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—— Abstract

Motivated by challenges occurring in disaster relief operations, we study the problem to find two
edge-disjoint paths in a graph whose arcs are labeled with traversability probabilities that maximize
the probability that (at least) one of the paths is traversable.

We show that this problem is NP-hard. To solve the problem, we propose to model it as a
bi-objective problem, taking traversability probabilities of the two individual paths as objective
functions. We show that an optimal solution to our problem is an extreme-supported solution of the
so defined bi-objective problem and exploit this property to find optimal solutions. Furthermore, we
present two approximation approaches, and compare the approaches experimentally with respect to
runtime and solution quality.
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1 Introduction

Research on humanitarian logistics, and particularly on the distribution of emergency
supplies following disasters is gaining increasing attention in recent years, see, e.g., [1, 27, 3].
Providing disaster relief is often complicated by road damage. To get an overview on the
current state of the road infrastructure, air footage can be gathered by drones, planes and
helicopters. However, the analysis of this material by human experts is time-consuming and
constiutes a bottleneck. Image recognition can help to automate this process, but is prone
to uncertainties, i.e. the respective applications cannot provide definite answers but only
traversability probabilities for the roads in question. [37, 21]

Motivated by the sketched situation, in this paper we investigate the following optimization
problem: given a graph with a dedicated source and a dedicated destination and edge
labels that denote the probability that an edge is traversable, find two edge-disjoint source-
destination paths that maximize the probability to reach the destination on either path.
We describe the underlying road network by an (directed) undirected graph G = (V, E)
with vertices V' and edges F. If the road network contains roads that cannot be traversed
from both sides, we model the road network using directed edges, otherwise, the edges are
undirected. To incorporate the traversability of the road segments, each edge e € E also gets
a probability p. € (0, 1], which are independent from each other. A probability of 1 denotes
? Aaron Neugebauer. and Marie Schr.nidt;

37 icensed under Creative Commons License CC-BY 4.0
26th Symposium on Algorithmic Approaches for Transportation Modelling, Optimization, and Systems (ATMOS

2026).
Editors: Valentina Cacchiani and Stefan Funke; Article No. 8; pp. 8:1-8:18

\\v OpenAccess Series in Informatics
OASICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:aaron.neugebauer@uni-wuerzburg.de
https://orcid.org/0009-0001-1476-0962
mailto:marie.schmidt@uni-wuerzburg.de
https://orcid.org/0000-0001-9563-9955
https://doi.org/10.4230/OASIcs.ATMOS.2026.8
https://github.com/PantomInach/uncertain-road-network-traversal-strategies.git
https://github.com/PantomInach/uncertain-road-network-traversal-strategies.git
https://archive.softwareheritage.org/swh:1:dir:08084beb228c3c09cb4a6456e342fc5f853b3874
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/oasics
https://www.dagstuhl.de

8:2

Finding Maximum-Success Disjoint Paths

that the corresponding road segment is always traversable. A probability of 0 would indicate
that the road segment is impassable, but we exclude such edges from our problem. In total
the tuple (V, E, p) gives an uncertain graph.

We call P = ((v1,v2), (v2,v3) ..., (Vg—2,Vk—1), (Vk—1, V%)) & path in an undirected graph
G = (V,E®) if {v;,v;41} € ES fori = 1,...,k — 1 or in a directed graph G = (V, E7)
if (vj,v;401) € E7 fori=1,...,k— 1. An s—t path starts with the vertex s and ends in
the vertex t. The probability w(P) of a path P is given by m(P) =[], ,jep P{u,v} in an
undirected graph. For a directed graph, let 7(P) = [[.cp pe- If not further restrictions are
given, the edge set E of a graph can be either directed or undirected.

» Definition 1 (MAXIMUMSUCCESSDISJIOINTPATHSPROBLEM (MSDPP)). Given (G, p, s,t)
with G = (V, E), where (V,E,p) is an (directed) uncertain graph and s,t € V, find two
(directed) edge-disjoint s—t paths Py, Py in G that mazimize the success probability

’T(Phpg) = 7T(P1) + (1 - ’/T(Pl))ﬂ'(Pg) = 7T(P1) + 7T(P2) — 7T(P1) . 7T(P2)
of traversing from s to t over the main path P; and else the alternative path Ps.

We show NP-hardness of MSDPP for directed and undirected graphs in Section 3.

Our solution approaches for the MSDPP are based on a key observation: any optimal
solution to the MSDPP is an extreme-supported efficient solution to an appropriately defined
bi-objective optimization problem. We prove this property (for a more general problem
class) in Section 4.1. We propose two exact solution approaches: Sections 4.2 and 4.3. The
algorithm proposed in Section 4.2 iterates the most-certain paths and computes subsequently
a sufficient subset of efficient solutions, while the second approach, presented in Section 4.3,
enumerates extreme supported solutions by ILP-based dichotomic search.

Furthermore, we propose an approximation algorithm and a heuristic that compute
specific extreme supported solutions. The approximation algorithm presented in Section 4.4
has a 1/2 approximation ratio, however, the algorithm has exponential time complexity. The
heuristic presented in Section 4.5 is based on Suurballe’s algorithm to compute edge-disjoint
paths, but no approximation guarantee in the input can be given. We can, however, bound
the quality of the solution found by properties of an optimal solution. We compare the
runtime of the proposed algorithms and the performance in terms of solution quality for the
approximation algorithms in Section 5.

2 Related Work

Shortest paths under uncertainty

There are various uncertain variants of the shortest path problem, spanning stochastic,
robust, and online optimization perspectives. While many robust and stochastic optimization
approaches concentrate on finding a single path that is good under uncertain edge lengths
(see, e.g., [28, 32, 36]), authors have also proposed two-stage approaches, which allow a single
adjustment of the initially planned path (see, e.g., [8, 18]), and online approaches that gain
knowledge while crossing the network and subsequently update the proposed path “on the
go” (see, e.g., [4, 42, 35]). Particularly related to our problem is the problem to find a single
most-certain path in an (undirected or directed) uncertain graph (V) E,p). As explained by
Christofides [10], this problem can be solved by applying Dijkstra’s algorithm [11] on the
graph where edge probabilities p. are replaced by edge weights — In p..
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Multi-objective optimization and vectorization

Multi-objective optimization aims to find solutions to optimization problems with multiple
objective functions. Instead of finding a single solution that optimizes one objective function,
in multi-objective optimization one aims to find a representative set of all solutions whose
performance (with respect to all considered objective functions) is not dominated by any
other solution. Concretely, a solution x is called efficient if there is no solution x’ such that z’
is at least as good as = with respect to each objective function and better with respect to at
least one. Often, multi-objective optimization problems are solved by applying scalarization
techniques that transform a multi-objective problem to a single-objective one. One example
of such a technique is dichotomic search which varies the weights in a weighted sum of the
different objective functions in a way that allows one to find a subset of efficient solutions,
namely the ones characterized as belonging to the efficient solutions on extreme points of the
convex hull of solution vectors in R™. See Ehrgott [12] for an introduction to multi-objective
optimization and the concepts and method described here.

Vectorization relates to the approach to transform an originally single-objective op-
timization problem into a multi-objective problem such that an optimal solution to the
single-objective problem can be found by solving the multi-objective problem. This relation-
ship can be exploited in robust optimization with a finite scenario set U, where it is easy
to show that there is always an optimal solution that is efficient with respect to the |U|
objective functions obtained from evaluating the solution in specific scenarios, though not
every robust optimal solution is efficient in this sense; see Inacu and Trichakis [23]. It has
also been exploited for several robust and stochastic variants of the shortest path problem:;
see [36, 9, 33, 34]. However, we are not aware of a general description of this approach in the
literature, hence we provide one and prove its correctness in Section 4.1 and then apply it to
our problem.

Edge-disjoint paths

The problem to decide whether an undirected graph contains disjoint paths between k vertex-
tuples (s;,t;) is known as the k-disjoint paths problem (k-DPP) [19]. In directed graphs, it is
called k-directed disjoint paths problem (k-dDPP) [19]. With the further restriction that the
respective s;-t; paths should be shortest s;—¢; paths in a graph with edge lengths ¢: £ — R,
this gives the disjoint shortest path problem (k-DSPP and k-dDSPP). The computational
complexity of these problems depends on the assumptions made on edge lengths (being
harder in some cases if edge lengths are allowed to be 0), the number of paths k& that need
to be found, and whether the underlying graph is directed or not. In Table 1 we restate
an overview table on the complexity results for these decision problems from Gottschau et
al. [19]. For symmetric directed graphs — for each directed edge exists an opposite edge —
k-dDPP is solvable in polynomial time [24]. Note that similar results hold for the problems
to find vertex-disjoint paths, since the respective decision problems can be transformed into
each other.

A further problem variant, in which two edge-disjoint s;—t; and so—t2 paths in an
undirected graph should be computed, such that the total length is minimum, can be solved
in polynomial time [7]. For the case s; = so and t; = t3 Suurballe’s algorithm [39, 6] can be
used. Eilam-Tzoreff [13] prove that another problem variant, the two disjoint one shortest
path problem (2D1SPP), is NP-hard both in directed and in undirected graphs. Here, the
question is to decide whether there exist two edge-disjoint paths P; from s; to ¢t; and P
from s to to, where P should be a shortest s;—t1-path. It is also NP-hard if paths should
be vertex-disjoint instead of edge-disjoint.
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Table 1 Results on the complexity of the disjoint-path problem from [19].

k No edge weightsl =0 Non-negative edge weights ¢
k-DPP k-dDPP k-DSPP k-dDSPP
arbitrary ~ NP-hard [14] NP-hard [14] NP-hard [13] NP-hard [13]
fixed P [38] NP-hard [17] Open for £ >0 Open for £ >0
Open for £ >0 NP-hard for £ > 0 [17]
2 P [38, 41] NP-hard [17] P for £ > 0 [13] P for £ > 0 [5]

P for £ >0 [19, 26] NP-hard for ¢ > 0 [17]

3 NP-Hardness
» Theorem 2. MSDPP is NP-hard in both directed and undirected uncertain graphs.

Proof. We show this statement by reduction to the decision version of our problem from
the 2D1SPP which is NP-hard (both in directed and undirected graphs) according to [13].
Since the NP-hardness reduction for 2D1SPP from 3SAT ([25]) in [13] only utilizes integer
edge lengths and distinct vertex tuples (s1,t1), (S2,t2), the 2D1SPP is NP-hard for graphs
with integer edge lengths. For the construction we use undirected graph notation, but the
construction in a directed graph is analogous.

Consider an instance of the 2D1SPP on an undirected graph G = (V, E) with integer
edge lengths ¢, and two distinct vertex tuples (s1,t1) and (s2,t2). We denote by £(P) the
length of a path P in G. Denote by L the length of a shortest s;—t; path in G.

We construct an instance of MSDPP as follows: Let V' = V U {s,t} and E' =
E U {{s,s1},{s,s2}, {t1,t},{ta,t}}. Consider the uncertain graph G’ = (V', E’, p) where,
for e € E, p. = e le, Pis,si} = Pty = L and pre o) = Prepgy = € with 0 < e <
min{([T.cppe) /2, /(e —1)/(eZ+T —1)}. Decide whether there are two edge-disjoint s—¢
paths with a success probability > e~ L.

Note that for any path P in G, in particular for any s;—¢; path, P has probability
W(P) = HeEPpe = HEEP e_le =e ZEGPZE = €_€(P) in G'.

Assume that there are two edge-disjoint s1—t; and so—to paths P; and P» in G such that
P is a shortest s1—t; path (¢(P1) = L). Define s— paths P{ and Py in G’ by appending the
edges {s,s;} and {t;,t} to P; for i = 1,2, respectively. Then

(P, Py) =e L4 (1—e k). 2P > 7L,

On the other hand, consider two edge-disjoint s—t paths in G’ with (P}, Py) > e~ L.

Without loss of generality, let P;’ be the path that goes via s; and PJ be the path that goes
via so. Note that then P also goes via t1, because if it contained {to, ¢}, we would have

(P, Py) < w(P) +7(Py) <28 < [[pe <
eck

We conclude that P/’ contains edges {t;,t} for i =1,2.

We now show that the path P] that we obtain from P;’ by removing edges {s, s1} and
{t1,t} corresponds to a path of length L (i.e., of minimum length) in G. Assume, for
contradiction, that Pj was longer, i.e., £(P]) > L + 1. Then, we obtain
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T(P,Py) =n(Py) + (1 — n(Py))w(P') =e*x(Py) + (1 — & (P3))m(P)
<e®n(P)) + (1 — e2x(Py))e”LFD
= (e By 1 - n(P))) e~ (LHD)

( e
= (*m(P)) - (eX Tt — 1) + 1) e=
< (52 . (€L+1 _ 1) + 1) e*([r‘rl)

e—1 1
<(6L+1_1'(€L+1—1)+1)€ 16 L

We can thus conclude that P; has length L, and by construction, P, (the path corresponding
to Py') does not share an edge with P;. <

Note that the proof extends to the case where vertex-disjointness of the paths is required
since in this case 2D1SPP is also NP-hard according to [13], and to uncertain graphs with
edge-probabilities p: E — [0, 1].

4  Solution Approaches

In this section, we develop solution approaches for the MSDPP. These are based on an
important insight: optimal solutions to the MSDPP are extreme-supported efficient solutions
to a suitably defined multi-objective optimization problem. This perspective on the problem,
explained in Section 4.1 inspires two exact, an approximation algorithm, and a heuristic
approache, which we describe in Sections 4.2-4.5.

4.1 A vectorization approach to the MSDPP

We first explain our vectorization approach to a more general class of problems and prove its
correctness in Theorem 3, before we apply it on the MSDPP in Theorem 4.
Consider an optimization problem
maximize h(x)
(1)

subject to x €X

where X C R” is compact and h can be written as f o g with f and g having the following
properties: 1.) ¢g: X — RP is continuous. 2.) There exists a compact and convex superset
Y’ DY = g¢(X), in which f is continuous, monotonously increasing in each argument, and
quasi-convex, i.e.,

F(A =Ny +Ay) <max{f(y), f(y')} Vy.y' €Y' VAe[0,1]. (2)
For this function g, we now consider the multi-objective optimization problem

91(2)

maximize g(z) =

subject to x €X.

8:5
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In multi-objective optimization, a solution for x of Problem (3) is called efficient if there is no
' € X with g;(z) < gi(2'), for all i € {1,...,p}, and g;j(x) < g;(2’) for some j € {1,...,p}.
If, for an efficient solution x, there exists a A € R,y = {A e R? | Vi € {1,...,p}: \; > 0}
such that = € argmax,,cx >+, Aigi(2'), then z is supported efficient for Problem (3). A
supported efficient solution x of Problem (3) is extreme-supported efficient if there are
no u € (0,1) and no supported efficient solutions z1,xs with @ # z1,2 # x5 such that
x = px; + (1 — p)zs.

» Theorem 3. Let x* be an optimal solution for Problem (1) and denote by Xg the set of
extreme-supported efficient solutions to the multi-objective optimization Problem (3). Then
there exists a solution x° € Xg to the Problem (8) with h(z*) = h(z®). If f is strictly
quasi-convex on Y’ i.e., if the inequality in (2) is strict, every optimal solution to (1) is
extreme-supported efficient for Problem (3).

Proof. Since X is non-empty and compact and g is continuous, for any A € R? , the set
argmax, ¢ x > -1 Aigi(z') is non-empty and compact and thus the set of extreme-supported
non-dominated points, Ys := g(Xg), is also compact. Then conv(Ys) — RZ DY, because all
supported non-dominated points conv(Ys) are in the convex hull of the extreme-supported
non-dominated points. That is, there is a finite set {y1,...,y,} C Y, non-negative numbers
Ai, where i = 1,...,¢q, with Zgzl A; = 1 and non-negative numbers 1, where j =1,...,q,
such that g(z*) = 320, Niyi — >_5_, pje; with e; being the j-th unit vector in R?. We find
that

h(a*) = fg*) = FO_Nivi — > pie;) < O Aii) < i:Irllanf(yi) < max f(g(z))
i=1 j=1 i=1

x€EXg

= max h(zx)
r€Xs
where the first inequality holds due to monotonicity of f on Y’ (and y € Y C Y’) and the
second one due to quasi-convexity on Y.
If f is strictly quasi-convex, then the second inequality is strict, unless xz* is extreme-
supported efficient. |

» Theorem 4. Denote by Ps . (G) the set of pairs of edge-disjoint s—t paths in G. Any
optimal solution (Py, Py) to an instance (G,d,p,s,t) of MSDPP is an extreme-supported
solution for the multi-objective optimization problem

W(Pl))
7T(P2)
subject to  (Pp, P,)T €P,4(G)

maximize <

(4)

as well as for the multi-objective problem

ZeEPl hlpe)

ZeePz lnpe

subject to  (Pp, Po)’ €P;4(G).

maximize (

(5)

Proof. Note that P, ,(G), the feasible set of both Problem (4) and MSDPP, is finite (and
thus compact). To show the first statement, we write the objective function of MSDPP as
h = fogwith g: Ps+(G) — [0,1]% with g(P1, ) = (7(P1),n(P2))T and f: R? — R with
f(a,b) =a+b—a-b. Since P, (G) is finite, the continuity of g trivially follows. For the
compact and convex set Y’ = [0,1]? D g(Ps+(G)) we now show that f is monotonically
increasing in each argument and quasi-convex on Y.
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For d € [0, 1] with d > b it follows that
fla,b)=a+ 1 —-ab<a+(1—a)d= f(a,d),

thus f is strictly monotonically increasing in the second argument. Since f is symmetric, it
follows that f is strictly monotonically increasing in both arguments.

To show the quasi-convexity of f, we prove that the level sets L, = {(a,b)” € [0,1]? |
f(a,b) < a} are convex for any « € [0,1]. This definition of quasi-convexity is equivalent to
the one given above, see, e.g., [16]. Note that the sets L, are convex if and only if the sets
Lo — (1,1)T are convex. These can be rewritten as

Lo— (1,107 ={(a—1,b-1)T € 0,1)? | 1—a)(1-b) > 1—a} = {(a,0)T €[0,1)* | ab > 1—a}

We now show convexity of these sets: Consider A € [0,1] and (a,b)T, (c,d)T € [0,1]T with
ab > 1—«a and ¢d > 1 — . Due to the inequality of arithmetic and geometric means,
(ad + ¢b) /2 > v/ abed for non-negative real numbers a, b, ¢, d (see, e.g., Heuser [22]), it follows
that

_ _ _ 2 _ Y
Mat+ (1= NN+ (1 —Nd) =A% ab +A1—N) (ad+cb) +(1—N? _cd
2l-a >2vachd>2(1—a)

>1—a) N +220 - +1 -V =10 -a)A+(1-N))?=1-a.

[\

-«

This proves that the sets L, — (1,1)7 and thus L, are convex. Thus, all conditions of
Theorem 3 are fulfilled and there exists an extreme-supported solution of Problem (4) that
is an optimal solution of MSDPP.

For the second statement, we write the objective function of MSDPP as h = (fow))o(¢pog)
with f, g as defined above, 9 [In myin, 02 — [0, 1] with ¢ (a, b) — (e, e®)T, and ¢: [0,1]> —
[—00,0]? with ¢(a,b) — (Ina,lnb)” where myin > 0 is the probability of the most-uncertain

s—t path in G. Thus, Y’ = [In i, 012 D (¢ 0 9)(Ps+(G)) is a convex and compact superset.

Since 1,19 are strictly convex and monotonically increasing functions in Y’ and f is
strictly quasi-convex in [0,1]? D Y’ and monotonically increasing in each argument, f o)
is monotonically increasing in each argument and strictly quasi-convex in Y’, compare
Agrawal and Boyd [2] where this is shown for (not necessarily strict) quasi-convexity, the
proof for strict quasi-convexity is analogous. Applying Theorem 3, it now follows that an
extreme-supported solution of Problem (5) is an optimal solution to MSDPP. <

4.2 Path Iteration

In this section, we propose an algorithm that iterates through the simple s—t paths of a
graph G = (V, E) with given s,¢ € V in order of decreasing path probability. For each path
Py, the algorithm computes a second most-certain s—t path P, that is edge-disjoint from
Py, evaluating each solution found with respect to the objective function of MSDPP and
keeping track of the best MSDPP solution found. It stops when the probability of the second
path found exceeds the probability of the first. We show in Lemma 5 that in this way, the
solutions (Py, P») considered by the algorithm constitute a representative set of the efficient
solutions from Problem (4) with 7(P;) > 7(P2). Correctness then follows from Theorem 4
since the set of efficient solutions contains the extreme-supported efficient solutions.

The iterator for the simple s—t paths that are ordered by the probability of the paths
used in Algorithm 1 is Yen’s algorithm [43]. The second path can be found by computing the
most-certain path in the graph (V, E'\ E(P)) where P is the path of the current iteration. If
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these two paths provide a solution to MSDPP with a higher success probability than the
current best solution, the two paths are set as the new current best solution. The pseudocode
for our approach is given in Algorithm 1. To compute the second path, we use Fanding’s
shortest paths faster algorithm [15] (SPFA) with an expected runtime of O(|E|).

Algorithm 1 Path Iteration Algorithm.

Data: (Directed or undirected) uncertain graph G = (V, E,p) start s € V' and
destination t € V

Result: Two edge-disjoint s—t paths that maximize the success probability

Let PP, PSP* be empty paths;

Topt = 0;

foreach simple s—t-path Py in G ordered by w(P;) do

Compute most-certain s—t-path P, in (V, E'\ E(P;)) with SPFA;

if P, does not exist then

‘ continue;
end
if 7(Py) < n(P2) then
| return (PP, P5PY);
end
if T(Pl,Pg) > Topt then
Topt < T(P1, P2);
PP* PSPt Py Py
end

end
Return (P{P*, PYPY);

» Lemma 5. Let (P, P2) be an efficient solution for Problem (4) with w(Py) > w(Py).
Algorithm 1 considers a solution (P{, Py) with 7(Py, P2) = 7(P], P).

Proof. Assume that the algorithm terminates on a solution (P, P;) before considering the
solution (Py, Py). Then 7(P,) > n(P;) > w(Py) > n(P). Thus (Py, P,) dominates (P, P»),
which contradicts the assumption that (P, P) is efficient. <

4.3 Integer-Linear-Program-based Dichotomic Search

In our second solution approach, we solve MSDPP by finding a representative set of supported
efficient solutions of Problem (5) and comparing their objective values. To this end, we write
Problem (5) as a biobjective integer linear program and apply dichotomic search, where in
each step we solve a weighted-sum-scalarization of both objective functions. Correctness of
this approach is ensured by Theorem 4.

For a directed uncertain graph G = (V, E7), we use the integer linear programming
formulation Problem (6) (with Ay > A2 > 0) for the weighted sum scalarization. Note that
since the problem is symmetric, weights with A2 > A; do not need to be considered. We
denote by 67 (v) = {(u,w) € E7 | u = v} the set of edges originating from v € V and by
0~ (v) = {(u,w) € E7 | w = v} the set of edges terminating in v € V.

. 2
maximize M E Inpexl + A E Inpexg (6a)
ecE~ e€eE~
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subject to

1 ifo=s

ST oai— Y ai={-1 ifu=t WweVVie{l2), (6D)

e€st(v) e€d=(v) 0 else

zl4+22<1 Vee E7, (6¢)

z, € {0,1} Ve € E7 Vi€ {1,2}

Each path is encoded by the binary variables x¢, where an edge e € E~ belongs to
path i € {1,2} if 21 = 1. The flow constraints (6b) ensure that the paths originate from s,
terminate in ¢, and are actual paths. The constraints (6¢) enforce that an edge in E— is
only taken once over both paths and in either direction. So, the constraints of Problem (6)
encode Ps ;(G). A solution = of Problem (6) then induces two edge-disjoint s—¢ paths P;, P,

in G with

1 2
w(Py) = H pecandr(Py) = H pec.
ecE— ecE—
If the graph G is undirected, exchange £~ with B = {(u,v), (v,u) | {u,v} € E7} -
replace the edges in G with two directed edges of opposite direction - and swap (6¢) with
the constraint

x%u_rv) + m%v’u) + x%uyv) + x%v’u) <1 Y{u,v} € E®".

The dichotomic search starts with a lexicographic solution z7 and a solution z3 of
Problem (6) with \; = Ap. From the paths P}, P? and Py, P induced by 7 and x3, compute
an optimal solution z* to Problem (6) with respect to Ay = 7(P2)—n(P%), Ao = n(P3)—m(P}),
which describes the slop between (7(P}), m(Ps)) and (7(P?), m(P3)). If the objective value
of 7, x5 for Problem (6) with the new A;, A2 is smaller than the objective value of 2* for the
same problem, then x* is an extreme supported solution and we repeat this step for (z7,z*)
and (z*,z3).

Note that using a similar construction as in the proof of Theorem 2 we can show
that solving Problem (6) is NP-hard for weights A; > Ay by choosing a sufficiently small
e <min{][,cpPe, /(1 — Are~1)e=L/A2} , which implies NP-hardness of Problem (6), though
the special case A\; = Ay can be solved by Suurballe’s algorithm [39] in polynomial time.

4.4 Approximation by lexicographically optimal solution

In this section and in the following one, we propose two approximation algorithms for the
MSDPP. Instead of enumerating a large set of candidate solutions, namely a representative
set of (extreme-supported) efficient solutions for Problem (4) or Problem (5), the underlying
idea of our approximation algorithms is to find a specific extreme-supported efficient solution.

A lexicographically optimal solution to a bi-objective optimization problem is one that
optimizes the second objective function among all solutions that maximize the first objective
function. (In general, the role of “first” and ’second’ objective function may also be reversed.
However, for our optimization problem, this is irrelevant, because the function f mapping the
objective vector of the biobjective problem to the objective value of MSDPP is symmetric.)
Note, however, that finding a lexicographically optimal solution to Problem (5) corresponds
to solving the (2D1SPP) which is NP-hard [13], and this result can be easily transferred to
Problem (4).
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Figure 1 Example graph that shows the tightness of the approximation guaranteed of Theorem 6.

Despite this theoretical complexity result, we argue that computing just one of the
potentially exponentially many extreme-supported solutions of Problem (4) is considerably
faster than computing a representative set of all extreme-supported efficient or even of all
efficient solutions, as we do in the approaches proposed in Sections 4.2 and 4.3, respectively.

To compute a lexicographically optimal solution, we can modify the approach from Sec-
tion 4.2, stopping as soon as the first feasible solution is found or apply integer programming,
i.e., the first step of the dichotomic search from Section 4.3. We also refer to computing the
lexicographically optimal solution as the lexicographic approach.

» Theorem 6. Computing a lexicographically optimal solution of Problem (4) gives a tight
approzimation guarantee of 1/2 for MSDPP.

Proof. Let (P{P*, PyP") be an optimal solution to MSDPP with 7(PP") > 7(P5P") and let
(P1, P,) be a lexicographically optimal solution to Problem (4). Then 7(P;) > w(P®") and
7(Py) > w(PsPY). Tt follows that

’T(Phpg) _ 7T(P1)+(1—7T(P1))7T(P2) - 7T(P1)
T(PPPL PR (PP A m(PY) — (PP m(PyPY) T (PP + (P
> 7T(P1) _ 1
- 27T(P1) 2

For the tightness consider the graph in Figure 1. The optimal solution with a success
probability of 2(z —¢) — (z —e)? are the paths s—v—t and s—u—t. The lexicographically optimal
solution with the paths s—u—v—t and s—t has a success probability of z + ¢ — ze. Taking the
limit it follows that

lim 1 z+4+e—ze 1 <
zlg%)elgilJQ(z—g)—(z—EP 2

4.5 Suurballe’s Algorithm based Heuristic

While the approach described in the previous section produces solutions consisting of paths
of very different probabilities, we now investigate the worst-case performance of taking the
solution (Py, P;) that minimizes Problem (6) with equal weights A\; = Ao = 1. This is
equivalent to finding two edge-disjoint s—t paths that maximize the product of the paths’
probabilities. Analogously to the approach sketched in [10] for the most-certain path problem,
one can show that this problem is equivalent to finding a solution that minimizes the sum of
negative log-probabilities. This problem can be solved in polynomial-time with Suurballe’s
algorithm [39].

Unlike the approach described in Section 4.4, we cannot give a general bound on the
approximation factor of the solution found by this approach. This is illustrated by the
instance sketched in Figure 2, where the approximation factor approaches

lim lim 2v/z 4+ ¢ — 2z — vz = 0.

z—0e—0
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Vz+ 2

Figure 2 For ¢ > 0 and z € (0,1 — 2¢ + £?), Suurballe’s algorithm gives the paths s—u—t and

s—v—t with a success probability of 24/z + ¢ — z — £4/2z and a multiplied path probability of z + €4/z.

The optimal solution with a success probability 1 is given by s—u—v—t and s—t and has a multiplied
path probability of z.

Note that in the constructed example, the probabilities of the two paths (PPP*, PsP*) in
the optimal solution are very different, 7(P{™") = 1 while 7(Py*") approaches 0. On the
other hand, intuitively, Suurballe’s algorithm should provide good results for instances where
the probabilities of the two paths (PP**) Ps*") are (almost) equal. In Theorem 7 we see that
indeed, the approximation guarantee can be bounded depending on (an upper bound on)
the probability of the more certain path and (a lower bound on) the probability of the less
certain path.

» Theorem 7. Let (P**, Py*Y) be an optimal solution to MSDPP with w(P{"") > n(Py")
and let a, € [0,1] with 8 > ©n(P1) > w(P2) > a. Then, for any solution (Py, Py) that is
optimal for Problem (5) with \y = A2 = 1 we have that

T(P1, Py) S 2v/af —af
PP B~ ot p—ai

7(Py)7(Py) and 7(PPY, PSPY) > 7(P1, Py). This implies that 7(P®") > n(Py) > 7(Py)
T(B™).

Using the fact that the function f(a,b) = a + b — a - b atains its minimum on {(a,b)? €
(0,1]% : ab > (PP )m(PsP)} at a = b = \/7(PYP")w(Ps®") (see Lemma 8 in the appendix),

we conclude that 7(Py, Py) > \/7(PPP)m(PSPY) — w( PP )m(PyPY).

(PP 2¢/m(PP)m(Py™) — w(P™ )m(P3™)
) —

T(PPP PR T (P 4 m(ByPY) = m(PYP) (P

Lem;a 10 2\/ BT('(P;pt) — 67T(P;pt) Lemgla 11 2\/@ — a/@
T BB =Py T at+fB-ap

This gives the approximation factor. |

5 Experimental Results

After we describe the benchmark instances and the implementation of the presented algorithms
in Section 5.1, we compare the average runtime of the algorithms in Section 5.2. Lastly, we
compare the success probabilities of the approximation algorithms against those of the exact
algorithms in Section 5.3.
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5.1 Benchmark Instances and Implementation Details

We consider four classes of benchmark graphs: GrID, GRIDLOW, GRIDHIGH, and COASTAL.
The base class GRID consists of grid-graphs with 5 columns and 2k rows with £ € N and
edge probabilities are uniformly sampled from [0, 1]. The classes GRIDLOW and GRIDHIGH
are identical to GRID but the edge probabilities are uniformly sampled from [0.1,0.35] and
[0.75, 1], respectively. Graphs from the COASTAL class are metric planar graphs designed to
resemble networks in coastal regions. A detailed description of this graph class is provided
in [31]. Each graph has 5 - 2k nodes and up to 3(5 - 2k) edges. The probability of an edge
in a COASTAL graph is given by p - (¢max — £e)/(lmax — min) Where p is uniformly sampled
from [0, 1] for each edge, £, is the length of the edge e, and £pin, fmax are the lengths of
the shortest and longest edge of the graph instance, respectively. For each graph class and
ke {2,4,...,100}, 10 different graphs were generated. Standalone implementations of the
graph generation process are available at [30]. Due to the inefficiency of our COASTALgraph
generation process, we limit the number of nodes for these instance to 300. For each graph,
we choose a vertex with the lowest x-coordinate, and, if there are several with the same
x-coordinate, then take the one with the lowest y-coordinate as start vertex s. To set an
end vertex t we perform a breadth-first search in the graph starting from s and take the last
vertex found. To ensure that there are two edge-disjoint s—t paths, a direct s—t edge with
the smallest probability greater than zero that a 64-bit float value can represent is added.

The algorithms described in the paper are implemented in Rust [40] and are provided
in [29]. To improve the runtime and the memory usage of Algorithm 1, only the paths
whose probability could improve the current best found solution are kept in the internal
heap data structure. For the approximation algorithm described in Section 4.4, we solve
Problem (6) with A; = 1 and a sufficiently small Ay since this proved to be considerably faster
than applying a modified version of the path iteration algorithm, as proposed in Section 4.4.
Problem (6) is solved using Gurobi 13.0.2 [20]. For Suurballe’s algorithm, we used Fanding’s
SPFA [15] with an expected O(|E|) runtime instead of Dijkstra’s algorithm.

For each instance and algorithm, we set a time limit of 60 seconds. The computational
experiments were executed on 8 threads of an AMD Epic 9654 with 32GB of RAM on
Debian 13.

5.2 Runtime Analysis

Table 2 Number of solved instances by the path iteration algorithms from Section 4.2 per graph
class.

‘ GRID GrIDHIGH GRIDLOW  COASTAL

Solved ‘ 183 /500 117 /500 492 / 500 116 / 150

The path iteration could not solve all considered instance within the time limit expect for
the GRIDLOW graphs as we can see in Table 2. Here, we can see that GRIDLOW instances
can be solved more often than GRID, GRIDLOW and COASTAL instances. We suspect that
comparatively low edge probabilities make it easier for the implemented approach to follow
high probability paths.

Furthermore, only for the GRIDLOW instances the path iteration algorithm is faster for
graphs with less than 600 nodes than the ILP-based dichotomic search; see Figure 3. For the
other graph classes, around 180 nodes the path iteration becomes slower and begins to reach
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Figure 3 Average runtime of the algorithms over the graph classes. Unfilled markers indicate
that not all instances were solved to optimality within the time limit.

the time limit. Both the approximation algorithms show near identical runtimes. Even if
the lexicographic algorithm solves 2D1SPP, which is NP-hard, the low runtime of the path
iteration based lexicographic algorithm implies that the first considered most-certain s—t path
allows for a second edge-disjoint s—t path. Thus, the lexicographic algorithm solves as many
most-certain paths problems as Suurballe’s algorithm, which has a higher computational
overhead.

5.3 Heuristics’ Quality Analysis

For the analysis of the solution quality of the approximation algorithm and the heuristic,
consider Table 3 and Figure 4. In the first row of Table 3, we see for how many of the
instances the approximation approaches found an optimal solution. In the second to fourth
rows we see average, the 5th percentile - the best of the worst 5% -, and worst observed
value of the approximation ratio ALG/OPT rounded to two decimal places.
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Table 3 Comparison of the solution quality of the Suurballe (Suur.) and lexicographic (Lexico.)
approximation algorithms.

GRID GRIDHIGH GRIDLOW COASTAL

Suur. Lexico. Suur. Lexico. Suur. Lexico. Suur. Lexico.

Found optimum 201 456 139 158 422 427 106 147
Average 0.73 1.00 0.96 0.98 0.98 0.99 0.93 1.00
5th percentile 0.16 1.00 0.84 0.92 0.93 0.93 0.51 1.00
Worst observed 0.02 0.78 0.67 0.87 0.20 0.58 0.06 0.90

B Suurballe [ Both [ Lexicographic [] Neither

Figure 4 Number of optimally solved instances per graph class for the approximation approaches.

The pie charts in Figure 4 show the amount of instances for which each and both
approximation approaches found an optimal solution.

For both approaches, we remark that they found the optimal solutions in remarkably
many cases. As Figure 4 confirms, for a considerable proportion of the instances, the
lexicographic and Suurballe’s solution are identical and optimal. This also shows in the
average approximation ratios in Table 3, which are almost everywhere close to 1.00.

Overall, the lexicographic algorithm is better than Suurballe’s algorithm for all our
considered metrics, especially in the 5th percentil and worst observed for GRID and COASTAL.

6 Conclusions and future research

In this paper, we studied the NP-hard problem MSDPP, i.e., the problem to find two
edge-disjoint paths between a start and an end node in a graph equipped with edge traversal
properties that maximize the success probability. We have shown that the problem is NP-hard
and presented four solution algorithms, which are all motivated by the property that optimal
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solutions to the MSDPP are extreme supported efficient solutions to a suitably defined
bi-objective optimization problem. Regarding exact approaches, we find that the ILP-based
dichotomic search approach outperforms the path iteration algorithm for larger graphs. When
it comes to the approximation algorithm and the heuristic, the lexicographic approximation
algorithms proved better than Suurballe’s algorithm. It would be interesting to see whether
the runtime of the ILP-based dichotomic search approach could be improvedby warm-starting
it with the result of one of the approximation algorithms. Regarding the hardness results
and the proposed algorithms, it would be interesting to investigate to what extent results
extend to the case of finding two vertex-disjoint maximum-success paths.

Where this paper focused purely on algorithmic problem aspects, in future research we
plan to focus on solving real-world instances, where edge probabilities are derived, e.g, from
air surveillance data. It would be interesting to see whether our algorithms perform well on
these instances (which are expected to differ considerably from our current test instances)
as well, and how the results we obtain compare to the results of other routing algorithms
designed for such applications, or, in general routing under uncertainty.
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A Appendix

» Lemma 8. Let M € (0,1]. The function f(a,b) = a+b—a-b takes its minimum on
{(a,b)T €[0,1]? :ab> M} ata=b= VM.

Proof. Since f(a,b) is strictly monotonously increasing in a and b, the minimum can only
occur if ab = M. Furthermore, with f(b) := f(%£,b) we have

of .., M
=1

Thus, b = v M is the only relevant critical point and

2f 2

VM

therefore this is indeed a minimum. <

» Lemma 9. For1>a>b>0, it holds that a + bv/ab > ab + b.

Proof. Let a = bk with k£ > 1.

a+bvVab = bk +bV02k =b(_k +bk) + 0> (VEk —k) > b(bk+1) =0’k +b=ab+b. <«

~~ ————
21 <0
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» Lemma 10. For b € (0,1), the function f defined by

2v/ab — ab
fla) = a+b—ab

is monotonously decreasing on [0,b].

Proof.
gf(a) _ b(b—a+ ab— bvab)
Oa ~ Vab(a+b— ab)?

The function is monotonously decreasing if % f(a) <0 which is equivalent to b — a + ab —
bvab < 0. This inequality is true due to Lemma 9. |

» Lemma 11. For a € (0,1], the function f defined by

2v/ab — ab
fla) = a+b—ab

is monotonously decreasing on [a,1].

Proof. Analogous to the proof of Lemma 10. |
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