4, t5 ∈ n1(t7) and t4, t5 ∈ n2(t8). By
Statement 17, it then follows that n1(t7) ̸⪯I

T n2(t8) and n2(t8) ̸⪯I
T n2(t7).

There exist t7, t′
7 ∈ D1 and t8 ∈ D2 such that n1(t7) = [t9, t4], n1(t′

7) = [t5, t10] and t4, t5 ∈
n2(t8). Since n1 and n2 are gap-free, |n1(t)| ≥ 3 for for any t ∈ {t ∈ D1 | n1(t) defined},
and |n2(t)| ≥ 3 for any for any t ∈ {t ∈ D2 | n2(t) defined}, |n1(t7) ∩ n2(t8)| ≥ 2 or
|n1(t′

7) ∩ n2(t8)| ≥ 2. It follows by Statement 17 that n1(t7) ̸⪯I
T n2(t8) and n2(t8) ̸⪯I

T

n2(t7), or n1(t′
7) ̸⪯I

T n2(t8) and n2(t8) ̸⪯I
T n2(t′

7).
There exist t7 ∈ D1 and t8, t′

8 ∈ D2 such that t4, t5 ∈ n1(t7), n2(t8) = [t11, t4], and
n2(t′

8) = [t5, t12]. By analogous reasoning as in the previous case, n1(t7) ̸⪯I
T n2(t8) and

n2(t8) ̸⪯I
T n2(t7), or n1(t7) ̸⪯I

T n2(t′
8) and n2(t′

8) ̸⪯I
T n2(t7).

There exist t7, t′
7 ∈ D1 and t8, t′

8 ∈ D2 such that n1(t7) = [t9, t4], n1(t′
7) = [t5, t10],

n2(t8) = [t11, t4], and n2(t′
8) = [t5, t12]. By analogous reasoning as in the previous cases,

n1(t7) ̸⪯I
T n2(t8) and n2(t8) ̸⪯I

T n2(t7), and n1(t′
7) ̸⪯I

T n2(t′
8) and n2(t′

8) ̸⪯I
T n2(t′

7).
Therefore, in any of the cases it holds that there exist t1 ∈ D1 and t2 ∈ D2 with n1(t1) ̸⪯I

D

n2(t2) and n2(t2) ̸⪯I
T n2(t2) as wanted. ◀
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Abstract
Representing time is crucial for cyber-physical systems and has been studied extensively in the
situation calculus. The most commonly used approach represents time by adding a real-valued
function time(a) that attaches a time point to each action and consequently to each situation. We
show that in this approach, checking whether there is a reachable situation that satisfies a given
formula is undecidable, even when the domain contains only finitely many objects. We present an
alternative approach based on well-established results from timed automata theory by introducing
clocks as real-valued fluents with restricted successor state axioms and comparison operators. With
this restriction, we can show that the reachability problem for finite-domain basic action theories
is decidable. Finally, we apply our results to Golog program realization by presenting a decidable
procedure for determining an action sequence that is a successful execution of a given program.
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1 Introduction

Time is a ubiquitous concept in various applications, especially in cases where digital systems
interact with the real world such as applications in robotics or generally in cyber-physical
systems. Early approaches model discrete time, which allows modeling and reasoning about
system states at discrete points in time. This approach gives rise to the problem of choosing
an appropriate granularity (resolution) of time to facilitate useful reasoning. The introduction
of models which incorporate continuous and dense notions of time circumvents this problem
and allows for more expressive modeling and analysis approaches. Dense time has been under
extensive investigation in the formal methods community, e.g., in the analysis of hybrid
systems which started with the introduction of timed automata (TAs) [3].

The situation calculus (SC) is a well-known first-order formalism for reasoning about
dynamically changing worlds, where each change in the world is caused by an action. Among
others, it permits a representation of continuous time by attaching a time of occurrence to
each action and hence also each situation [26, 28]. In this paper, we focus on reachability,
i.e., checking whether there is a reachable situation where some formula ϕ holds. We show
that the standard representation of time already makes the reachability problem undecidable,
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11:2 Decidable Reasoning About Time in Finite-Domain Situation Calculus Theories

even when the domain contains only finitely many objects. To recover decidability, we
adapt the core techniques of timed automata theory to the situation calculus: we introduce
clocks as real-valued fluents that may only be reset or advanced uniformly and compared
against natural numbers, and we show that region abstraction, adapted to situations as
a time-abstract bisimulation, yields a finite abstraction of the otherwise infinite tree of
situations. This transfer lets us decide reachability for clocked basic action theories over
finite domains. We then extend this result to Golog programs and investigate program
realization. Given a Golog program, we present a decidable method for determining a
corresponding action sequence that results in a final program configuration.

Reachability and program realization in this restricted setting are closely related to
recent work on synthesis for Golog programs. Reactive synthesis has been studied for the
propositional situation calculus [10] and for first-order agent programs against uncontrollable
environments with LTLf goals [18]. Our realization procedure complements these: rather than
synthesizing a strategy against an adversarial environment, we focus on the fully controllable
setting, but extend the formalism with continuous time.

This paper is organized as follows: We discuss related work in Section 2 and present the
foundations of the SC in Section 3. We discuss reachability in Section 4, where we show
undecidability for the existing approaches and then show a decidable approach in Section 5.
In Section 6, we apply these results to program realization and conclude in Section 7.

2 Related Work

Already McCarthy [21] proposed a fluent function time that gives the value of time in a
situation. Elaborating on this idea, Gelfond et al. [16] described an extension where time is
a fluent with values from the integers or real numbers and where each action has a duration.
Miller [22] attached time to each action and allowed overlapping actions with durations,
along with a partial ordering of actions that allows describing two concurrent sequences
of actions. Pinto and Reiter [26] modeled durative actions with instantaneous start and
end actions and continuous time to describe actions and events. By distinguishing actual
and possible situations, they define a total ordering on situations that allows expressing
linear-time temporal properties within the SC. Finzi and Pirri [15] combine the SC with
temporal constraint reasoning, among others supporting processes that have start and end
actions and explicit start times. Several approaches [22, 28] allow modeling continuous
processes, where a fluent continuously changes its value between two situations. The hybrid
situation calculus [5] combines the SC with hybrid systems by embedding hybrid automata [2].

The event calculus [20, 24] uses an explicit representation of discrete or continuous time,
where events occur at certain points on the timeline. In contrast to the SC, formulas do
not refer to situations, but to points in time, and it uses circumscription to solve the frame
problem. A comparison of the two formalisms can be found in [30]. As there is no action
programming language such as Golog in the event calculus, we focus on the SC.

Timed automata (TAs) [3] extend finite automata with continuous time. While reachability
is decidable for the original model, several extensions render it undecidable [4]. For TAs
with diagonal constraints of the form x− y ▷◁ c (in contrast to x ▷◁ c), reachability remains
decidable [3], while it is undecidable with additive constraints (x + y ▷◁ c) [7]. Allowing clock
resets to non-zero values also affects decidability: with diagonal-free constraints, resets of
clocks such as x := x + 1 preserve decidability, while diagonal constraints render reachability
undecidable. Updates of the form x := x− 1 always yield undecidability [6]. As decidability
for timed automata is well-studied, it is reasonable to adopt this model of time for the SC.
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3 The Situation Calculus

The situation calculus (SC) [21, 29] is a sorted predicate logic for reasoning about dynamically
changing worlds. All changes in the world are caused by actions, which are terms in the
language. A situation is a possible history of the world, where the distinguished function
symbol do(α, σ) describes the resulting situation of doing action α in situation σ and the
constant S0 denotes the initial situation where no actions have yet occurred. Besides actions
and situations, the sort objects is used for terms describing objects of the world. Fluents are
relational or functional symbols that describe possibly changing properties of the world and
that have a situation as their last argument. Relational and functional symbols that remain
unchanged between situations are called rigid and do not have a situation argument. We
denote relational symbols with upper-case letters, e.g., IsFull(p, s), and functional symbols
with lower-case letters, e.g., counter(s). Apart from the situation argument, all arguments
of a fluent are of type object. We assume that there is a finite set of fluent symbols F
and a finite number of action types. In contrast to the usual definition, we also assume
a finite set of objects O, for which we require the unique name assumption and domain
closure. For an action type A, we write |A| for the number of arguments of A. In the
following, s denotes a situation variable, σ a ground situation term, a an action variable, α

a ground action term, A an action type, p and o object variables, ρ a ground object term,
and x⃗ a tuple of variables x1, . . . , xk of the corresponding sort (similarly for terms). We
also write ϕ1 ⊃ ϕ2 for ¬ϕ1 ∨ ϕ2 and ϕ1 ≡ ϕ2 for ϕ1 ⊃ ϕ2 ∧ ϕ2 ⊃ ϕ1, where ≡ has lowest
operator precedence and free variables are assumed to be universally quantified from the
outside, e.g., F (o⃗, s) ≡ ϕ1 ∨ ϕ2 stands for ∀o⃗, s.(F (o⃗, s) ≡ (ϕ1 ∨ ϕ2)). Finally, we write
do([α1; . . . ; αk], S0) for do(αk, do(. . . , do(α1, S0))). A formula is uniform in s if it does not
mention any situation terms other than s and does not mention Poss (see [29] for a formal
definition). A situation-suppressed formula is a formula where the situation argument of
each fluent is omitted. For a formula ϕ and a situation term σ, we write ϕ[σ] for the formula
obtained by replacing each occurrence of s with σ. Similarly, for a situation-suppressed
formula ϕ, ϕ[σ] is like ϕ with every fluent augmented by the situation argument σ.

The SC has been extended to represent time by adding an additional real-valued sort
time with the standard interpretation of the real numbers and their operations (addition,
subtraction, etc.) and relations (<, ≤, etc.) and augmenting each action term A(o⃗, t) with
an additional time argument t, which specifies the time point when the action occurs [26, 29].
An additional function symbol time(α) is used to describe the starting time of the action
situation, i.e., time(A(o⃗, t)) := t. This allows axiomatizing the starting time of a situation
with start(do(a, s)) = time(a) and processes with a duration that is defined by its start and
end action [15]. With real numbers as an additional sort and independent of whether actions
have an execution timepoint, we may also allow real-valued fluent functions. As we will see
in Section 4, having either durative processes or real-valued fluent functions without any
constraints renders the reachability problem undecidable.

Basic Action Theories
A basic action theory (BAT) [27] is an axiomatization of a domain and describes all available
actions with precondition axioms and successor state axioms. In addition to the domain-
specific axioms, a BAT also contains the foundational axioms of the SC. Similar to [13], we
include domain closure axioms for action types and objects. Here, we axiomatize a finite set
of objects.
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11:4 Decidable Reasoning About Time in Finite-Domain Situation Calculus Theories

▶ Definition 1. A basic action theory (BAT) is a set of sentences D = D0 ∪ Dposs ∪ Dssa ∪
Dca ∪ Dco ∪ Σ where:
D0 is a description of the initial situation with a set of sentences uniform in S0. Here, we
assume complete information, i.e., for every atomic (fluent or rigid) formula ϕ uniform
in S0, either D |= ϕ or D |= ¬ϕ.
Dposs are precondition axioms of the form Poss(A(o⃗), s) ≡ ϕA(o⃗, s), one per action type
A ∈ A and where ϕA(o⃗, s) is a formula uniform in s that describes when the action A(o⃗)
can be performed.
Dssa are successor state axioms (SSAs) describing action effects. For each relational
fluent F ∈ F , Dssa contains an axiom of the form F (o⃗, do(a, s)) ≡ ϕF (o⃗, a, s), where
ϕF (o⃗, a, s) is a formula uniform in s that describes how the fluent F (o⃗) changes if some
action a is performed. For each functional fluent f ∈ F , Dssa contains an axiom of the
form f(o⃗, do(a, s)) = y ≡ ϕf (o⃗, y, a, s), where ϕf (o⃗, y, a, s) is a formula uniform in s

describing how the fluent f(o⃗) changes if an action a is performed.
Dca are domain closure and unique name axioms (UNAs) on actions A, e.g.,

∀a(∃o⃗1(a = A1(o⃗1)) ∨ . . . ∨ ∃o⃗n(a = An(o⃗n)))
∀o⃗io⃗j(Ai(o⃗i) ̸= Aj(o⃗j)) for all i ̸= j

∀o⃗1o⃗′
1(A1(o⃗1) = A1(o⃗′

1) ⊃ o⃗1 = o⃗′
1) ∧ . . . ∧ ∀o⃗no⃗′

n(An(o⃗n) = An(o⃗′
n) ⊃ o⃗n = o⃗′

n)

Dco are domain closure and UNAs on object constants O, e.g., ∀o(o = ρ1 ∨ o = ρ2 ∨
. . .) ∧ ρ1 ̸= ρ2 ∧ . . ..
Σ: foundational, domain-independent axioms, possibly including time and start from
above and including the relation ⊏ that provides an ordering relation on situations.

We call D a timed BAT if it includes axioms for time, start, etc. from above and we
say D is real-valued if it includes a functional fluent of sort time. Note that these are
two independent properties: We may have occurrence times for actions without having
any real-valued fluents and we may use real-valued fluents without assigning any time
values to actions. In the following, we assume that situation terms only mention action
types from A and object terms from O. Following [29], a situation s is executable, written
Exec(s), if every action performed to reach s is possible in the situation where it occurred:
Exec(s) := do(a, s′) ⊑ s ⊃ Poss(a, s′).

4 Reachability

Generally speaking, reachability asks whether there is a reachable situation where some
property holds. Formally, given a BAT D and a formula ϕ, ϕ is reachable if there is an
executable situation where ϕ holds, i.e., if D |= ∃s Exec(s) ∧ ϕ[s]. Many problems such as
planning or verification of safety properties can be formulated as a reachability problem. It
is therefore desirable to have a sound and complete method to decide reachability. However,
depending on the expressivity of the underlying framework, the reachability problem may
become undecidable. It is easy to see that for a given BAT over a finite set of objects that
does not make use of time, the reachability problem is decidable. On the other hand, if we
include fluents of sort time and allow arbitrary arithmetic operations on those fluents, then
the problem is no longer decidable:1

1 Full proofs can be found in Appendix A.
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▶ Theorem 2. The reachability problem for a real-valued BAT is undecidable.

Proof Idea. By reduction of the halting problem for 2-counter machines (2CMs), which
is undecidable [23]. Given a 2CM M, we can construct a BAT DM such that DM |=
∃s. Exec(s) ∧Halt(s) iff M halts. ◀

Intuitively, the problem is that we may use time fluents as counters for 2CMs. These
counters may be unbounded because time fluents are not bounded. A natural restriction
is thus adding an upper bound b to all fluents of sort time: Given a bound b ∈ Q and a
BAT D with Ftime denoting all functional fluents of sort time, we express that all fluents
are bounded by b with Boundedb(s) := ∀s′. s′ ⊑ s ⊃

∧
f∈Ftime

∀o⃗. f(o⃗, s′) ≤ b. We can now
define the time-bounded reachability problem: Given a property ϕ and a bound b ∈ Q, does
D |= ∃s Exec(s)∧Boundedb(s)∧ ϕ[s] hold? Unfortunately, this restriction is not sufficient to
accomplish decidability:

▶ Theorem 3. The time-bounded reachability problem for a real-valued BAT and a time
bound b ≥ 2 is undecidable.

Proof Idea. Again by reduction of the halting problem for 2CMs. A counter value u is
encoded by a fluent value 21−u. A counter is decremented by doubling and incremented by
halving the corresponding fluent and tested for zero by comparing the corresponding fluent
to 2. ◀

These results suggest that we need to restrict the arithmetic operators on time fluents
such that time may not change its value arbitrarily, but is monotonically increasing. However,
this is not sufficient; even if we do not allow real-valued fluents but instead only consider
actions with time arguments and processes with start times [15], the reachability problem
remains undecidable:

▶ Theorem 4. The reachability problem for timed BATs without real-valued functional fluents
is undecidable.

Proof Idea. By reduction of the language emptiness problem for TAs with 4 clocks c1, . . . , c4
extended with additive clock constraints of the form c1 + c2 = 1, which is undecidable [7]. For
a TA A, we can construct a BAT and a formula ϕ such that D |= ∃s. Exec(s) ∧ ϕ[s] iff the
language of A is non-empty. The key idea is to model each clock as a separate process, where
a clock reset starts the process, defining the clock value of every clock in every situation. ◀

Together, Theorems 2 to 4 rule out the natural ways of modeling dense time in the SC while
retaining decidability. Reachability is undecidable if fluents range over the reals and may
be manipulated arithmetically (Theorem 2); bounding the range of these fluents does not
help (Theorem 3); and removing real-valued functional fluents altogether, such that time
only occurs through timed actions, does not retain decidability either (Theorem 4). In each
case, the problem is not continuous time itself, but allowing time values to be combined
arithmetically. This motivates the model of Section 5, which keeps dense time but restricts
the admissible operations by only allowing resets, comparisons against natural numbers, and
uniform progression of time.

5 Clocks in the Situation Calculus

In this section, we propose an alternative approach for modeling time in the SC that maintains
decidability. We adopt methods from timed automata theory by defining clocked BATs and
show that the reachability problem for clocked BATs is decidable. In particular, we introduce
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clocks as real-valued functional fluents with restricted SSAs that guarantee uniform passing
of time and that allow an action to reset a clock to zero. Furthermore, we require that the
BAT uses a distinguished action wait that causes time to pass. Apart from wait, all actions
are instantaneous, i.e., they do not have a time argument and there is no delay between the
previous and the current action. This allows using clocks both in action preconditions and in
successor state axioms. We restrict formulas mentioning clocks to comparisons to natural
numbers:

▶ Definition 5. We distinguish the following types of formulas:
1. A formula ϕ is a clock comparison if it is of the form f(o⃗, s) ▷◁ v or v ▷◁ v′, where f ∈ F

is some functional fluent, v, v′ ∈ N, and ▷◁ ∈ {<,≤, =,≥, >}.
2. A formula ϕ is called clocked if every atomic sub-formula mentioning a term of sort time

is a clock comparison.
3. A formula ϕ is called time-independent if it does not mention any term of sort time.

We call a clock comparison K-bounded if it only compares against constants v, v′ ≤ K. A
clocked formula is K-bounded if each occurring clock comparison is K-bounded. As we
will see, these restrictions allow us to apply regionalization, which defines an equivalence
relation on clock values. Based on regionalization, we will define a time-abstract bisimulation,
resulting in a finite abstraction of the otherwise infinite tree of situations, which permits a
decidable procedure for the reachability problem. We start by introducing clocks to BATs:

▶ Definition 6. A BAT D is called a clocked BAT if:
1. Every functional fluent f is real-valued, i.e., of sort time;
2. For each functional fluent f , D0 contains an axiom f(o⃗, S0) = 0;
3. For each functional fluent f , Dssa contains an axiom of the form

f(o⃗, do(a, s)) = y ≡ ∃t. a = wait(t) ∧ y = f(o⃗, s) + t

∨ ¬∃t. a = wait(t) ∧ (ϕf (o⃗, a, s) ∧ y = 0 ∨ ¬ϕf (o⃗, a, s) ∧ y = f(o⃗, s))

where ϕf (o⃗, a, s) is a time-independent formula uniform in s describing if the action a

resets the value of f(o⃗);
4. For every relational fluent R, Dssa contains an axiom of the form R(o⃗, do(a, s)) ≡

ϕR(o⃗, a, s) where ϕR(o⃗, a, s) is a clocked formula uniform in s.
5. Every precondition axiom in Dposs is of the form Poss(A(o⃗), s) ≡ ϕA(o⃗, s) such that

ϕA(o⃗, s) is a clocked formula uniform in s;
6. Waiting for some non-negative amount of time is always possible: Poss(wait(t), s) ≡ t ≥ 0;

We call a clocked BAT D K-bounded if each clocked formula occurring in D is K-bounded.
Note that D is always K-bounded for some K ∈ N, because D consists of finitely many axioms.
For the sake of simplicity, we assume that all functional fluents are of domain time and are
initialized to zero. While this is not strictly necessary, it simplifies the treatment of functional
fluents later on. The restricted form of the SSAs of functional fluents enforces a behavior
similar to clocks in timed automata: An action wait(t) increments each clock by the value
t ∈ R≥0; all other actions either leave the value unchanged or reset it to zero.2 Hence, we will
also call these fluents clocks. We write C for the set of all ground situation-suppressed clock
terms, we denote clock variables with c, c1, . . . and (possibly situation-suppressed) ground

2 This separation allows us to use clock comparisons in precondition axioms and SSAs. If we allowed
time to pass with every action, then the precondition axiom would refer to the time of the previous
situation, as time is only incremented after the action has occurred.
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clock terms with ω, ω1, . . .. Finally, we also restrict the usage of clocks in all axioms of a
clocked BAT: Both precondition and successor state axioms may only use clocked formulas,
which restrict any operations on clocks to clock comparisons. As we will see later on, this
is an essential restriction for allowing regionalization. Nevertheless, it is easy to show that
clocked BATs are expressive enough to represent TAs. We use a variant of the coffee delivery
robot [29] as a running example:

▶ Example 7. We model a coffee delivery service that has the durative actions brew and
pour and objects Pot, Mug1, and Mug2. The robot needs to brew coffee and then pour it
into the mugs. The fluents Brew and Pour indicate that the robot is currently brewing
(respectively pouring) coffee. After brewing, the pot IsFull and after pouring into a mug,
the mug IsFull. The clock cbrew tracks the duration of brew, while cglob tracks global time.
Brewing takes at least 1 time unit. If the robot brews coffee for at least 2 time units, the
coffee is Strong.

Initially, the robot is doing nothing, nothing is filled, the coffee is not strong, and all
clocks are initialized to zero. Also, only Mug1 should be filled with strong coffee:

¬Brew(p, S0),¬Pour(p, m, S0),¬IsFull(o, S0),¬Strong(o, S0),
cbrew(p, S0) = 0, cglob(S0) = 0, WantStrong(o) ≡ o = Mug1

The robot may start a durative action if it is not doing anything and end it if it has
started it before. Brewing takes at least 1 time unit. In order to pour the coffee, there
must be coffee in the pot:

Poss(sBrew(p), s) ≡ ¬Brew(p, s) ∧ ¬∃m. Pour(p, m, s)
Poss(eBrew(p), s) ≡ Brew(p, s) ∧ cbrew(p, s) ≥ 1

Poss(sPour(p, m), s) ≡ IsFull(p, s) ∧ ¬∃p′, m′. Pour(p′, m′, s) ∧ ¬Brew(p, s)
Poss(ePour(p, m), s) ≡ Pour(p, m, s)

Poss(wait(t), s) ≡ t ≥ 0

The SSAs state that brew fills a pot with coffee and makes it strong if it took at least 2
time units:

IsFull(o, do(a, s)) ≡ a = eBrew(o) ∨ ∃p. a = ePour(p, o) ∨ IsFull(o, s)
Strong(o, do(a, s)) ≡ a = eBrew(o) ∧ cbrew(o, s) ≥ 2

∨ ∃p. a = ePour(p, o) ∧ Strong(p, s) ∨ Strong(o, s)
Brew(p, do(a, s)) ≡ a = sBrew(p) ∨ Brew(p, s) ∧ a ̸= eBrew(p)

Pour(p, m, do(a, s)) ≡ a = sPour(p, m) ∨ Pour(p, m, s) ∧ a ̸= ePour(p, m)

cbrew(p, do(a, s)) = y ≡ ∃t(a = wait(t) ∧ y = cbrew(p, s) + t) ∨
(
¬∃t.a = wait(t)

∧
(
a = sBrew(p) ∧ y = 0 ∨ a ̸= sBrew(p) ∧ y = cbrew(p, s)

))
cglob(do(a, s)) = y ≡ ∃t. a = wait(t) ∧ y = cglob(s) + t

∨ ¬∃t.a = wait(t) ∧ y = cglob(s)

There are no other objects or actions:

∀o(o = Pot ∨ o = Mug1 ∨ . . .) ∧Mug1 ̸= Pot ∧ . . .

∀a(∃o.a = sBrew(o) ∨ . . . ∨ ∃t. a = wait(t))
∧ ∀o1, o2. sBrew(o1) ̸= eBrew(o2) ∧ . . .

∧ ∀o1, o2. sBrew(o1) = sBrew(o2) ⊃ o1 = o2 ∧ . . .
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5.1 Regression
A fundamental reasoning task in the SC is projection, i.e., determining whether a sentence ϕ

is true in a future situation. A common method to solve projection is regression [27], which
reduces the formula ϕ to an equivalent formula R[ϕ] which only refers to the initial situation.
Given a BAT, regression substitutes each fluent mentioned in ϕ by the right-hand side of the
corresponding SSA until every fluent only mentions S0. Regression is sound and complete
and thus may be used for reducing queries about a future situation to the initial situation.
Here, we use a simplified variant of regression, where we require that all action terms are
ground:

▶ Definition 8. A formula ϕ is regressable iff
1. ϕ is first order (i.e., the second-order axioms Σ are not regressable).
2. Every term of sort situation mentioned in ϕ has the form do([α1, . . . , αn], S0), where

α1, . . . , αn are ground terms of sort action.
3. Every atom mentioning a clock f is of the form f(o⃗, s) ▷◁ τ , where o⃗ are terms of sort

object and τ ∈ R.3
4. For every atom of the form Poss(a, s) mentioned in ϕ, a has the form A(o⃗) for some

action type A.
5. ϕ does not quantify over situations.
6. ϕ does not mention the symbol ⊏, nor does it mention any equality atom s = s′ for

situation terms s, s′.

We extend the standard regression operator R with a regression rule for clock comparisons:

▶ Definition 9. Let ϕ = f(ρ⃗, do(α, σ)) ▷◁ r where f ∈ F is a clock and r ∈ R. By Definition 6,
there is an SSA of the following form:

f(o⃗, do(a, s)) = y ≡ ∃t. a = wait(t) ∧ y = f(o⃗, s) + t

∨ ¬∃t.a = wait(t) ∧ (ϕf (o⃗, a, s) ∧ y = 0 ∨ ¬ϕf (o⃗, a, s) ∧ y = f(o⃗, s))

Then R[ϕ] is defined as follows:
1. If α = wait(t) for some t ∈ R≥0, then R[ϕ] := R[f(ρ⃗, σ) ▷◁ r′] with r′ = r − t.
2. Otherwise: R[ϕ] := R[ϕf (ρ⃗, α, σ) ∧ 0 ▷◁ r ∨ ¬ϕf (ρ⃗, α, σ) ∧ f(ρ⃗, σ) ▷◁ r]

We obtain a variant of the regression theorem:

▶ Theorem 10. Let ϕ be a regressable formula. Then R[ϕ] is uniform in S0 and D |= ϕ iff
D0 ∪ Dc |= R[ϕ].

With this variant of regression, deciding whether a BAT entails a regressable clocked
formula is decidable:

▶ Theorem 11. Let ϕ be a regressable clocked formula and D a clocked BAT (over finite
objects and with complete information). Then D |= ϕ is decidable.

Proof. As regression is sound and complete, it is sufficient to consider D0∪Dc |= R[ϕ], which
can be reduced to entailment in propositional logic: First, as O is finite, we can eliminate
each quantifier in D and ϕ by substitution, e.g., by substituting ∃o.ϕ′ with

∨
o∈O ϕ′. Second,

note that regressing a clock comparison f(ρ⃗, σ) ▷◁ r results in a formula f(ρ⃗, S0) ▷◁ r′, where

3 In particular, we disallow quantifying over terms of sort time.
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r′ ∈ R. As all clock values are initialized to 0, we can directly replace each such comparison
by ⊤ or ⊥, e.g., f(ρ⃗, S0) > 5 is simplified to ⊥. Finally, with the unique name assumption, we
can interpret predicate symbols as propositional variables, thereby obtaining a propositional
set of sentences D′

0 and a propositional formula ϕ′ such that D′
0 |= ϕ′ iff D0 ∪ Dc |= ϕ. ◀

5.2 Regionalization
To show decidability of the reachability problem for clocked BATs, we use an approach based
on abstraction for timed automata inspired by [3, 25]. We construct a finite abstraction of the
otherwise infinite tree of situations of a clocked BAT D using a time-abstract bisimulation
relation over situations:

▶ Definition 12 (Time-abstract Bisimulation). An equivalence relation R ⊆ S × S is a
K-relative time-abstract bisimulation on S if (σ1, σ2) ∈ R implies
1. For every K-bounded clocked formula ϕ uniform in s: D |= ϕ[σ1] iff D |= ϕ[σ2].
2. For every action type A ̸= wait and ground arguments ρ⃗, (do(A(ρ⃗), σ1), do(A(ρ⃗), σ2)) ∈ R.
3. For every τ1 ∈ R≥0, there is a τ2 ∈ R≥0 such that (do(wait(τ1), σ1), do(wait(τ2), σ2)) ∈ R.

Intuitively, two situations are bisimilar if they represent the same state of the world (i.e.,
they satisfy the same K-bounded clocked formulas) and if applying the same action in both
situations results again in bisimilar situations.

In the following, we construct such a bisimulation by applying regionalization to situations.
Generally, a clock valuation over clocks C is a function ν : C → R≥0. For situations, we can
define clock valuations as follows:

▶ Definition 13 (Clock Valuation). Let D be a clocked BAT with (situation-suppressed) clocks
C and σ a situation. The clock valuation νD

σ of σ is the clock valuation over C with νD
σ (ω) = τ

iff D |= ω[σ] = τ for a ground clock term ω.

We will omit the superscript D if D is clear from context. It is sometimes convenient to write
a clock valuation ν as a set of pairs {(c, v) | c ∈ C, v = ν(c)} ⊆ C ×R≥0. We also write ν + τ

for {(c, v + τ) | c ∈ C, v = ν(c)} where all clocks are incremented by τ . We can show that
every situation has a unique clock valuation:

▶ Lemma 14. If D is a clocked BAT and σ a situation, then νσ always exists and is unique.

We use regionalization to obtain an abstraction of clock valuations. We briefly outline
the intuition behind this idea: Given a constant K ∈ N that is the maximal constant of sort
time mentioned in D and in the reachability query ϕ, we can collect all clock values with a
value larger than K in a single class ⊤. Furthermore, as clocks are only compared to natural
numbers, for a single clock it suffices to observe only integer parts and whether fractional
parts differ from zero to derive a finite set of equivalence classes for clock valuations v ∈ [0,K].
In the presence of multiple clocks, the order between the fractional parts needs to be taken
into account as well [1]. We define the fractional part fract(v) of v ∈ [0,K] ∪ {⊤} as v − ⌊v⌋
if v ∈ [0,K] and zero otherwise. This leads to the definition of clock regions:

▶ Definition 15 (Clock Regions). Given a maximal constant K, let V = [0,K] ∪ {⊤}. We
define the region equivalence as the equivalence relation ∼K on V such that u ∼K v if

u = v = ⊤, or
u, v ̸= ⊤, ⌈u⌉ = ⌈v⌉, and ⌊u⌋ = ⌊v⌋.

TIME 2026



11:10 Decidable Reasoning About Time in Finite-Domain Situation Calculus Theories

A region is an equivalence class of ∼K. We extend region equivalence to clock valuations.
Let ν, ν′ be two clock valuations over C, then ν and ν′ are region-equivalent, written ν ∼=K ν′

iff (1) for every c ∈ C, ν(c) ∼K ν′(c), and (2) for every c, c′ ∈ C, fract(ν(c)) ≤ fract(ν(c′))
iff fract(ν′(c)) ≤ fract(ν′(c′)).

Note that for a fixed K, there is only a finite number of regions. Based on region
equivalence wrt. K, we can now define an equivalence relation on situations:

▶ Definition 16. Let ≈DK ⊆ S × S be an equivalence relation such that σ1 ≈DK σ2 iff
1. for every fluent R ∈ F , D |= R(ρ⃗, σ1) iff D |= R(ρ⃗, σ2),
2. there is a bijection f : νσ1 → νσ2 such that

a. if f(c1, v1) = (c2, v2), then c1 = c2 and v1 ∼K v2
b. if f(c1, v1) = (c2, v2) and f(c′

1, v′
1) = (c′

2, v′
2), then fract(v1) ≤ fract(v′

1) iff fract(v2) ≤
fract(v′

2).

Two situations are equivalent if they satisfy the same fluents and agree on the clock regions.
For a situation σ, we write [σ]≈DK for the equivalence class of σ wrt. ≈DK. We denote the
set of equivalence classes resulting from ≈DK as S/ ≈DK. Equivalence directly extends to
clocked formulas:

▶ Lemma 17. Let σ1 ≈DK σ2 and let ϕ be a K-bounded clocked formula uniform in s. Then
D |= ϕ[σ1] iff D |= ϕ[σ2].

We use a well-known result from [3] which states that it is always possible to maintain
equivalence wrt. ∼=K between clock valuations for a given time increment:

▶ Proposition 18. Let ν1 and ν2 be two clock valuations over a set of clocks C such that
ν1 ∼=K ν2. Then for all τ ∈ R≥0 there exists a τ ′ ∈ R≥0 such that ν1 + τ ∼=K ν2 + τ ′.

Therefore, for two situations with σ1 ≈DK σ2 and any action wait(τ1), it is always possible
to find a τ2 such that do(wait(τ1), σ1) ≈DK do(wait(τ2), σ2). Based on this, we can show
that ≈DK satisfies all criteria of Definition 12:

▶ Theorem 19. ≈DK is a time-abstract bisimulation.

Hence, it suffices to argue about the resulting equivalence classes to determine entailment with
respect to a given D. This enables us to construct a time-abstract transition system as a finite
abstraction for the otherwise infinite tree of situations, where states collect ≈DK-equivalent
situations connected by executable actions from D:

▶ Definition 20 (Time-abstract Transition System). Let D be a clocked BAT. We define the
TS TD = (Q, q0,→) as follows:

The set of states Q consists of equivalence classes of ≈DK, i.e., Q ⊆ S/ ≈DK;
The initial state is the equivalence class q0 = [S0]≈DK ;
[σ]≈DK → [σ′]≈DK if σ′ is an executable successor situation of σ, i.e., if σ′ = do(α, σ)
and D |= Exec(σ′).

It is easy to see that it is sufficient to consider TD for checking reachable situations:

▶ Lemma 21. [σ]≈DK is reachable in TD iff there is some σ′ ∈ [σ]≈DK with D |= Exec(σ′).

In contrast to the tree of situations, the time-abstract transition system TD is finite:

▶ Lemma 22. The time-abstract transition system TD has finitely many states.

Hence, the time-abstract transition system TD is useful for deciding reachability: every
reachable situation is also reachable in TD, which is a finite transition system and can be
explored exhaustively. It remains to be shown that we can actually construct TD.
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Algorithm 1 Computation of the time-abstract transition system TD for a clocked BAT D.

Open ← {S0}; V ← {[S0]≈DK}; E ← ∅
while Open ̸= ∅ do

σ ← pop(Open)
Acts ← {A(ρ⃗) | A ∈ A \ {wait}, ρ⃗ ∈ O|A|} ∪ {wait(τ) | τ ∈ TSuccs(σ,K)}
for all α ∈ Acts do

if D0 ∪ Dc |= R[Poss(α, σ)] then
if [do(α, σ)]≈DK ̸∈ V then

V ← V ∪ {[do(α, σ)]≈DK}
Open ← Open ∪ {do(α, σ)}

E ← E ∪ {([σ]≈DK , [do(α, σ)]≈DK)}
return (V, [S0]≈DK , E)

Algorithm 2 Time successor computation for a situation σ.

function TSuccs(σ, K)
ν ← νσ; last ← 0; Succs ← {last}
while ∃(c, v) ∈ ν : v ≤ K do

µ← max(c,v)∈ν fract(v)
if ∃(c, v) ∈ ν : fract(v) = 0 then incr ← 1−µ

2
else incr ← 1− µ

last ← last + incr
Succs ← Succs ∪ {last}
ν ← ν + incr

return Succs

5.3 Decidability
We now describe an algorithm for constructing TD, which is shown in Algorithm 1. Starting
with the initial state [S0]≈DK , the algorithm iteratively adds a state [σ]≈DK to TD whenever
σ is reachable by a possible single action from an existing state, i.e., if σ = do(α, σ′) and
D |= Poss(α, σ′) for some state [σ′]≈DK of TD. It does so in a breadth-first search manner
by keeping a list of open states Open, which consists of states that need to be expanded.
The algorithm computes all possible successors by enumerating all possible ground action
terms. For the action wait, it includes a canonical timepoint τ as a representative for the
equivalence class [νσ + τ ]∼=K . These canonical time successors TSuccs(σ,K) are computed
using Algorithm 2 based on a well-known method [25], which satisfies the following property:

▶ Proposition 23. Let ν be a clock valuation, τ ∈ R≥0, and Succs the time successors
computed by Algorithm 2. Then there is a τ ′ ∈ Succs such that ν + τ ∼=K ν + τ ′.

The reachability problem is indeed decidable:

▶ Lemma 24. Let σ1 and σ2 be two situations. Then it is decidable whether σ1 ≈DK σ2.

▶ Lemma 25. For a clocked BAT D, Algorithm 1 terminates and returns the time-abstract
transition system TD.

▶ Theorem 26. Reachability for clocked BATs is decidable.

Proof. By Lemma 21, it is sufficient to consider the time-abstract transition system TD.
By Lemma 25, Algorithm 1 terminates and computes TD. We now show how to use TD
for deciding the reachability problem of some property ϕ with maximal constant ≤ K: By
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construction, every state of TD is an equivalence class wrt. ≈DK of executable situations,
of which there are finitely many. By Lemma 17, it is sufficient to consider one situation
σ∗ ∈ [σ]≈DK for each such state. Furthermore, by Theorem 10, we can check whether
D |= ϕ[σ∗] by regression. If such a state exists, return “reachable”, otherwise return “not
reachable”. ◀

▶ Example 27. We can check the following reachability queries:

ϕ1 := ∀o.IsFull(o)
ϕ2 := ∀o.Strong(o) ≡WantStrong(o)
ϕ3 := cglob() ≤ 1 ∧ Strong(Mug1)

A situation satisfying ϕ1 is reachable, e.g., with

σ1 = do([sBrew(Pot); wait(1); eBrew(Pot); sPour(Pot, Mug1); ePour(Pot, Mug1);
sPour(Pot, Mug2); ePour(Pot, Mug2)], S0)

For ϕ2, a different action sequence is required, as the pot may not be filled with strong and
weak coffee at the same time. Instead, we brew coffee directly in a mug:

σ2 = do([sBrew(Pot); sBrew(Mug1); wait(1); eBrew(Pot); wait(2); eBrew(Mug1);
sPour(Pot, Mug2); wait(1); ePour(Pot, Mug2)], S0)

Finally, there is no reachable situation that satisfies ϕ3, as it would require providing strong
coffee after one time unit, while it takes at least two time units to prepare strong coffee.

6 Realizing Golog Programs

In this section, we show how we can utilize reachability for clocked BATs to decide realizability
for a Golog program ∆. The goal is to check whether the non-determinisms in ∆ can be
resolved and action timepoints can be determined such that the resulting action sequence
is executable and results in a final configuration of the program. Similar to the above, we
create a transition system T∆ from a given program ∆ and check whether a final program
state is reachable in T∆.

6.1 Golog Transition Semantics
We consider programs in ConGolog [11] based on clocked BATs. A program is a pair
∆ = (D, δ), where D is a BAT and δ is a program expression built from the following
grammar:

δ ::= α | ϕ? | δ; δ | δ|δ | πx. δ | δ∗ | δ∥δ

Program expressions consist of actions α, tests ϕ?, sequence of actions δ1; δ2, non-deterministic
branching δ1|δ2, non-deterministic choice of argument πx. δ, non-deterministic iteration δ∗,
and concurrent execution δ1∥δ2. We require that each action term is time-suppressed (i.e.,
wait() has no argument) and each test ϕ? tests a situation-suppressed clocked formula ϕ.
We write nil := True? for the empty program that always succeeds. As usual, conditionals
and loops can be defined as macros, i.e., if ϕ do δ1 else δ2 fi := [ϕ?; δ1]|[¬ϕ?; δ2] and
while ϕ do δ done := [ϕ?; δ]∗;¬ϕ?. We call ∆ = (D, δ) a clocked program if D is a
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clocked BAT and we assume that K ∈ N is the maximal constant mentioned in D and
δ. We adapt the Golog transition semantics from ConGolog such that each transition
step follows a single primitive action, corresponding to synchronized conditionals known
from IndiGolog [12]. We also extend the relation Trans to include the action such that
Trans(δ, s, a, δ′, s′) is true if there is a single-step transition with action a in the program δ

starting in situation s and resulting in situation s′ with remaining program δ′. Finally, we
assume that the program δ does not fix the time of occurrence for wait and instead the time
is determined in the transition semantics. Therefore, wait actions in δ do not have a time
argument t and the timepoint is instead fixed in the transition rule for a wait action.4 We
also write Trans∗(δ, s, a⃗, δ′, s′) for the transitive closure of Trans such that a⃗ is the sequence
of actions resulting from following the transitions according to Trans:

Trans(a, s, a, δ′, s′) ≡ Poss(a, s) ∧ δ′ = nil∧s′ = do(a, s)
Trans(wait(), s, a, δ′, s′) ≡ ∃t. a = wait(t) ∧ δ′ = nil∧s′ = do(a, s)

Trans(ϕ?, s, a, δ′, s′) ≡ False
Trans(δ1; δ2, s, a, δ′, s′) ≡ ∃γ. δ′ = (γ; δ2) ∧ Trans(δ1, s, a, γ, s′)

∨ Final(δ1, s) ∧ Trans(δ2, s, a, δ′, s′)
Trans(δ1|δ2, s, a, δ′, s′) ≡ Trans(δ1, s, a, δ′, s′) ∨ Trans(δ2, s, a, δ′, s′)
Trans(πx.δ, s, a, δ′, s′) ≡ ∃v. Trans(δx

v , s, a, δ′, s′)
Trans(δ∗, s, a, δ′, s′) ≡ ∃γ. (δ′ = γ; δ∗) ∧ Trans(δ, s, a, γ, s′)

Trans(δ1∥δ2, s, a, δ′, s′) ≡ ∃γ. δ′ = (γ∥δ2) ∧ Trans(δ1, s, a, γ, s′)
∨ ∃γ. δ′ = (δ1∥γ) ∧ Trans(δ2, s, a, γ, s′)

Final(δ, s) is true if program δ may terminate in situation s:

Final(a, s) ≡ False Final(ϕ?, s) ≡ ϕ[s]
Final(δ1; δ2, s) ≡ Final(δ1, s) ∧ Final(δ2, s)
Final(δ1|δ2, s) ≡ Final(δ1, s) ∨ Final(δ2, s)
Final(πx.δ, s) ≡ ∃v. Final(δx

v , s) Final(δ∗, s) ≡ True
Final(δ1∥δ2, s) ≡ Final(δ1, s) ∧ Final(δ2, s)

▶ Example 28. We consider the following program δ:(
sBrew(Pot); ∃m(WantStrong(m)) ≡ cbrew(Pot) ≥ 2?; eBrew(Pot);
while (∃m¬IsFull(m)) do πm. sPour(Pot, m); ePour(Pot, m); done

)
∥ wait()∗

The program first brews coffee. If there is a mug that should be filled with strong coffee, it
waits until cbrew(Pot) ≥ 2, otherwise it stops brewing earlier. Afterwards, it fills all mugs.

6.2 Program Realization
We describe how to construct a transition system T∆ to determine a realization of a given
program ∆ similar to TD from above. We first formally define program realization:

4 We may still enforce a certain time delay by using clock formulas in tests ϕ?, as demonstrated in
Example 28.
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Algorithm 3 Construction of the time-abstract transition system T∆.

Open ← {(S0, δ0)}; V ← ∅; E ← ∅
while Open ̸= ∅ do

(σ, δ)← pop(Open)
Acts ← {A(ρ⃗) | A ∈ A \ {wait}, ρ⃗ ∈ O|A|} ∪ {wait(τ) | τ ∈ TSuccs(σ,K)}
for all α ∈ Acts do

if D |= Trans(δ, σ, α, δ′, σ′) then
if ([σ′]≈DK , δ′) ̸∈ V then

V ← V ∪ {([σ′]≈DK , δ′)}
Open ← Open ∪ {(σ′, δ′)}

E ← E ∪ {(([σ]≈DK , δ), ([σ′]≈DK , δ′))}
return (V , ([S0]≈DK , δ0), E)

▶ Definition 29 (Program Realization). Let D be a BAT and δ a program. An action sequence
α⃗ = ⟨α1, . . . , αn⟩ is a realization of δ wrt. D if D |= Trans∗(δ, S0, α⃗, δ′, σ′) ∧ Final(δ′, σ′).
The corresponding decision problem is to decide whether such a realization exists.

First, we can show that the equivalence relation ≈DK can also be applied to the transition
semantics, i.e., bisimilar situations cannot be distinguished by possible program transitions:

▶ Lemma 30. Let σ1, σ2 be two situations with σ1 ≈DK σ2 and D |= Trans(δ, σ1, α, δ∗, σ′
1).

1. If α = wait(τ1) for some τ1 ∈ R≥0, then there is τ2 ∈ TSuccs(σ2, K) such that
Trans(δ, σ2, wait(τ2), δ∗, σ′

2) and σ′
1 ≈DK σ′

2.
2. If α = A(ρ⃗) for some action type A ̸= wait, then Trans(δ, σ2, α, δ∗, σ′

2) and σ′
1 ≈DK σ′

2.

This allows us to use time-abstract bisimulations for determining realizability. We adapt
Algorithm 1 such that states also contain the remaining program. The resulting algorithm is
shown in Algorithm 3. The algorithm is correct, i.e., the transition system contains a final
program configuration iff a realization exists:

▶ Lemma 31. Let ∆ = (D, δ) be a program over a clocked BAT D and T∆ the transition
system returned by Algorithm 3. Then T∆ contains a state ([σ′]≈DK , δ′) reachable from
([S0]≈DK , δ) with D |= Final(δ′, σ′) iff there is a realization of program ∆.

Moreover, the transition system is finite:

▶ Lemma 32. T∆ has finitely many states.

Proof. As O and A are finite, each state only has finitely many successors. Furthermore, as
there are only finitely many fluents F and objects O, ≈DK has finitely many equivalence
classes. Finally, there are finitely many reachable sub-programs from δ [8]. Therefore, the
time-abstract transition system T∆ has finitely many states. ◀

Combining the results, we obtain:

▶ Theorem 33. The realization problem for a clocked program ∆ = (D, δ) is decidable.

Proof. By Lemma 31, it is sufficient to check whether there is a reachable state in T∆ that
corresponds to a final program configuration. By Lemma 32, T∆ is finite and so explicitly
constructing it is feasible. Finally, checking whether D |= Trans(δ, σ, α, δ′, σ′) reduces to
checking entailment of clocked formulas uniform in σ (in particular, checking D |= Poss(α, σ)
and D |= ϕ[σ] for tests ϕ?). By Theorem 11, this is decidable. ◀
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We conclude by presenting a realization of the example:

▶ Example 34. The following sequence is a realization of the program from Example 28:

sBrew(Pot); wait(2); eBrew(Pot); sPour(Pot, Mug1);
ePour(Pot, Mug1); sPour(Pot, Mug2); ePour(Pot, Mug2);

However, the program does not fill every mug with the correct kind of coffee. In fact,
let δ′ := δ;∀m(Strong(m) ≡ WantStrong(m))? be the program δ augmented with a check
whether every mug was filled with the right kind of coffee. Then, no realization of δ′ exists:
As the program brews coffee only once, it fills all mugs with the same coffee.

7 Conclusion

We investigated how continuous time can be modeled in the situation calculus (SC), focusing
on reachability, which asks whether there is a reachable situation that satisfies some given
formula ϕ, and program realization, the task to determine an action sequence corresponding
to a successful execution of a given Golog program. For these problems, the standard
approaches for modeling time in the SC are unsuitable, because reachability (and thus also
realizability) is undecidable. We presented an alternative approach based on clocks, i.e.,
real-valued fluents with restricted successor state axioms, and described sound and complete
algorithms that explicitly construct a finite transition system, showing that both problems
are decidable.

Our approach is restricted to basic action theories with a finite set of objects. Since
quantifiers can be eliminated by grounding, our setting is essentially that of the propositional
situation calculus [10], modulo the real-valued time of wait. For future work, it may be
interesting to extend this approach towards more expressive formalisms that retain decidability,
e.g., bounded action theories [14], or the two-variable fragment of the SC [17], which has
been used for verifying Golog programs over local-effect [9] and acyclic [31] BATs, and
for synthesizing Golog policies against uncontrollable environments with LTLf goals [18].
Extending our notion of time to the synthesis setting is a promising direction.
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A Proofs

▶ Theorem 2. The reachability problem for a real-valued BAT is undecidable.

Proof. Let Incrs = {(p, c, q)i}i be the finite set of increment instructions, where p is the
instruction label, c ∈ {1, 2} is the index of the counter to be incremented, and q is the
next instruction label. Similarly, let Decrs = {(p, c, q, r)i}i be the finite set of decrement
instructions, where p is the instruction label, c ∈ {1, 2} is the index of the counter to be
decremented, q is the jump instruction if the condition is true, and r is the jump instruction
otherwise. We define a BAT DM corresponding to a 2CM M as follows: We use the
unary relational fluent Next(i) to describe the next instruction i, two nullary functional
fluents f1, f2 for counter values (we omit parentheses and write f1 instead of f1()), and
the nullary relational fluent Halt which is true iff M halted. We define the BAT DM
as follows. Initially, both counting fluents are set to zero and the next instruction is s0:
D0 = {f1 = 0, f2 = 0, Next(i) ≡ i = s0}. An action is possible if it is the next instruction:
Poss(i) ≡ Next(i). The SSA for each counting fluent fi ∈ {f1, f2} works as follows: If the last
instruction was an increment instruction from Incrs and it incremented ci, then the fluent
fi is incremented as well. Similarly, if the last instruction was a decrement instruction and
the counter value was larger than zero, then the fluent is decremented, otherwise it remains
unchanged: fi(do(a, s)) = n ≡

∨
(p,c,q)∈Incrs a = p ∧ c = i ∧ n = fi + 1 ∨

∨
(p,c,q,r)∈Decrs a =

p ∧ c = i ∧ (fi > 0 ∧ n = fi − 1 ∨ fi = 0 ∧ n = 0) ∨ fi = n ∧
∧

(p,c,q)∈Incrs(a ̸= p ∨ c ≠
i)∧

∧
(p,c,q,r)∈Decrs(a ̸= p∨ c ̸= i). The SSA for Next works as follows: If the last instruction

was an increment instruction that sets the next instruction to q, then set Next accordingly.
Similarly, if the last instruction was a decrement instruction, then branch on the value of
the corresponding counter (i.e., whether fi > 0) and set the next instruction accordingly:
Next(i) ≡

∨
(p,c,q)∈Incrs a = p∧ i = q ∨

∨
(p,c,q,r)∈Decrs a = p∧

(
(c = 1∧ f1 > 0∨ c = 2∧ f2 >

0) ∧ i = q ∨ (c = 1 ∧ f1 = 0 ∨ c = 2 ∧ f2 = 0) ∧ i = r
)
.

By construction, DM |= ∃s Exec(s) ∧Halt(s) iff the 2CM reaches HALT. ◀
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▶ Theorem 3. The time-bounded reachability problem for a real-valued BAT and a time
bound b ≥ 2 is undecidable.

Proof. The construction is the same as in Theorem 2, except that counting fluents work
differently: A counter value u is encoded by a fluent value 21−u. Hence, every increment of
fi is replaced by an update to fi

2 and every decrement of fi is replaced by an update to 2fi.
Furthermore, a comparison fi = 0 is replaced by fi = 2 and fi > 0 is replaced by fi < 2.
Hence, the initial situation is D0 = {f1 = 2, f2 = 2, Next(i) ≡ i = s0}. The precondition
axiom is: Poss(i) ≡ Next(i). The SSA for each counting fluent fi ∈ {f1, f2} is defined as:
fi(do(a, s)) = n ≡

∨
(p,c,q)∈Incrs a = p ∧ c = i ∧ n = fi

2 ∨
∨

(p,c,q,r)∈Decrs a = p ∧ c = i ∧ (fi <

2∧n = 2fi∨fi = 2∧n = 2)∨fi = n∧
∧

(p,c,q)∈Incrs(a ̸= p∨c ≠ i)∧
∧

(p,c,q,r)∈Decrs(a ̸= p∨c ≠ i).
The SSA for Next is defined as: Next(i) ≡

∨
(p,c,q)∈Incrs a = p ∧ i = q ∨

∨
(p,c,q,r)∈Decrs a =

p ∧
(
(c = 1 ∧ f1 < 2 ∨ c = 2 ∧ f2 < 2) ∧ i = q ∨ (c = 1 ∧ f1 = 2 ∨ c = 2 ∧ f2 = 2) ∧ i = r

)
By construction, D |= ∃s Exec(s) ∧ Bounded2(s) ∧ Halt(s) iff the 2CM reaches the

instruction HALT. ◀

▶ Theorem 4. The reachability problem for timed BATs without real-valued functional fluents
is undecidable.

Proof. By reduction of the language emptiness problem for TAs with 4 clocks extended
with additive clock constraints of the form c1 + c2 = 1, which is undecidable [7]. Let
A = (L, l0, LF , ΣA, X, E) be such a TA. For an edge e = (l, a, g, Y, l′), we write le, ge, Ye, l′

e

for its components, and for each clock x ∈ X, we write Rx := {e ∈ E | x ∈ Ye} for the set of
edges resetting x. We define a BAT DA corresponding to A as follows. For each edge e ∈ E,
there is one action type Ee(t) with occurrence time t. For each location l ∈ L, there is a
relational fluent Locl(s). Finally, for each clock x ∈ X, there is a process Resetx(t, s), where
t is an argument of sort time. Let start(S0) = 0. Initially, A is in location l0, and every clock
s was last reset at time 0: Locl0(S0), ¬Locl(S0) for each l ̸= l0, Resetx(t, S0) ≡ t = 0 for each
x ∈ X. For a clock constraint g and variable t of sort time, the formula µg(t, s) is defined by

µx▷◁r(t, s) := ∃tx.Resetx(tx, s) ∧ t− tx ▷◁ r

µx+y=1(t, s) := ∃tx, ty.Resetx(tx, s) ∧ Resety(ty, s) ∧ (t− tx) + (t− ty) = 1
µg1∧g2 := µg1(t, s) ∧ µg2(t, s)

An edge action is possible iff time does not decrease, A is in the source location, and the
guard holds at the occurrence time: Poss(Ee(t), s) ≡ t ≥ start(s) ∧ Locle(s) ∧ µge(t, s). The
SSA for Locl states that A is in location l after an action iff that action is an edge with target
l: Locl(do(a, s)) ≡

∨
e∈E,l′

e=l ∃t.a = Ee(t). The SSA for Resetx states that the last reset time
of x is the occurrence time of the current action if that action resets x, and is unchanged
otherwise: Resetx(t, do(a, s)) ≡

∨
e∈Rx

a = Ee(t) ∨ Resetx(t, s) ∧
∧

e∈Rx
∀t′.a ≠ Ee(t′). By

construction, DA |= ∃s. Exec(s)∧
∨

l∈LF
Locl(s) iff there is an accepting timed word of A. ◀

▶ Theorem 10. Let ϕ be a regressable formula. Then R[ϕ] is uniform in S0 and D |= ϕ iff
D0 ∪ Dc |= R[ϕ].

Proof. By induction on the maximal length of all situation terms in ϕ and structural
sub-induction on ϕ.
Base case. Let σ = S0. Then R[ϕ] = ϕ and D |= ϕ iff D0 ∪ Dc |= ϕ as ϕ is uniform in S0.
Induction step. Let σ = do(α, σ′). Here, we only consider the case of formulas of the form

ϕ = f(ρ⃗, σ) ▷◁ r and refer to [27] for the other cases. If α = wait(t) for some t ∈ R≥0,
then R[f(ρ⃗, σ) ▷◁ r] = R[f(ρ⃗, σ′) ▷◁ r′] with r′ = r − t. By induction, D0 ∪ Dc |=
R[ϕf (ρ⃗, α, σ) ▷◁ r′] iff D |= ϕf (ρ⃗, α, σ) ▷◁ r′. Otherwise (if α is not wait), by the definition
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of the SSA for f , D |= f(ρ⃗, do(α, σ)) = y ≡ ϕf (ρ⃗, α, σ)∧y = 0∨¬ϕf (ρ⃗, α, σ)∧y = f(ρ⃗, σ)
and so D |= f(ρ⃗, do(α, σ)) ▷◁ r ≡ ϕf (ρ⃗, α, σ) ∧ 0 ▷◁ r ∨ ¬ϕf (ρ⃗, α, σ) ∧ f(ρ⃗, σ) ▷◁ r. By
induction, this holds iff D0 ∪Dc |= R[ϕf (ρ⃗, α, σ)∧ 0 ▷◁ r ∨¬ϕf (ρ⃗, α, σ)∧ f(ρ⃗, σ) ▷◁ r] and
so D |= f(ρ⃗, do(α, σ)) ▷◁ r iff D0 ∪ Dc |= R[f(ρ⃗, do(α, σ)) ▷◁ r]. ◀

▶ Lemma 14. If D is a clocked BAT and σ a situation, then νσ always exists and is unique.

Proof. By definition of clocked BATs, each clock is initialized to 0. Furthermore, once the
initial value is fixed, the SSAs uniquely define each clock value in all successor situations. ◀

▶ Lemma 17. Let σ1 ≈DK σ2 and let ϕ be a K-bounded clocked formula uniform in s. Then
D |= ϕ[σ1] iff D |= ϕ[σ2].

Proof. Let f : νσ1 → νσ2 be a bijection witnessing σ1 ≈DK σ2. We show that D |= ϕ[σ1] iff
D |= ϕ[σ2] by structural induction on ϕ.

Let ϕ = R(ρ⃗, s) for some fluent predicate R. By Definition 12, it directly follows that
D |= ϕ[σ1] iff D |= ϕ[σ2].
Let ϕ = ω ▷◁ τ for some ground situation-suppressed clock term ω ∈ C and τ ∈ N.
Let νσ1(ω) = v1 and νσ2(ω) = v2. As f is a witness for σ1 ≈DK σ2, it follows that
f(ω, v1) = (ω, v2) and v1 ∼K v2. By Definition 15, v1 ▷◁ τ iff v2 ▷◁ τ and so D |= ω[σ1] ▷◁ τ

iff D |= ω[σ2] ▷◁ τ .
The cases for Boolean connectives and quantification follow by induction. ◀

▶ Theorem 19. ≈DK is a time-abstract bisimulation.

Proof. We show that ≈DK satisfies the criteria from Definition 12. Let σ1 ≈DK σ2 such that
f : νσ1 → νσ2 is a bijection witnessing σ1 ≈DK σ2.
1. Let ϕ be a clocked formula uniform in s. It directly follows from Lemma 17 that D |= ϕ[σ1]

iff D |= ϕ[σ2].
2. Let A ̸= wait be some action type, ρ⃗ a ground tuple of arguments. Let σ′

1 = do(A(ρ⃗), σ1)
and σ′

2 = do(A(ρ⃗), σ2). We show that σ′
1 ≈DK σ′

2:
a. Let R ∈ F be a relational fluent and ρ⃗ ′ a ground tuple of arguments. We show that
D |= R(ρ⃗ ′, σ′

1) iff D |= R(ρ⃗ ′, σ′
2). There is an SSA for R of the form R(o⃗, do(a, s)) ≡

ϕR(o⃗, a, s), where ϕR(o⃗, a, s) is a clocked formula uniform in s. As σ1 ≈DK σ2, it
directly follows from Lemma 17 that D |= ϕR(ρ⃗ ′, A(ρ⃗), σ1) iff D |= ϕR(ρ⃗ ′, A(ρ⃗), σ2)
and therefore D |= R(ρ⃗ ′, σ′

1) iff D |= R(ρ⃗ ′, σ′
2).

b. We construct a bijection f ′ : νσ′
1
→ νσ′

2
witnessing ≈DK. Let c be a functional fluent

and ω = c(ρ⃗ ′). There is an SSA of the form c(o⃗, do(a, s)) = y ≡ ∃t. a = wait(t) ∧ y =
c(o⃗, s) + t ∨ ¬∃t.a = wait(t) ∧ (ϕc(o⃗, a, s) ∧ y = 0 ∨ ¬ϕc(o⃗, a, s) ∧ y = c(o⃗, s)). Thus,
ω[σ′

1] = 0 if D |= ϕc(ρ⃗, α, σ1) and ω[σ′
1] = ω[σ1] otherwise, similarly for ω[σ′

2]. Now,
as ϕc(ρ⃗, a, s) is a clocked formula uniform in s, by Lemma 17, D |= ϕc(ρ⃗, α, σ1) iff
D |= ϕc(ρ⃗, α, σ2). Hence, for each ω, we can set f ′(ω, 0) = (ω, 0) if D |= ϕc(ρ⃗, α, σ1)
and f ′(ω, νσ1(ω)) = (ω, νσ2(ω)) otherwise.

3. Let τ1 ∈ R≥0 and σ′
1 = do(wait(τ1), σ1). As νσ1

∼=K νσ2 , it follows with Proposition 18
that there is some τ2 ∈ R≥0 such that νσ1 + τ1 ∼=K νσ2 + τ2. Let σ′

2 = do(wait(τ2), σ2).
We show that σ′

1 ≈DK σ′
2:

a. Let R ∈ F be a relational fluent and ρ⃗ ′ a ground tuple of arguments. We show that
D |= R(ρ⃗ ′, σ′

1) iff D |= R(ρ⃗ ′, σ′
2). There is an SSA for R of the form R(o⃗, do(a, s)) ≡

ϕR(o⃗, a, s), where ϕR(o⃗, a, s) is a clocked formula uniform in s. As σ1 ≈DK σ2, it directly
follows from Lemma 17 that D |= ϕR(ρ⃗ ′, wait(τ1), σ1) iff D |= ϕR(ρ⃗ ′, wait(τ2), σ2) and
therefore D |= R(ρ⃗ ′, σ′

1) iff D |= R(ρ⃗ ′, σ′
2).
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b. Let c be a functional fluent and ω = c(ρ⃗ ′). By definition of the SSA for c, it follows that
νσ′

1
(ω) = νσ1(ω)+ τ1 and νσ′

2
(ω) = νσ2(ω)+ τ2. We can set f ′(ω, νσ′

1
(ω)) = (ω, νσ′

2
(ω)).

As νσ1 + τ1 ∼=K νσ2 + τ2, f ′ is a bijection witnessing ≈DK. ◀

▶ Lemma 21. [σ]≈DK is reachable in TD iff there is some σ′ ∈ [σ]≈DK with D |= Exec(σ′).

Proof.
⇐: By induction on the number n of do operators in σ.

Base case. Let n = 0. Therefore, σ = S0. By definition, [S0]≈DK is reachable in TD.
Induction step. Let σ = do(α, σ∗) such that D |= Exec(σ). By induction, [σ∗]≈DK is

reachable from [S0]≈DK in TD. By definition of TD, [σ∗]≈DK → [σ]≈DK is a transition
in TD and so [σ]≈DK is also reachable in TD.

⇒: Follows immediately by the definition of TD. ◀

▶ Lemma 22. The time-abstract transition system TD has finitely many states.

Proof. As there are only finitely many fluents F , objects O, and clock regions, ≈DK has
finitely many equivalence classes. Also, as O and A are finite, each state only has finitely many
successors. Therefore, the time-abstract transition system TD has finitely many states. ◀

▶ Lemma 24. Let σ1 and σ2 be two situations. Then it is decidable whether σ1 ≈DK σ2.

Proof. For every fluent R ∈ F and parameters ρ⃗, D |= R(ρ⃗, σ1) iff D0 ∪ Dc |= R[R(ρ⃗, σ1)],
similarly for σ2. Following Theorem 11, checking whether D0 ∪Dc |= R[R(ρ⃗, σ)] is decidable.
Furthermore, because D has finitely many objects and finitely many fluents, there are only
finitely many fluent atoms that need to be checked. Finally, checking for the existence of a
bijection f : νσ1 → νσ2 can be done by enumerating all possible bijections (of which there
are finitely many) and checking whether all requirements are satisfied. ◀

▶ Lemma 25. For a clocked BAT D, Algorithm 1 terminates and returns the time-abstract
transition system TD.

Proof. Let TD be the time-abstract TS of a BAT D and T the TS returned by Algorithm 1.
We show for every path p starting in [S0]≈DK that p is a path in TD iff p is a path in T .
⇒: Let p = [S0]≈DK →∗ [σ]≈DK be a path in TD. We show by induction on the length n of

p that p is a path in T .
Base case. Let n = 0, i.e., p is the empty path, which is also a path in T .
Induction step. Let p = [S0]≈DK →∗ [σ∗]≈DK → [σ]≈DK . By induction, [S0]≈DK →∗

[σ∗]≈DK is a path in T . It remains to be shown that [σ∗]≈DK → [σ]≈DK is a transition
in T . Clearly, σ = do(α, σ∗) for some α. We distinguish two cases:
1. Assume α = A(ρ⃗) for some action type A ∈ A\ {wait}. α is added to Acts in line 4.

By definition of TD, D |= Exec(σ) and so D |= Poss(α, σ∗). Hence, [σ]≈DK ∈ V

(either it is added in line 8 or it was in V before) and ([σ∗]≈DK , [σ]≈DK) is added to
E in line 10.

2. Otherwise, α = wait(τ) for some τ ∈ R≥0. By Proposition 23, there is a τ ′ ∈ Succs
such that νσ∗ + τ ∼=K νσ∗ + τ ′ and so α′ = wait(τ ′) is added to Acts in line 4.
Also, do(α, σ∗) ≈DK do(α′, σ∗), and so [do(α, σ∗)]≈DK = [do(α′, σ∗)]≈DK = [σ]≈DK .
Furthermore, as the precondition axiom of wait is Poss(wait(t), s) ≡ t ≥ 0, it is
clear that D0 ∪ Dc |= R[Poss(α′, σ)]. Therefore, [σ]≈DK ∈ V (either it is added in
line 8 or it was already in V before) and ([σ∗]≈DK , [σ]≈DK) is added to E in line 10.

⇐: Let p = [S0]≈DK →∗ [σ]≈DK be a path in T . We show by induction on the length n = |p|
of p that (1) D |= Exec(σ) and (2) p is a path in TD.
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Base case. Let n = 0, i.e., p is the empty path. Clearly, the empty path is also a path
in TD. Also, by definition, D |= Exec(S0).

Induction step. Let p = [S0]≈DK →∗ [σ∗]≈DK → [σ]≈DK . By induction, D |= Exec(σ∗)
and [S0]≈DK →∗ [σ∗]≈DK is a path in TD. It remains to be shown that D |= Exec(σ) and
[σ∗]≈DK → [σ]≈DK is a transition in TD. Clearly, σ = do(α, σ∗) for some ground action
term α. From the definition of Algorithm 1, it directly follows that D |= Poss(α, σ∗)
and so D |= Exec(σ). As D |= Exec(σ), by definition of TD, [σ∗]≈DK → [σ]≈DK is a
transition in TD.
We now show that the algorithm terminates. By Theorem 11 checking whether
D0 ∪ Dc |= R[Poss(α, σ)] is decidable. Also, by Lemma 24, checking for each new
situation do(α, σ) whether there is an existing state [σ]≈DK ∈ V (line 7) is decidable.
Furthermore, by Lemma 22, TD is finite, and so the loop eventually terminates. ◀

▶ Lemma 30. Let σ1, σ2 be two situations with σ1 ≈DK σ2 and D |= Trans(δ, σ1, α, δ∗, σ′
1).

1. If α = wait(τ1) for some τ1 ∈ R≥0, then there is τ2 ∈ TSuccs(σ2, K) such that
Trans(δ, σ2, wait(τ2), δ∗, σ′

2) and σ′
1 ≈DK σ′

2.
2. If α = A(ρ⃗) for some action type A ̸= wait, then Trans(δ, σ2, α, δ∗, σ′

2) and σ′
1 ≈DK σ′

2.

Proof. First, note that by Lemma 17, for every clocked formula ϕ uniform in s, D |= ϕ[σ1]
iff D |= ϕ[σ2] and so it directly follows that D |= Final(δ, σ1) iff D |= Final(δ, σ2).
1. Let α = wait(τ1) for some τ1 ∈ R≥0. By Proposition 23, there is a τ2 ∈ TSuccs(σ2, K)

such that νσ1 +τ1 ∼=K νσ2 +τ2. Let σ′
2 = do(wait(τ2), σ2). With D |= Poss(wait(t), s) ≡ ⊤,

it follows that Trans(δ, σ2, wait(τ2), δ∗, σ′
2). It remains to be shown that σ′

1 ≈DK σ′
2.

Analogously to Theorem 19:
a. Let R ∈ F be a relational fluent and ρ⃗ ′ a ground tuple of arguments. We show that
D |= R(ρ⃗ ′, σ′

1) iff D |= R(ρ⃗ ′, σ′
2). There is an SSA for R of the form R(o⃗, do(a, s)) ≡

ϕR(o⃗, a, s), where ϕR(o⃗, a, s) is a clocked formula uniform in s. As σ1 ≈DK σ2, it directly
follows from Lemma 17 that D |= ϕR(ρ⃗ ′, wait(τ1), σ1) iff D |= ϕR(ρ⃗ ′, wait(τ2), σ2) and
therefore D |= R(ρ⃗ ′, σ′

1) iff D |= R(ρ⃗ ′, σ′
2).

b. Let c be a func. fluent and ω = c(ρ⃗ ′). By definition of the SSA for c, it follows that
νσ′

1
(ω) = νσ1(ω) + τ1 and νσ′

2
(ω) = νσ2(ω) + τ2. Thus, we can set f ′(ω, νσ′

1
(ω)) =

(ω, νσ′
2
(ω)). As νσ1 + τ1 ∼=K νσ2 + τ2, it follows that f ′ is a bijection witnessing ≈DK.

2. Let α = A(ρ⃗) for some action type A ̸= wait and so σ′
1 = do(α, σ1). There is a precondition

axiom of the form Poss(A(o⃗), s) ≡ ϕA(o⃗, s) where ϕA(o⃗, s) is a clocked formula uniform
in s. As Trans(δ, σ1, α, δ∗, σ′

1), it is clear that D |= ϕA(ρ⃗, σ1) and with σ1 ≈DK σ2, also
D |= ϕA(ρ⃗, σ2). Therefore, D |= Poss(A(ρ⃗), σ2) and so D |= Trans(δ, σ2, α, δ∗, σ′

2) with
σ′

2 = do(α, σ2). It remains to be shown that σ′
1 ≈DK σ′

2. Analogously to Theorem 19:
a. Let R ∈ F be a relational fluent and ρ⃗ ′ a ground tuple of arguments. We show that
D |= R(ρ⃗ ′, σ′

1) iff D |= R(ρ⃗ ′, σ′
2). There is an SSA for R of the form R(o⃗, do(a, s)) ≡

ϕR(o⃗, a, s), where ϕR(o⃗, a, s) is a clocked formula uniform in s. As σ1 ≈DK σ2, it
directly follows from Lemma 17 that D |= ϕR(ρ⃗ ′, A(ρ⃗), σ1) iff D |= ϕR(ρ⃗ ′, A(ρ⃗), σ2)
and therefore D |= R(ρ⃗ ′, σ′

1) iff D |= R(ρ⃗ ′, σ′
2).

b. We construct a bijection f ′ : νσ′
1
→ νσ′

2
witnessing ≈DK. Let c be a functional fluent

and ω = c(ρ⃗ ′). There is an SSA of the form c(o⃗, do(a, s)) = y ≡ ∃t. a = wait(t) ∧ y =
c(o⃗, s) + t ∨ ¬∃t.a = wait(t) ∧ (ϕc(o⃗, a, s) ∧ y = 0 ∨ ¬ϕc(o⃗, a, s) ∧ y = c(o⃗, s)). Thus,
ω[σ′

1] = 0 if D |= ϕc(ρ⃗, α, σ1) and ω[σ′
1] = ω[σ1] otherwise, similarly for ω[σ′

2]. Now,
as ϕc(ρ⃗, a, s) is a clocked formula uniform in s, by Lemma 17, D |= ϕc(ρ⃗, α, σ1) iff
D |= ϕc(ρ⃗, α, σ2). Hence, for each ω, we can set f ′(ω, 0) = (ω, 0) if D |= ϕc(ρ⃗, α, σ1)
and f ′(ω, νσ1(ω)) = (ω, νσ2(ω)) otherwise. ◀
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▶ Lemma 31. Let ∆ = (D, δ) be a program over a clocked BAT D and T∆ the transition
system returned by Algorithm 3. Then T∆ contains a state ([σ′]≈DK , δ′) reachable from
([S0]≈DK , δ) with D |= Final(δ′, σ′) iff there is a realization of program ∆.

Proof. We first show that ([σ]≈DK , δ′) is reachable in T∆ iff D |= Trans∗(δ, S0, α⃗, δ′, σ).
⇒: Let p = ([S0]≈DK , δ) →∗ ([σ′]≈DK , δ′) be a path in T∆. We show by induction on the

length n of p that D |= Trans∗(δ, S0, α⃗, δ′, σ′) for some α⃗ with |α⃗| = n:
Base case. Let n = 0 and therefore σ′ = S0 and δ′ = δ. Clearly, D |=

Trans∗(δ, S0, ⟨⟩, δ, S0).
Induction step. Let p = ([S0]≈DK , δ) →∗ ([σ∗]≈DK , δ∗) → ([σ′]≈DK , δ′). By induction,
D |= Trans∗(δ, S0, α⃗, δ∗, σ∗) for some α⃗ with |α⃗| = n. By construction of T∆, D |=
Trans(δ∗, σ∗, α, δ′, σ′) for some α and therefore also D |= Trans∗(δ, S0, α⃗ · α, δ′, σ′).

⇐: Let D |= Trans∗(δ, S0, α⃗, δ′, σ′). We show by induction on the length n of α⃗ that there
is a path p = ([S0]≈DK , δ)→∗ ([σ′]≈DK , δ′) in T∆ with length n.
Base case. Let n = 0 and therefore σ′ = S0 and δ′ = δ. Clearly, there is an empty path

in T∆ starting in ([S0]≈DK , δ).
Induction step. Let D |= Trans∗(δ, S0, α⃗, δ∗, σ∗) for some α⃗ with |α⃗| = n and let D |=

Trans(δ∗, σ∗, α, δ′, σ′). By induction, there is a path p = ([S0]≈DK , δ)→∗ ([σ∗]≈DK , δ∗)
with length n. By Lemma 30, there is a α′ such that D |= Trans(δ∗, σ∗, α′, δ′, σ′′) and
σ′′ ≈DK σ′. Hence, ([σ∗]≈DK , δ∗)→ ([σ′]≈DK , δ′) is a transition in T∆.
Now, as ([σ]≈DK , δ′) is reachable in T∆ iff D |= Trans∗(δ, S0, α⃗, δ′, σ) for some α⃗, it
follows with Lemma 17 that D |= Final(δ′, σ) iff α⃗ is a realization of ∆. ◀
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Abstract
A standard problem in the field of Earth observation is the scheduling of the observations of an agile
satellite constellation. Given a set of end-user requests over Points Of Interest (POIs), it consists
in selecting observations among the candidate ones, attributing each of them to a satellite, and
defining the sequence of observations planned for each satellite given operational constraints. The
latter are related to the visibility windows available to observe the POIs and the time-dependent
maneuvers required to reorient the observation instrument between two POIs. They result in a
highly combinatorial problem that must be solved in a restricted amount of time. To solve such
a complex problem, we propose an approach that combines matheuristics to filter the observation
tasks and metaheuristics to schedule them. Firstly, we solve a Sequential Ordering Problem for
each satellite to get a giant tour visiting all the visible POIs. From this giant tour, we exploit
a Linear Programming Model to compute the best set of observations under several tour length
constraints. Finally, we schedule the selected observations based on a Large Neighborhood Search.
This three-step method notoriously improves the solution quality when compared to a baseline
scheduling approach.
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1 Introduction

Earth observation constellations have become essential assets for a wide range of applications,
from climate monitoring and disaster management to urban planning and security. The
increasing number of satellites and the growing demand for timely, high-resolution data lead
to a challenging planning and scheduling problem: each satellite must be assigned a sequence
of observation tasks that respects strict temporal windows, resource constraints, and orbital
dynamics while maximizing the overall scientific and economic value of the acquired imagery.
This Multi-Satellite Earth Observation Scheduling Problem (MSEOSP) is intrinsically hard,
as it can be formulated as a time-dependent Team Orienteering Problem with Time Windows
(TD-TOP-TW) [10], where both the transition times and the profit of each observation
vary with the exact acquisition time. Consequently, the problem is highly combinatorial
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Figure 1 Sample problem instance represented in a Geographic Coordinates System: x-axis is
latitude, y-axis is longitude. Black dots correspond to POIs. The colored meshings illustrate the
areas successively overflight by four different satellites evenly separated on the same orbit, with a
shift of the area overflight between two successive satellites due to the rotation of Earth.

(NP-hard), and highly sensitive to the interplay between multiple satellites, making exact
solution methods impractical for realistic instance sizes and motivating the development of
dedicated heuristic and metaheuristic methods.

In this paper, we propose a novel approach combining a matheuristic approach to select
a subset of the (large) set of candidate observations for a constellation, and a metaheuristic
scheduler, based on Large Neighborhood Search (LNS) [18, 19], to schedule the selected
observations. The idea of the selector is to exploit the locations of the POIs and a simplified
transition model in a Sequential Ordering Problem (SOP) solver in order to generate a
so-called giant tour that then constrains a MILP aiming to select a set of observations
maximizing the total reward. On this point, we note that giant tours are already used for
vehicle routing problems [6], team orienteering problems [5], and even team orienteering
problems with time windows [1]. In these related works, a unique giant tour visiting a subset
of customers is split to get one tour per vehicle. Given that each satellite can see different
POIs, the giant tour approach we propose is different: we build several giant tours (one per
vehicle) taking into account some precedence constraints, and then select sub-tours of these
giant tours to try and satisfy the temporal constraints. To further restrict which observations
are selected based on the SOP ordering, we also consider sub-tours for sub-time frames to
generate capacity constraints. Once a selection is provided by the selector, we use a LNS to
schedule the observations, depending on their time windows and transition times.

The remainder of the paper is structured as follows. Section 2 retraces previous and
current works on similar problems in the literature. Section 3 presents the core concepts and
formalizes the problem. Section 4 overviews the global approach we follow. Next sections
zoom in the main building blocks of our method: a matheuristic selector combining sequential
ordering problem solving and an integer linear program that selects candidate observations to
schedule, in Section 5, and a metaheuristics scheduler based on a large neighborhood search
aimed to schedule the selected observations, in Section 6. Our approach is experimentally
evaluated on a constellation composed of four agile low-orbit satellites, on scenarios where
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the meteorological conditions (cloud coverage) impact the quality of the observations. We
compare our approach to a baseline LNS running for 20 minutes in Section 6.2. Finally,
Section 7 concludes the paper with perspectives.

2 Background

The Multi-Satellite Earth Observation Scheduling Problem is a Time-Dependent Team
Orienteering Problem with Time Windows and Time-Dependent Profit (TD-TOP-TW-TDP).
The latter is an extension of TD-TOP-TW, where the goal is to design a set of routes
for a fleet of vehicles to maximize the total collected profit while respecting a total time
budget, time windows at visited locations, and time-dependent travel times, while maximizing
the sum of time-dependent profits (e.g., profit increasing with service time) [14]. Due to
its computational complexity, exact methods, such as Mixed Integer Linear Programming
(MILP) formulations, are typically only viable for small-scale instances [14]. For larger, more
realistic scenarios, metaheuristics are the dominant solution approach. Effective metaheuristic
techniques include Variable Neighborhood Search (VNS) [14], Iterated Local Search (ILS) [11],
and nature-inspired algorithms like the Hybrid Artificial Bee Colony (HABC) algorithm,
which are designed to balance exploration and exploitation of the search space [21]. These
methods often employ tailored local search operations and insertion heuristics to efficiently
handle the dynamic nature of travel times and the profit gained, which can depend on the
vehicle’s arrival and service time at a location [11]. Exact approaches based on Dynamic
Programming (DP) and extensions of algorithms like A∗ search have also been adapted for
related time-dependent shortest path and TSP problems with time windows, often using
concepts like partially time-expanded networks for improved performance [9].

In the space domain, Earth Observation Satellite Scheduling Problems require the
maximization of total priority/profit from observation requests while respecting time windows
(target visibility periods) and intricate operational constraints (e.g., memory capacity, power
availability, slew angle/maneuver time, and non-overlap of tasks) [7]. The core techniques
mirror those for the TD-TOP-TW, centered around Mixed-Integer Linear Programming
(MILP) for optimal solutions on small instances, and metaheuristics for large-scale real-world
problems. Reinforcement learning techniques have also recently proven to be competitive in
the context of multi-satellite scheduling [20, 16]. For large constellations or long planning
horizons, decomposition methods and hybrid metaheuristics are crucial, often combining
Local Search (like Iterated Local Search or Simulated Annealing) with greedy construction
heuristics and calls to Constraint Programming (CP) solvers for solving sub-problems [2, 12].
MILP formulations often represent the problem using a time-space network or as a variation of
the Traveling Salesman Problem with Time Windows (TSPTW) or Orienteering Problem [15].
The next section details the problem’s features.

3 Problem Definition

We consider the problem of scheduling tasks for a low orbit agile EOS constellation. In this
problem, observation requests over specific POIs are submitted to the system. Each satellite
of the constellation overflies different candidate POIs along its orbit, but corresponding areas
may overlap, implying a need to assign each observation to only one satellite (see Fig. 1). The
observations also come up with an individual reward which depends on a cloud cover forecast
and the time at which each satellite can observe the corresponding POI (time-dependent
profit). The purpose is to compute the best constellation schedule, that means the set of
individual schedules for each satellite which maximizes the total sum of rewards collected by
the constellation.

TIME 2026
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Figure 2 Constellation scheduling algorithm workflow.

3.1 Input Data: Satellite Observation Areas
We define our case study in order to measure the efficiency of the allocation part of our
method without drastically increasing the problem complexity. Firstly, we define input data
related to a single agile satellite that can point left, right, forward, or backward thanks to
gyroscopic actuators. For this satellite, we consider a time horizon [0, H0] where H0 = N · δT

is defined from a timestep δT and a number steps N . Then, we determine the Earth portion
visible by the satellite during time frame [0, H0]. This portion is centered on the satellite
ground track and bounded in two dimensions: along track because of the restricted time
horizon, and across track because of a maximum angle αmax beyond which observation
quality is considered as too low. Any point within this area may be a candidate POI for the
satellite (also called a target). For each target, we can also compute a Time Window (TW)
during which the satellite can point to the target while having a visibility angle less than
αmax (the farther the POI from the satellite ground track, the smaller the time window).
Finally, each observation is associated with an individual reward in interval [0.2, 1]. This
reward is obtained from a decreasing function of the local cloud cover forecast provided by
real weather data.

Once the data for a single satellite is computed, we derive data for an entire EOS
constellation with the following process. We define a set of satellites S along the same orbit,
separated by a duration ∆T . Basically, ∆T is the time required for a satellite to reach the
same orbital position as its predecessor. In our case, we consider a unique orbital plane and
four satellites evenly spaced on this plane (∆T = 25 minutes in the experiments). Satellite
number s is considered over time frame [s×∆T , s×∆T +H0]. From the set of Earth portions
visible for the satellites, we get a set of potential candidate POIs.

3.2 Input data: Candidate POIs within the Observation Areas
For each satellite s, we generate a set of Ns candidate POIs within its area, using some
meshing to avoid having very close candidate POIs. The ith candidate POI for satellite
s is referred to as Ps,i, and the visibility window of this POI by satellite s is denoted by
Ws,i = [Ostarts,i, Oends,i]. For this POI, we also compute an individual reward Rs,i. Note
that in our settings, each candidate POI p may be viewed by several satellites, that is we
may have p = Ps,i for one satellite s and p = Ps′,i′ for another satellite s′. However, due to
the time-dependent cloud cover, the observation reward for p may depend on the satellite
(i.e., Rs,i not necessarily equal to Rs′,i′). In the following, we denote Π the set of positions
for the POI visible by at least one satellite (Π = ∪s∈S,i∈[1..Ns]Ps,i). At this point, the set of
candidate POIs makes up for an instance of our problem, as represented in Figure 1.
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3.3 Optimization Problem

As an input, we consider a set of POIs Π defining the so-called Order Book, and for each
satellite s the set of candidate POIs ({Ps,i | i ∈ [1..Ns]}), their rewards ({Rs,i | i ∈ [1..Ns]}),
and their time windows ({Ws,i | i ∈ [1..Ns]}). An additional input data comes from the
time-dependent maneuvers between successive observations, in order for each satellite to
point its observation instrument towards the right directions. We denote by tts,i,j,t the
duration of the maneuver by satellite s ∈ S when maneuvering from observation number
i ∈ [1..Ns] to observation number j, for a maneuver starting at time t. This transition
function is time-dependent since it depends on the current position of the considered satellite
on its orbit.

▶ Definition 1. The Multi-Satellite Earth Observation Scheduling Problem (MSEOSP),
for ζ = |S| satellites, consists in finding ζ sequences of observations σs = [σs,1, . . . , σs,Ks

]
such that:

each candidate observation in Π appears at most once over all sequences in σs;
for each satellite s ∈ S, all observations are performed during the available time window
(Ws,i), while respecting the required transition times; formally, if number i is the first
element of σs, the earliest start time for the corresponding observation is ts,i = Ostarts,i;
if i and j are two consecutive elements in σs, then we have ts,j = max(Ostarts,j , ts,i +
tt(s, i, j, ts,i); finally, the transition constraints are satisfied if and only if condition
ts,i ≤ Oends,i is satisfied for every observation number i belonging to σs;
the total collected reward

∑
s∈S,i∈σs

Rs,i is maximized.

In practice, the problem is usually over-constrained, that is it is usually not possible to
observe all the candidate POIs.

4 Global Search Approach

To solve the optimization problem presented before, we exploit a two-step approach involving
a matheuristic that computes an estimation of the optimal solution of our problem given
coarse-grain constraints, and a metaheuristic that adapts this solution given the detailed
constraints. The global search architecture is illustrated in Figure 2.

4.1 Step 1: Resolution of a Sequential Ordering Problem

First, for each satellite s, we compute a relevant observation order containing all the POIs it
is able to see, in order to build a giant tour for s. Several methods can be used to get such a
giant tour. A baseline method is the Earliest Start First (ESF, also referred to as Earliest
Due Date [8]) heuristic that returns observations sorted by increasing window start times
(Ostarts,i), so that the satellite tries to observe any POI as soon as it is visible. In practice,
this may lead to very bad solutions where along its orbit, the satellite is moving very often
between the left and right parts of its ground track. This is why we exploit another method
based on the resolution of a problem known as the Sequential Ordering Problem (SOP).

▶ Definition 2. Given a weighted directed graph G = (V, E) where we denote by (ce)e∈E

the set of costs over the edges of the graph, and a set of precedence constraints P ⊂ E, the
Sequential Ordering Problem (SOP) consists in the following optimization problem:

TIME 2026
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min
σ⊂E

∑
e∈σ

ce (1)

s.t. σ = [(σ1, σ2), (σ2, σ3)...(σ|V |−1, σ|V |)] (2)
∀i ∈ [1..|V |], σi ∈ V (3)
∀v ∈ V,∃! i ∈ [1..|V |] s.t. σi = v (4)
∀(v, v′) ∈ P, indexOf(v, σ) < indexOf(v′, σ) (5)

This can be viewed as an Asymmetric Traveling Salesman Problem with added precedence
constraints implementing the impossibility for certain nodes to follow other ones in the
resulting sequence (constraint (5)). There is however no time window for visiting the nodes,
nor time-dependency on the transition costs, hence this is an approximated version of our
problem.

4.2 Step 2: Matheuristic to Dispatch POIs to Satellites
The SOPs solved provide us with a giant tour for each satellite. We then exploit these giant
tours in a MILP model that assigns observations to satellites while taking into account the
following constraints.

Each POI may be assigned to at most one satellite.
Given giant tour Gs for satellite s, the total cost associated with a selection of observations
Os for s corresponds to the total transition time (or cost) of the sub-tour of Gs induced
by Os. At this search step, this constraint allows us to get free of the decisions concerning
POI observation ordering.
The total time (or total cost) consumed by an observation sequence must be lower than a
pre-determined value which is the duration between the earliest start time and the latest
end time of candidate POI observations (overload checking, as in constraint programming
methods). We also add local constraints on the observation sequence cost (more details
later on this point).

To compute the total cost of a sequence while using only linear constraints in a MILP,
we approximate the time-dependent transition times as time-independent transition times
based on a specific policy, such as an optimistic policy considering the minimum transition
duration among a set of possible discrete start times for the corresponding maneuver, or a
pessimistic policy considering the maximum transition duration.

4.3 Step 3: Metaheuristic-based Scheduling
At the end of the previous step, we obtain a good subset of candidate POIs assigned to each
satellite. At that time, we resort to existing scheduling algorithms described in [3] to
1. plan observations without changing the assigned satellite first, and
2. then consider exchanging acquisitions between the satellites.

The purpose is to first exploit the MILP result as a warm start for observation assignment,
and then improve for the best the total plan quality. Basically, the existing scheduler
introduced by Barrault et al. generates an initial plan thanks to a greedy method called
GreedySch that iteratively inserts observations in the current plan. In this scheduler, the
next observation to be inserted is selected based on heuristic values that depend on both
the individual observation rewards and the additional maneuver durations required to insert
observations. To improve the resulting plan, we resort to a Large Neighborhood Search
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algorithm, namely LNS to schedule, which iteratively destroys and repairs the current plan
based on these same heuristic values. In the first part of the process, this algorithm is
computed at the same time locally on all satellites, and in the second part a single LNS to
schedule is performed to destroy and repair the plans in a multi-satellite context. This is
done during a pre-determined amount of time, and in the end, the plan that got the best
reward sum is returned.

5 Matheuristics for Solving a Relaxed Routing Problem with
Capacities

To quickly produce a first good quality solution, we resort to a matheuristic [4], that is
to a technique that exploits mathematical programming techniques (MILP techniques in
our case) to get heuristic solutions. The MILP model proposed in this context attempts to
quickly produce good quality solutions by going beyond greedy heuristics that fail having a
global view of the problem. Before detailing this MILP model, we present how we compute a
global tour over all visible POIs from each satellite’s perspective, based on the resolution of
sequential ordering problems. The global tours obtained are then exploited in a MILP model
that avoids considering scheduling decisions and focuses on pure observation selection and
assignment and then we refer to the obtained sequences to select and attribute observations
from the order book with respect to satellite capacity constraints.

5.1 Sequential Ordering Problem (SOP)
In our process, the SOP solved can be seen as a problem relaxation where the decisions are
focused on the routing part, that is on the transition times between observations, while the
time windows available to perform the observations are (almost) completely discarded. This
SOP is solved thanks to the LKH solver presented in [13]. For a satellite s that sees POIs
numbered from 1 to Ns, as we are only looking for a sequence of observations and not a
tour over them, we add a fictitious node numbered 0 which makes up for both the departure
and the ending of our sequence. This gives us a weighted directed graph G = ([0..Ns], E)
where the edges are weighted by an approximation of the transition times between the
observations. A key part in the problem definition is the establishment of a set of mandatory
precedence constraints Ps between the observations of satellite s. More precisely, for two
distinct observation numbers i, j ∈ [1..Ns], if the maneuver towards j starting from i at time
Ostarts,i arrives after the end of the window of j (after Oends,j), then j must precede i in
the resulting sequence, that is

(Ostarts,i + tt(s, i, j, Ostarts,i) > Oends,j) −→ ((j, i) ∈ Ps)

The previous rule may however lead to both (j, i) ∈ Ps and (i, j) ∈ Ps for certain observation
couples with very narrow and overlapping time windows. In this case, to avoid precedence
cycles, only one of the two precedence constraints is kept in Ps. We then compute all edge
weights with the optimistic transition times policy.

Executing LKH over the SOP built provides us with an observation sequence that contains
all the observations, satisfies the precedence constraints, and minimizes the total tour cost.
Figure 3 displays the kind of sequence returned, for a satellite whose ground track traverses
the center of the area from the top to the bottom. We can see on the figure that in the
solution found, the satellite limits large maneuvers going backward with regards to its ground
track. This is quite natural since backward maneuvers, requiring the satellite to move counter
to its orbital motion, are usually longer for such a system.

TIME 2026
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5.2 MILP Model
From now on, for satellite s, the index i ∈ [1..Ns] of a candidate observation corresponds to
position of this observation in the order returned by the SOP solver. Moreover, Ps,i still
denotes the i-th candidate observation point of satellite s and Π denotes the set of candidate
POIs over all the satellites. To select a subset of the candidate observations and assign each
of them to a satellite, we implement the following MILP that takes into account some global
capacity constraints related to the time windows. This model is detailed thereafter.

maximize
∑
s∈S

∑
i∈[1..Ns]

Rs,i · xs,i (6)

s.t.

∀s ∈ S,∀i ∈ [1..Ns], xs,i =
∑
j>i

nexts,i,j (7)

∀s ∈ S,∀i ∈ [1..Ns], xs,i =
∑
j<i

nexts,j,i (8)

∀s ∈ S,
∑
j>0

nexts,0,j = 1 (9)

∀s ∈ S,
∑

j≤Ns

nexts,j,Ns+1 = 1 (10)

∀p ∈ Π,
∑

s∈S, i∈[1..Ns] s.t. Ps,i=p

xs,i ≤ 1 (11)

∀s ∈ S,∀w ∈ Ws,
∑

(i,j)∈U

nexts,i,j · Ts,i,j ≤ Durw (12)

where U = {(i, j) ∈ [1..Ns]2 | i < j, Ws,i ⊆ w ∨Ws,j ⊆ w}
∀s ∈ S,∀i ∈ [1..Ns], xs,i ∈ {0, 1} (13)
∀s ∈ S,∀i, j ∈ [0..Ns + 1] s.t. i < j, nexts,i,j ∈ {0, 1} (14)

For each satellite s ∈ S and observation point p = Ps,i ∈ Π, xs,i is a Boolean variable that
takes value 1 if and only if p is selected in the observation sequence of satellite s. Variables
nexts,i,j are Boolean variables equal to 1 if and only if:

points Ps,i and Ps,j are both selected for satellite s,
for each k ∈]i; j[, Ps,k is not selected for satellite s, that is Ps,j is the next point selected
after Ps,i in the observation sequence returned by the SOP solver.

The objective function defined in Equation (6) corresponds to the total reward collected.
Constraints (7) and (8) are standard flow constraints ensuring that each selected observation
has a unique predecessor and successor in the sequence of selected observations. The
constraints use two additional fictitious nodes: one node numbered 0 for the start of the
observation plan, and on node numbered Ns + 1 for its end. Constraints (9) and (10) are
particular cases for the start and end of the sequence. Constraint (11) models that each POI
cannot be observed by more than one satellite.

Constraints (12) are capacity constraints over a set of specific time windows. More
precisely, in these constraints, Ts,i,j is the same approximated transition time between
Ps,i and Ps,j as explained in Section 4. We also denote by Ws a set of time windows
w = [Wstartw, Wendw], of duration Durw, over which we attempt to prevent overloads in
terms of transition times for satellite s. Set Ws is built as follows.



R. Barrault, C. Pralet, G. Picard, and E. Sawyer 12:9

8 10 12 14 16 18 20 22

40

42

44

46

48

50

52

Figure 3 Observation order (blue arrows) returned by the LKH solver over the visible set of
observations (green dots) from a single satellite’s perspective.

The first added window is the larger one w̃:
w̃ = [Wstartw̃, Wendw̃] = [mini Ostarts,i, maxi Oends,i] so that the resulting constraint
concerns all observations for satellite s.
We generate other windows iteratively. For this, we initiate an integer Div = 2. We
create nCand candidate windows of length l = Wendw̃−Wstartw̃

Div . We set nCand = 5
after some experiments. The windows generated are spread in w̃, which means that
they start at one of the timestamps Wstartw̃ + (k − 1) · step for k ∈ [1..nCand], where
step = Wendw̃−l−Wstartw̃

nCand−1 . Among all these windows w, we keep only those verifying
∃i ∈ [1..Ns], Ws,i ⊆ w. If there are still windows satisfying this property, we increment
Div and compute this step again, otherwise we stop the window generation process.

The set of capacity constraints given in Equation (12) limits the sum of transition times per-
formed on numerous time windows. Figure 4 exemplifies these time windows’ computations.

In the end, the MILP obtained solves a time-independent version of the MSEOSP
introduced in Section 1, using a pre-determined order and without taking into account
detailed time windows. Solving this MILP gives us both an assignment of observations to
satellites (based on the xs,i variables) and for each satellite, a pre-determined order on the
selected set of observations (based on the nexts,i,j variables) by following the path from
node 0 to node Ns + 1. Of course, following the order provided by the global tour can
be sub-optimal, but the goal is to define a MILP that can be quickly solved to get a first
heuristic solution.

6 Metaheuristic for the Detailed Scheduling

In this section, we describe the greedy search and the Large Neighborhood Search (LNS)
metaheuristic used to compute “actual” MSEOSP schedules over the satellites, where “actual”
means that no input data of the MSEOSP is approximated from this point. More specifically,
the time windows and the exact time-dependent transition times are both taken into account
to get actually feasible solutions. Both the greedy search and LNS exploit operators that
update the satellite plans at the level of a single satellite (Section 6.1), or at the level of the
entire constellation (Section 6.2).
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(a) First added window: earliest POI window start and latest POI window end.
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(b) Candidate windows for Div = 2 (and nCand = 5 candidates).
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(c) Candidate windows for Div = 3 (ans nCand = 5 candidates).

Figure 4 Example of the first three iterations of sub-windows generation for a single satellite and
five POI. Blue windows are the candidate windows, and green windows are POI visibility windows.
Highlighted green windows represent the ones that are comprised within the candidate window. Ws

is the set of blue windows that fully contain at least one POI window. For Div = 2, all candidate
windows are added to Ws. For Div = 3, only the third candidate is not added to Ws. The process
would go on by incrementing Div until no candidate window can be added to Ws.

6.1 Intra-satellite Moves
When the previously described MILP model returns all observations selected for a given
satellite, there is a need to obtain an actual schedule satisfying all the MSEOSP constraints.
This part describes two different ways to do so.

6.1.1 Greedy Repair Heuristics
6.1.1.1 Selection-based Greedy Repair Heuristic

This heuristic is described by algorithm 1. It starts either from an empy satellite schedule
or one that is simply not full of observations, and fills this schedule according to a greedy
policy that considers only the observations selected for the satellite in the MILP solution.
The best observation to insert at any time is the one with the minimum insertion penalty.
For this, the algorithm tests the addition of each unplanned observation at each possible
position in the current schedule and computes an associated insertion penalty. The penalty
value obtained for the insertion of observation i ∈ [1..Ns] between two observations j and k

in schedule σs is computed as:
tt(s, j, i, ts,j) + tt(s, i, k, ts,i)− tt(s, j, k, ts,j)

Rs,i

where ts,j describes the current observation time for j in σs and ts,i = ts,j + tt(s, j, i, ts,j)
gives the observation time of i after insertion (without considering the time window of i).
The penalty value therefore takes into account both the temporal cost for inserting each
acquisition at any position and the reward provided by the insertion. The downside of
this method is that it ignores the formerly computed global order on σs ∪ σs. At any time
during the process, the feasibility of an observation plan is verified using a Earliest Start
heuristic.

6.1.1.2 Tour-based Greedy Repair Heuristic

The second greedy heuristic is very similar to the former one except that it only considers
schedules respecting the global order induced by the values obtained for the nexts,i,j variables
at the level of the matheuristic (cf. Section 5). In this so-called Tour-based Greedy Repair
Heuristic, a single insertion position is tested at each step for each unplanned observation.
This approach considers a restricted set of schedules but is much faster. It also gives hindsight
on the quality of the global tour’s restriction to the current schedule.
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Algorithm 1 Greedy Repair Heuristic.

Require: current schedule σs

unplanned observations σs

1: full← false

2: while !full do
3: p̃←∞
4: full← true

5: for acq ∈ σs do
6: for position ≤ len(σs) do
7: if insertable(i, position, σs) then
8: full← false

9: p← penalty(acq, position, σs)
10: if p ≤ p̃ then
11: p̃← p

12: updateBestAcq(acq, position)
13: if !full then
14: insertBestAcq(σ, bestAcq, bestPosition)
15: removeAcq(bestAcq, σ)

6.1.2 Randomized Greedy Destroy Heuristic
Once the greedy search process produced a full solution σs for each satellite s, the LNS part
of the algorithm applies destroy and repair operations to iteratively enhance the schedule
quality for s. The destroy operator used in this purpose removes K observations from the
current schedule, with K randomly chosen between 1 and |σs|/3. At each destroy step, one
observation is randomly removed from the schedule, with a higher removal probability for
observations having a higher presence penalty. Here, we use the same penalty criterion as
before: each observation in the current schedule has a presence penalty based on its reward
and the time gained in case of removal.

6.2 Inter-satellites Moves
When all satellite schedules are optimized, the last part of the algorithm destroys and repairs
the current solution at the constellation level. Also, any observation selected by the MILP
solver that did not make it in the best schedule for the corresponding satellite after intra-
satellite moves is considered as unworthy and will remain unused for the rest of the algorithm.
Two ideas are exploited to try and get better rewards or smaller transitions: first, it can be
relevant to reassign an observation to another satellite able to perform it, and second there
may be some place left to insert observations not selected initially in the solution derived from
the MILP. To tackle these two points, we define an Inter-Satellite Greedy Repair Heuristic
(ISGRH) and a Randomized Greedy Destroy Heuristic (RGDH). These two heuristics are
very similar to their intra-satellite counterpart. The only difference is that they browse all
satellite current schedules before inserting or removing any observation, which implies that
the lowest or highest penalty is computed over a wider set of observations and a wider set of
insertion positions. The first step following the end of intra-satellite scheduling consists in
the opportunistic post-insertion of observations not selected by the MILP. Empirically, the
inter-satellite moves and the insertion of observations not selected by the MILP allow us to
enhance the final schedule quality, especially when problem approximations lead to some
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Figure 5 2D representations of instance examples for each archetype described in 6.3. From top
to bottom: dense, sparse and mixed. Black dots correspond to POIs and each yellow grid displays
the Earth area covered by a single satellite.

erroneous decisions at the MILP level. The counterpart of this scheduling process is that
unlike intra-satellite moves, these computations cannot be performed in parallel. ISGRH
and RGDH are also used to define our baseline LNS method. In this context, they start
computations from an empty constellation schedule, and all observations can be inserted
or removed since no MILP computation is involved. As a matter of fact, our problem’s
specificities make it really difficult to implement and adapt a SOTA method, mainly due
to the time and vehicle-dependency of the transition times, the vehicle-dependency of the
rewards and the vehicle-dependency of time windows. LNS still remains among the best
candidates for solving such scheduling problems [19, 17]. We have therefore presented all
components of our algorithm shown in Figure 2. The next part describes its performances.
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6.3 Instances
The instance set considers 36 different POI distributions. For each of them, 300 observation
points are chosen in the area covered by the four satellites, as in Figure 1. In addition, in
order to test our algorithms on various realistic study cases, we designed three instance
archetypes in terms of POI local density:

1. dense ones, where there are a handful of POI hubs with a high local density,
2. sparse ones, where most POIs are isolated from one another,
3. mixed ones, as a mix of both of these types, where POIs are either isolated or part of a

very narrow hub.

These archetypes are displayed on figure 5. To compute observation rewards, 24 real
cloud cover scenarios from year 2024 are retrieved 2. For a cloud cover scenario, the reward
Rs,i associated with an observation is equal to one in case of no cloud cover over point
Ps,i, 0.2 for a full cloud cover, and quadratically decreasing in between. More precisely, the
resulting reward function is a piecewise constant version of the latter one with 5 possible
values. In the end, we obtain 36 different POI distributions and 24 cloud cover scenarios
(corresponding to 1st and 15th of each month of 2024). To limit the size of the instance set,
we consider only 2 cloud cover scenarios per POI distribution (and each cloud cover scenario
is applied to exactly 3 POI distribution scenarios). This results in a total of 72 problem
instances. Finally, visibility time windows are defined according to a maximum observation
angle αmax set to 30◦ in accordance with operational needs.

6.4 Experimental Setup
Firstly, two policies were implemented to return a global route over all satellite visible
observations: the basic ESF heuristic that visits observation following their window start
times, and the LKH heuristic that solves an SOP. Secondly, once the MILP solver returns a
satellite-observation assignment, each detailed satellite schedule can be built based either
on the Selection-based Greedy Repair Heuristic (denoted SelGH) or on the Tour-based
Greedy Repair Heuristic (denoted TourGH). This leads to four different algorithm variants:
ESF-SelGH, ESF-TourGH, LKH-SelGH, and LKH-TourGH.

The maximum CPU time for each algorithmic variant is set to 1 minute. A maximum
CPU time of 40 seconds is dedicated to the matheuristic (including ESF or LKH, plus
the resolution of the MILP model that is stopped when the optimality gap is less than
1%). The observation assignment problem is solved thanks to CPLEX solver, and the
matheuristic usually converges much faster, typically in 5 seconds. Once the matheuristic
produces a solution, at time t, the remaining time (1min minus t) is equally split between
the intra-satellite LNS and the inter-satellite LNS. In the latter part, inter-satellite LNS
operates with the possibility to insert observations that were not selected in the observation
affectation process. Empirically, it allows us to enhance the final schedule’s quality in
case of imprecise choices in the latter part because of problem approximations. Thanks to
problem decomposition, intra-satellite LNS is performed simultaneously over each satellite
by multi-threading. All schedulers are implemented in Java and executed on 20-core Intel(R)
Xeon(R) CPU ES-2660 v3 @ 2.60GHz, 62GB RAM, Ubuntu 18.04.5 LTS, with an OpenJDK
11.0.9 JVM.

The four algorithmic variants are compared to a baseline LNS algorithm (denoted
Baseline) whose operators are ISGRH and RGDH.

2 https://cds.climate.copernicus.eu/datasets/reanalysis-era5-single-levels
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Table 1 Algorithm versions results on 72 instances: optimality gaps (%) at the end of any step.
The best value per column is highlighted in gray.

Algorithm initial solution post intra-moves post inter-moves
max median mean min max median mean min max median mean min

Baseline (20min) 16.4 5.29 6.11 1.41 n/a n/a n/a n/a 10.5 0.792 1.57 0
Baseline (1min) 16.4 5.29 6.11 1.41 n/a n/a n/a n/a 10.5 1.35 1.85 0

ESF-SelGH 15.6 9.38 9.81 4.14 15.0 6.71 7.12 3.25 4.37 1.44 1.52 0
ESF-TourGH 24.0 14.8 14.8 8.66 15.5 6.81 7.13 3.25 7.91 1.60 1.87 0
LKH-SelGH 15.1 8.16 8.52 2.78 11.0 5.12 5.17 0.831 5.46 0.699 1.11 0

LKH-TourGH 20.2 10.2 10.7 2.35 10.3 4.79 5.07 0.892 6.80 0.754 1.17 0

Table 2 Median value of algorithms’ final result depending on the instance type. The best value
per instance type is highlighted in gray.

Instance type dense sparse mixed
Baseline (20min) 0.870 0.784 0.792
Baseline (1min) 1.05 1.53 1.15

LKH-SelGH 0.654 1.16 0.620
LKH-TourGH 0.685 1.15 0.485

6.5 Result Analysis
Performance metrics are shown in Table 1, where we display the rewards’ optimality gap:
(i) after initial greedy schedule generation for each satellite, that means with inter-satellite
SelGH for Baseline, and with the corresponding heuristic over each satellite’s observation
affectation after MILP solving for the other algorithms, (ii) after intra-satellite LNS, (iii) after
inter-satellite LNS. This gap is computed as such: if bv is the best known reward on instance
I with all algorithms, and algorithm A finds reward v on instance I at the end of step s,
then the optimality gap (%) of A on I at the end of s is 100 · (bv − v)/bv. There are several
results to point out. First, LKH-based algorithms perform better than ESF-based ones.
Unfortunately, computing an initial schedule that respects the order obtained in the MILP
solution gives worse results in most cases, since the initial solution reward computed with
TourGH is lower than with SelGH, though it is less marked with LKH. A weakness in the
algorithm architecture is that it requires intra-satellite scheduling to be competitive with
a greedy heuristic that provides a solution very quickly, as shown in Figure 6. However,
the overall performance of our LKH-based algorithms is very satisfying: after opportunistic
post-insertion of non selected observations and inter-satellite scheduling, LKH-SelGH and
LKH-TourGH beat the baseline algorithm when using the same amount of computation time.
The optimality gap drop of blue and yellow curves in Figure 6 around 40 seconds represent
the reward gain at the opportunistic post-insertion part of the algorithm, and the rest of
inter-satellite moves provide a last chance improvement for constellation schedules. Our
results also show that the instance archetype only slightly matters, as shown in Table 2.

Moveover, in terms of solution quality, LKH-SelGH and LKH-TourGH are competitive
with the baseline algorithm running during 20 minutes. In our algorithms, the SOP solving
takes several seconds per satellite. However, both LKH-SelGH and LKH-TourGH are able to
outperform the baseline once in the inter-satellite phase. In other words, the observation
plan resulting from the matheuristic steps serves as a good warm-start for the following LNS
procedure.

7 Conclusion

This paper proposes a novel approach combining matheuristics and metaheuristics for solving
EOS constellation scheduling problems. The main idea is to heuristically compute, for each
satellite, a route visiting visible POIs, based on the resolution of SOPs and a multi-satellite
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Figure 6 Optimality gaps on each instance depending on CPU time for Baseline and LKH-based
algorithms. One line corresponds to a single instance.

MILP that makes some problem approximations. After that, we reconstruct actually feasible
schedules for the satellites, based on some called intra-satellite and inter-satellite moves.
Through schedule destroy and repair operations, the algorithm obtained is able to outperform
an efficient LNS algorithm in the same amount of time.

One of the bottlenecks remains the quality of the solutions produced by the MILP and
the impact of some problem approximations. Indeed, our results show that the method
should not be too committed to follow the pre-determined satellite-observation assignments
and observation orders. One of the next steps is to build a version of our current MILP
where transition costs would be artificially increased, and then to solve the initial problem
while keeping the previous satellite-observation assignment decisions. The aim would be to
build a more robust assignment algorithm. In this direction, we could try and learn the
parameters of such an over-constrained model to get the best results. We also believe that
a Constraint Programming approach would be relevant in replacement of the matheuristic
part, and we would consider comparing these different approaches.
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Abstract
Multi-Agent Path Finding under Time Uncertainty (MAPF-TU) extends classical MAPF by con-
sidering uncertain traversal duration. However, existing approaches, such as the Conflict Based
Search with Time Uncertainty (CBS_TU) method, assume that uncertainty only arises while agents
move between locations, overlooking uncertainty induced by executing tasks. In many real-world
applications, agents must not only navigate but also perform tasks of uncertain duration at specific
locations, leading to additional temporal dependencies.

In this paper, we introduce Multi-Agent Path Finding with Tasks under Time Uncertainty
(MAPF-TTU), a new extension of MAPF-TU in which agents must execute tasks of uncertain
duration at intermediate goals. We first analyze the computational complexity of MAPF-TU and
MAPF-TTU. We then propose two complementary solution approaches. The first extends CBS_TU
to explicitly reason about uncertain task execution during planning. The second transforms an
MAPF-TU solution into a Simple Temporal Network with Uncertainty (STNU) and computes a
robust execution schedule through Strong Controllability.

Finally, we experimentally evaluate both approaches under varying levels of traversal and task
time uncertainty, highlighting the tradeoff between solution quality and scalability.
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1 Introduction

Multi-Agent Pathfinding (MAPF) is an NP-hard problem that consists of computing collision-
free paths for a set of agents that must reach predefined goal locations from their initial
positions [32]. MAPF has been extensively studied due to its relevance in many real-
world applications, including transportation and logistics for warehouse automation [37, 18],
robotics [29, 14], and video games [28]. Classical formulations of MAPF typically assume
either discrete timesteps or deterministic continuous-time actions [36, 2], allowing the motion
of the agents to be synchronized precisely and straightforwardly checked for conflicts.
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Over the last decade, a large body of work has focused on developing increasingly
efficient MAPF solvers, including search-based methods, compilation approaches, prioritized
planning, and hybrid techniques. Among these approaches, Conflict-Based Search (CBS) and
its extensions have become particularly influential due to their balance between optimality
and scalability [27, 7, 19]. CBS decomposes the problem into a high-level search that
resolves conflicts between agents and a low-level search that computes individual paths
under constraints. Numerous variants have subsequently extended CBS to continuous time,
kinematic constraints, and execution robustness [1, 2, 8, 4, 11].

In contrast, the Prioritized Inheritance Backtracking (PIBT) algorithm is a well-known sub-
optimal approach designed for large-scale MAPF instances involving thousands of agents [24].
Its main strength lies in its high computational efficiency and scalability, although this comes
at the cost of lower solution quality compared to optimal approaches such as CBS.

However, the deterministic assumptions underlying classical MAPF significantly limit its
applicability in realistic environments, where traversal durations may vary due to exogenous
factors. Several works therefore focused on generating more robust execution strategies,
either by guaranteeing feasibility under bounded delays [3, 15, 22], dynamically adapting
agent priorities [30, 5], or repairing plans online during execution [16, 9, 13, 6, 20, 21].

In such settings, action durations are more naturally modeled as uncertain but bounded
values rather than fixed ones. Multi-Agent Pathfinding with Time Uncertainty (MAPF-TU)
extends MAPF by associating temporal intervals with edge traversals in the navigation
graph [26]. Reasoning under temporal uncertainty fundamentally changes the nature of the
problem. In deterministic MAPF, conflicts can be checked at precise timesteps, whereas
MAPF-TU requires considering all possible realizations of uncertain durations. Two agents
may conflict whenever their occupancy intervals overlap under some admissible execution
scenario. Consequently, MAPF-TU requires safe plans that remain collision-free despite
uncertain execution outcomes. Existing approaches typically rely on interval-based reasoning
and robust conflict detection to guarantee safe execution [26, 33]. In particular, CBS_TU [26]
extends CBS to reason directly over interval-valued plans and conflicts.

Although MAPF-TU considerably improves the realism of MAPF, existing formulations
mainly focus on uncertainty induced by navigation actions, namely uncertain edge traversal
durations. This assumption is sufficient when agents only move between locations, but it
becomes inadequate in many practical applications where agents must also perform tasks
at specific locations. In numerous real-world domains, these tasks may themselves exhibit
uncertain durations.

Consider, for example, an automated warehouse where robots retrieve items from shelves.
Uncertainty may arise not only from navigation times due to congestion, but also from
picking operations because of object accessibility or grasping conditions.

Despite its practical importance, this second source of uncertainty has received little
attention in the MAPF literature. Existing approaches generally assume that agents instantly
complete tasks upon reaching a goal location, or that task durations are deterministic [38].
However, these assumptions may therefore lead to unrealistic schedules at execution, leading
to online adaptation to avoid collisions.

In this work, we introduce a new paradigm called Multi-Agent Path Finding with Time
and Task Duration Uncertainty (MAPF-TTU). In MAPF-TTU, each agent is assigned an
ordered sequence of goals. Every goal except the final one requires the execution of a task of
uncertain duration before the agent can proceed. Task durations are represented as temporal
intervals similarly to uncertain traversal times. Consequently, uncertainty may arise both
while moving between locations and while executing tasks at a location.
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Introducing uncertain task durations substantially increases the complexity of temporal
reasoning in MAPF. Unlike traversal uncertainty, task uncertainty occurs while an agent
remains at a fixed location, as it can wait indefinitely before starting a task of uncertain
duration or leaving. This introduces new temporal dependencies and conflicts, since an agent
may occupy a shared resource for an uncertain duration while executing a task.

To address these challenges, we propose two complementary approaches. The first is an
optimal extension of CBS_TU, called CBS_TTU, that explicitly reasons about uncertain task
durations during planning. This extension augments the low-level search with explicit task
execution states and interval-valued task actions, allowing the planner to compute robust
solutions that account simultaneously for uncertain navigation and uncertain task execution.

Our second, suboptimal approach adopts a decoupled temporal reasoning perspective.
Instead of integrating all temporal uncertainty directly into the MAPF search, we first
compute a classical MAPF-TU solution and subsequently transform the resulting execution
plan into a Simple Temporal Network with Uncertainty (STNU) [34]. In this transformation,
traversal uncertainties and task execution uncertainties are modeled as contingent temporal
constraints, while precedence relations induced by collisions are represented as requirement
constraints. This enables the computation of a feasible execution policy that remains valid
under all realizations of uncertainty.

The remainder of the paper is organized as follows. We first review the necessary
background on MAPF, MAPF-TU, Temporal Plan Graphs, and Simple Temporal Networks
with Uncertainty. We then formally define MAPF-TTU and present our two approaches.
Subsequently, we provide an experimental evaluation comparing the approaches under varying
levels of traversal and task uncertainty. Finally, we discuss the implications of our results
and outline directions for future research on temporally robust multi-agent coordination.

2 Background

2.1 Multi-Agent Path Finding
Multi-Agent Path Finding is the problem of computing collision-free paths for a set of agents
moving in a shared environment from predefined start locations to goal locations [32, 29].
MAPF is generally defined as a tuple ⟨G,A, s, g⟩, where G = (V,E) is a graph representing the
environment, where vertices correspond to locations and edges represent feasible movements
between adjacent locations. A = {ai}i∈N is the set of agents, while s : A → V and g : A → V ,
respectively, maps each agent to its start and goal location.

At each timestep, an agent executes an action: it either moves to an adjacent vertex,
or waits at its current location. A plan for an agent a ∈ A is a sequence of vertices
πa = (v1, . . . , vk), such that v1 = s(a) and vk = g(a). Consecutive vertices are either
connected by an edge in E (move action) or identical (wait action).

The objective of MAPF is to compute a set of plans Π = {π1, . . . , πn} such that no
collisions occur between agents. Two main types of conflicts are generally considered: a vertex
conflict occurs when two agents a and b occupy the same vertex v ∈ V at the same timestep
t and is defined as a tuple ⟨a, b, v, t⟩, an edge conflict occurs when two agents traverse the
same edge (u, v) ∈ E in opposite direction at the same timestep t and is defined as a tuple
⟨a, b, (u, v), t⟩. A solution to MAPF is therefore a set of collision-free plans satisfying all
agents’ goals.

From an MAPF solution, a directed acyclic graph can be constructed, called Temporal
Plan Graph (TPG) [16], which captures the precedence relations required to preserve
collision-free execution. In a TPG, vertices represent events in the agents’ plans, while edges
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encode temporal dependencies between these events, including both intra-agent sequencing
constraints and inter-agent precedence constraints induced by conflict resolution. TPGs
support online adaptation, rescheduling, and temporal reasoning during execution while
preserving the safety guarantees of the original MAPF solution [30, 5, 16, 9]. Figure 1
illustrates an MAPF example with two agents and the corresponding optimal solution
minimizing the makespan, transformed as a TPG.

s1 v2 g1

s2

g2

πa = (s1, v2, g1)
πb = (s2, g1, g2)

(a)

s1 v2 g1

s2

g2
[1, 5] [1, 2]

[1,2]

[1, 2]

πa = (s1, s1, v2, g1)
πb = (s2, g1, g2)

(b)

s1 v2 g1

s2 g1 g2

(c)

Figure 1 Figure a illustrates an MAPF problem with two agents a and b, starting respectively
at nodes s1 and s2 and finishing at nodes g1 and g2, respectively, with πa and πb the optimal
collision-free solutions. Figure b illustrates the MAPF-TU version of the example in Figure a, where
the optimal collision-free solution now requires agent a to wait one timestep on node s1 to avoid
potentially colliding with agent b in g1 at timestep 2. Figure c illustrates the corresponding TPG
of the optimal solution of Figure a with the inter-agent precedence highlighted in red, i.e., agent b

(below) must pass by node g1 before agent a (top). This TPG is also valid for Figure b.

2.2 Multi-Agent Path Finding with Time Uncertainty
The MAPF with Time Uncertainty (MAPF-TU) problem is an MAPF problem where travel
duration between two positions is uncertain and can assume values within a fixed interval [26].

▶ Definition 1 (MAPF-TU). We define the Multi-Agent Path Finding problem with Time
Uncertainty as a tuple M = ⟨G,A, s, g, w−, w+⟩ where:

⟨G,A, s, g⟩ is an MAPF instance;
w− : E → R+ is the function assigning the minimal possible duration to traverse an edge.
w+ : E → R+ is the function returning the maximal possible duration to traverse an edge.

In addition, we refer by [w−(e), w+(e)] the non-deterministic time interval that bounds the
duration of traversing an edge e ∈ E: traversing e multiple times may lead to different travel
duration each time. Hence, w−(e) and w+(e) are the lower and upper bounds of the durations
associated to e.

Unlike deterministic MAPF, the exact arrival time of an agent at a vertex is no longer
known precisely. Instead, each visit is associated with a temporal interval representing all
possible arrival timesteps induced by uncertainty propagation, as shown in Figure 1b.

▶ Definition 2 (Potential Presence). Given an agent a and a plan πa = (v1, . . . , vn), the
potential presence of a at vertex vk ∈ πa, denoted τ(πa, vk), is the interval of possible
timesteps during which agent a may occupy vk when following πa. The potential presence is
defined similarly for an edge.

Reasoning under temporal uncertainty fundamentally changes conflict detection. In
deterministic MAPF, conflicts are checked at exact timesteps, whereas MAPF-TU requires
considering all possible realizations of uncertain durations.

▶ Definition 3 (Potential Conflict). Given two agents a and b, their plans πa and πb are in
potential conflict on a vertex or edge x if τ(πa, x) ∩ τ(πb, x) ̸= ∅.
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Nroot

Nroot
solution: πa = (s1, v2, g1)

πb = (s2, g1, g2)

cost: 7

N1

N1
solution: πa = (s1, s1, v2, g1)

πb = (s2, g1, g2)

cost: 8
N2

N2
solution: πa = (s1, v2, g1)

πb = (s2, s2, g1, g2)

cost: 7child child

(a)

s1 v2 g1

s2

g2

[1, 2]

[1, 5] [1, 2]

[1,2]

[1, 2]

πa = (s1, v2, g1)
πb = (s2, g1, g2)

(b)

Figure 2 Figure a illustrates the execution of CBS on the provided MAPF-TU example in
Figure 1b. Figure b illustrates the MAPF-TTU version of the MAPF-TU example in Figure 1b,
where now agent a must perform a task at the intermediate goal node v2 of uncertain duration [1, 2].
The optimal collision-free solution is given with πa and πb. The corresponding TPG of this solution
is given in Figure 1c.

A potential conflict therefore exists whenever two potential presences overlap on the same
vertex/edge. A valid MAPF-TU solution is a set of collision-free plans Π for all admissible
realizations of traversal durations.

Several approaches have been proposed to solve MAPF-TU. Shahar et al. [26] extended
CBS to uncertain traversal times through CBS_TU, which reasons directly over interval-valued
conflicts while preserving completeness and optimality guarantees. More recently, Švancara
et al. [33] proposed policy-based approaches capable of adapting agent actions dynamically
according to observed traversal durations during execution.

2.3 Conflict-Based Search algorithm

CBS maintains a search tree, called Constraint Tree (CT), where each node represents a set of
constraints and the associated solution. At each iteration, it selects the most promising node
in the tree. If the node’s solution has no conflicts, it is returned as the final plan. Otherwise,
a conflict is resolved by branching the search tree on new nodes, each adding a constraint
that forbids one side of the conflict. For each side of the conflict, a new constraint is added,
and a constrained path is replanned for the involved agent. By systematically exploring the
space of constraints in this way, CBS guarantees completeness and optimality. Nodes are
selected according to their cost, usually defined by the makespan of the agents’ plan. The
first node of the tree is called root node and has no constraints, thus its solution contains the
optimal individual path for each agent. In CBS, a low-level process computes new paths by
finding the shortest path to the goal (e.g., using A*), whilst taking into consideration the
set of constraints and a heuristic to guide the search. In MAPF-TU, the heuristic considers
either the lower or the upper bound duration for each edge. In the present implementation,
the latter option was used exclusively in order not to overestimate the delay too much.

Figure 2a shows the execution of CBS on the example in Figure 1b. The initial path
computed for the agents is shown in the root CT node (Nroot). This solution contains a
vertex conflict on g1 at t = 2. CBS_TU will resolve the conflict and creates two CT child nodes
N1 and N2, where N1 is the collision-free solution. Please note that the search process will
select N2 first due to a lower cost and iterate until it select N1 as the most promising node
in the CT.
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2.4 Simple Temporal Network with Uncertainty
A Simple Temporal Network (STN) is a tuple ⟨V, E⟩, where V is a set of real-value variables
called timepoints {ν1, . . . , νn}, and E is a set of temporal constraints between timepoints
called requirements [12]. Specifically, each requirement r ∈ E is of the form νy − νx ∈ [l, u],
with νx, νy ∈ V, l ∈ R ∪ {−∞}, and u ∈ R ∪ {+∞}; l and u represent the minimal and
maximal possible temporal distance between νx and νy. A requirement is represented as
an edge νx [l, u]−−→ νy. A reference timepoint νz is generally included in V as a fixed temporal
anchor assumed to be the first executed timepoint of the network, i.e., νz will take a value
such that each implicit constraint νz ≤ νx for each νx ∈ V is satisfied. An STN is satisfiable
if a timepoint assignment (schedule) exists that satisfies all the constraints. We say that
a controller executes an STN when it schedules its timepoints. STNs have proven to be
useful for MAPF by transforming TPGs into STNs to support execution flexibility and online
adaptation in dynamic environment [16].

A Simple Temporal Network with Uncertainty (STNU) is is an extension of the STN in
which a subset of constraints is distinguished, with the values (duration) of these constraints
being decided by external entities (e.g., Nature) and the controller can only observe them [34].
A STNU X = ⟨V, E , C⟩ is a tuple where V is now divided into controllable (Vc) and uncon-
trollable (Vu) timepoints. C is a set of (uncontrollable) contingent links each of the form
νy − νx ∈ [l, u], where νx ∈ Vc, νy ∈ Vu, and 0 < l ≤ u. The value (duration) ω = νy − νx is
set by an external entity before or during the execution. Once νx is executed, the value of νy
is νx + ω. A contingent link is depicted as νx [l, u]

νy. A schedule for a STNU is a mapping
δ : V → R from timepoints to real values.

▶ Definition 4 (Situation, Projection and Solution). Given a STNU X = ⟨V, E , C⟩ , the
situations of X are the set of tuples Ω defined as the Cartesian product of contingent domains:
Ω =×ck∈C [lk, uk]. Each situation ω = (ω1, . . . , ωn) ∈ Ω represents one possible complete set
of values for the durations of the contingent links of X . A projection Xω = (V, E ∪ Cω) of X
is an STN, where Cω replaces each contingent link ck with the rigid requirement induced by
ωk. A solution of Xω is a schedule δω satisfying all the constraints.

In STNUs, consistency needs to be redefined: a network is now said to be controllable if
there exists a schedule that satisfies all requirement constraints in any possible projection.

Three levels of controllability exist [34], depending on when the contingent durations are
known: Strong Controllability (SC) assumes that observation at execution is not possible
(as in conformant planning), hence, a single common schedule δ satisfying all constraints in
all situations is required. Weak Controllability (WC) assumes all contingent durations will
be known just before execution (oracle), hence, one need to guarantee a consistent schedule
for each situation. Dynamic Controllability (DC) assumes that contingent durations are
observable at execution, hence, the schedule values assignment depends on past observations
only, regardless of the contingent durations still to be observed. In this paper, we will focus
on the case of Strong Controllability, of which we recall the formal definition below.

▶ Definition 5 (Strong Controllability). A STNU X is said to be strongly controllable (SC)
if there exists a schedule δ, called a strong schedule, such that for all situations ω, δ is a
solution of Xω.

STNUs provide a natural formalism for reasoning about controllable and uncontrollable
temporal events, making them particularly suitable for modeling uncertain traversal and
task durations.
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3 Multi-Agent Path Finding with Tasks under Time Uncertainty

We consider now an extension of MAPF-TU where agents must perform some task of
uncertain but bounded duration in intermediate locations. To do so, we will identify those
vertices where a durative task takes place as intermediate goal locations: they are specific to
the goal assigned to each agent, and the solution plan must take them into account. We call
such extension Multi-agent Path Finding with Tasks under Time Uncertainty (MAPF-TTU)
and is defined as follows:

▶ Definition 6 (MAPF-TTU). A MAPF-TTU is a tuple P =⟨G,A, s, g, w−, w+,M, t, ψ−, ψ+⟩
where:

⟨G,A, s, g, w−, w+⟩ is an MAPF-TU instance as in Definition 1.
M is a set of intermediate goal locations M ⊆ V .
t : A → Ma a function mapping agents to sets of intermediate locations, s.t. t(a) = Ma

is a set of intermediate goal locations assigned to agent a, where Ma ⊆ M

ψ− : V → R+ is the function assigning the minimal possible duration on staying on an
intermediate goal location v ∈ M ;
ψ+ : V → R+ is the function returning the maximal possible duration on staying on an
intermediate goal location v ∈ M .

In addition, we refer by [ψ−(v), ψ+(v)] the non-deterministic time interval that bounds the
duration of staying in a vertex v ∈ M . Hence, ψ−(v) and ψ+(v) are the lower and upper
bounds of the durations associated to v.

When an agent reaches an intermediate goal location, it must remain at the corresponding
vertex during the entire task execution before continuing its plan. Consequently, uncertainty
may arise both while traversing edges and while executing tasks at specific locations. Traversal
uncertainty and task uncertainty are modeled independently through the functions w and ψ.

▶ Definition 7 (MAPF-TTU single-agent plan). A single-agent plan for an agent a is a
sequence of nodes πa = (v1, . . . , vn) that moves a from its start vertex v1 = s(a) to its goal
vertex vn = g(a) such that: ∀v ∈ Ma, v ∈ πa.

We assume that the task associated with an intermediate goal is executed only once upon
the first visit of the corresponding agent.

The notion of potential presence is extended to account for both uncertain traversal
durations and uncertain task durations. Intuitively, the uncertainty accumulated at a vertex
corresponds to the sum of all previous traversal and task uncertainties along the path.

▶ Definition 8 (MAPF-TTU Potential Presence). Given an agent a and its plan πa =
(v1, . . . , vn). The potential presence of a at vertex vk ∈ πa, denoted τ(πa, vk), is defined
as an interval in which a might be in vertex vk, after traversing the edge (vk−1, vk), with
(vk−1) ∈ πa s.t:

[0, 0] if k = 1
[τ− + ψ−(vk) + w−((vk−1, vk)), τ+ + ψ+(vk) + w+((vk−1, vk))] if vk ∈ Ma

[τ− + w−((vk−1, vk)), τ+ + w+((vk−1, vk))] Otherwise

where τ(πa, vk−1) = [τ−, τ+].
The potential presence is similarly defined for an edge.

We consider a set of plans to be solution for a MAPF-TTU if each agent visits its
intermediate goal locations (see Definition 7) for a duration that is compatible with the
potential presence (see Definition 8), in which no potential conflicts occur.
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3.1 Complexity of MAPF-TTU
In this section, we analyze the computational complexity of MAPF-TTU. We first study
the complexity of MAPF-TU, which, to the best of our knowledge, has not been explicitly
characterized in the literature, although it can naturally be conjectured to be at least as
hard as classical MAPF. We then show that introducing uncertain task durations preserves
this computational hardness.

▶ Definition 9. The MAPF-TU decision problem is defined by:
Input: An MAPF-TU instance M = ⟨G,A, s, g, w−, w+⟩ and a rational number κ.
Question: Is there a safe solution for M with cost at most κ?

▶ Proposition 10. MAPF-TU is NP-hard.

Proof. The NP-hardness of MAPF-TU follows directly from classical MAPF, which is NP-
hard [32]. Given an MAPF instance, we can construct an equivalent MAPF-TU instance by
setting: w−(e) = w+(e) = 1, for every e ∈ E. ◀

▶ Definition 11. The MAPF-TTU decision problem is defined by:
Input: An MAPF-TTU instance P = ⟨G,A, s, g, w−, w+,M, t, ψ−, ψ+⟩ and a rational num-

ber κ.
Question: Is there a safe solution for P with cost at most κ?

▶ Proposition 12. MAPF-TTU is NP-hard.

Proof. The NP-hardness of MAPF-TTU follows immediately from the one of MAPF-TU
given in Proposition 10. Any MAPF-TU instance can be transformed into an equivalent
MAPF-TTU instance by setting: M = ∅, i.e., by not having any intermediate goals. The
resulting MAPF-TTU instance is therefore equivalent to the original MAPF-TU instance.
Since MAPF-TU is NP-hard, it follows that MAPF-TTU is also NP-hard. ◀

4 The CBS_TTU Algorithm

To solve MAPF-TTU optimally, we extend the CBS_TU algorithm proposed in [26]. The
resulting algorithm, called CBS_TTU, preserves the overall structure of CBS_TU while extending
the low-level search to explicitly reason about uncertain task execution.

Similarly to CBS_TU, the algorithm maintains a Constraint Tree. The high-level search
remains unchanged: the algorithm iteratively selects the lowest-cost CT node, detects
potential conflicts through interval overlaps, and resolves them by generating child nodes
with additional constraints.

The main modification made here concerns the low-level planner. In addition to movement
and wait actions, agents may now execute tasks at intermediate goal locations of uncertain
duration: [ψ−(v), ψ+(v)]. During this action, the agent remains at the same location until
the task is completed before continuing toward subsequent goals.

The low-level state representation is therefore augmented with a task execution status
indicating whether the current sub-goal action has already been performed. Potential conflicts
are detected exactly as in CBS_TU using interval overlap tests on potential presence intervals.
However, these intervals may now originate both from uncertain edge traversals and uncertain
task executions.

Since CBS_TTU preserves the same high-level conflict resolution mechanism as CBS_TU
while extending the low-level search with additional uncertain actions, the completeness and
optimality guarantees of CBS_TU are maintained.
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5 The CBS_TU_STNU Algorithm

In this section, we present our STNU-based approach for MAPF-TTU called CBS_TU_STNU.
We first solve the MAPF-TTU using CBS_TU to find collision free paths under uncertain edge
traversal durations, then we use STNUs in order to compute a schedule by incorporating
uncertain task durations to the given MAPF-TU solution.

Our method builds upon the approach proposed in [16], which extends Temporal Plan
Graphs to Simple Temporal Networks in order to accommodate kinematic constraints. We
further extend this approach to MAPF-TTU, with the aim of reasoning explicitly about
temporal uncertainty, which arises in our benchmarks both from edge traversal and task
execution durations.

5.1 Extending Temporal Plan Graphs to MAPF-TTU
Extending TPGs to MAPF-TTU is straightforward. Similarly to the classical MAPF setting,
the TPG captures the precedence relations that must be preserved during execution in order
to guarantee the absence of collisions. The main difference resides in the fact that events
are now associated with potential presence intervals induced by uncertain traversal and task
durations.

Building the TPG of a MAPF-TTU solution is shown in Algorithm 1. More precisely, each
visit of an agent to a vertex in its plan is represented by a TPG node. Type-1 edges encode the
sequential order of actions for each agent, while type-2 edges represent inter-agent precedence
relations induced by conflict avoidance [16]. Since MAPF-TU solutions are collision-free, the
potential presence intervals of two conflicting visits cannot overlap. Therefore, one interval
precedes the other, which directly determines the corresponding precedence relation in the
TPG.

The resulting graph compactly represents both the ordering of individual plans and
the temporal dependencies required for safe execution under uncertainty. The TPG of the
MAPF-TTU solution in Figure 2b is given in Figure 1c.

5.2 Extending Temporal Plan Graphs to STNUs
Given a TPG, we construct a STNU X = ⟨V, E , C⟩ capturing both controllable precedence
relations and uncontrollable durations induced by traversal and task execution uncertainty.

Let ηki denote the k-th node of agent ai in the TPG. For each node ηki , we decompose
it into arrival, task-execution, and leaving events. We introduce two STNU timepoints: an
uncontrollable timepoint νA(ηki ) ∈ Vu and a controllable timepoint νL(ηki ) ∈ Vc, representing
respectively the arrival and the leaving time of agent ai at the corresponding location.
However, if ηki corresponds to intermediate goal location v ∈ Mai , we additionally introduce
two timepoints: a controllable timepoint νTS

(ηki ) ∈ Vc and an uncontrollable timepoint
νTE

(ηki ) ∈ Vu, to represent the start and end time of the task, respectively.
An agent ai can wait indefinitely before leaving the corresponding location or before

starting a task of uncertain duration at the same location; we model this behavior by the
following constraints:{

νA(ηk
i ) [0,+∞]−−−−→ νTS (ηk

i ) [ψ−(v), ψ+(v)]
νTE (ηk

i ) [0,+∞]−−−−→ νL(ηk
i ) if ηk

i corresponds to a v ∈Mai

νA(ηk
i ) [0, +∞]−−−→ νL(ηk

i ) Otherwise

We also introduce two reference timepoints νz and νF , respectively representing the
beginning and the end of the global execution. For each agent ai, let η1

i and ηni denote
respectively the first and last node in its TPG path. We add the requirement constraints:

TIME 2026
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Algorithm 1 BuildTPGFromMAPFTU.

Input: An MAPF-TU solution Π = {π1, . . . , πn}
Output: A Temporal Plan Graph GT = (VT , ET )

1 VT ← ∅, ET ← ∅;
2 foreach agent ai do
3 foreach visit k in πi do
4 create a TPG node ηk

i ;
5 annotate ηk

i with its vertex and potential presence interval;
6 VT ← VT ∪ {ηk

i };
7 if k > 1 then
8 ET ← ET ∪ {(ηk−1

i , ηk
i )} ; // intra-agent edge

9 foreach pair of agents ai, aj with i ̸= j do
10 foreach nodes ηk

i , ηm
j visiting the same vertex do

11 if the interval of ηk
i precedes the interval of ηm

j then
12 ET ← ET ∪ {(ηk

i , ηm
j )} ; // inter-agent edge

13 else if the interval of ηm
j precedes the interval of ηk

i then
14 ET ← ET ∪ {(ηm

j , ηk
i )} ; // inter-agent edge

15 return GT = (VT , ET );

νz
[0, 0]−−→ νA(η1

i ) and νL(ηni ) [0,+∞]−−−→ νF . The first constraint synchronizes the start of every
agent with the global reference timepoint, while the second ensures that νF occurs after all
agents have completed their plans.

For every type-1 edge (ηki , ηk+1
i ) in the TPG, let e ∈ E be the corresponding traversal

edge. We connect the leaving timepoint of ηki to the arrival timepoint of ηk+1
i by a dotted

arrow as follows: νL(ηki ) [w−(e), w+(e)]
νA(ηk+1

i )
Finally, each type-2 edge (ηki , ηmj ), representing a precedence relation induced by conflict

avoidance, is translated into the requirement constraint: νL(ηki ) [1,+∞]−−−→ νA(ηmj ). Please note
that the lower bound defines the temporal duration safety between the moment agent ai
leaves the corresponding location and the moment agent aj arrives at the same location.

The resulting STNU therefore captures both the temporal flexibility of the execution
and the uncontrollable durations arising from navigation and task execution uncertainty.
Figure 3 illustrates an example of transforming a TPG into a STNU.

Figure 3 The transformation of the TPG from Figure 1c in a STNU. Dotted nodes depict
uncontrollable timepoints of contingent links (dotted arrows), while the highlighted constraint shows
the precedence relation on node g1.
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5.3 Solving Strong Controllability
To find a solution for MAPF-TTU, we use the CBS_TU algorithm to compute a collision-free
path between intermediate goals for each agent, and transform this solution into a TPG and
a STNU. Then, we find a solution by looking for an assignment of the timepoints under the
semantic of Strong Controllability. To do so, we use the polynomial size linear encoding
of [23]. In the following, we describe the linear encoding for checking Strong Controllability.

For a requirement νx [l, u]−−→ νy, there are three cases in which an uncontrollable timepoint
is involved: (1) νy ∈ Vu, (2) νx ∈ Vu, and (3) νx, νy ∈ Vu. A requirement in case (1)
can be encoded by the linear inequality l ≤ (νk + ωy) − νx ≤ u, where ωy represents the
uncontrollable duration of the contingent link νk [l′, u′]

νy with νy as endpoint. Other cases
can be encoded similarly.

By Definition 5, a strong schedule must satisfy this system regardless of the durations
ω1, . . . , ωn. It is shown in [34] that for a schedule to be a strong schedule, it suffices for it
to satisfy the system when each duration takes one of its worst possible values, which are
the lower and upper bounds of the corresponding contingent link. For example, to satisfy
l ≤ (νk + ωy) − νx ≤ u for every ωy ∈ [l′, u′], it suffices to satisfy l ≤ (νk + l′) − νx and
(νk + u′) − νx ≤ u. This is the reason why it results in a system of linear inequalities of
polynomial size.

To find the best solution, i.e., the one with the lowest makespan, we slightly modify the
encoding by adding an optimization criteria on νF : Min(νF ).

▶ Proposition 13 (CBS_TU_STNU Completeness). CBS_TU_STNU is complete but not optimal.
Completeness follows from the completeness of CBS_TU and from the structure of the con-
structed STNU. Indeed, all precedence constraints introduced in the STNU are lower-bounded
constraints of the form [l,+∞]. Consequently, contingent delays induced by uncertain tra-
versal and task durations can only postpone events without ever violating temporal upper
bounds. Therefore, the resulting STNU is always strongly controllable.

However, the approach is not optimal since temporal optimization is performed only after
fixing the MAPF-TU plan and its associated precedence relations. As a result, the STNU can
optimize execution times only within the flexibility of this fixed ordering, potentially excluding
globally optimal MAPF-TTU solutions.

Although the resulting STNU is always strongly controllable due to the absence of
restrictive upper-bound precedence constraints, the optimization process remains useful to
minimize execution makespan while preserving robustness under uncertainty.

5.4 Perspective on Dynamic Controllability
Švancara et al. [33] assume that observation during execution is possible and propose a
policy-based execution framework yielding solutions of improved quality for MAPF-TU.
Similarly, Dynamic Controllability (DC) in STNUs allows the scheduling of controllable
timepoints to depend on observations made during execution. Applying DC to MAPF-TTU
could therefore enable agents to adapt their execution decisions online according to observed
traversal and task durations, reducing the conservativeness of fixed robust schedules obtained
under Strong Controllability (SC).

However, unlike SC, which only requires computing a fixed schedule expressible through
linear constraints, DC involves observation-dependent decisions and typically requires dis-
junctive reasoning. As a result, efficient schedule optimization methods for DC generally
rely on Mixed Integer or Non-Linear Programming approaches, making the optimization

TIME 2026
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(a) (b) (c)

Figure 4 Figure the illustrates a the empty, b the random, and c the warehouse maps.

problem significantly more challenging [10, 35]. Consequently, finding an optimal dynamically
controllable execution policy may become harder than computing the collision-free paths
themselves. In this work, we therefore restrict ourselves to Strong Controllability, as MAPF
applications do not always guarantee online observation capabilities.

6 Experimental Evaluation

In this section, we empirically evaluate the effectiveness of our proposed methods CBS_TTU
and CBS_TU_STNU. We implemented 1 our methods on top of the framework of [26]. Several
extensions of CBS have been proposed to improve its efficiency while preserving completeness
and optimality [7]:

Bypassing nodes allow the search to skip unnecessary branching when a child node resolves
a conflict without increasing the solution cost. Thus reducing the size of the constraint
tree.
Prioritized conflicts resolution classify conflict in three types. A conflict is cardinal if
resolving it necessarily increases the cost of both child CT node, semi-cardinal if it
increases the cost of only one child CT node, and non-cardinal otherwise. Prioritizing
cardinal conflicts improves CBS despite overburdening the low-level search.

We particularly focus on prioritized conflict resolution, as planning paths across multiple
sequential goals inherently overburdens the low-level search of CBS. Consequently for both
methods, we evaluate a version with the two improvements (respectively called CBS_TTU_PC
and CBS_TU_STNU_PC) and a version without prioritizing conflict resolution (called CBS_TTU
and CBS_TU_STNU, respectively).

6.1 Environment and Benchmark
We conducted the experiments on a 20-core Intel(R) Xeon(R) CPU E5-2660 at 2.6 GHz,
with 64GB RAM, running Ubuntu 18, with time-out for each run set to 300 seconds. We
implemented the algorithm in Python 3.14. We compare our approach on three different
types of maps from [29]: a classical empty map (i.e., without obstacles) of size 16 × 16 (see
Figure 4a), a random map of size 32 × 32 (see Figure 4b), a warehouse map of size 84 × 170
(see Figure 4c).

We adapt the generator from [26] to generate MAPF-TTU instances. In our experiments
we randomly assigned start and end positions and considered a sequence of two intermediate
goals for each agent. For simplicity, the current implementation assumes that each agent

1 The code is available at: https://github.com/ajdin14200/MAPF_TTU_TIME#

https://github.com/ajdin14200/MAPF_TTU_TIME#


A. Albore, C. Grand, N. Ramuzat, and A. Sumic 13:13

must visit its goals in the specified ordering, and does not wait before starting a task. This is
a classical setting in Multi-Agent Pick-up and Delivery problems where agents must pick-up
and deliver packages [25]. Please note that we extend CBS_TU so to find collision free paths
for a set of goals, instead of a single goal as in the classical implementation of CBS_TU.

We distinguish the edge traversals and task executions types of uncertainty, but generate
them similarly using the generator. For a given value of uncertainty U, we set ω−(e) (resp.
ψ−(e)) to be a value chosen uniformly at random from the range [1, U + 1], and set ω+(e)
(resp. ψ+(e)) to be a value chosen uniformly at random from the range [ω−(e), U + 1] (resp.
[ψ−(e), U + 1]). Thus, the parameter U allows control over the amount of uncertainty in the
generated experiments, where U = 0 means no uncertainty. In our experimental evaluation
we consider U ∈ {1, 3, 5}. For simplicity, we refer by TU the temporal uncertainty from
traversing edges, and TAU the one from performing tasks.

For each combination of TU and TAU, we progressively increase the number of agents
until the methods reach the timeout limit, generating 30 instances for each agent count.

Regarding the Strong Controllability encoding, we replace the upper bound +∞ with a
sufficiently large constant value and solved the optimization problem using CPLEX [17] as
backend solver.

Figure 5 Comparison of the methods with TU = 0 on coverage.

6.2 Evaluation with Task Duration Uncertainty
We first evaluate the impact of task uncertainty independently from traversal uncertainty by
fixing traversal uncertainty TU = 0, and varying task uncertainty in 1,3,5. This experiment
aims to isolate the complexity introduced by uncertain task execution durations. In particular,
we analyze how increasing task uncertainty affects the scalability of both methods.

TIME 2026
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Figure 6 Comparison of the methods with TU = 0 on cost (i.e., makespan).

Figure 5 reports the coverage (in percentage) of the different methods with respect to
the number of agents. Overall, the STNU-based approaches solve more instances than
CBS_TTU. Surprisingly, we observe that the prioritized conflict resolution reduces performance,
suggesting that this improvement is not well suited to MAPF-TTU.

Figure 6 presents the average solution cost obtained by each method, with the correspond-
ing standard deviation. As expected, the STNU-based approaches generate lower-quality
solutions compared to the optimal methods. To quantify this difference, we compute the
percentage deviation of suboptimal methods from the optimal solution cost.

The results show that CBS_TU_STNU consistently achieves a slightly smaller optimality
gap than CBS_TU_STNU_PC. Consequently, the last row of Figure 6 reports the average
percentage gap achieved by CBS_TU_STNU for each map, with one plot per map configuration.
Interestingly, on the warehouse map, the STNU-based approach produces solutions that
remain very close to the optimum.



A. Albore, C. Grand, N. Ramuzat, and A. Sumic 13:15

Figure 7 Comparison of the methods with TU = TAU = 1 on coverage.

6.3 Evaluation with Edge and Task Duration Uncertainty
We evaluate both approaches under simultaneous traversal and task uncertainty, varying
both values identically in {1, 3, 5}. This evaluation studies the cumulative impact of both
uncertainty sources on planning complexity and execution robustness. Combining them
substantially increases potential temporal interactions between agents, as traversal uncertainty
affects movement while task uncertainty impacts resource occupancy at fixed locations.

Figure 7 shows the coverage (in percentage) of the methods according to the number of
agents only where TU = TAU = 1. We observed that adding temporal uncertainty on edges
drastically impact the efficiency of the methods. For the case where TU = TAU = 3 and TU
= TAU = 5, the methods show their limits under 10 agents. Overall, these results highlight
that finding an optimal solution for MAPF-TTU is challenging as CBS does not scale at all.

6.4 Extension to PIBT
To further evaluate our STNU-based framework, we extend the experiments by replacing
CBS_TU with PIBT to generate collision-free agent paths. We recall that PIBT is a suboptimal
approach designed for large-scale MAPF instances involving thousands of agents [24]. Con-
sequently, this approach, called PIBT_STNU, is overly conservative, as temporal uncertainty
(both TU and TAU) is handled entirely at the STNU level rather than during the path
finding process itself.

Figure 8 highlights the improvement in terms of coverage and scalability achieved by
PIBT_STNU (first row), despite generating solutions of higher cost (second row). Furthermore,
the third row presents a comparison of the average execution time of PIBT with that of
computing an optimal strong schedule (STNU). This comparison indicates that the latter is
more time-consuming.

7 Conclusion

In this paper, we introduced MAPF-TTU, a new extension of MAPF-TU in which agents
must execute tasks of uncertain duration at intermediate locations. Unlike classical MAPF-
TU, where uncertainty only affects traversal durations, MAPF-TTU additionally models
uncertainty arising from task execution, leading to new temporal dependencies and resource
conflicts between agents.

To solve this problem, we proposed two complementary approaches. First, we introduced
CBS_TTU, an extension of CBS_TU that explicitly reasons about uncertain task execution
during planning. Second, we proposed CBS_TU_STNU, a STNU-based approach that transforms
an MAPF-TU solution into a temporally flexible execution model and optimizes its execution

TIME 2026
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Figure 8 Results of PIBT_STNU on coverage (first row), cost (second row), and execution time
(third row).

under uncertainty using Strong Controllability. We additionally analyzed the computational
complexity of MAPF-TU and MAPF-TTU, and showed how temporal reasoning techniques
can be leveraged to robustly execute MAPF plans under both traversal and task uncertainty.

Future work includes investigating Dynamic Controllability and online execution monit-
oring to reduce the conservativeness of Strong Controllability schedules through observation
during execution. Another promising direction is the tighter integration of temporal reasoning
within scalable suboptimal MAPF algorithms such as PIBT, in order to better balance solution
quality, robustness, and scalability under traversal and task uncertainty. More generally,
extending MAPF-TTU to online and continuously evolving coordination settings, where
agents repeatedly receive new tasks during execution (i.e., lifelong settings), constitutes an
important perspective for robust multi-agent coordination in dynamic environments.

References

1 Anton Andreychuk. Multi-agent path finding with kinematic constraints via conflict based
search. In Sergei O. Kuznetsov, Aleksandr I. Panov, and Konstantin S. Yakovlev, editors, Pro-
ceedings of the Russian Conference on Artificial Intelligence (RCAI), Lecture Notes in Computer
Science, pages 29–45, Moscow, Russia, 2020. Springer. doi:10.1007/978-3-030-59535-7_3.

2 Anton Andreychuk, Konstantin Yakovlev, Pavel Surynek, Dor Atzmon, and Roni Stern.
Multi-agent pathfinding with continuous time. Artificial Intelligence, 305:103662, 2022. doi:
10.1016/J.ARTINT.2022.103662.

https://doi.org/10.1007/978-3-030-59535-7_3
https://doi.org/10.1016/J.ARTINT.2022.103662
https://doi.org/10.1016/J.ARTINT.2022.103662


A. Albore, C. Grand, N. Ramuzat, and A. Sumic 13:17

3 Dor Atzmon, Roni Stern, Ariel Felner, Glenn Wagner, Roman Barták, and Neng-Fa Zhou.
Robust Multi-Agent Path Finding and Executing. Journal of Artificial Intelligence Reseasrch,
67:549–579, 2020. doi:10.1613/JAIR.1.11734.

4 Yifan Bai, Shruti Kotpalliwar, Christoforos Kanellakis, and George Nikolakopoulos. Multi-agent
Path Planning Based on Conflict-Based Search (CBS) variations for Heterogeneous Robots.
Journal of Intelligent Robotic Systems, 111(1):26, 2025. doi:10.1007/S10846-025-02229-0.

5 Alexander Berndt, Niels van Duijkeren, Luigi Palmieri, and Tamás Keviczky. A feedback
scheme to reorder a multi-agent execution schedule by persistently optimizing a switchable
action dependency graph. In Eva Onaindia Ronen I. Brafman and Shashank Shekha, editors,
Proceedings of the ICAPS Workshop on Distributed and Multi-Agent Planning (DMAP), 2020.
arXiv:2010.05254.

6 Alexander Berndt, Niels van Duijkeren, Luigi Palmieri, Alexander Kleiner, and Tamás Keviczky.
Receding horizon re-ordering of multi-agent execution schedules. IEEE Transactions on
Robotics, 40:1356–1372, 2024. doi:10.1109/TRO.2023.3344051.

7 Eli Boyarski, Ariel Felner, Roni Stern, Guni Sharon, Oded Betzalel, David Tolpin, and
Solomon Eyal Shimony. ICBS: the improved conflict-based search algorithm for multi-agent
pathfinding. In Proceedings of the Annual Symposium on Combinatorial Search (SoCS), pages
223–225, Ein Gedi, the Dead Sea, Israel, 2015. AAAI Press. doi:10.1609/SoCS.V6I1.18343.

8 Yu Quan Chong, Jiaoyang Li, and Katia P. Sycara. Optimal task assignment and path
planning using conflict-based search with precedence and temporal constraints. In Mehdi
Dastani, Jaime Simão Sichman, Natasha Alechina, and Virginia Dignum, editors, Proceedings
of the International Conference on Autonomous Agents and Multiagent Systems (AAMAS),
pages 2210–2212, Auckland, New Zealand, 2024. International Foundation for Autonomous
Agents and Multiagent Systems. doi:10.5555/3635637.3663110.

9 Adem Coskun, Jason M. O’Kane, and Marco Valtorta. Deadlock-free online plan repair
in multi-robot coordination with disturbances. In Proceedings of the International Florida
Artificial Intelligence Research Society Conference, North Miami Beach, Florida, USA, 2021.
doi:10.32473/FLAIRS.V34I1.128371.

10 Jing Cui, Peng Yu, Cheng Fang, Patrik Haslum, and Brian Charles Williams. Optimising
bounds in simple temporal networks with uncertainty under dynamic controllability constraints.
In Proceedings of the International Conference on Automated Planning and Scheduling (ICAPS),
pages 52–60, Jerusalem, Israel, 2015. AAAI Press. URL: http://www.aaai.org/ocs/index.
php/ICAPS/ICAPS15/paper/view/10614.

11 Guilherme Daudt, Alleff Dymytry, Mariana Kolberg, and Renan Maffei. k-robust conflict-
based search with continuous time for multi-robot coordination. In IEEE/RSJ International
Conference on Intelligent Robots and Systems (IROS), pages 10260–10266, Abu Dhabi, UAE,
2024. IEEE. doi:10.1109/IROS58592.2024.10801503.

12 Rina Dechter, Itay Meiri, and Judea Pearl. Temporal constraint networks. Artificial Intelligence,
49(1-3):61–95, 1991. doi:10.1016/0004-3702(91)90006-6.

13 Ying Feng, Adittyo Paul, Zhe Chen, and Jiaoyang Li. A real-time rescheduling algorithm for
multi-robot plan execution. In Proceedings of the International Conference on Automated
Planning and Scheduling (ICAPS), pages 201–209, Banff, Alberta, Canada, 2024. AAAI Press.
doi:10.1609/ICAPS.V34I1.31477.

14 A. Gautier, A. Stephens, B. Lacerda, N. Hawes, and M. Wooldridge. Negotiated path planning
for non-cooperative multi-robot systems. In Proceedings of the International Conference on
Autonomous Agents and Multiagent Systems (AAMAS), volume 1, pages 472–480, Auckland,
New Zealand, 2022. International Foundation for Autonomous Agents and Multiagent Systems.

15 Wolfgang Hönig, Scott Kiesel, Andrew Tinka, Joseph W. Durham, and Nora Ayanian. Persistent
and robust execution of MAPF schedules in warehouses. IEEE Robotics and Automation
Letters, 4(2):1125–1131, 2019. doi:10.1109/LRA.2019.2894217.

TIME 2026

https://doi.org/10.1613/JAIR.1.11734
https://doi.org/10.1007/S10846-025-02229-0
https://arxiv.org/abs/2010.05254
https://doi.org/10.1109/TRO.2023.3344051
https://doi.org/10.1609/SoCS.V6I1.18343
https://doi.org/10.5555/3635637.3663110
https://doi.org/10.32473/FLAIRS.V34I1.128371
http://www.aaai.org/ocs/index.php/ICAPS/ICAPS15/paper/view/10614
http://www.aaai.org/ocs/index.php/ICAPS/ICAPS15/paper/view/10614
https://doi.org/10.1109/IROS58592.2024.10801503
https://doi.org/10.1016/0004-3702(91)90006-6
https://doi.org/10.1609/ICAPS.V34I1.31477
https://doi.org/10.1109/LRA.2019.2894217


13:18 Multi-Agent Path Finding with Tasks Under Time Uncertainty

16 Wolfgang Hönig, T. K. Satish Kumar, Liron Cohen, Hang Ma, Hong Xu, Nora Ayanian,
and Sven Koenig. Multi-agent path finding with kinematic constraints. In Proceedings of
the International Conference on Automated Planning and Scheduling (ICAPS), pages 477–
485, London, UK, 2016. AAAI Press. URL: http://www.aaai.org/ocs/index.php/ICAPS/
ICAPS16/paper/view/13183.

17 IBM. ILOG CPLEX Optimization Studio. https://www.ibm.com/products/
ilog-cplex-optimization-studio, 2024.

18 Tim Tsz-Kit Lau and Biswa Sengupta. The Multi-Agent Pickup and Delivery Problem: MAPF,
MARL and Its Warehouse Applications, 2022. doi:10.48550/arXiv.2203.07092.

19 Jiaoyang Li, Ariel Felner, Eli Boyarski, Hang Ma, and Sven Koenig. Improved heuristics for
multi-agent path finding with conflict-based search. In Proceedings of the International Joint
Conference on Artificial Intelligence (IJCAI), volume 2019, pages 442–449, Macao, China,
2019. doi:10.24963/IJCAI.2019/63.

20 Jiaoyang Li, Andrew Tinka, Scott Kiesel, Joseph W. Durham, T. K. Satish Kumar, and Sven
Koenig. Lifelong multi-agent path finding in large-scale warehouses. In Proceedings of the
AAAI Conference on Artificial Intelligence, pages 11272–11281, virtual, 2021. AAAI Press.
doi:10.1609/AAAI.V35I13.17344.

21 Yihao Liu, Xueyan Tang, Wentong Cai, and Jingning Li. Multi-agent path execution with
uncertainty. In Proceedings of the International Symposium on Combinatorial Search (SoCS),
pages 64–72, Kananaskis, Alberta, Canada, 2024. AAAI Press. doi:10.1609/SoCS.V17I1.
31543.

22 Hang Ma, T. K. Satish Kumar, and Sven Koenig. Multi-agent path finding with delay
probabilities. In Proceedings of the AAAI Conference on Artificial Intelligence, pages 3605–
3612, San Francisco, California, USA, 2017. AAAI Press. doi:10.1609/AAAI.V31I1.11035.

23 Frédéric Maris, Aïdin Sumic, Thierry Vidal, and Bruno Zanuttini. Study of the computational
complexity of the repair problem on simple temporal networks with uncertainty. In Journées
d’Intelligence Artificielle Fondamentale et Journées Francophones sur la Planification, la
Décision et l’Apprentissage pour la conduite de systèmes, JIAF-JFPDA, pages 101–109, Dijon,
France, 2025. URL: https://hal.science/hal-05189745v2/document.

24 Keisuke Okumura, Manao Machida, Xavier Défago, and Yasumasa Tamura. Priority inheritance
with backtracking for iterative multi-agent path finding. Artificial Intelligence, 310:103752,
2022. doi:10.1016/J.ARTINT.2022.103752.

25 Oren Salzman and Roni Stern. Research challenges and opportunities in multi-agent path
finding and multi-agent pickup and delivery problems. In Proceedings of the International
Conference on Autonomous Agents and Multiagent Systems (AAMAS), pages 1711–1715, Auck-
land, New Zealand, 2020. International Foundation for Autonomous Agents and Multiagent
Systems. doi:10.5555/3398761.3398959.

26 Tomer Shahar, Shashank Shekhar, Dor Atzmon, Abdallah Saffidine, Brendan Juba, and Roni
Stern. Safe multi-agent pathfinding with time uncertainty. Journal of Artificial Intelligence
Research, 70:923–954, 2021. doi:10.1613/JAIR.1.12397.

27 Guni Sharon, Roni Stern, Ariel Felner, and Nathan R Sturtevant. Conflict-based search for
optimal multi-agent pathfinding. Artificial Intelligence, 219:40–66, 2015. doi:10.1016/J.
ARTINT.2014.11.006.

28 Devon Sigurdson, Vadim Bulitko, William Yeoh, Carlos Hernández, and Sven Koenig. Multi-
agent pathfinding with real-time heuristic search. In IEEE Conference on Computational
Intelligence and Games (CIG), pages 1–8, Maastricht, Netherlands, 2018. doi:10.1109/CIG.
2018.8490436.

29 Roni Stern, Nathan R. Sturtevant, Ariel Felner, Sven Koenig, Hang Ma, Thayne T. Walker,
Jiaoyang Li, Dor Atzmon, Liron Cohen, T. K. Satish Kumar, Eli Boyarski, and Roman
Bartak. Multi-agent pathfinding: Definitions, variants, and benchmarks. In Proceedings of the
International Symposium on Combinatorial Search (SoCS), pages 151–158, Napa, California,
USA, 2019. doi:10.1609/SOCS.V10I1.18510.

http://www.aaai.org/ocs/index.php/ICAPS/ICAPS16/paper/view/13183
http://www.aaai.org/ocs/index.php/ICAPS/ICAPS16/paper/view/13183
https://www.ibm.com/products/ilog-cplex-optimization-studio
https://www.ibm.com/products/ilog-cplex-optimization-studio
https://doi.org/10.48550/arXiv.2203.07092
https://doi.org/10.24963/IJCAI.2019/63
https://doi.org/10.1609/AAAI.V35I13.17344
https://doi.org/10.1609/SoCS.V17I1.31543
https://doi.org/10.1609/SoCS.V17I1.31543
https://doi.org/10.1609/AAAI.V31I1.11035
https://hal.science/hal-05189745v2/document
https://doi.org/10.1016/J.ARTINT.2022.103752
https://doi.org/10.5555/3398761.3398959
https://doi.org/10.1613/JAIR.1.12397
https://doi.org/10.1016/J.ARTINT.2014.11.006
https://doi.org/10.1016/J.ARTINT.2014.11.006
https://doi.org/10.1109/CIG.2018.8490436.
https://doi.org/10.1109/CIG.2018.8490436.
https://doi.org/10.1609/SOCS.V10I1.18510


A. Albore, C. Grand, N. Ramuzat, and A. Sumic 13:19

30 Yifan Su, Rishi Veerapaneni, and Jiaoyang Li. Bidirectional temporal plan graph: Enabling
switchable passing orders for more efficient multi-agent path finding plan execution. In
Proceedings of the AAAI Conference on Artificial Intelligence, pages 17559–17566, Vancouver,
Canada, 2024. AAAI Press. doi:10.1609/AAAI.V38I16.29706.

31 Ajdin Sumic and Noëlie Ramuzat. Multi-agent Path Finding with Tasks under
Time Uncertainty. Software, version 1.0., ANR-23-DMRO-0006, swhId: swh:1:dir:
b90831099c338304e218af5159b6add58ed219b1 (visited on 2026-09-14). URL: https://
github.com/ajdin14200/MAPF_TTU_TIME, doi:10.4230/artifacts.27850.

32 Pavel Surynek. An optimization variant of multi-robot path planning is intractable. In
Proceedings of the AAAI Conference on Artificial Intelligence, volume 24, pages 1261–1263,
Atlanta, Georgia, USA, 2010. doi:10.1609/AAAI.V24I1.7767.

33 Jiří Švancara, David Zahrádka, Mrinalini Subramanian, Roman Barták, and Miroslav Kulich.
Generating safe policies for multi-agent path finding with temporal uncertainty. In Proceedings
of the International Conference on Agents and Artificial Intelligence (ICAART), volume 3,
pages 1238–1244, Porto, Portugal, 2025.

34 Thierry Vidal and Hélène Fargier. Handling contingency in temporal constraint networks: from
consistency to controllabilities. Journal of Experimental & Theoretical Artificial Intelligence,
11(1):23–45, 1999. doi:10.1080/095281399146607.

35 Benjamin W. Wah and Dong Xin. Optimization of bounds in temporal flexible plans with
dynamic controllability. International Journal of Artificial Intelligence Tools, 16(1):17–44,
2007. doi:10.1142/S0218213007003187.

36 Thayne T Walker, Nathan R Sturtevant, and Ariel Felner. Extended increasing cost tree search
for non-unit cost domains. In Proceedings of the International Joint Conference on Artificial
Intelligence (IJCAI), volume 18, pages 534–540, 2018. doi:10.24963/IJCAI.2018/74.

37 Peter R. Wurman, Raffaello D’Andrea, and Mick Mountz. Coordinating hundreds of cooperat-
ive, autonomous vehicles in warehouses. AI magazine, 29(1):9–9, 2008.

38 Yuanhang Zhang, Hesheng Wang, and Zhongqiang Ren. A short summary of multi-agent
combinatorial path finding with heterogeneous task duration (extended abstract). In Ariel
Felner and Jiaoyang Li, editors, Proceedings of the International Symposium on Combinatorial
Search (SoCS), pages 301–302, Kananaskis, Alberta, Canada, 2024. AAAI Press. doi:10.
1609/SoCS.V17I1.31591.

TIME 2026

https://doi.org/10.1609/AAAI.V38I16.29706
https://archive.softwareheritage.org/swh:1:dir:b90831099c338304e218af5159b6add58ed219b1;origin=https://github.com/ajdin14200/MAPF_TTU_TIME;visit=swh:1:snp:37ad480d96968340182c263c9bb0f6da6b0ffc97;anchor=swh:1:rev:10cc58ec7e0ce78479089eaaf8a19c1ad2fa7b7f
https://archive.softwareheritage.org/swh:1:dir:b90831099c338304e218af5159b6add58ed219b1;origin=https://github.com/ajdin14200/MAPF_TTU_TIME;visit=swh:1:snp:37ad480d96968340182c263c9bb0f6da6b0ffc97;anchor=swh:1:rev:10cc58ec7e0ce78479089eaaf8a19c1ad2fa7b7f
https://github.com/ajdin14200/MAPF_TTU_TIME
https://github.com/ajdin14200/MAPF_TTU_TIME
https://doi.org/10.4230/artifacts.27850
https://doi.org/10.1609/AAAI.V24I1.7767
https://doi.org/10.1080/095281399146607
https://doi.org/10.1142/S0218213007003187
https://doi.org/10.24963/IJCAI.2018/74
https://doi.org/10.1609/SoCS.V17I1.31591
https://doi.org/10.1609/SoCS.V17I1.31591


13:20 Multi-Agent Path Finding with Tasks Under Time Uncertainty

A Appendix

In the experimental section we have shown plots of the most relevant results. In this appendix,
the remaining results are shared.

Figure 9 Complete comparison results of CBS_TTU and CBS_TU_STNU on coverage with TU and
TAU in {1, 3, 5}.
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Figure 10 Results of PIBT with TU = 0.
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