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Preface

Transportation systems are characterized by increasing dynamicity, complexity and integration
of multiple phases. The effective design, management and optimization of transportation
systems call for advanced mathematical models and efficient algorithms.

The Algorithmic Approaches for Transportation Modelling, Optimization and Systems
(ATMOS) symposium has been held every year since 2000 and brings together researchers
and practitioners interested in modeling and solving optimization problems arising in trans-
portation systems. The ATMOS 2026 symposium was hosted by the University of L’Aquila
on September 3—4 2026 in L’Aquila, Italy, as part of ALGO 2026, the major European event
for researchers, students, and practitioners in algorithms.

We received a total of forty-one submissions on optimization problems, models and
algorithms related to several optimization phases, ranging from strategic network design, to
line planning, timetabling/scheduling and operational and real-time rescheduling. The works
tackle problems arising in several transport systems, including railway system, maritime
and air transport, electric vehicles and bicycle networks, as well as multi-modal systems.
They focus both on theoretical complexity aspects and on solving real-life applications, and
propose advanced exact and heuristic approaches and mathematical models to address recent
challenging aspects such as passengers’ behavior and objectives, timetable stability, train
dispatching and routing, improving sustainability and reducing environmental impact, middle
and last mile delivery, integration of various transport modes and phases and coordination
of complex decisions. Each manuscript was reviewed by at least three PC members who
evaluated originality, technical quality, and relevance related to the topics of the symposium.
Based on the reviews, the program committee selected sixteen submissions to be presented
at the symposium. The manuscripts show the wide applicability of algorithmic optimization
to transportation problems.

Two submissions stood out during the review process. The paper “Passenger-Based Inter-
modal Connection Optimization with Elastic Demands” by Boris Grimm, Ralf Borndéorfer,
Andrea Fraioli, Paula Franke, Giovanni Luca Giacco, Federico Marinucci and Tommaso
Montino received the “Best Paper Award”, and the “Best Student Paper Award” was given
to the paper “Finding Maximum-Success Disjoint Paths” by Aaron Neugebauer and Marie
Schmidt.

Our schedule of contributed ATMOS talks was complemented by an ALGO 2026 keynote
talk given by Renato Werneck (Amazon, California, USA) titled “Optimizing Last-Mile
Deliveries at Amazon”.

We would like to thank: the Steering Committee of ATMOS for giving us the opportunity
to serve as Program Chairs of ATMOS 2026; all the authors who submitted their papers; the
members of the ATMOS 2026 Program Committee and the sub-reviewers for their valuable
work in evaluating all the submissions and selecting the papers appearing in this volume;
Renato Werneck for accepting our invitation to present an invited talk; the ALGO 2026
Organizing Committee, in particular Stefano Leucci, for hosting the symposium as part
of ALGO 2026. We would also like to acknowledge the use of the EasyChair system for
the great help in managing the submission and review processes, and Schloss Dagstuhl for
publishing the proceedings of ATMOS 2026 in its OASIcs series.

August 2026

Valentina Cacchiani and Stefan Funke
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Optimizing Last-Mile Deliveries at Amazon

Renato F. Werneck &
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—— Abstract

Amazon delivers tens of millions of shipments worldwide on a daily basis. Planning the last-mile
routes that reach final customers requires solving combinatorial optimization problems at massive
scale. While designing and engineering efficient algorithms is essential to address this challenge,
it is far from sufficient. Drawing on practical examples, this talk argues that properly framing
the problem, choosing the right metrics, and navigating real-world operational and organizational
constraints are just as critical. In fact, they ultimately shape the algorithms themselves.

2012 ACM Subject Classification Applied computing — Transportation
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—— Abstract

A railway network can attract additional passengers by improving the quality of service. One way
to do that is to establish new train connections by slight shifts in arrival and departure times.
We propose a connection optimization model to find a shifting of a given aperiodic timetable that
maximizes the passenger volume, in which the demand is elastic and forecast by an integrated discrete
choice logit model. The resulting large-scale mixed-integer non-linear non-convex programming
problems can be solved by tailor-made heuristics for the entire Italian railway network with its 2,000
stations and 10,000 daily train trips, uncovering substantial potentials for connectivity improvements
and boosts in demand.
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Passenger-Based Intermodal Connection Optimization with Elastic Demands

1 Introduction

The attractiveness of railway transportation to passengers, in comparison to other means
of transport, depends on multiple factors such as availability, reliability, ticket price, travel
duration, number of transfers, and transfer times. Railway companies are particularly
interested in establishing opportunities for transfers, as they allow passengers to travel
between origins and destinations that are not connected by direct lines; such connections
generate additional business opportunities and generally improve the quality of service. It is
therefore highly interesting to predict and ultimately optimize potential increases in passenger
demand in dependence of the train connections, which is precisely the aim of connection
optimization.

From an operational perspective, transfers are subject to a number of constraints. Indeed,
a feasible transfer requires a minimum duration between the arrival of the first train and the
departure of the second train, because otherwise it is not possible to change from the first
train to the second. On the other hand, long transfer waiting times discourage passengers
from traveling by train, such that an upper bound on the transfer time is also appropriate.
There is hence a certain time window for a feasible transfer. This time window can in many
cases be met by relatively small shifts in the arrival and departure times of the respective
trains at the transfer station, and at essentially no additional operational cost to the service
provider.

Giacco et al. [10] proposed a connection optimization approach in order to establish more
and/or better transfer opportunities for a major Italian railway company. They provide
a case study involving roughly 10,000 scheduled train trips between 2,225 stations for an
entire day of operation on a nationwide scale. The increase in the number of feasible
connections is significant: When allowing only small shifts in departure and arrival times of
41 minute, the number of connections can be increased by 5%. When allowing up to 48
minute shifts, the number of connections rises by up to 15%. However, a connection is only a
transfer opportunity, and some connections are surely more valuable than others. Hence, the
question arises of how much of this potential translates into an increase of railway passenger
transportation volume, which is the overall goal of every railway operator. An assessment
of this potential requires a prediction of the travel choices of potential passengers, which
may or may not use the train depending on whether they have a (good) connection or not.
Discrete choice logit models are well established to make such predictions. The aim of this
paper is to integrate such a logit model into the connection optimization model of Giacco et
al. in order to control the elasticity of the demand with respect to the connections, and to
optimize the connections such that the number of railway passengers increases.

Previous work

Connection optimization changes the timetable by shifting arrival and departure times;
the problem is therefore a timetabling problem and, in particular, a railway timetabling
problem. Railway timetabling is one of the central planning problems in railway operations,
as timetable quality directly affects infrastructure utilization, operational efficiency, and
passenger satisfaction. It has been studied extensively in the Operations Research literature,
starting with Szpigel’s 1973 paper on railway timetabling on a single-track corridor [24].
Subsequent research extended these optimization approaches from single-track corridors to
increasingly complex railway networks. As is highlighted in the survey articles by Caimi,
Kroon & Liebchen [6] and Cacchiani & Toth [5], the two most common approaches to
timetabling are periodic timetabling, i.e., creating timetables that repeat after a fixed time
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interval, and aperiodic timetabling. Periodic timetabling allows for foreseeable planning
under predictive circumstances for rolling stock deployment and maintenance scheduling, see,
e.g., Peeters [19] or Liebchen [16]. Aperiodic timetables are mostly considered in the context
of shorter time periods with unusual circumstances such as construction zones or holidays,
or in connection with train routing, see e.g., the work of Caprara, Fischetti & Toth [8] on
the train timetabling problem, of Borndorfer et al. [3] on railway track allocation, or the
survey article by Lusby et al. [17].

Aperiodic timetables also arise from modifying a given (periodic or aperiodic) timetable
by shifting departure and arrival times in order to improve some measure of connectivity; this
idea has been explored repeatedly under terms such as timetable synchronization, timetable
coordination, schedule optimization etc., sometimes in an intermodal context. For example,
Ceder et al. [9], synchronize bus timetables to maximize the number of simultaneous arrivals,
Wong et al. [27] synchronize the Hong Kong mass transit rail timetable to minimize the
total transfer waiting time, Cao et al. [7] synchronize the Beijing subway timetable, Ke
et al. [14, 15] coordinate the high-speed rail timetable on the corridor from Zhengzhou
to Beijing to establish additional connections to and from flights, while Polinder, Schmidt
and Huisman [20] show that slight deviations from periodic timetables can enable better
passenger travel times.

Substantial progress has been made in the treatment of passenger behavior. Many
timetabling models consider a fixed passenger routing and aim to optimize the timetable
based on this travel behavior [6]. However, given the importance of the timetable for passenger
travel decisions, researchers have started to investigate flexible passenger routing of a static
demand in response to timetabling [4], [22]. Indeed, fixing passenger routes before timetable
optimization may lead to arbitrarily bad results compared to approaches that integrate
passenger routing into the timetable optimization [4]. Integrated design approaches for
aperiodic timetabling were presented by Schmidt [21], and Schobel and Scholl [23]. A notable
approach is the one of Hartleb and Schmidt ([12]), who incorporated an advanced treatment
of passenger routing that includes mode choice. Under the assumption that the travel choice
depends on the number of available routes, they approximate a logit distribution of the

passenger flow, uncovering improvement potentials over alternative timetabling methods.

Indeed, logit models [18, 1, 25] are widely accepted as a reasonable way to anticipate travel
choices, and timetabling models that integrate a logit routing can be considered as being
particularly realistic.

The above approaches optimize the construction of a timetable while considering passenger
behavior. Another line of research studies how already existing timetables can be modified
to improve passenger service. This constitutes a switch from a purely operation-driven
timetabling approach to passenger-centric scheduling without having to completely change
the timetable and thus maintaining reliability for passengers in the process. We mention
Binder et al. [2], who proposed a multi-objective algorithm for timetable rescheduling after a
disruption, allowing for a consideration of both passenger and operational objectives.

This work

While the literature extensively covers timetabling and integrated models that include
passenger response to the timetable, there is little research on refining existing timetables
subject to a realistic demand response. Integrated models so far mostly consider changes in
route choices subject to a fixed travel demand. The question of whether passengers want to
travel at all has been rarely studied, and, as far as we know, not in the context of connection
optimization.
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We address the two points of connection optimization and demand elasticity by devel-
oping an integrated scheduling model that is based on an existing timetable, optimizes the
connections, and predicts the associated demand elasticity. We employ a logit approach to
model passenger behavior. Different from Hartleb and Schmidt [12], we do not discretize
subject to the number of travel alternatives, but use an iterative flow distribution approach
that alternates between connection optimization and passenger routing. This method works
for large-scale scenarios and is exemplified in a case study for a European passenger railway
network of 2,225 stations and a timetable for roughly 10,000 trips. The paper is organized as
follows. Section 2 presents a mathematical definition of the problem as well as the develop-
ment of the associated logit connection optimization model. An iterative flow distribution
approach to tackle this problem is presented in Section 3. Section 4 reports and discusses
computational results for a large-scale application. Section 5 concludes.

2 Connection Optimization

We discuss the connection optimization problem in three versions of increasing complexity that
highlight the major characteristics. The first version, the connection optimization problem
(COP), just counts connections; they are the decisive combinatorial part of the problem and
decide which journeys are possible and which ones are not. The second version, the passenger
connection optimization problem (PCOP), adds a passenger flow to maximize the volume of
the satisfied demand; this model is more realistic and the workhorse of this paper. The third
version, the logit(-based) connection optimization problem (LCOP), incorporates a discrete
choice logit model to address the elasticity of the demand with respect to the service quality;
it aims at attracting car drivers to use the train. The notation is summarized in Tab. 5 in
the appendix.

2.1 The Connection Optimization Problem

Giacco et al. [10] considered the following basic version of the connection optimization
problem. Let G = (5, A) be a directed graph of railway stations S and (train) trips A. The
trips can be partitioned into a set of directed paths I which represent trains. Each train
1 € I hence does a sequence of trips, and in doing so, visits a set of stations .S;, arriving at
and departing from station s € S; at default times @} € Ny and Ef € Ny, respectively. These
times can be adjusted by timetable shifts Inf < t; < Sup, resulting in shifted departure and
arrival times a; = aj +1; and d = 3; +t;, respectively; here Inf, Sup € Z are global bounds
for the minimum and maximum time shifts and typically Inf = —Sup. Let C C S x I x I
be a set of potential connections between the trains. A connection between trains ¢ and j at
station s is feasible iff
m; <AL =di—al i=d; —al +t;—t; <mi +

i -

holds, where m;; € N> is a minimum connection time between trains 7 and j at station s and
B € N> is the width of the connection time window. The minimum connection time m;; is
mostly dependent on the station’s topology, i.e., the distance of the involved platforms, while 3
is considered to be a parameter of the problem. The Connection Optimization Problem (COP)
is to determine timetable shifts that maximize the number of feasible connections. This is
important in sparse railway networks, where the quality of the connections decides on the
passenger volume. If transfers are too short, the passengers cannot reach them, and if they

are too long, then they effectively cease to exist, because people will not use them. The
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combinatorial structure of high-quality connections therefore determines the connectivity
of the network, and the connections can be influenced in a significant way by retiming the
arrivals and departures.

The Connection Optimization Problem can be formulated as a mixed-integer linear

S

programming problem in terms of timetable shift variables ¢;, connection time variables A7},

and binary connection variables x7; as follows:

max 3 a3, (cop)
st Al > Infi — (In i fmfj)xfj Vi, jel,seS;NS;, (1)
A;‘Sj < SUpfj - (SUPfj - mfj - 5) 95:3 Vi,jel,seS;NSy, (2)
As =d; +t;—a —t; Vi,jel,secS8;nSsj, (3)
Inf <t; < Sup Viel, (4)
z5; € {0,1} Vijel,seSnS;. (5)

The objective of (COP) maximizes the number of feasible connections. Constraints (1)
and (2) determine the feasibility of a connection; here, Inf}; := E;- —Inf—a; + Supisa
lower and Sup;; = Ej- + Sup —a; — Inf an upper bound on the transfer time from train 4 to
train j at station s. The equation (3) computes the transfer time, while (4) limits the time
shifts. Constraint (5) sets the domain of the connection variables.

Note that the connection time variables can be eliminated. In fact, Giacco et al. [10]
used the constraints

1425 e igelsesinsS 6
+W*ZEU L,J]EL,s€ 0 79 ()
ms 4+ — Ay
B s .
I+ — 0 2% Vijelsesns, .

instead of COP (1-3), assuming a time resolution of one minute and a time horizon of one
day or 1440 minutes; these are integer equivalent, but weaker from an LP relaxation point of
view. There is furthermore no need to stipulate the integrality of the time shifts, because
there is always an optimal integer solution if all input data is integer (as we required). We
remark that one can replace the uniform shifts ¢; by more flexible station-dependent shifts
tis, which can be increasing, or coupled, etc., but there is no space to discuss such versions
here. We also do not consider headway times for pairs of preceding and succeeding trains
sharing a track segment, but associated constraints can in principle be added to the model;
for example, Ke et al. [14, 15] considered this degree of freedom.

The COP is theoretically difficult, but computationally tractable for the instances that
we target.

» Theorem 1. The Connection Optimization Problem is strongly NP-hard.

Proof. A reduction of the Max-Cut Problem to the Passenger Connection Optimization
Problem, in which all parameters are 0/1, can be found in [13]. <
2.2 The Passenger Connection Optimization Problem

A problem of the basic model is that it ignores the importance of the connections for the
passengers, as one connection is as good as another. This issue could be mitigated by
introducing connection weights, but a more satisfying solution is to compute the actual

2:5
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passenger flow in order to maximize the satisfied demand, which is the overall purpose of
improving the connections. In this vein, we assume that there is a maximal demand given
by an od-cube D € Q%" over a discrete (hourly) time horizon H (of one day). For each
triple of origin and destination stations o,d € S and hour h we consider a set Py, of railway
paths that connect o and d along time-feasible trips and connections between these trips; the
set P" =J P!, of all these paths represents the services that the railway offers. A railway
path p is feasible with respect to a timetable shifting if all of its connections are feasible.
For a path p € P7., let y, € [0,1] be the fraction of the demand D,q, routed on p, and let
ke € Q>0 be the maximum capacity of trip a € A. A passenger flow is feasible if it ships
some or all of the demand on feasible railway paths and in such a way that the capacities
on all trips are respected. The Passenger Connection Optimization Problem (PCOP) is to
determine time shifts such that a weighted sum of the satisfied demand and the number of
feasible connections is maximized.

Extending the basic IP model by passenger flow variables y,,, the PCOP can be formulated
as a mixed-integer program as follows:

max)\ Z l'fj + 1% Z Z Dodhyp (PCOP)

(i,4,8)eC odh€S?xH peP)
st AL+ (UInf —mi)zs; > Inf; Vi, jel,seS;NS;, (8)
Aj; + (Supi; —mi; — B)xj; < Supj; Vi,jel,seS;NS;, (9)
As =d; +t;—a —t; Vi,jel,seSins,, (10)
Inf <t; < Sup Viel, (11)
Jffje{o,l} Vi,jEI,SESir\ISj, (12)
> Doanp < Doan Vo de Zo#d heH, (13)
pEPy,
Z Doanyp < Ka VaeA, (14)
a€EpePT
Ogypgxfj VpEPr,(Z,j,S)Ep, (15)
0<y, <1 VpeP. (16)

The objective of PCOP is a weighted sum of the number of connections and the satisfied
demand subject to weights A, u > 0. Constraints (8-12) are the same as in COP. Constraints
(13-14) define the capacitated passenger flow, while 15 makes sure that only feasible paths
are used. The demand constraints (13) could be normalized, and the upper bounds on the
passenger flow (16) are redundant, but both constraints will play a role later with different
right-hand sides. The PCOP is an integrated connection optimization and passenger routing
problem, where the passengers are routed in a system-optimal way as a multicommodity flow
over a given set of railway paths. It is clearly more difficult than the COP, but computationally
tractable for large-scale instances and reasonable numbers of paths per odh-triple.

» Theorem 2. The Passenger Connection Optimization Problem is strongly NP-hard.
Proof. A reduction of the 3-SAT Problem to the Passenger Connection Optimization Problem,
in which all parameters are polynomial, can be found in [13]. <
2.3 The Logit Connection Optimization Problem

The main drawback of the passenger connection optimization approach is that it computes
the passenger flow as a system optimum, while travelers in reality make independent and
selfish choices. They may, in particular, choose not to travel at all, or by another mode
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such as the car; they may also switch from car to rail due to attractive connections. A
widely accepted method to model this behavior in a more realistic way are discrete choice
models [18, 1, 25]. These associate a utility with every travel alternative, which reflects
its overall attractiveness, and stipulate that a high utility results in a high probability of
choice, which is assumed to be feasible. This is a problem in the presence of constraints
on the supply, such as capacity constraints. Various options are available to deal with this
issue, such as modifying the utility by congestion terms, maximizing the feasible utility,
or reallocating excess demand to secondary choices. We will use the latter approach by
constructing a capacity-constrained passenger flow that is close to the passenger distribution
arising from a logit model. This reflects the behavior of travelers who initially strive for the
best trains, and resort to secondary alternatives when these are overcrowded. Logit models
often consider zone-based demands, which make the selection of the start and end station a
degree of freedom. This is important in regional rail traffic, and simultaneously improves
and coarsens the demand data, so we do that, and we will consider the car as an additional
mode and source of new railway customers.

1 .
0.8 1
0.6 1

0.4 1 —— direct connection
0.2 1 ——  one transfer

0 ; . i . . . i . . : : : : : |
10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

transfer time x

probability

Figure 1 Probabilities of two alternative travel choices depending on a transfer time z according
to a logit model in which the direct connection has observable utility —150, the connection with one
transfer has observable utility —130 — z, and the random variation is Gumbel G(0, 1) distributed.

Let Z be a partition of the set of stations S into zones z € Z,z C S, let D € Q%*4*H
be the associated zone-based demand cube, and let PS,, and P.,, denote a set of car and
railway paths, respectively, between origin zone o and destination zone d that start in hour
h (between h and h + 1). Denote by Puqn = PS;;, U P, the set of all paths connecting
the odh-triple odh, and by P := P¢U P" the set of all passenger paths. The paths are
evaluated by a utility function u : P x Z! — R that associates with each path and time shift
a value that represents the quality of this path for the passengers. A(n unnested) logit model
assumes that the percentage passenger flow on a path p € P,q, and a timetable shifting ¢,
i.e., the fraction of the demand D,q4, routed on p, is

etr(t)

o 2 pe P €7 "
The logit(-induced passenger) flow 7 depends in a non-linear and non-convex way on the
shifting of the timetable, see Fig. 1. However, this dependence is relatively small, and does by
itself not lead to a substantial flow redistribution. The main impact of the shifting is still the
effect on the feasibility of connections, as in the basic model, and this in turn redistributes
the logit flow. The Logit Connection Optimization Problem (LCOP) is the task to find a
shifting for the train timetable that maximizes the number of passengers taking the train

2:7
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subject to a passenger flow that differs as little as possible from the logit flow. One way
to make this goal precise is to formulate the LCOP as a mixed-integer non-linear program
adding variables g, for the logit flow and s, for a path-wise excess over the logit flow:

max A Z T+ p Z Z Doanyp — v Z Sp (LCOP)

(4,j,8)€C odh€Z?x H pePr,, pePT
st AL+ (UInfi —mi)zs; > Inf; Vi,jel,seS;NS;, (18)
Aj; + (Supy; —mi; — B)xj; < Supj; Vi,jel,seS;NS;, (19)
Aszﬁj—i—tj—af—tj Vi,jEI,SESZ‘ﬂSj, (20)
Inf <t; < Sup Viel, (21)
xfje{O,l} Vi,jEI,SESiﬁSj, (22)
Z eup(t)
(o<t
up(t)<u(g,t
> Doanyp < WDM Vo#deZheHqe Py, (23
PEP gy, cp
up(t)<u(a,t) peToan
Z Doanyp < Kq VaeA, (24)
a€peP”
0 <y, <y Vpe€ P (i,],5) €p, (25)
0<y <Y, +sp Vpe P, (26)
e Vpep (27)
Y= =—up peLr”,
! ZPEPodh evr(t)
0<s, VpeP. (28)

The first two terms of the objective and the constraints (18-22) and (24-25) are as in the
PCOP. The new demand constraints (23) limit the railway passenger flow for each odh-triple
to the railway share of the modal split according to the logit model; this share is computed
for all levels of utilities in order to enforce a similarity to the logit flow. Constraint (27)
computes the logit flow, while (26) and (28) capture the individual deviations from the
logit flow for each railway path; here, the constraints (26) replace the upper bounds on the
passenger flow in the PCOP. The sum of the deviations is penalized in the new third term of
the objective, which is weighed by a factor v > 0. We remark that the LCOP is certainly
more complex than its predecessors, but that a formal analysis would require a definition
that avoids the computation of irrational numbers.

It is known that a logit flow can also be computed by maximizing the associated entropy
or, alternatively, minimizing the perceived travel time, which are concave resp. convex
functions, see, e.g., van Lieshout & Dalmeijer [26]. One could therefore alternatively replace
the demand constraints (23) and (27) by such an objective, resulting in a MIP with a concave
objective. Such a model is usually treated by outer approximation, which in this case will
produce cutting planes with the same purpose as our demand constraints. This approach is
technically more demanding and not the subject of this paper.

3 Solving the Logit Connection Optimization Problem

LCOP is a mixed-integer non-linear non-convex programming problem of high algebraic
complexity. For the scenarios with 2,000 stations and 10,000 trains that we have in mind, it
is also very large. As an exact solution appears extremely difficult, if not out of reach, we
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propose two heuristic approaches that approximate the LCOP in terms of PCOP problems.
The first, which we call mode-based flow distribution, solves a single PCOP to distribute an
“idealized logit flow”. The second tries to get closer to the logit distribution by additionally
minimizing the total path deviation.

3.1 Mode-Based Flow Distribution

The mode-based flow distribution method attempts to solve the relaxation of the LCOP that
arises from deleting the path-based deviation part in the objective as well as the associated
constraints (26-28), and from replacing the right-hand sides of the demand constraints (23)
by best possible shares. These shares are computed in terms of best possible utilities for
the railway paths, which overestimates the demand for rail transport. This produces a
high railway passenger volume, which is useful in order to identify timetable optimization
potentials. Let u, and w, be the maximal and minimal utility of a passenger path p, i.e., the
utility for a (hypothetical) timetable shifting that always produces minimal and maximal
connection times, respectively, and let
> e
— pEPOTdh:gpgﬁq
Uy = B S (29)

PEPoan
be an idealized maximal railway share of the modal-split for the best possible utility level of
path g. We remark that in our application v and @ are not as far apart as one might fear.
The mode-based approach tries to distribute a flow with these idealized shares according to
the following mixed-integer program:

max A Z xfj + 1 Z Z Doanyp (MCOP)

(4,5,8)€C odh€Z?x H peP,,
st AY A+ (Infy —mg)zs; > Inf Vi,jel,seS;NS;, (30)
Aj; + (Supfj —mj; — B)xfj < Sup;; Vi, jel,seS;NS;, (31)
A =d; +tj—a —t Vi,jel,seS;NS;, (32)
Inf <t; < Sup Viel, (33)
zj; €{0,1} Vi,jel,seS;NS;j, (34)
Z Doanyp < UqgDoan Vo#de Z he H,q€ Py, (35)
pEPyy,
up(t)<u(g,t)
> Doanyp < ka Vae€ A, (36)
aepePr
0<y, <z VYpe P (i,7,5) €p. (37)

This MIP is a PCOP with a lot of demand constraints, namely, for say k£ paths per
odh-triple, k such constraints instead of one in the standard PCOP. For reasonable values of
k, this is still tractable.

» Theorem 3. MCOP is a relazation of LCOP and hence provides an upper bound.
Proof.
Z el Z etp(t)

= PEP] ), 1w, <Uq PEP], up(t) Sug(t) - I
Ugs= S ot > S cu Vp e P",t € [Inf, Sup]’. (38)
PEPoan PEPoan
|
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3.2 Iterative Flow Distribution

One might expect that the many demand constraints of the mode-based approach guarantee
a good fit with the logit flow not only on a utility-level basis, but also for each individual
path. This is, however, not the case, because the logit flow needs to be substantially rerouted
in order to avoid congested trains, and this destroys the similarity. The iterative flow
distribution method attempts to improve the fit on a path basis by restricting the deviation.
We do that by means of upper bounds Ep on the path flow, which are initialized with the
logit flow 7,,. Recall that the logit model assigns too much flow to attractive trains, more
than these trains can transport, such that the logit upper bounds for such paths will be
inactive for a capacitated passenger flow. The excess logit flow can only be rerouted along
other paths, which then have to transport more than the logit flow, but they can’t, because
their upper bound constraints coincide with the logit flow and are hence tight. We must
therefore raise the active upper bound constraints in order to provide capacity for the excess
flow, and do so in a uniform way. This allows to reroute some excess flow, but normally
not all of it. We therefore raise the active bounds again and repeat until either all excess
flow is routed, or all upper bounds become inactive. Denoting the upper bounds by Ep, the
following mixed-integer programming problem is solved in every iteration:

max A Z T+ p Z Z Doanyp (ICOP(y))

(3,3,)€C odh€Z?x H peP)
st A5+ (Inff —m$)z; > Inf; Vi,jel,seS;nS;, (39)
Aj; + (Supfj —mj; — ﬁ)xf] < Sup;; Vi,jel,seS;NS;, (40)
A =d; +t;—a —t Vi, jel,seS;nSs,, (41)
Inf <t; < Sup Viel, (42)
r;; € {0,1} Vi,jel,seS;NS;, (43)
> Doanyp < UgDoan Yo#de Zhe Hqc Py, (44)
PEP ),
up () <u(qt)
Z Doanyp < Kq VaceA, (45)
a€EpEP”
0<y, <z Vpe P (ij,s) €p, (46)
0<y, < Vpe P (47)

The update of the bounds is documented in Alg. 1, which raises the bounds uniformly
and only so much as to produce a theoretical chance to reroute all of the excess flow. As
the bounds only increase, and the number of paths is finite, this method stops after a
finite number of iterations. It aims at distributing all the logit flow, keeping the deviation
as uniform as possible. The method is also satisfactory from a behavioral point of view,
as it mimics the experiences of travellers who run into problems trying to buy tickets for
overcrowded trains, or trying to board them in case of time-card owners, and then must
change to secondary alternatives, which might again be overcrowded, and so on. ICOP (%)
adds the upper bound constraints (47) to the MCOP and is also a PCOP problem. As such,
it is computationally tractable for our application.
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Algorithm 1 Iterative Flow Distribution.

Input: (LCOP)
Output: feasible timetable shifting ¢, connections x, passenger flow y

1: (t,x,y) « argmin (MCOP) > compute initial timetable shifting and passenger flow
2: 7 < y(t) > compute logit flow associated with this shifting
3 €= eprUp = 2pepr Yp > compute total excess flow
4: Q<+ {peP 1y, =7,} > get paths with tight upper bounds
5. if e =0 or Q@ =0 then > everything routed?
6: return (¢,z,y)
7: end if
8: Yp < U, +¢/1Q| for all p € Q > raise active bounds uniformly to route excess flow
9: (t,z,y) < argmin (ICOP) > resolve
10: goto 3 > iterate

4 Computational Experiments

We evaluated our solution approach for the LCOP on a real-world timetable of Italy. It
contains roughly 10,000 trips, performing 115,000 stops at 2,225 stations. The demand
data originates from mobile phone data on (long-distance) public transport, car, and flight
movements. It was then aggregated and assigned to origin zones, destination zones, and
starting hours. In this way, 800 zones with an hourly granularity over a single day come
up. We decided to neglect the air demand as the overall number of travelers was very small,
and air travel mostly connected islands with each other and the mainland of Italy. For
each of the remaining odh-triples with a demand of at least one passenger and each possible
shifting interval, a set of at most 5 paths was computed in the railway graph that contains
all connections that are potentially feasible with respect to the chosen shifting interval. The
six resulting path sets were merged into a single one, such that each odh-triple had at most
30 paths to choose from. This set was considered in every run. The path set was constructed
in such a way that it is possible to route the railway demand given from the mobile phone
data in the unshifted static case, i.e., without additional demand drawn from other modes of
transport. This path choice plays a crucial role for the optimization process. Tab. 1 reports
the instance characteristics in dependence of a shifting interval. The row headlined Given
paths shows the total number of paths in the scenario, i.e., & 2.7 million paths. These paths
were filtered by checking whether the required connections can be feasible within the shifting
window of the instance. This leads to & 1.56 million Considered paths for a shifting window
of [0, 0] minutes up to ~ 2.735 million paths for a shifting window of [—5, 5] minutes. The
last row shows the number of odh-triples with demand larger than a given threshold, namely,
in all our instances, a value of 1, which leads to 376,000 considered odh-triples. In all our
computations, a connection time window of 8 = 30 minutes was considered in all runs, and
we changed the objective function slightly by scaling the demand induced by an odh-triple
by the distance in kilometers between the two zones. This makes longer train connections
more important than short ones.

In the logit based models, we assume that the observable utility v, of a railway path
depends affinely on the travel time in high-speed (ht) and low-speed travel time (lt), the
number of connections (nc), the waiting time between two trips (ct), access (a) and egress
(e) times, the ticket price (tp), and the usage of high-speed trains (hu); these were the
attributes for which data was available. Let b,(d(o,d)) be coefficients for each attribute from
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Table 1 Demand and path characteristics for all considered experiments.

[-0,0] [1,1] [-2,2] [3,3] [44] [-5,5]

Given paths (-10°) 2.735 2735 2735 2.735 2735 2735
Considered paths (-10°) 1.556 1.828 2.125 2.360 2.567 2.735
odh-triples with demand (-10°) 0.376 0376 0.376 0.376 0.376 0.376

{a, ht,lt,nc, ct, tp, hu, e}, depending on the distance d(o,d) of the origin and destination
zones o and d. Further, let v(p, a) be the value of attribute a associated with path p, i.e., in
case of for example ht the time spent on board of high-speed trains along p. The observable
utility of a railway path p is then computed as

I/p = Z ba(d(opvdp))v(pv a)

a€{a,ht,lt,nc,ct,tp,hu,e}

and the overall utility as u, = v, + €,, where the non-observable utility ¢, is Gumbel
distributed. In the case of a car path, the observable utility depends on the total travel time
and the fuel consumption, which are both independent of the timetable shifting. As we did
not have any further information, we consider the observable car utility as constant for any
od-pair; this can be interpreted as considering exactly one car path for every odh-triple. All
coeflicients associated with the utility functions are industrial data that were calibrated to
match the passenger flows of the unshifted timetable. Of course, the observable rail utility
increases when the connection time decreases.

All computations were performed on an Intel(R) Core(TM) i7-9700K CPU @ 3.60GHz
with 64 GB of RAM using Gurobi 10.0.1 [11] with an LP-IP gap tolerance of 0.01, a run
time limit of 3,600 seconds (per iteration), and a maximum of eight threads in parallel.

4.1 Mode-Based Flow Distribution Results

Tab. 2 reports statistics of the solutions computed by the mode-based flow distribution
approach. They provide upper bounds on the actual optimization potentials. The first
row of the table contains the run time in seconds, and the second the integrality gap. The
approach produces nearly optimal solutions within one hour of computation time. Only
the two runs for a shifting interval of [—4,4] and [—5, 5] minutes terminate at the runtime
limit, but with reasonably small optimality gaps of 1.6% and 2.5%, respectively. The next
row headlined Aggregated routed pkm shows the total passenger kilometers, i.e., the routed
demand of an odh-triple times the distance in kilometers, added over all odh-triples. One
can see that even the slight shift of plus-minus one minute bears the potential of increasing
the aggregated routed passenger kilometers by almost 2.5%, and up to a ~ 6.7% increase
in case of the largest shifting interval [—5, 5]; these are significant improvement potentials.
Row Aggregated expected pkm reports the sum of all idealized maximum demand values
UqDodh over all odh-triples such that ¢ is feasible. These numbers can be interpreted as the
maximum routeable passenger kilometers over all odh-triples if there were no train capacities.
Comparing the different values for the different shifting intervals reveals that there is also
an increase, though a slightly smaller one, ranging from 1.8% for no shifts vs. plus-minus
one minute shifts to = 4.9% increase for [—5, 5] minute shifts. Comparing with the values of
the flow that gets routed and the expected flow without capacities, it becomes clear that
there is a lost potential between 10.3% for [—5, 5] minute shifts up to 11.8% for [0, 0] shifts.
The next two rows of the table labeled Aggregated routed demand and Aggregated expected
demand show the numbers for the aggregated routed demand of the computed solutions,
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Table 2 Results for the mode-based flow distribution approach.

[_070] [_171] [_272] [_373] [_474] [_575]
Runtime(s) 8.47 26.02 96.79 724.94 3600 3600
Gap 0.0 0.007 0.009 0.009 0.016 0.025
Aggregated routed pkm(~106) 104.33 106.89 108.93 110.47 111.02 111.34
Aggregated expected pkmé-lOG) 118.35  120.51  121.93  123.20 123.77 124.18
Aggregated routed deman 531573 550468 563670 574419 579490 581223
Aggregated expected demand 592074 611250 622890 632757 638196 641971
Average deviation 8.80 7.70 6.90 6.50 6.30 6.20

Table 3 Results for the iterative flow distribution approach after one iteration.

[_070] [_171] [_212] [_373] [_474} [_575]
Total time(s) , 70.14 98.83 170.39 732,73 3703.20 3707.14
Aggregated routed pkm (-10°%) 97.54 99.74  101.36  102.59 103.37 103.50
Aggregated expected pkm( -10°) 118.35 120.52  121.91 123.19 124.05 124.18
Aggregated routed demand 502470 518964 530252 538093 545226 546659
Aggregated expected demand 592074 611389 622726 632491 640047 642400
Number routed paths 371354 405574 425314 437012 456732 449807
Average deviation 0.70 0.80 0.80 0.80 0.80 0.80

and the aggregated values of the theoretically routable demand for the final shifting. Not
surprisingly, these numbers follow a pattern that is similar to the travel kilometer values. In
a nutshell, there is an even slightly larger potential to increase the demand when increasing
the shifting interval, ranging from a ~ 3.5% to a &~ 9.3% increase for [—1, 1] and [—5, 5] shifts,
and likewise for the demand that could not be routed ranging between ~ 10.2% and = 9.5%.
The values in the last row of the table report the Average deviation of the routed flow from
the logit distribution of the flow over all feasible paths; it is unfortunately quite large.

4.2 lterative Flow Distribution Results

The characteristics of the solutions computed by the iterative flow distribution approach can
be found in Tab. 3 and 4 for one iteration and five iterations. The first row of both tables,
headlined Total time, shows the total computation time in seconds, i.e., the time that it
takes from computing the initial shifting and the associated flow to the final distributed flow.
Most of the time is needed in the first iteration; indeed, the four additional iterations require
in the worst case approximately 4 minutes of additional computation time.

Tab. 3 reports, as before, the numbers for the Aggregated routed pkm, Aggregated expected
pkm, Aggregated routed demand, and Aggregated expected demand for each instance. Compar-
ing the numbers for the aggregated routed pkm and the demand with those of the mode-based
approach reveals a notable dip that results from enforcing the logit distribution of the flow
over all feasible paths of each odh-triple with demand. The decrease ranges between 6.5%
and 7.1% for the aggregated routed pkm and 5.4% and 6.3% for the routed demand. The
values for the aggregated expected pkm and the aggregated expected demand, however, do
not decrease at all. This implies that the timetable shifting does not differ too much between
the solutions of the mode distribution approach and the iterative distribution approach, such
that the passenger flow is simply more realistic. Investigating the numbers for the average
deviation of the routed flow from the logit distribution reveals that the iterative approach
achieves a significant improvement in that category, as the maximum average deviation is
reduced to 0.8 over all instances in comparison to 8.80 for the mode-based approach.
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Table 4 Results for the iterative flow distribution approach after five iterations.

[_070] [_171] [_272] [_373] [_474} [_575]
Total time(s) 201.28  260.28  354.65 952.22 3923.97 3936.02
Aggregated routed pkm(-10°) 100.44 102.99 104.68 106.19 107.04 107.19
Aggregated expected pkm(-10°) 118.35 120.52 121.91 123.19 124.05 124.18
Aggregated routed demand 517335 536208 548000 557654 565443 567190
Aggregated expected demand 592074 611389 622726 632491 640047 642400
Number routed paths 362917 388528 405733 415298 432269 425393
Average deviation 0.90 0.90 1.00 1.00 1.00 1.00

Tab. 4 reveals at first glance that the additional iterations to redistribute the unrouted
excess flow require only a marginal increase in computation time, while the numbers for
aggregated routed pkm and routed demand show a significant increase in comparison to the
numbers for the solutions after one iteration of the iterative flow distribution method. The
values for aggregated expected pkm and demand do not differ at all from the values after one
iteration and only slightly from the numbers computed by the mode-based flow distribution.
Comparing the numbers in Tab. 4 for aggregated routed pkm and demand to the other two
tables shows that the additional iterations of flow redistribution make up for 3.6% to 3.9% of
the aggregated routed pkm, and 2.6% to 2.9% of the aggregated routed demand. Thus the
gap between the mode-based upper bound and the result of the iterative flow distribution is
closed by at least 52% for the aggregated routed pkm and by 40% for the aggregated routed
demand. This is quite a lot.

As more flow is routed on secondary paths, the values for the average deviation from
the logit flow on feasible paths increase, but rather marginally, from at most 0.8 for the
solutions found after the first iteration to a deviation of at most 1.0 for solutions found
after five iterations. can be observed for the number of routed paths in Tab. 3 and 4. Here
each path is counted if it bears at least some flow. One can see that the iterative flow
distribution approach routes the flow on way more paths, but that this number decreases
with an increasing number of iterations, which is a direct consequence of the rerouting
procedure and a tradeoff with respect to routing more demand. that there is a steeper
improvement for the shifting intervals of [—1,1], [—2, 2], [—3, 3] minutes, while the additional
improvement flattens a bit for the larger intervals. This shows that most of the potential can
be harvested with relatively small shiftings.

To provide some insight into the transfer volumes at stations, Fig. 2 plots the aggregated
numbers of passengers using newly established connections per station. In each of the four
subfigures, there is a circle for each station with newly established connections, centered at
the station’s location, with a radius corresponding to the number of transferring passengers,
i.e., a larger radius means more transferring passengers. Subfigure 2a shows the results
for the solution of the mode-based approach and shifting interval [—5,5]. There are only
green circles, which correspond to positive numbers of passengers using newly established
connections. In contrast to that, the other three subfigures 2b, 2c, and 2d, show differences
in numbers of passengers using newly established connections between each combination
of the solution of the iterative distribution approach with one (I1) and five (I5) rounds
and the mode-based approach (MB), e.g., subfig. 2b (I1-MB) plots in green/red circles how
many more/less passengers use newly established connections as a result of I1 in comparison
to MB, and so on for the other combinations. All figures show that newly established
connections are used to route passengers all over the country and not only at regional
clusters. The two subfigures comparing the solutions of the iteratively distributed flow to the
mode-based approach solution(2b and 2¢) show more green circles, i.e., more stations with
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(a) MB. (b) 11-MB.

(c) I5-MB. (d) 15-11.

Figure 2 Illustration of the aggregated transfer volumes for newly established connections at
stations for solutions of the different approaches considering a shifting interval of [—5, 5].
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newly established transfers, which is a consequence of the larger number of paths over which
the passenger flow becomes distributed. Looking at the red circles, i.e., stations with less
transfers, we see more and larger red circles for Subfig. 2b as compared to Subfig. 2c. The
reason for that is that the overall amount of flow is smaller for I1 compared to I5, as well as
that I5 routes more flow on paths shared with MB than I1. Finally, Subfig. 2b compares the
transfers for the solutions of I1 and 1I5. The larger number and radii of green circles here
show that there is a significantly increased number of passengers using newly established
connections for solutions of I5.

Fig. 3 shows the distribution of time shifts of the trains in the optimized timetable
computed with five rounds of iterative flow distributions considering a shifting interval of
[—5,5]. It is representative for all our approaches: they all show a similar pattern in shifting
the largest number of trains by the most negative value, followed by the largest positive value
as a runner-up. For most hours, these two shifts comprise more than 50% of all time shifts.
Especially in the morning, there is a large number of negative time shifts that decreases to
the end of the day, while the number of positive shifts tends to increase toward the end of
the day, i.e., the timetable is spread apart. Additionally, one can see that roughly 90% of all
trains get shifted in some way. Thus, even if the individual shifts of the trains are small, the
number of shifts and their impact on the timetable is large. The overall curve follows the
classical steep-morning-wider-afternoon peak “camel distribution”.

5 Conclusion

In this paper, we study the complex task of connection optimization considering elastic
demands. To define the problem, we iteratively transformed a basic formulation of the
connections problem into a version that includes a logit model to predict passenger behavior.
As the problem is non-linear and even non-convex, we presented two approximation heuristics,
the mode-based distribution method and the iterative distribution method, based on a mixed-
integer linear programming formulation that is used as the backbone of the heuristics. The
heuristics are evaluated on real-world data of the Italian long-distance railway network.
It turns out that it is possible to solve the model for nationwide scenarios in reasonable
time, and that there is a significant potential to increase passenger demand by shifting the
timetable by a small margin. In comparison to operating or buying more vehicles, not to
speak of building more infrastructure, timetable shifting is a promising way to increase
passenger satisfaction and generate higher revenues at a relatively low cost.
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A Appendix

Table 5 Definition of used variables and sets.

1 Set of trains.

S Set of stations.

Si Set of stations at which train i stops.

A Set of trips.

Z Set of zones.

t; Integer variable deciding how the stop of train i at station s is shifted.

x5 Binary decision variable if connection between ¢ and j at station s is feasible.
Yp Rational variable measuring the fraction of demand of D, routed on path p.
up(t)  Function computing the utility of path p for timetable shifting ¢.

Up Upper bound on the utility on path p for all timetable shiftings.

u, Lower bound on the utility on path p for all timetable shiftings.

Yy Rational variable measuring the logit passenger flow on path p.

Sp Rational variable measuring the deviation from the logit flow on path p.

Inf;  Minimum time shift difference of stops at s of trips ¢ and j.
Maximum time shift difference of stops at s of trips ¢ and j.
Infy  Minimum time shift difference of stop s of trip 4.

Sup; Maximum time shift difference of stop s of trip .

m;; Minimum transfer time between stops of ¢ and j at s.

B8 Maximum connection time.
ik Set of railway paths between zones o and d departing between hour h and h + 1.
ik Set of car paths between zones o and d departing between hour h and h + 1.

Poan Set of travel paths between zones o and d departing between hour h and h + 1.
P Set of all travel paths.

Ka Capacity of trip a.

U, Upper bound on the modal split share for railway paths with utility of p or less.
A Non-negative objective weight for connections.

n Non-negative objective weight for the railway passenger volume.

v Non-negative objective penalty for path-based deviations from the logit flow.
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—— Abstract

Railway networks are operating at their capacity limits. Modern control systems allow for shorter

train-following times on existing infrastructure, resulting in faster travel times and higher capacity.
As new degrees of freedom emerge, developing effective and flexible algorithms becomes essential
to incorporate these advancements into the planning process. Previously, a flexible method for
generating provably optimal timetables using A* search has been proposed. However, in practice,
the algorithm spends significant time exploring states that yield no new information. This work
addresses this issue and shows that transforming the state space into a (directed) tree drastically
reduces runtime and enhances scalability, particularly with respect to the number of trains. The
implementation is available open-source as part of the Munich Train Control Toolkit on GitHub
at https://github.com/cda-tum/mtct.
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1 Introduction

Sustainable transportation relies heavily on railway transportation. At the same time, railway
networks are already operating at their capacity limits.

In general, trains cannot operate on sight due to their long braking distances. Hence,
control systems have to be implemented to prevent collisions. Previous national rules have
been unified across Europe and other regions, most notably, the Furopean Train Control
System (ETCS, Europe and outside of Europe), Chinese Train Control System (CTCS,
China), Positive Train Control System (PTC, North America), and Communication Based
Train Control (CBTC, metro systems) [8, 12].

These control systems come in different variants. Modern versions (e.g., moving-block-
based) allow for shorter train-following times and, thus, increased capacity. At the same
time, train separation is no longer enforced with discrete blocks or even at discrete points,
but is continuously monitored.

Since the separation imposed by the control system significantly affects the feasible
trajectories of trains, they need to be considered when, e.g., creating timetables. Most
research on optimization problems within that context focuses on classical control systems [1].
We are only aware of limited research on modern moving-block systems for timetable
optimization and train routing [11, 7, 3, 4].
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Figure 1 Schematic drawings of different signaling principles [3].

[4] proposes a flexible approach based on search algorithms such as A*, which have already
been successfully applied to various design automation tasks, e.g., in nanotechnologies [6] and
even within the railway domain [9]. Their approach can use any (possibly black-box) simulator
to evaluate given states. By doing so, constraints enforced by the control systems, which are
usually hard to model, do not have to be discretized, simplified, and/or approximated.

Even though [4] proposes various strategies to improve runtime, it cannot solve several
instances on the benchmark it tested. This is partially due to the search algorithm revisiting
many states it has already explored, so it does not gain any new information. In this work, we
propose adaptations to the search space that prevent such reexplorations, thereby drastically
reducing the search space. The key idea is to make the state expansion time-aware, so that
the search focuses only on the earliest pending routing decision. This reduces redundant
decisions that do not provide new information, while retaining the optimality guarantee. A
case study confirms significant runtime improvements on a benchmark set.

The remainder of this work is structured as follows. Section 2 reviews relevant background
on railway systems and search algorithms. Section 3 describes the previous approach by [4],
focusing on the details relevant to our proposed changes and explaining what structural
properties limit its scalability. Based on this, Section 4 proposes further reductions of the
search space and is the main contribution of this work. Finally, a case study (Section 5)
demonstrates significant improvements to the scalability with respect to the number of trains.
Section 6 concludes this work.

2 Background

This section provides basic concepts and definitions relevant to this work.

2.1 Train Control Principles

Because trains usually have long braking distances, control systems are required to prevent
collisions. Classically, such systems rely on predefined fixed blocks. Because those blocks
often require trackside train detection (TTD) systems, we refer to them as TTD sections. As
long as a train is anywhere within a block section, any other train has to be able to come to
a full stop before reaching that block section, even if the boundary of the section might be
far away from the actual position of the blocking train.

Modern control systems, on the other hand, no longer rely on such fixed sections. Instead,
trains are continuously separated by their absolute braking distances and trains “only” have
to be able to stop before the previous train’s exact position. Generally, this allows shorter
train following times.

» Example 1. Consider the network in Figure 1. Classically, it might be separated into 4
TTD sections. In Figure la, try is only allowed to advance to the end of TTD2, since TTD3
is occupied. By contrast, in Figure 1b, try is allowed to advance all the way to try (possibly
minus some buffer).
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2.2 Problem Formulation

In this work, we consider the task of routing trains through a part of a railway network.
Trains are released at prespecified times at the boundaries of the considered region. They
have certain demands, i.e., which stations they have to service. However, the precise route
and timing are not yet decided. More precisely, we solve the following routing task:

» Problem 2 (Optimal Train Routing (on Moving Block Systems)). Given:
A railway network with vertices V- and (directed) edges E as described in [4, Appz. A].
A set T of trains, where w; denotes the weight of importance of train i € T
Demands for every train i € T consisting of:
entry node uE:l) € V together with entry time TZ-(;)
(4)

out

and initial velocity v(()i),

€ V together with earliest exit time To(z)t

and mazximal exit velocity vgiu)t,

list of stations S, ...,Sm, C E together with stopping requests, i.e., a (desired) arrival
time T]@ and a minimal stopping time AT]@ for every station S;.
Task: Find a routing satisfying every train’s demand, obeying the constraints imposed by a
moving-block control system and earliest departure times, and minimizing the (weighted) exit
times and average station delays. To trade-off station and exit delays, we add a constant
o > 0. More precisely, let tﬁj;jt be the exit time and tgi), e ,ts,il)i the station arrival times of a
given train i € T. The objective (to be minimized) is given by

exit node u

m;

Z w;j - [tﬁ,ﬁ}t — T(Ei)t]+ +a- % Z [t;i) — T;i)} , (1)

ieT tj=1 +
where [z], :=max (0,z) denotes the ReLU function.

Since we assume that a train is not allowed to leave the network before its earliest exit
time, Equation (1) is equal to

m;

5 (i@t Z S0 -] ) - S winl o

ieT =1 ieT
Since ZiET wiro(u)t is a constant, minimizing Equation (1) is equivalent to minimizing

my;

Z Wy + tff;)t + o Li {t;i) — T]@] . (3)
€T mi j=1 +

For the remainder of the paper, we use the objective in the form presented in Equation (3).

All constraints imposed by the train control system (in our context, a moving-block
control system) must be followed. Even though we optimize in the context of a moving-block
system, some TTD sections remain on the network. For simplicity and to provide a basic
level of flank protection, we assume that all turnouts are surrounded by a classical TTD
section. On the contrary, there are usually no other TTD sections in our instances. For
the remainder of this work, we can think of TTD sections and turnouts to be somewhat
“equivalent”.

» Example 3. Consider the network depicted in Figure 2 with 5 trains and relevant braking
distances marked with gray lines. tr; and try are on the same track segment. However, this
is fine because a moving-block control system is assumed. We only enforce classical TTD
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Figure 2 Example network.

separation at the turnouts. Because of that, try conflicts with trs, because it cannot stop
before the TTD section?, which trs already entered. On the other hand, tr, and trz are
safely separated even though a TTD section is enforced around the left turnout.

2.3 (Weighted) A* Algorithm

Let G = (S, A, ¢) be a directed and weighted graph with vertices S, arcs A, and cost c¢: A — R.
Furthermore, we are given an initial vertex so € S and a goal set G C S. The goal is to find
a minimal cost path from sy to any vertex in G. One can also think of the vertices as states,
and the arcs as denoting possible actions or transitions with respective costs c.

A* can be used to find such minimal paths. It functions very similarly to Dijkstra;
however, instead of expanding the path with the lowest cost, it also adds a guiding heuristic
estimating the distance to a goal state, see Algorithm 1, where g denotes the currently best
known path cost from s¢ to s and f the cost adjusted with the guiding heuristic.

Algorithm 1 (Weighted) A*-Algorithm [5, 10].
C < 0; f(s)+ oo for all s€V; g(s) < oo for all seV
add so to priority queue (pq); f(so)« 0
while pq is not empty:
select s € argmin,.,, f(o)
C+ CU{s}
if s€§: return s together with observed path
explore all successors I(s)
for st eI(s)—C:
add or update sT to pq
F(5*) — min{f(s*), g(s) + c(s, 5*) + £ - h(s*)}
9(s™) « min{g(s™), g(s) + c(s,s7)}
return infeasible

Special focus should be placed on the choice of the guiding heuristic. If one chooses h = 0,
Algorithm 1 is basically equivalent to Dijkstra. If h never overestimates the cost of any arc
(more precisely, if h is consistent), A* is known to be optimal.

» Definition 4 (Consistent Heuristic [5]). A heuristic h is consistent if h(sy) = 0 for every
Sg € G and h(s) — h(s™) < c(s,sT) for every (s,st) € A.

The heuristic can be multiplied by a factor € > 1 to get an e-approximation algorithm.
In particular, the following properties and optimality guarantees are well-known:

2 If try were to already be stopped, there would be no conflict.
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» Theorem 5 (s-Approximation [10]). If h is consistent, then Algorithm 1 returns a path
whose length is at most € times the minimal path length.

» Corollary 6 (Optimality [5]). If ¢ = 1 and h is consistent, then Algorithm 1 returns a
minimal path.

3 Previous Work

Previously, an algorithm to solve (a slightly different variant of) Problem 2 has been proposed
and implemented [4]. The main idea was that, under the arguably reasonable assumption
that trains drive as fast as possible and allowed by the control system, a solution is uniquely
defined by the following decisions:

routing, i.e., the edges used by every train,

stops, i.e., the exact stop positions within the scheduled stations, and

ordering, i.e., the order of the trains on every turnout as well as entry and exit vertices.
In that case, any simulator at hand can be used to evaluate a given solution, and A* can be
used as a heuristic search algorithm to find an optimal solution.

We summarize the key concepts proposed by [4] in the following subsections. Where
applicable, we slightly modify their results to be consistent with this paper.

3.1 State Space

The main idea was to expand routes incrementally. For this, the state space consists not
only of all valid solutions, but also of those that are only partially defined and then extended
towards fully specified solutions.

3.1.1 States

» Definition 7 (State [4, Definition 9]). A state is given by any partial solution. More
precisely, it consists of information for every traini € T :
a valid path egi), ceey e,(fi) € E, possibly empty, starting in u
a list of positions sgi), . ,82 being within the first 0 < m; < m; scheduled stations
Sl(i)7 . ,82, and

the train ordering on every TTD section as well as on entry and exit vertices.

(&)

in ’

By design, states do not need to specify paths leading to an exit vertex. If a train’s path
is not fully specified, it is assumed to travel all the way to its last specified edge and then
disappear. At the same time, a train that disappeared within the network blocks its last
vertex indefinitely, so that it cannot be overtaken by any other train. Because a train’s route
might not be fully specified, a partial solution is also not required to stop in all scheduled
stations.

» Assumption 8 (Deterministic State Value). It is assumed that train movements are uniquely
defined by the information contained in Definition 7. This can, e.g., be achieved by the
discrete-time simulator proposed in [4, Section 5]; however, any other (black-box) simulator
could be used.
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The objective value is then given by

i Wi on [ (i i i
g(s) = Z w; 't,(;i) + - E Z [tg.z) - TJ(L):| N = Zg( )(5)7 (4)
€T v =1 €T
=g (s)
where f(li), .. ,f%{ are the arrival times at the specified stops and 1?;;) is the arrival time at the

end of edge e,(ji). Note that the average stop delay already uses the total number of scheduled
stops, even if not all stops are specified yet. This simplifies the definition of a consistent
heuristic.

If a state is infeasible (for example, because two trains are blocking each other and cannot
reach their final edge), we set g(s) = co.

» Definition 9 (Goal States). The set of goal states G consists of all states which are fully
specified (i.e., for alli € T, e,i:) ends at exit ugizt and m; = m;) and feasible (i.e., g(s) < 00).

3.1.2 Transitions

Having defined the states, it is necessary to define how the search algorithm can traverse the
state space. Given any state s, a successor sT is obtained by extending the train path of
one train by one or multiple edges. For a specific train, [4] proposes different strategies for
choosing the number of edges to extend. One strategy extends by a single edge at a time;
another strategy combines edges up to the next turnout or scheduled stop.

However, more important for the remainder of this work is to understand how the train
ordering is deduced. For this, [4] assumes that whichever train chooses a certain edge first
also travels on that edge first. Since a state is generally expanded on every train, all possible
train orderings are eventually expanded.

» Example 10. Consider Figure 3 with two trains approaching a turnout from different
tracks. The left state can be expanded in two ways. One successor state is achieved by
moving tr; (middle top). By doing so, it is implied that tr; moves across the turnout first.
This state itself can be expanded by moving try, in which case the resulting state (top right)
assumes that tro waits until try clears the turnout and then follows. On the other hand, the
left state is also expanded by moving try. Analogously, the bottom right state is reached, in
which tr; waits for tro to clear the turnout before following.

3.1.3 Cost

Note that we define a constant cost on states only. Thus, the state transition costs used in
Algorithm 1 are only given implicitly by c(s,s™) := g(s*) — g(s).

W.l.o.g., assume that a single train’s path is extended by a certain number of edges. Then
every train should either travel identically to the previous state or be slower, because the
path extension might lead to further constraints that were not present in the previous state.
This motivates the following assumption, which [4] implicitly relies on:

» Assumption 11 (Monotonicity). Let s be a state that is created by extending state s, i.e.,
by adding further edges and/or stops to any of the trains in s. Then g (st) > g@(s) for
all i € T. In particular, g(sT) > g(s).
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Figure 3 Train Ordering.

Note that Assumption 11 is not phrased as a theorem, and the justification is not a rigid
proof. In fact, depending on the driver’s strategy assumed by the simulator, this might not
be guaranteed. For example, the Greedy Train Driver Assumption in [4, Assumption 7] does
not theoretically guarantee this for all instances and states. At the same time, this did not
pose any problems in our case study, since such cases seem unlikely in practice.

3.2 Heuristic

Given any partially defined state, an easy-to-compute guiding heuristic is needed which

estimates how far away g(s) is from an optimal goal state, i.e., h(s) ~ min,, cg g(s4) — g(s).

Obviously, the exact difference is unknown since we are currently searching for the optimal
goal state. A natural heuristic is to assume that all trains travel at maximum speed for the
remainder of their paths, without any obstacles, i.e., ignoring potential collisions with other
trains. [4, Lemma 15] shows that this heuristic is consistent under Assumption 11. Because
of this and Corollary 6, they conclude that their proposed method returns optimal solutions
to Problem 2 [4, Theorem 16, Corollary 17].

3.3 Problematic State Reexploration

Even though [4] showed that runtime could be improved by reducing the search space using
the transition strategies described in Section 3.1.2; the algorithm timed out on many of the
tested instances. Adding multiple edges at once and skipping unnecessary states improved the
runtime but did not resolve the scalability issue. A major issue with the approach presented
in [4] is that many states can be explored multiple times.

» Example 12. Consider Figure 4. The right state is expanded from the left state by moving
both trains. The algorithm will expand the search space in two ways, reaching the right
state. It could either expand tr; or tro first. Because both middle states are likely to be
considered by the A* search, the state on the right is explored twice. One state was explored
without any additional benefit.

Hence, we conclude that it would be desirable to use a tree as the search space, as this
would eliminate unnecessary state reexploration. Achieving this is the main contribution of
this paper and is described in Section 4.1.
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Figure 4 State Reexploration.

4 State Space Reduction

[4] shows that the presented approach using A* search works in principle and finds optimal
solutions. However, a naive implementation incurs a high computational cost. To mitigate
this, strategies for reducing the search space have been introduced that skip some unnecessary
states. This notably improves runtime. At the same time, even the best settings presented
in [4] struggle to solve instances with many trains, even if the underlying network structure
is rather simple.

This section introduces improvements to this. Recall that generating the set of successor
states consists of two steps. First, it is determined which trains are selected® to advance.
Second, for each such train, a set of possible path extensions is generated. We propose
improvements for both steps in the following subsections.

4.1 Time-Aware Train Selection

Recall Section 3.3 and that the previous approach by [4] reexplores already expanded states
because equivalent decisions are made at several parts of the state space (just in a different
order). To prevent this, we aim to make a decision as late as possible. Intuitively, we only
want to make the most pressing decision, i.e., the one for the train closest to reaching its
specified end-of-route. This makes the train selection somewhat “aware” of the simulated
timings of the current state.

For any given state, we order the trains whose paths are not yet fully specified by the
time they reach the end of their currently specified route. We only expand the path of the
train that arrives earliest. If multiple trains arrive at the same time, we make a fixed but
otherwise arbitrary* choice.

» Example 13. Consider Figure 5 with the same situation as in Example 12. Assume that
tr; needs 45s and tro needs 30s to travel across their first edge. Because the decision for try
is more pressing, it is moved first. Only after that does try arrive at its route end earliest, so
that it is expanded second. In contrast to Example 12, the right state is only explored once,
and an irrelevant intermediate state is eliminated.

For simplicity, we have decided to showcase the time-aware train selection strategy with
the single-edge path extension. However, it can naturally also be applied to any other
extension strategy presented in Section 4.2.

3 The previous approach “selects” all trains whose path has not yet been fully specified.
4 In our implementation, we decide to expand trains with higher importance first.
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Figure 5 Time-Aware Train Selection.

By ordering the trains by time as proposed in Section 4.1, we ensure that no state is
reexplored and the search space becomes a tree. However, the attentive reader might realize
that we also cut off valid goal states by doing so. In the previous approach, the train order
on a section was determined by whose path was extended onto that section first. Without an
additional ordering rule, the order would now be determined by timing, with tracks assigned
on a first-come, first-served basis. At the same time, a train may need to wait to let an
opposing train clear a section or to let a faster train pass by. Without further refinement,
such solutions are pruned and cannot be reached by the search algorithm.

Since it is no longer possible to freely decide which train to advance next, we need to
make the ordering decision at a later time. Instead of appending a train to the end of the
ordering, we branch into all possible orderings as soon as a new train is expanded into a
TTD section. In contrast to the original non-time-aware case, it is now possible to schedule
trains ahead of trains already assigned to a track segment.

» Example 14. Consider Figure 6a with the same situation as in Example 10. Instead of
branching at the left state, tro is expanded onto the shared section first because, in the initial
simulation, it arrives there earlier. After that, tr; is expanded onto the shared section. To
not lose any valid solution, we branch at this point, allowing tr; to either go first or second.

We can already exclude some of the orderings, though, which we do not have to expand
to. Note that for two trains following each other, a decision on their order is made the first
time they enter a shared track segment. As long as their paths do not diverge after that,
their order cannot change. Hence, we can forward this choice to later TTD sections without
the need for further branching.

» Example 15. Consider Figure 6b and assume that trg is expanded. On the right section
TTD2, it is already decided that tr; travels before try. In theory, trs could go first, second,
or third. However, since it shares the path with trs, their relative ordering compared to
TTD1 cannot change. Hence, trg cannot go last, and this variant is not generated as a
successor state.

In order to still be able to reach all goal states, we need to slightly modify the simulation
assumptions from Section 3.1.1 in two ways:
1. A train that disappeared does not block its last vertex.
2. Trains moving in opposite directions on a single track do not collide.
While these assumptions seem counterintuitive, not relaxing the simulation in these points
would cut off feasible solutions (see proof of Theorem 17). It is worth noting that these
changes do not affect the outcome of goal states, because
1. there are no trains with partial routes that disappear within the network, and
2. the train ordering on the TTD sections adjacent to a single track already prevents head-on
collisions.
In particular, the relaxed simulation affects only intermediate states that are not returned as
solutions; the simulation behavior for returned solutions remains unchanged.
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Figure 6 Time-Aware Train Ordering.

» Example 16.

1. Consider the situation from Example 15, where (without the first relaxation) the left
state in Figure 6b would be infeasible, because trs (as going first) would prevent try from
reaching its destination. However, the state might be needed (depending on the train’s
timing) to reach two valid goal states.

2. Consider Figure 6¢c. Without the second relaxation, the left state would likely be infeasible
due to a head-on collision on the shared track. Again, it might be needed to reach the
valid goal state on the right, though. Note that due to the ordering deduction exemplified
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in Example 15, no (invalid) successor state with ordering tro < tr; on TTD1 is created.
Because of this, the TTD ordering prevents head-on collisions in goal states without
further consideration.

It remains to show that the defined new state space is correct (i.e., all goal states can be
reached) and prevents the undesired state reexplorations discussed in Section 3.3.

» Theorem 17. In the (time-aware) state space as defined in this section, all feasible goal
states can be reached from the initial state.

Proof. Let s, € G be any feasible goal state and let B%i), .. .,B,(C? be the TTD sections
traversed by train ¢ € T in that goal state. Further let B(()i) = ufib) € V be the train’s entry
vertex and B,(C?_s_l = uf)ijt € V be the train’s exit vertex.

Consider any prefix-state s of s4, i.e., a partial solution (see Definition 7) where every train’s
subpath can be extended to the full path in s,. The orders on all TTD sections and boundary
vertices are inherited from s, by restriction to trains whose partial routes reach the respective
element.

Assume that s is not feasible, i.e., the simulation of s reaches a deadlock with at least one

blocked train. For a blocked train 4, choose one active obstruction n; = clear(p;, j), i.e., i is

currently blocked because another train j has not yet cleared a point, section, or vertex p;.

Since s, is feasible, all 7; have been cleared in the goal state, denote the time of clearing in

sg by tg(n:).
Choose a blocked train ¢* with minimal ¢,4(n;-), where ;- = clear(p;-, j), i.e., * is blocked by

train j which has not cleared p;- during the simulation of state s, hence, j cannot advance.

Because trains are assumed to disappear at the end of their partial route without blocking
their last vertex indefinitely, 5 itself must be blocked by some train k # j° which has not yet
cleared some p;. Thus n; = clear(p;, k).

We claim that the relative order of the conflicting trains at p;« and p; is identical in s and

54. There are two cases:

1. A train can be blocked by another train because it has not cleared a given TTD section
or boundary vertex. In this case, the train order is inherited explicitly by definition.

2. A train can be blocked by another train traveling in the same direction on any intermediate
edge. Since trains cannot overtake each other on the same directed track segment, the
train order is uniquely determined by the order at the previous TTD section or boundary
vertex (which both trains have in common and already passed even in state s)S.

Since s, is feasible and the relative order is identical, j eventually clears p;- in s,. However,

because j requires p; to be clear to advance out of p;-, p; had to be cleared by k strictly

before that. Hence,

tg (1) =ty (clear(p;, k)) <ty (clear(pi-, j)) =ty (ni-) , ()

which is a contradiction to t4 (1;-) being minimal.
In particular, all prefix-states of s, are valid under the modified simulation assumption for
partial states.

5 k =4* is possible, but the argument is independent from whether k = i* or k # i*.

6 This argument would not work for trains traveling in opposite directions, because they do not share
a common previous TTD section. If their partial routes end between two sections, their order might
not be uniquely deducible for state s. Hence, the second relaxation to the simulator described above is
crucial for the correctness of the A* search.
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It remains to show that there is a path from the initial state to s, in the time-aware state space
that uses only prefix-states. Start with the initial state, which is a prefix-state of s,. Now
consider any reachable prefix-state s # s,. The time-aware train selection rule (Section 4.1)
selects exactly one train that has not yet been fully specified. Apply the path extension that
follows the route and stop choices of this train in s, and, whenever a newly entered TTD
section creates multiple ordering branches, choose the branch matching the ordering of s,.
The resulting successor s is again a prefix-state of s,. Each such step strictly increases the
amount of specified information (at least one additional edge and, if applicable, additional
stop information), and there are only finitely many edges and scheduled stops. Hence, s,
is finally reached, and there is a path from the initial state to s, in the time-aware state
space. <

» Theorem 18. The (time-aware) state space as defined in this section is a (directed) tree.

Proof. Assume the contrary, then there is a state s with two distinct successors s and s3
and a state § such that in the state space there is a path from both sj” and s3 to 3. Since s
is only expanded on a single train”, say tri, in the time-aware setting, sf and 53‘ can only
differ by the routing data (i.e., path, stop position, or relative train ordering on some TTD
section or boundary vertex) of try. However, this difference would not be reverted (since the
routing data is only extended and not changed in future states) and, hence, be forwarded up
to §, which is a contradiction. <

4.2 Path Extensions

[4] proposes two ways to extend paths of a given train. The basic idea is to move trains one
edge at a time. At a turnout, this leads to multiple successor states; besides that, the path
extension is unique.

» Example 19. Consider Figure 7a with a single train. Neighboring states differ by exactly
one edge. At the turnout’s vertex, two possible successors exist: the train can either turn
left or stay on the main line.

Often, the path extension is unique. Hence, it seems sensible to skip some intermediate steps
that do not add value. Recall that in [4] the train ordering is deduced by whichever train
extends on an edge first. Thus, we can safely combine multiple edges into a single transition
as long as the train ordering is the same across all added edges. On a single track, trains
cannot overtake each other. Because of this, [4] proposes to extend train routes up to the
next turnout’s TTD section.

» Example 20. Consider Figure 7b with a single train that has not entered the network yet.
First, the train can enter up to TTDI, i.e., the first turnout. It can then transition to either
move left or stay on the main line. However, the choice is directly extended up to the second
turnout (TTD2).

Looking at Example 20, it is apparent that stopping at TTDI1 is not necessary, since any
other train trying to cut in must use the edge already blocked by the considered train. If the
network consisted of additional trains, these might be moved in intermediate states before
the considered train advances. Hence, we propose to further reduce the state space. A train’s
path extension shall only end at “relevant” TTD sections, i.e., a TTD section that can be
traversed by another train without using the entry edge blocked by the current train.

7 This did not hold for the state space introduced by [4], which caused the reexploration issue described
in Section 3.3.
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(a) Single-Edge Movement.

(b) Multi-Edge Movement.

(c) Relevant-TTD Movement.

Figure 7 State Transitions.

» Example 21. Consider Figure 7c with the same initial state as in Example 20. Instead
of adding an intermediate state, where the train moves to the first turnout, two successor
states are generated directly, both moving to the first “relevant” turnout.

5 Case Study

We extend the implementation from [4] by the adaptations described in Section 4. The
proposed method is implemented in C++ and is open-source as part of the Munich Train
Control Toolkit (MTCT), available on GitHub at https://github.com/cda-tum/mtct.
For testing, we use the benchmark from [4], which is also available in the above-mentioned
repository. It contains several network families, including instances inspired by the Munich
Stammstrecke; these instances have comparatively few routing alternatives but an increasing
number of trains. Different variants of the algorithm were tested on an Intel(R) Xeon(R)

W-1370P system with a 3.60GHz CPU (8 cores) and 128GB of RAM, running Ubuntu 20.04.

As discussed, the search variants differ in two aspects. First, they differ in the rule used
to select the next train whose path is expanded. For this, we compare the strategy from [4]
with the time-aware train selection strategy proposed in Section 4.1. In both cases, the
relative train orderings are determined by that train selection rule.

3:13

ATMOS 2026


https://github.com/cda-tum/mtct

3:14 Time-Aware A* for Optimal Train Routing on Moving Block Systems

100 :

20
80 ==

70 ==y === = Single-Edge*
—t —— Multi-Edge*

601 - f - ~—— Relevant-TTD

IS
3 1.4 o | I == Single-Edge Time-Aware
Z gt I e === Multi-Edge Time-Aware
2504 4 jm===mi_ I == Relevant-TTD Time-Aware
< EA __|"':...‘._‘_‘_i -=-=+ Relevant-TTD Time-Aware (¢ = 5)
% 401 i 4+ ‘_ - .- Relevant-TTD Time-Aware (¢ = 10)
x oo | 1
fn} : N -
|__|-——r * previous work
L) s £ ‘ r
b — I
20 4 ] N ’_J{"_—____r

107t 10° 10t 102 10°
Runtime [s]

Figure 8 Runtime comparison.

For each of the two train selection strategies, we test three path extension strategies: the
two already proposed by [4] and the extension discussed in Section 4.2.

Single-FEdge: A train’s path is extended by exactly one edge at a time, see Example 19.

This strategy was originally proposed by [4].

Multi-Edge: A train’s path is extended by multiple edges at a time until arriving at the

next TTD section (usually a turnout), see also Example 20. This strategy was originally

proposed by [4].

Relevant-TTD: Similarly to Multi-Edge, however, a path extension does not end at a

section that cannot be traversed without using the edge on which the train in question

approaches it (hence, the train cannot be required to wait there for a train on a different

path), see also Example 21.

We ran all instances with a 30-minute (1800-second) timeout. The results are shown in
Figure 8. The x-axis denotes runtime in seconds and is log-based, so both easy and hard
instances can be compared in a single plot. The y-axis shows the percentage of instances that
could be solved within the given time. Hence, in general, lines to the left/top correspond
to faster algorithms. The raw data can be found in Appendix A and contains information
on runtimes, gaps, the number of (distinct) states simulated, and the number of states that
were reexplored.

We were able to reproduce the results reported in [4]. Consider the solid lines in Figure 8
that represent the search algorithm without the time-aware train selection proposed in
this work. Again, extending states by more than one edge at a time improved the runtime
notably. At the same time, the improvements do not allow solving significantly more instances.
Most notably, all variants described in [4] struggle to route trains on instances inspired by
the Munich Stammstrecke, even though these instances offer only a limited set of routing
choices. This indicates that the previous approach scales badly with the number of trains.
In Appendix A, we provide information on how many states were reexplored. In the extreme
case, approximately 58% of explored states had been seen and simulated before. This confirms
that the problem described in Section 3.3 is not only theoretical, but of practical relevance.

A significantly larger runtime improvement comes from the time-aware train selection
strategy (dashed lines) proposed in Section 4.1. On the Munich Stammstrecke instances
mentioned above, the resulting runtimes are consistent with the limited number of routing
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alternatives. An instance with 16 trains, which timed out in [4], can now be solved in
approximately 1 second. While this is an extreme case, it illustrates how strongly reexploring
states can affect performance. The same effect, though less pronounced, is also evident across
all other tested networks.

All variants discussed so far retain the same theoretical optimality guarantee under
Assumption 11 [4, Corollary 17]. Consistent with that theory, changing the strategy affected
the runtime but did not influence the objective value of the returned solution on the tested
instances.

Finally, we ran the best-performing exact strategy with higher weights ¢ € {5,10}. The
search algorithm is guided more towards goal states, and as a result, the result is no longer
guaranteed to be optimal. With this, we were able to find feasible solutions to all tested
instances within 20 seconds. Wherever the true optimum was known, we compared the
objective values. In the worst case, the objective value doubled. On the other hand, the
median increase in objective value was around 9.5% (¢ = 5) and 14% (e = 10) respectively.

6 Conclusions

In this work, we have extended an algorithm for optimal train routing based on A* [4] by
significantly reducing the state space. We conclude that the previous version frequently
expanded to states it had already explored before (Section 3.3). Because of this, an alternative
state space was proposed by introducing a time-aware train selection rule (Section 4.1). The
resulting state space is a (directed) tree, preventing undesired reexploration.

Section 5 showed that the addressed issue had a significant impact on runtimes. Across a
small benchmark set, solving times are significantly reduced while still returning solutions with
the same objective values as the corresponding exact variants and while retaining the same
conditional optimality guarantee. Moreover, the approach remains flexible, and the simulator
can (in theory) be replaced by any other simulation system satisfying Assumption 11, e.g., a
more efficient event-based simulator. Additionally, this allows easy adaptation to other and
future control systems. We provide all implementations open-source as part of the Munich
Train Control Toolkit, available on GitHub at https://github.com/cda-tum/mtct.

At the same time, we still experienced significant runtimes in some instances. Approximate
search algorithms on the proposed state space could provide further improvements, but at
the cost of losing optimality guarantees. A natural choice is to use a weighted version of A*
that gives more weight to the heuristic and, hence, pushes the algorithm towards goal states
more quickly. While this showed a clear additional improvement in efficiency, optimality is
no longer guaranteed. A more detailed discussion on this trade-off is out of scope for this
paper. Exploring suitable approximate search algorithms for the proposed state space is left
for further research.

Overall, this work shows the importance of design choices when defining a state space
used with search algorithms. One should take extra care to ensure that, in every iteration,
the algorithm extends only towards states that provide new information the search has
not revealed before. In our case (since the objective is entirely defined by the state itself,
not the transitions), the search space should be a tree. Achieving this requires making
counterintuitive design choices (Example 16), but our case study shows that this (likely)
pays off significantly.
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—— Abstract

Railway timetables are planned periodically, but operational planners continuously need to deviate
from this base: extra trains are added, or infrastructure changes are made, requiring local updates
to the existing schedule. We study this process as a sequential extra train scheduling problem, in
which requests arrive one at a time and must be routed and timed against the existing timetable
while minimising deviation from it. Commonly, each admitted train is fixed before the next request
arrives, and all accumulated solver knowledge is discarded between calls.

We propose an incremental MaxSAT framework over Integer Difference Logic (MaxSMT) that
retains accumulated solver state across successive extra-train additions, rather than solving from
scratch after each request. We evaluate the approach on the Rhéatische Bahn network using different
solving strategies and compare against a MIP baseline. Retained solver state substantially reduces
solve time for successive additions, increasingly so as more extra trains are admitted, and is an order
of magnitude faster than MIP given the same setup. Beyond solving time, we show that jointly
re-optimising over all admitted extra trains yields better cumulative objective values, and that our
approach achieves this while prioritising adjustments in the timetable region affected by the new
request.
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1 Introduction

Periodic timetables are the backbone of modern railway operations. By repeating at regular
intervals, they support efficient vehicle and crew rostering, consistent passenger information,
and the predictability on which connecting services depend [21, 15]. Yet the periodic structure
is an idealisation: in practice, railway operations continuously require local deviations from the
periodic base. Extra services are added to accommodate seasonal demand, or infrastructure
works impose temporary capacity restrictions. These adaptations are a routine part of the
operational planning process, which runs from the moment the yearly timetable is fixed until
the operating day [1, 3].

This paper addresses one part of this operational timetabling process: given an existing
periodic timetable and a sequence of extra train requests, produce a locally adapted aperiodic
schedule that accommodates each request while minimising aggregate delays from the periodic
base. Each request must be routed and timed on a microscopic infrastructure model without
creating resource occupation overlaps with the context trains or with previously admitted
extra trains.
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This operational planning process has a structure that existing solution methods do not
exploit. Requests arrive and are processed sequentially, each producing a locally revised
schedule that serves as the reference for the next. When a new request concerns a region of
the network already affected by earlier requests, the knowledge developed while solving those
earlier problems remains relevant: the infrastructure has not changed, and the combinations
of scheduling decisions that were infeasible before are still infeasible now. A solver that is
reset between successive requests must rediscover this knowledge from scratch; a solver that
retains it can apply it directly to the new problem.

We exploit this structure through an incremental Maximum Satisfiability (MaxSAT)
framework over Integer Difference Logic (IDL), which we will call MaxSMT for the remainder
of this paper. Building on the SAT+IDL architecture of [14], we add a MaxSAT optimisation
layer that minimises timetable delays. The solver is never reset between successive extra train
additions. Instead, it carries over its accumulated state: (1) the learnt cuts, which record
which combinations of scheduling decisions are proven infeasible, (2) its lower bound proof,
which certifies the minimum objective cost reached so far, and (3) the branching decision
heuristic, which orients the search toward solutions close to the one previously found.

MIP warm-starting differs: a standard MIP solver can carry over incumbent solutions
between solves, but it discards its learnt cuts, its dual bound proof, and the branch-and-bound
search tree on each invocation.

The paper makes the following contributions:

A MaxSMT formulation for operational timetabling on a microscopic infrastructure model,

combining Integer Difference Logic for continuous event-time variables with soft clauses

penalising delays from a periodic reference timetable.

An incremental solving architecture in which the full accumulated solver state is retained

across successive extra train additions rather than discarded between solves.

Empirical evidence that retained solver state in MaxSMT substantially reduces median

total solve time, with the gain growing as the number of additions increases, while

remaining an order of magnitude faster than a state-of-the-art commercial solver under
the same solving strategy.

A finding that allowing joint re-optimisation over the full set of extra train requests,

rather than committing to the schedule of each train after a request, yields strictly better

cumulative objective values, and that the MaxSMT solver achieves this without sacrificing
its speed advantage.

A finding that the MaxSMT solver, guided by retained search state from the prior solve,

tends to concentrate revisions in the timetable region affected by each new request.

The remainder of the paper is structured as follows. Section 2 reviews the relevant
literature on operational timetabling and MaxSAT in timetabling, then identifies the research
gap this work addresses. Section 3 describes the event-activity model and the MaxSMT
encoding. Section 4 presents the incremental solving architecture and the solving strategies
evaluated. Section 5 describes the experimental setup on the Rhétische Bahn network, a
metre-gauge railway in south-eastern Switzerland. Section 6 reports and analyses the results.

2 Literature Review

We begin by establishing the incremental process of the operational railway planning and
situating the present work within the existing timetabling literature. We then review MaxSAT
approaches to train scheduling. We conclude by identifying the gap that the present work
addresses.
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2.1 Operational Timetabling as an Incremental Process

In practice, railway timetables are not constructed in a single pass but emerge through
successive refinement across planning horizons of decreasing length and increasing detail [1,
2, 3]. At each stage, the output of the previous stage serves as a starting point that is
locally adapted rather than reconstructed from scratch. At the operational layer, this means
adjusting an existing timetable to accommodate new constraints or requests (e.g. non-periodic
extra services, track possessions, or changed demand) while minimising delays from the
base schedule. Each new request triggers a local revision of the schedule constructed so far,
making the operational planning process inherently incremental.

Several papers have studied this adjustment problem; we discuss the two most directly
relevant. Kloster et al. [12] study an interactive planning workflow in which a route planner
makes successive modifications to a yearly timetable, such as adding an extra train service,
and calls a solver after each change to restore conflict-freeness. Van Aken et al. [23] address
the Train Timetable Adjustment Problem (TTAP): given an existing timetable and a set of
planned infrastructure possessions, find an adjusted timetable that minimises cancellations
and deviations from the original. Both papers share the delay-minimisation objective that
the present work also adopts.

Kloster et al. solve a MIP with lazy constraint generation, operating on a mesoscopic
model in which the periodic timetable is projected onto a single operating day; solver state
is maintained as constraints are added during lazy generation, but is discarded between
successive planning calls. Van Aken et al. extend the PESP formulation with cancellation
variables and a row-generation approach for station capacity, operating on a macroscopic
network model. Their approach starts with an initial periodic solution and produces a single
adjusted timetable that must also be periodic.

2.2 MaxSAT in Timetabling

A growing body of work has established MaxSAT as a competitive solution method for railway
timetabling problems where the objective is to find a conflict-free schedule minimising delay
from a reference or ideal timetable. Croella et al. [5] apply MaxSAT via the RC2 algorithm to
a Dynamic Discretisation Discovery model for real-time train rescheduling. Lemos et al. [13]
develop an iterative MaxSAT encoding for scheduling under disruptions. Gouveia et al. [10]
address a non-periodic timetabling variant that combines route choice, train cancellations,
and delays from an ideal timetable. Matos et al. [18] combine MaxSAT with reinforcement
learning to optimise periodic timetables. Fuchs et al. [9] use a binary-search MaxSMT
approach to optimize the stability in periodic timetables.

Across this body of work, incremental reuse of solver state takes two forms. Within a
single optimisation run, Croella et al. design their variable encoding so that refining the
time discretisation only adds new constraints and never invalidates existing ones, which
makes the accumulated clause database directly reusable across iterations. Across separate
solve invocations for adapted problem instances, only Lemos et al. investigate explicit state
retention: they carry the search state into each re-solve triggered by a new disruption, and
report an average 25 % speed-up. Unlike Croella et al., however, the search space expansion
method they use to handle problem scale arising from discretisation is incompatible with
solver state reuse.

4:3
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2.3 Research Gap

This paper targets the operational layer: given a valid periodic timetable and a sequence
of extra train requests, the task is to produce a locally adapted aperiodic schedule that
accommodates each request while minimising the delay from the periodic base. The literature
reviewed above leaves this problem unaddressed from two complementary directions.

The papers closest to this work at the problem level [12, 23] treat each planning call as
an independent optimisation: previously adjusted trains are fixed before each new solve, and
all solver state is discarded between calls. For Kloster et al., this is an inherent consequence
of lazy constraint generation: to handle a request in a different region of the timetable, the
solver must restart from scratch to discover the constraints relevant to that region, so no
conflict structure accumulated in one call can transfer to the next. Neither paper exploits
the incremental structure of the operational planning process at the solver level.

The papers closest to this work at the methodology level [5, 13, 10, 18, 9] do not demonstrate
the benefits of retaining solver state across a growing sequence of problem additions under
an encoding that is complete from the outset. Lemos et al. [13] retain state across re-solves
but cannot do so under the search space expansion they require to handle problem scale.
The incremental MaxSAT literature establishes that state retention across related instances
can yield measurable performance gains [20, 22], but this has not been shown on a practical
combinatorial optimisation problem such as operational timetabling.

The present work addresses both gaps simultaneously by encoding the full constraint
structure within the MaxSMT solver from the outset, on a microscopic infrastructure
model. Because the encoding is complete, learnt cuts accumulate across the entire constraint
space with each solve, and successive extra train additions can draw on this full body of
accumulated knowledge. We demonstrate empirically that retained solver state outperforms
both a warm-start MIP and a cold-start MaxSMT baseline.

3 Problem and Model

We consider the problem of scheduling a set of extra train requests against an existing periodic
microscopic timetable. A valid periodic timetable for a single operating day is given as
input: as supplied, its trains occupy the infrastructure without conflict, and their published
arrival times define the reference from which delays are penalised. We refer to these as
context trains. Context trains are not held to the input schedule: their routes through the
microscopic infrastructure may be reassigned, while keeping the sequence of stations served
fixed. The event times may move within hard windows around the published arrival and
departure times. Departures may only be delayed since passengers plan around them, while
arrivals may shift in either direction. Because routes and event times may change, resource
occupation must be resolved anew across all trains whenever the timetable is revised, and
the conflict-freeness of the input does not carry over.

A set of extra train requests is to be scheduled on top of this context. Each request
specifies a sequence of stations together with a desired departure and arrival time at each
serviced station; the extra train must be routed through the network so that it serves the
requested stations in the given order, without conflicting with context trains or with other
extra trains already admitted to the schedule. Its time windows are considerably wider than
those of the context trains, since an extra service carries no published time that passengers
already rely on. The planning task is to find, for every train, context and extra alike, a route
and a set of event times that are jointly feasible, while minimising the aggregate delays from
the reference arrival times.
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3.1 Event-Activity Model

We model the train scheduling problem using the Event-Activity Network (EAN) framework;
we refer to existing work [8] for the full derivation and give only a brief account here.

The network is a directed graph G = (£,.A) whose components correspond to individual
trains, with nodes and edges defined as follows:

Events e € £ represent scheduled timestamps such as arrivals, departures, or passing times
at infrastructure elements. Each event e carries a timing variable t. > 0 and hard time
bounds lb, < t. < ub,.

Activities a = (e, e’) € A are directed edges representing precedence relations between
pairs of events belonging to a single train, such as running times over track sections or
dwell times at stations. Each activity imposes a duration constraint lb, < t.r —t. < ub,
and is associated with a set of resources R(a) C R. A resource r € R(a) is occupied during
the interval [t., tor + 0(r, a)], where §(r,a) is a release time that enforces the required
separation between successive trains. The same resource can appear in the resource sets of
multiple activities, whenever those activities must reserve the same physical infrastructure
element.

An example EAN for a single train is shown in Figure 1. A feasible solution requires:
route selection, a single source-to-sink path for each train; temporal feasibility, event timings
respecting all event and activity bounds along the selected path; and resource conflict
resolution, no resource occupied by more than one train at any point in time.

Figure 1 The EAN for a single train [8]. Events (nodes) and activities (links) carry time bounds
as described in the main text; each activity’s resource set R(a) is shown alongside it.

3.2 Encoding with SMT

All constraints in the event-activity model can be reformulated as either clauses over Boolean
variables or difference constraints of the form t; —¢; > I;;, the latter activated conditionally
on the route selection; we refer to [8, 9] for the complete formulation. Event times are integer
variables in units of 1s.

The IDL theory represents the active difference constraints as a directed weighted graph [4]:
each timing variable ¢; is a node, and each active constraint t; —t; > [;; adds a directed edge
from t; to t; with weight [;;. A partial assignment is timing-feasible if and only if this graph
contains no positive-length cycle. The theory propagator detects such cycles incrementally as
the SAT solver makes Boolean assignments; when a cycle is found, the activation literals of
its constituent edges form a theory lemma, a clause asserting that this combination of active
constraints is infeasible, which is added to the SAT solver’s clause database and guides the
subsequent search.

4:5
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4 Algorithm

The central contribution is an incremental solving architecture in which the accumulated
MaxSMT solver state is retained and reused across successive extra train additions. As back-
ground, we first introduce the core-guided MaxSAT algorithm that underlies the optimisation
layer in Section 4.1. Then, Section 4.2 describes the encoding of the delay objective over IDL
timing variables; Section 4.3 presents the architecture and the soundness argument for state
retention; Section 4.4 defines the six solving strategies compared empirically in Section 6.

4.1 Core-Guided MaxSAT

On top of the SAT+IDL solver we build an optimisation layer using the RC2 algorithm [11],
a core-guided MaxSAT solver [19, 17]. MaxSAT partitions constraints into hard clauses,
which must hold in every solution, and soft clauses, each carrying a weight equal to the cost
of its violation. The objective is to find a satisfying assignment to the hard clauses that
minimises the total weight of violated soft clauses.

RC2 iteratively calls the SAT solver. All soft clauses are initially assumed to hold. If this
is infeasible, the SAT solver returns an UNSAT core: a subset of soft clauses that cannot
simultaneously hold together with the hard clauses. The minimum weight among the clauses
in the core is a certificate that the objective must increase by at least that amount, thereby
tightening the lower bound. RC2 then encodes the relaxation of the core as a cardinality
constraint which asserts that at least one clause in the core may be violated, and permanently
adds it to the clause database. Then it probes the solver again at the updated bound. This
repeats until the solver returns a feasible solution, which is then provably optimal.

4.2 Timing Objective in MaxSAT

The combination of a MaxSAT solver with an IDL theory lets us encode an objective function
directly over the continuous timing variables in the theory, rather than solely over Boolean
variables. Thus, though the objective function remains discrete, scheduling itself can be
done to the precision-level of the IDL theory. To our knowledge, this combination has not
previously been applied in railway scheduling.

The objective minimises the weighted sum of delays from reference times: for context
trains, delay from their published arrival times; for extra trains, delay from the preferred
arrival time at each serviced station. Both are encoded identically. For each objective event
e with timing variable ¢. and reference time ¢}, we introduce n Boolean activation literals

,...,1¢ together with the following conditionally activated difference constraints:

I = te<t.+k-60s, k=1...,n

Each literal I}, is added as a soft clause carrying weight 60, so violating it contributes one
minute to the objective. The encoding is tightened by adding the implication chain

5 = 15,  k=1,...n—1,

as hard clauses. The chain is valid because t. <t} + k- 60s implies t. <5 + (k+1) - 60s, so
setting any literal to true forces all later ones to the same value.

All soft clauses carry the same weight, across events and across the delay minutes of a
single event, so the objective is step-wise linear in total delay and indifferent to its distribution;
different weights would express other distributional preferences without altering the encoding.
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The granularity of 60s per soft clause matches the precision of the published timetable:
delays below one minute are not observable to passengers or reflected on public departure
boards, so the first minute of delay incurs no penalty. Granularity also controls the encoding
size: a finer discretisation would produce more accurate cost distinctions but also lead to a
proportionally larger clause database. 60s balances these considerations and matches the
objective discretisation used in prior MaxSAT timetabling work [5].

4.3 Incremental Architecture

When a new extra train request is added to an existing feasible schedule, the new solve
begins from the full state accumulated during the previous one, rather than discarding it. In
the MaxSMT framework, four components make up this retained state:

Conflict clauses. When the SAT solver reaches a contradictory variable assignment, it
analyses the chain of decisions that led to the contradiction and derives a confiict clause:
a constraint that rules out that combination of assignments in any future search.

Theory lemmas. The clauses generated by the IDL propagator when it detects a positive-
length cycle in the constraint graph (Section 3.2). They are analogous to conflict clauses,
but encode infeasibility of timing combinations rather than propositional contradictions.

Core clauses. When RC2 identifies an UNSAT core among the soft clauses, it encodes the
resolution of that core as a cardinality constraint and adds it permanently to the clause
database.

Search statistics. The SAT solver maintains an activity score for each variable that reflects
how often it appeared in recent conflicts, and uses these scores to decide which variable
to branch on next. It also records the last assignment used for each variable. When the
solver is not reset, both the activity scores and the saved assignments carry over: the
solver begins the new search already biased toward the variables and assignments that
were informative in the previous one.

The reason all four components remain valid across solving iterations is that the instance
only becomes more constrained between successive solves: each new extra train addition
introduces new variables and new constraints, but never removes or relaxes any constraint
present in a prior iteration. This monotone strengthening property guarantees soundness.
Conflict clauses and theory lemmas are derived by resolution and cycle detection, respectively;
both are valid for any instance that includes the constraints used to derive them, and since
those constraints are never removed, both remain valid after strengthening. A core witnesses
a lower bound on the objective. When the constraints are tightened, the set of satisfying
assignments can only shrink, so any previously identified core remains infeasible and its
associated lower bound remains valid. Finally, search statistics are heuristic: the solver
remains complete regardless of the activity scores and saved variable values it inherits, so
carrying them over can only affect efficiency, not correctness.

None of these components is novel in isolation; the contribution lies in their composition
within the operational timetabling setting, where the instance changes only locally between
successive solves. The claim is that clauses and cores discovered while scheduling earlier
extra trains recur when scheduling later ones, and need not be re-derived from scratch.

Here, MIP warm-starting differs. Gurobi retains incumbent solutions between solves but
keeps neither the branch-and-bound tree nor any learned cuts, so both the knowledge about
infeasibility and the progress toward proving the lower bound are lost on each invocation. The
MaxSMT solver retains both, which is the basis for the empirical comparison in Section 6.
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Table 1 The four sequential solving strategies, formed by combining the treatment of previously
admitted extra trains with the treatment of the solver state between solves. Flexible-persistent is
our proposed method; Commit-reset most closely matches the workflow of Kloster et al. [12].

Solver state between solves

Retained Discarded

. . Remain free  Flexible-persistent  Flexible-reset
Admitted extra trains . . . .
Committed  Commit-persistent Commit-reset

4.4 Solving Strategies

Extra train requests may arrive all at once or one at a time, both being operationally
realistic. When requests arrive sequentially, there are two independent choices. The first is
a problem-level choice: whether an extra train, once scheduled, remains completely free to
be rescheduled when later requests arrive (Flexible), or is committed and thereafter treated
exactly as a context train (Commit) keeping route flexibility but with reduced time windows.
The second is a solver-level choice: whether the accumulated solver state is retained across
solves (persistent), as described in Section 4.3, or fully discarded before each solve (reset).
Combining the two axes gives the four sequential strategies in Table 1.

In addition, we evaluate two Batch strategies in which all requests are encoded simul-
taneously and solved in a single invocation. In the all-extra-trains variant, the solver is
warm-started from the periodic solution. In the one-shot variant, the full periodic timetable
is encoded together with all requests and solved from scratch.

The Flexible and Batch strategies yield the same globally optimal objective value: because
all extra trains remain free throughout, each solve jointly optimises over the full set of requests,
regardless of delivery mode or state-management choice. The Commit strategies trade this
guarantee for a smaller search space. Committing each newly scheduled train before the next
request arrives removes degrees of freedom and reduces solve time, but forfeits the ability to
make joint adjustments when a later request would benefit from revising an earlier decision,
potentially leading to a worse objective value.

5 Experimental Setup

All MaxSMT experiments use a custom implementation of RC2 [11] on top of Mini-
Card v1.2 [16, 6] extended with IDL theory propagation [14]. The MIP baseline uses
Gurobi v13.0.2. The methods are used within the OpenBus toolbox [7]. Both run on a server
using 4 cores of an AMD EPYC 7763 CPU allocated 16 GB of RAM. Each experiment is
repeated multiple times; run-to-run variation arises from non-deterministic encoding order
and server load rather than from solver randomness, as MaxSMT runs deterministically.
The comparison is set up to favour the MIP wherever a choice arises. We use the dedicated
formulation of the event-activity model of Fuchs et al. [8], developed for this problem class
and competitive on instances of comparable size. Both solvers receive the same problem data,
preprocessing, and model strengthenings from that work, and the MIP additionally uses all
four cores, whereas MaxSMT is single-threaded. Because Gurobi has been shown to handle
discretised objectives in railway scheduling less well than a MaxSAT solver [5], the MIP is
also given a continuous relaxation of the discrete objective function: it halts as soon as it
finds a feasible solution whose continuous objective value is at most the optimal discretised
MaxSMT objective, and therefore never certifies optimality of the discretised problem.
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Figure 2 Services in the RhB network. The 14 passenger services run bi-directionally once an
hour; the motorail (Autozug) runs twice an hour in each direction. The 240 trains make up the
context trains for the experiments.

Network and Context Trains. The experiments use infrastructure from the Rhétische
Bahn (RhB), a metre-gauge network in the canton of Graubiinden, Switzerland, shown in
Figure 2. A perfectly periodic solution for the base timetable is provided as input: each train
in the timetable is scheduled once an hour in each direction over 8 hours, with the schedule
being periodic in both route choice and timings.

The arrival times at stations define the reference from which delays are penalised. Context
trains may deviate from their published times within a window of [0, +5 min] at station
departures and [—5min, +5min] at station arrivals; windows at intermediate events are
propagated from these bounds, given minimal travel times [8].

For tractability and interpretability, Sections 6.1-6.3 use only the Chur—Arosa section: the
two lines (RE6, R16) visible in the centre of Figure 2, consisting of 8 passing loops connected
by single-track corridors. The infrastructure is small enough to visualise the timetable in full,
while the single-track structure and two trains per hour per direction produce a high density
of resource occupation that prevents trivial scheduling of additional services. Section 6.4
extends to the full RhB network to assess scalability.

Extra Train Requests. Extra train requests are generated by sampling a desired departure
time uniformly at random from the 8-hour window and choosing a direction of travel at
random. For the Chur—Arosa experiment, all 10 requests are for the same service type: a

! Reproduced from: https://www.rhb.ch/de/streckennetz/
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Table 2 Instance dimensions for the two experimental networks. Base is the periodic timetable
before any extra train is added; final is the instance after all extra train requests have been admitted.
Routing decisions count the Boolean route-branching variables; conflicts count pairs of activities
competing for the same resource, each introducing an ordering decision.

Trains Events Routing dec. Conflicts
Network Base Final Base Final Base Final Base Final
Chur—Arosa 32 42 6432 8012 1696 2226 3976 33255

Full RhB 224 254 110688 118613 19392 21138 98035 242755

Added per extra train request (min-maz)
Chur—Arosa 158 53 837-4339
Full RhB 125-409 36-91 51-13970

train with one intermediate stop making three scheduled calls in total. For the full-network
experiment, 30 requests are generated across 5 service types, with the service type chosen
at random for each request, along with the direction and desired departure time. In both
cases, the full set of requests, including their order of addition, is sampled once and held
fixed across all runs and all solver configurations, so that differences in solve time reflect
solver behaviour rather than instance variability.

Each request specifies a sequence of stations and a desired departure and arrival time
at each serviced station, with a time window of [—3 min, +90 min] around the desired time.
The desired arrival times are derived from the sampled departures based on the minimal
dwell time at the station. In the Flexible strategies, these windows apply to every admitted
extra train throughout, so a train scheduled at an earlier step can still be re-timed anywhere
within its original window; in the Commit strategies, each newly scheduled is treated as a
context train in subsequent solves, with the context-train windows above applied around the
times just scheduled for it. Its reference times in the objective remain those of the original
request, so the cumulative objective values reported for the Flexible and Commit strategies
measure the same quantity.

Instance Size. Table 2 reports the dimensions of both instances. The full RhB instance
contains 254 trains once all requests are admitted, against 160 trains with distinct schedules
in Kloster et al. [12] and 135 train lines in the largest instance of Van Aken et al. [23]. Both
papers work on mesoscopic and macroscopic models respectively, so the number of events,
routing decisions, and resource conflicts per train is considerably smaller than under the
microscopic model used here: their largest reported instance comprises 4411 events, where
ours has 118613 events. Though not reported in the two papers, the number of routing
decisions and resource conflicts will scale accordingly.

6 Results

We show in Section 6.1 that state retention reduces solve time for both solvers, but not in the
same way: MaxSMT benefits consistently across steps, whereas the MIP advantage erodes at
the hardest steps, where the warm-start incumbent diverges from optimality. Section 6.2
shows that leaving the time windows of previously scheduled extra trains free between
solves yields better cumulative objective values than when reducing them. Section 6.3 shows
that MaxSMT reaches these objective values while leaving most of the existing timetable
unchanged. Section 6.4 confirms that the conclusions hold on the full RhB network.
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Table 3 Median total solve time in seconds and factor relative to the baseline (Flexible-persistent,
MaxSMT; 9.3s), across n = 50 runs per condition. Flexible keeps all admitted extra trains free, while
Commit makes each newly scheduled extra train a context train before the next solve; persistent
retains the solver state between steps, reset discards it. Batch: all-extra-trains warm-starts from the
periodic solution and solves all requests at once. Batch: one-shot encodes the full periodic timetable
together with all requests and solves once.

MaxSMT MIP (Gurobi)
Strategy Median (s) Factor Median (s) Factor
Flexible-persistent 9.3 1.0x 559.4 60.2x
Flexible-reset 44.3 4.8 1742.3 187.3x
Commit-persistent 3.1 0.33x 44.5 4.8%x
Commit-reset 5.0 0.54 % 36.9 4.0x
Batch: all-extra-trains 14.5 1.6x 577.7 62.1x
Batch: one-shot 14.7 1.6% 1425.8 153.3 %

6.1 Solve Time: Persistent vs. Reset

We compare the Flexible-persistent and Flexible-reset strategies for both solvers and report
Batch results for comparison with sequential solving. Per-step solve times for the Flexible
strategies are shown in Figure 3; aggregate timings for all strategies appear in Table 3.

For MaxSMT, retaining solver state reduces the median total time by a factor of around
5x relative to the Flexible-reset strategy. The benefit is not uniform across steps: early steps,
where little state has accumulated, show smaller gains; later steps, where the accumulated
conflict structure is richer, show larger ones. This is consistent with the state-retention
argument in Section 4.3: the value of retained conflict clauses, theory lemmas, and RC2 core
constraints increases as the schedule becomes denser with each addition.

For MIP, the persistent strategy is around 3x faster than resetting the solver state. The
MIP therefore also benefits from state retention, though not robustly across all steps. In
steps 7 and 9 (the hardest steps as the problem has grown), the benefits of warm-starting
the MIP are relatively smaller: the median persistent solve time at step 7 is 29.8 s against
32.4 s for reset, and at step 9, 513.5s against 570.2s. These two steps dominate the MIP
aggregate solve time and erode the advantage of state retention.

The Batch strategies confirm that the advantage of state retention is not an artefact
of sequential delivery. The all-extra-trains batch, which warm-starts from the periodic
solution and encodes all requests simultaneously, takes 14.5s for MaxSMT and 577.7s for
MIP. The Flexible-persistent strategy for MaxSMT is thus measurably faster than Batch,
whereas Flexible-persistent MIP and Batch MIP are roughly comparable. Flexible-persistent
MaxSMT therefore outperforms both its MIP counterpart and its own Batch baseline.

6.2 Solution Quality: Flexible vs. Commit

Committing previously scheduled extra trains between steps reduces the degrees of freedom in
each subsequent solve, and one would therefore expect it to reduce solve time. The per-step
solve times for the Commit-persistent and Commit-reset strategies are shown in Figure 4,
and the last two rows of Table 3 report the aggregate figures.

The solve-time reduction from committing is substantial for both solvers. Comparing
Commit-persistent with Flexible-persistent with MaxSMT, the median total time drops from
9.3s to 3.1s, a factor of approximately 3x. Comparing the same for the MIP, the reduction
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Figure 3 Per-step solve time for the Flexible-persistent and Flexible-reset strategies, for MaxSMT
(left) and MIP (right), across n = 50 runs. Boxes show the median and interquartile range; whiskers
extend to the minimum and maximum. Off-the-chart median values are reported in the boxes at the
top of the chart.

Table 4 Cumulative objective value (total delay, in minutes) for the Flexible and Commit
strategies. Steps 1-8 are identical; the Commit strategies incur a penalty of 26 min at step 9, which
persists to step 10.

Step (train added)

Strategy 1 2 3 4 5 6 7 8 9 10
Flexible (min) 1 8 20 26 37 39 53 104 188 219
Commit (min) 1 8 20 26 37 39 53 104 214 245
Gap (min) 0 0 0 0 0 0 0 0 2 26

is larger: from 559.4s to 44.5s, a factor of approximately 12x. The MIP Commit-reset
strategy (36.9s) is slightly faster than Commit-persistent (44.5s). This reverses the pattern
seen in the Flexible case and shows that warm-starting the MIP can become an impediment.

The speed gain from committing comes at a cost to solution quality. Because a committed
train cannot be retimed as freely when a new request arrives, the solver loses the ability to
make joint adjustments that would reduce the aggregate delay. The effect is visible in Table 4:
the cumulative objective values for the Commit and Flexible strategies are identical through
step 8, but at step 9 the Commit strategies incur an additional penalty of 26 minutes, which
persists through step 10.

6.3 Solution Structure: Locality Bias in MaxSMT

Beyond aggregate solve times and objective values, the two solvers differ in which parts
of the timetable they modify when a new extra train request arrives. Figure 5 shows the
timetable produced after the seventh step overlaid on the timetable from the sixth step (in
grey) for MaxSMT and MIP, side by side, in the Flexible-persistent strategy.
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Figure 4 Per-step solve time for the Commit-persistent and Commit-reset strategies, for MaxSMT
(left) and MIP (right), across n = 50 runs. Boxes show the median and interquartile range; whiskers
extend to the minimum and maximum. Off-the-chart median values are reported in the boxes at the
top of the chart.

The MaxSMT solution concentrates modifications to the region affected by the new
request, with a slight adjustment to another previous extra train. Outside the displayed time
window, no further changes are visible. The MIP solution, by contrast, redistributes event
times across the full timetable horizon, with changes far from the new train both within and
beyond the displayed extract. See the Appendix for the same plot over the full horizon in
Figure 7. Across all trains present at both the sixth and seventh step, the MIP changes 230
route branching decisions and shifts 67 station arrival times by more than one minute, while
MaxSMT changes 114 route branching decisions and shifts only 12 station arrival times by
more than one minute: about half the route modifications and a fifth of the timing changes.

The difference does not reflect a sacrifice of optimality. Both solutions are optimal, and
the 60s objective granularity leaves many assignments at the same cost. The MaxSMT
solver begins each solve from the variable assignments and activity scores of the previous
one, so within this set it tends to return the solution nearest the prior schedule; the MIP
solver reconstructs its search tree and has no preference among equally good feasible points.
Operationally, the smaller revision is the more useful one: a planner reviewing the updated
timetable after a MaxSMT solve sees a change small enough to inspect, and trains running
periodically and without conflict keep their periodic timings. Nothing in the formulation
enforces this, however: it is a tendency arising from state retention rather than a property of
the encoding.

6.4 Scalability: Larger Network

To assess whether the conclusions from the Chur—Arosa experiment hold at larger scale,
we repeat the experiment on the full RhB network containing 224 context trains (excludes
the RE6 Chur—Arosa express service, as this train only runs occasionally in practice). We
schedule 30 extra train requests drawn from the five service types in Table 5, with the
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Figure 5 Space-time diagrams for the Chur—Arosa section after the seventh extra train addition
(coloured lines) overlaid on the sixth-step solution (grey). MaxSMT (left) concentrates revisions
to the region affected by the new request and a slight adjustment to one other extra train; the
remainder of the timetable is unchanged. MIP (right) redistributes event times across the full
planning horizon. The full-horizon overlay is shown in Figure 7 in the Appendix.

assignment to steps again fixed across all 21 runs. Aggregate solve timings for all strategies
appear in Table 6. For interpretability, per-step figures and reported timings refer to the run
with the median total solve time across the 21 repetitions in this section.

The patterns observed for Chur—Arosa are preserved and amplified, as shown in Figure 6a.
Flexible-persistent MaxSMT remains the fastest strategy, completing all 30 additions in
a median of 11.7min, while Flexible-reset takes nearly 30x as long. State retention thus
becomes increasingly valuable as the problem grows. Flexible-persistent also outperforms
the Batch strategies by a factor of 2x.

The per-step comparison between Flexible-persistent MaxSMT and MIP is shown in
Figure 6b and shows how warm-starting behaves at scale. Recall that the MIP is not required
to prove optimality of the discretised problem: it terminates as soon as it finds a feasible
solution whose continuous objective value does not exceed the optimal discretised MaxSMT
objective (Section 5). On this larger and sparser network, most extra train additions interact
weakly with the existing schedule and each other, and the warm-started MIP finds feasible
solutions near the warm-start incumbent quickly. Nevertheless, the median total time for
Flexible-persistent MIP is 117.7 min, dominated by the few steps where the warm-start
incumbent is far from optimality and MIP must fall back on branch-and-bound to find a
solution of sufficient quality. Step 24, the longest such step, also stands out in the objective: it
is the only step at which the Flexible and Commit strategies diverge, with Commit incurring
a penalty of 4 min. Here, the new request conflicts with a previously scheduled extra train and
requires joint re-optimisation to resolve. This single step is enough for the Batch strategy to
outperform Flexible-persistent MIP in solution time overall. In contrast, Flexible-persistent
MaxSMT handles the same step in 67.5s, within its normal range of 0.1s to 95.4s per step;
the accumulated solver state already encodes the relevant information from earlier solves, for
both feasibility and optimality.
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Flexible-reset MIP and Batch one-shot MIP could not be completed within the 10h time
limit or exceeded available memory, respectively, and are omitted.

7 Conclusion and Outlook

This paper presented an incremental MaxSMT framework for operational timetabling,
scheduling a sequence of extra train requests against an existing periodic timetable while
minimising delay from the periodic base. The central contribution is an architecture in which
the accumulated solver state is retained across successive extra train additions.

The experimental results on the Rhétische Bahn network support three conclusions.

First, state retention reduces solve time for both solvers, with the benefit growing as the
sequence of additions lengthens and the schedule becomes denser. For MIP, the advantage
is present but erodes at the hardest steps, where the warm-start incumbent diverges from
optimality and branch-and-bound is required; at network scale this erosion is severe enough
that solving everything in one batch outperforms incrementally solving overall.

Second, the performance gap between MaxSMT and MIP widens as the sequence of
additions grows. The asymmetry is in what each solver keeps: MaxSMT retains its lower
bound proof and knowledge about infeasibilities across invocations, whereas MIP discards
both on each call.

Third, leaving the time windows of previously scheduled extra trains free between solves
yields strictly better cumulative objective values than when reducing them: the Commit
strategies incur an objective penalty that the Flexible strategies avoid by exploiting the
freedom to jointly revise earlier decisions. The MaxSMT solver achieves this without
sacrificing its speed advantage, concentrating revisions to the timetable region of each new
request and producing interpretable, minimal changes for a planner to review.

Future work. The incremental architecture as presented relies on the monotone-add-only
structure of the problem: solver state is retained because the constraint set never shrinks.
This assumption is satisfied by extra train requests but excludes settings where earlier
decisions must be retracted, for example, if a request is cancelled after admission or if
a track possession modifies the feasibility of previously scheduled services. Recent work
on incremental MaxSAT solving [20] provides mechanisms for handling such retractions
while preserving accumulated state; extending the present architecture to support constraint
relaxation would open the framework to a broader class of operational timetabling scenarios.

The tendency of the MaxSMT solver to revise solutions locally arises from retained search
heuristics rather than from the objective. Making it explicit would require a secondary
criterion penalising deviation from the base timetable. In a core-guided setting this means a
second weight level over a soft-clause set. This would give planners direct control over the
stability of successive schedule revisions.
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Table 5 Service type for each extra train request in the full-network experiment.

Service type Steps

Chur — Samedan 3,4, 7,15, 16, 18, 19, 20, 26, 28, 30
Samedan —Scuol-Tarasp 2, 5, 6, 9, 10, 12, 14, 21, 22, 25, 27
Landquart — Davos 1, 23, 24

Chur —Illanz 8, 13, 17

Chur — Arosa 11, 29

Table 6 Median total solve time in minutes and factor relative to the baseline (Flexible-persistent,
MaxSMT; 11.7 min), across n = 21 runs per condition. Flezible keeps all admitted extra trains
free, while Commit makes each newly scheduled extra train a context train before the next solve;
persistent retains the solver state between steps, reset discards it. Batch: all-extra-trains warm-starts
from the periodic solution and solves all requests at once. Batch: one-shot encodes the full periodic
timetable together with all requests and solves once.

MaxSMT MIP (Gurobi)
Strategy Median (min) Factor Median (min) Factor
Flexible-persistent 11.7 1.0x 117.7 10.1x
Flexible-reset 349.1 29.9% -2 -
Commit-persistent 7.2 0.61x 31.6 2.7%
Commit-reset 106.9 9.1x 178.5 15.3%
Batch: all-extra-trains 22.0 1.9x 108.0 9.2x
Batch: one-shot 26.9 2.3% ~b -

& MIP timed out at 10h on all runs.
P MIP exceeded available memory on all runs.
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(a) Flexible-persistent versus -reset for MaxSMT. (b) MaxSMT versus MIP for Flexible-persistent.

Figure 6 Per-step solve time comparing persistent and reset strategies for MaxSMT (left) and
comparing MaxSMT with MIP with the Flexible-persistent strategy (right). Shown are the timings
for the run with median total solve time across n = 21 runs. Off-the-chart values are reported in the

boxes at the top of the chart.
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Figure 7 Space-time diagrams for Chur—Arosa case study after the seventh extra train addition
(coloured lines) overlaid on the sixth-step solution (grey). MaxSMT (top) revises only the region
directly affected by the new request and an adjustment to one other extra train; the remainder of
the timetable is unchanged. MIP (bottom) redistributes event times across the full planning horizon.
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—— Abstract

Increasing traffic density and system interdependencies in railway networks can lead to imbalanced
workload distribution among train dispatchers. Traditional dispatching-area design, often based on
historical and geographical considerations, may no longer reflect current infrastructure complexity
and coordination requirements, potentially affecting punctuality and operational robustness.

In this paper, we study the problem of partitioning a set of train stations into a predefined number
of dispatching areas, formulated as a multi-objective mixed-integer programming problem. The
objective is to minimize a weighted sum of inter-area interaction complexity and intra-area operational
complexity. Inter-area complexity captures coordination needs through the number of trains crossing
area boundaries, while intra-area complexity is modeled using station-related parameters, including
track layout, traffic density, starting and ending services, and traffic heterogeneity (mix of passenger
and freight traffic).

We apply the suggested approach to instances from the Malmé dispatching center in the southern
part of the Swedish railway network, illustrating how an optimization-grounded sectorization
framework can support structured and balanced redesign of dispatching areas. We evaluate the
model’s robustness by through sensitivity analyses on objective weights, minimum area size, and the
number of dispatching areas. These analyses provide insights into how different planning priorities
influence the resulting sectorization.
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1 Introduction

A railway network is divided into smaller regions corresponding to different parts of a country,
each supervised by a dispatching center. In turn, each region is further subdivided into
dispatching areas managed by individual dispatchers to ensure safe and efficient traffic flows.
An area may include one or several stations, such as a passenger station, a freight terminal,
or simply a section of track equipped with switches. Historically, an area corresponds to a
major station together with small adjacent ones. However, an increase in traffic demand,
timetable density, and system interdependency may significantly impact the workload level
and its distribution over time and across the network. The consequence is that some areas
may experience a high traffic density with many conflicting train paths, while others are quite
simple to manage. Such imbalanced area design has a direct impact on workload distribution
between train dispatchers, potentially affecting punctuality and operational robustness.
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To address this issue, infrastructure managers aim to redesign operational areas taking
into account station complexity, traffic flows between stations, and spatial coherence. The
objective is to distribute operational complexity more evenly while maintaining spatial
continuity. A balanced area design supports decision making, improves disturbance handling,
and contributes to more efficient utilization of human resources.

Partitioning a network into sectors, often called sectorization, can be viewed as a graph
partitioning problem. In this paper, we suggest a framework for partitioning a railway
network, given as a set of stations, into a predefined number of dispatching areas (sectors).
We apply the suggested model on instances from the Malmé dispatching center, which is
responsible for the southern part of the Swedish railway network. Today, the considered
network is divided into about 15 areas. The present structure has evolved gradually over
several decades and originates from an early organization based primarily on historically
important main stations. Our goal is to improve the area design based on the actual traffic
demand and infrastructure complexity. The contributions of this work are to propose a
relatively simple optimization model that supports design as well as redesign of dispatching
areas.

Related Work. Sectorization (also called distriction or territory design) is the process
of partitioning a larger area into smaller units according to defined goals while satisfying
given constraints [13]. Such problems arise in many practical contexts, including electoral
districting [3], road-traffic control [6], maintenance-service areas [11], school [7] and healthcare
zoning [2], police-coverage planning [4], and air-traffic-control operations [19]. The goal of
sectorization is to create manageable working sectors, in terms of workload, while certain
constraints are fulfilled [13]. Typical examples of these constraints include equilibrium
(balanced area, demand, workload, etc.), compactness (dense sector shape), contiguity (sector
convexity), capacity (upper bound), boundary (certain basic units must belong to different
sectors) and neighborhood (certain basic units must belong to the same sector). In air-traffic
control, a field with many similarities to train dispatching, researchers showed that the
workload of a traffic controller depends not only on the number of aircraft in a sector, but
rather on their dynamic characteristics, their routes, and their interaction with each other [5].
Sridhar et al. [14] defined airspace complexity through (i) structural features — fixed geometry
like airways and intersections — , and (ii) flow complexity — dynamic aspects such as aircraft
numbers and interactions. Gianazza [8] suggested a data-driven model for air-traffic-control
sectorization based on workload. The explanatory variables in their model included the
sector size, number of aircraft within a sector and their average absolute vertical speed,
incoming flow, and the number of speed vector intersections (with an angle greater than 20
degrees). Yousefi and Donohue [17] proposed an integer-programming method to improve
static airspace sectorization by balancing controller workload. They divided the airspace into
hexagonal cells, estimated each cell’s workload through simulation, and then applied an integer-
programming-based clustering algorithm to group the cells into sectors with similar overall
workload levels. Mitchell et al. [12] examined dynamic airspace design using computational
geometry to create sectors that evenly distribute controller workload over time, rather
than depending on static boundaries. Xue [16] proposed a two-step approach to sectorize
airspace. The first step, consists in generating initial sectors based on Voronoi diagrams, and
then a genetic algorithm is used to fine-tune the sectors’ boundaries while optimizing the
performance (low coordination between sectors) and balancing workload. Granberg et al. [9]
presented a mixed-integer-program (MIP) framework for airspace sectorization in terminal
maneuvering areas, incorporating airspace complexity and geometric constraints to support
effective conflict management.
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Sectorization of train-dispatching areas has been addressed by several researchers. Zhao et
al. [18] formulated the train dispatcher desk districting problem as a MIP to create contiguous,
feasible, and workload-balanced districts while minimizing inter-desk coordination. In their
approach, they balance workload by minimizing the deviation between districts’ workload
and an average workload value. The workload is estimated using proxies based on section
length and train movements, including the number of trains traveling through sections and
stopping at stations. In contrast, in the present study we focus on districting stations
while omitting the explicit assignment of track sections, which can subsequently be handled
through operational rules of thumb, such as dividing sections at their midpoint. Furthermore,
workload estimation in our study is based on a weighted combination of five operational
characteristics: track-layout complexity, traffic density, starting and ending services, traffic
heterogeneity in terms of passenger and freight traffic mix, and inter-areas flow. Instead
of minimizing workload deviations from a single average value — not well suited to either
our approach or our data — we propose different workload balancing strategies depending
on the specific type of workload being considered. To solve instances for a real high-speed
railway network, Zhao et al. [18] needed an iterative-search-based heuristic, which resulted in
a total computation time below 33 minutes. Wang et al. [15] addressed the same problem as
Zhao et al [18] and generalized it from a railway-dispatcher-specific formulation to a general
simultaneous node-and-link districting problem, using column generation and a hybrid
exact—heuristic framework to yield near-optimal or optimal solutions for most instances.

In general, sectorization/districting problems are NP-hard [1, 10]. In our approach, we
propose an exact method based on a MIP formulation. We formulate the dispatching-area
design problem as a multi-objective optimization problem due to its conflicting criteria and
use scalarization methods to explore the Pareto-optimal solution space. Since the practical
requirements neither impose strict area connectivity (traffic is allowed to leave and re-enter
an area) nor the compactness of the areas (given the eel-like shape of the network), we can
use a simplified model structure. As a result, we solve real-world instances to optimum or
near optimum within acceptable computational times.

The remainder of this paper is organized as follows. In Section 2, we formulate the
problem statement. In Section 3, we present the MIP formulation. In Section 4, we describe
the experimental setup. In Section 5, we present and analyze the results. Finally, in Section 6,
we conclude with future work and recommendations.

2 Problem Statement

Our sectorization problem consists of determining an optimal partition of a set of train
stations S into a set of areas A with a predefined cardinality. The problem statement of our
dispatching-area-design is as follows:

Given: A set of train stations; a set of adjacent station-pairs; the number of train
tracks, movements, and starting and ending train services in each station, as well as the
corresponding maximum values among all stations; the number of crossing train movements
between each pair of stations; a set of trains operating in the network; a list of trains visiting
each station and the number of yearly movements for each train; the number of passenger
and freight trains in each station per year; a list of factor weights representing the priorities
between the objectives; and a predefined number of areas representing dispatching sectors.

Find: an area partition of the stations into a predefined number of areas such that each
station is assigned to exactly one area, inter-area interaction, measured by area-crossing
train flows, is minimized, and the resulting intra-area workloads are as balanced as possible.

5:3

ATMOS 2026



5:4

Dispatching-Area Design

Workload balance is achieved by minimizing a weighted sum of deviations from predefined
reference values, derived from the largest stations, for the total number of tracks in each area,
the total number of starting and ending train services in each area, and the total number of
train movements in each area. In addition, we promote traffic homogeneity within each area
by encouraging each area to be dominated either by passenger trains or by freight trains.

3 Mathematical Formulation

We view the dispatching-area design problem as involving multiple, often conflicting, criteria.
Improving one aspect of the design may negatively affect another — for example, reducing
inter-area complexity may increase intra-area workload. We therefore formulate the problem
as a multi-objective optimization problem, aiming to characterize the trade-offs between
the two competing criteria: the complexity within areas and the complexity of inter-area
interactions.

The complexity within areas is determined by the complexities of the stations assigned
to each area. Each station i is associated with parameters representing its complexities,
captured by (i) the number of tracks in the station, (ii) the number of starting and ending
train lines, (iii) the number of unique trains visiting the station, and (iv) the heterogeneity
of the traffic (passenger versus freight trains). The inter-area interaction complexity is
determined by the number of trains flowing from one area j to another. The objective is
to find a partition of with the lowest total cost, defined as a convex combination of the
complexity factors within each area and the complexity of inter-area interactions.

We model the problem as a MIP:

fk _ mzn
minimize Z ag fmm (1)
subject to:

v o= 1 Vies 2)

J
fs = Z Pi,ir - My 4 (3)

{i,i’}eE

Yig — Yirj < piw Vi€ AV{i,i} e E (4)
Yirj = Yig < Db Vje AV{i,i'teE (5)
S by T < Vi€ A,k € {1,2} (6)
= likeyis < Vj € A,Vk € {1,2} (7)
o 2 Yyt VieAVneT 8)
tim < Zyw “tin Vi€ AVneT (9)
tmaz — Zt?fn t < fs Vje A (10)
Zym -my < Ja+ M -z Vje A (11)
< fa+M-(1-2z) Vi€ A (12)
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vi,; € {0,1} Vies jeA (13)
pij € {0,1} V{ii'}eE (14)
t3h, € {0,1} VieA neT (15)
zj € {0,1} VicA (16)
fr €RT Vke{1,2,3,4,5} (17)

The main decision variable is the binary y; ;, which assigns a station i to area j whenever
y;,; = 1. The variable f;, (with k € {1,2,3,4,5}) is used to determine the workload balance
for each workload factor. We present more details on the variables and parameters used in
the model in Table 1.

The first constraint (2) assures that each station is assigned to exactly one area. Con-
straint (3) defines the fifth component of the objective value, f5, which represents the total
number of train movements between areas. Constraints (4) and (5) activate the variable p; ;s
whenever stations ¢ and i’ are assigned to different areas, which would result in a penalization,
in the objective function, by a weight factor m; ;s corresponding to the train movements
between the adjacent station pair {i,i'}. Here, {4,7'} denotes an element of the set of edges
FE in the adjacency graph. This component of the objective function is represented by f5.
Constraints (6) and (7) define the variables f; and f as upper bounds on the deviation of
the area workloads from their respective maxima, where £7*** and £5'** denote the maximum
number of tracks and the maximum number of starting and ending train services in a station,
respectively. These parameters, ¢7*** and ¢5'**, are derived from observations at large
stations, such as Malmo6 Central. Minimizing deviations from these workload values promotes
a balanced allocation of workload across areas. Since high workload levels are typically
associated with large stations assigned to specific areas, balancing the workload may require
aggregating smaller stations into other areas to reduce workload disparities.

Balancing the number of train movements between areas is achieved by minimizing the
deviation between the number of trains (from the set of trains T indexed by n) visiting each
area and the maximum number of trains, t,,4,, observed at a station, typically a large one.
This deviation’s upper bound is determined by the variable f5 (see Constraint (10)). We use
Constraints (8) and (9) to determine the binary variable ¢$", for whether a train n visited an
area j, based on whether the train n visited a station 7 assigned to the area j.

Given that we aim for traffic that is as homogeneous as possible — that is, areas domin-
ated either by passenger trains or by freight trains — we introduce the integer variable fy,
representing an upper bound on the minimum number of passenger (m%) or freight (m; )
trains across all areas (see Constraints (11) and (12)). By minimizing fy, the model seeks
to reduce the smaller of the two traffic types within each area. Consequently, stations with
relatively low numbers of either passenger or freight trains are encouraged to be grouped
into the same area, leading to areas that are more clearly dominated by a single traffic type
and therefore more homogeneous. Furthermore, we define the binary variable z;, which takes
the value 1 if area j contains more passenger trains than freight trains, and 0 otherwise.

The objective function is defined as a convex combination of the weighted complexity
measures, where the weights are denoted by oy (k € [1,2,3,4,5]). Since the complexity
measures differ substantially in scale and units, each objective term is normalized by its
attainable range. Specifically, the k-th objective is normalized as: %, where fyin
denotes the minimum attainable value of the corresponding k-th complexl{ty measure, and
fr denotes the maximum obtained value when each of the other objectives is individually
minimized ; a detailed definition of these values is provided in Subsection 5.1. By this
normalization we ensure that all objective components contribute on a comparable scale, and
that the total objective value is in the range [0.1].

5:5
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Table 1 Description of the model’s variable and parameters.

Notation Type Description
Yij var (binary) =1 if station ¢ is assigned to area j
Dii! var (binary) =1 if adjacent stations ¢ and i’ are assigned to different areas
f var max deviation of the number of tracks from the max
fo var max deviation of the number of starting/ending services from the max
f3 var max deviation of the number of train movements from the max
fa var max-min of either passenger or freight trains across all areas
fs var total number of crossing train movements between areas
(0 var(binary) =1 if train n visits area j
Zj var (binary) =1 if area j contains more passenger than freight trains
S set set of train stations (indexed by )
A set set of areas (indexed by j)
T set set of trains (indexed by n)
my param number of trains movements between adjacent stations i and 7’
01, param total number of tracks in station 7
la; param total number of starting/ending services in station ¢
e param maximum number of tracks in a large station
£ param maximum number of starting/ending services in a large station
tmaz param maximum number of train movements in a large station
tn param number of movements for train n
t7*,  param (binary) =1 if train n visits station 4
me param number of movements of passenger trains visiting station ¢
m{ param number of movments of freight trains visiting station 4
oy param cost associated with the number of tracks in areas
Qg param cost associated with the number of starting/ending trains in areas
as param cost associated with the number of train movements in areas
o param cost associated with the traffic homogeneity in areas
as param cost associated with inter-area-crossing train movements
M param a big number; given by maz (3, m!; Yo, mb)

4 Experiment Setup

We consider the railway network controlled by the Malmé dispatching center, which covers
the southern region of Sweden. The network comprises 178 operation points (driftplatser
in Swedish), including switches, stations, and shunting areas. For simplicity, we refer to all
operation points as stations throughout this paper.

The available data include route information and the annual train timetable for 2026,
specifying train IDs, train types (passenger or freight), arrival and departure times at each
station, and service frequencies. In addition, data on the number of tracks at each station

were provided. Based on these data, we derived the parameters m; i/, {1, o, tn, i\,
D

i
of train movements, tracks, and starting/ending train services were set to tyax = 299020,
0% = 27, and /5" = 170024, respectively. Both tyax and £5'** were obtained at Malmo
Central Station (Mc), whereas £1"®* occurred at Malmé Godsbangard (Mgb).

Before conducting our experiments, and to reduce the domain size and break symmetries,
we introduce several additional constraints to the MIP formulation. The first group of
constraints restricts the assignment of stations to areas based on their geographical location.

m; , and mlf . For the workload data representing a large station, the maximum numbers



T. Lidén, C. Schmidt, and R. Zahir

We begin by partitioning the network into three regions: south, middle, and north. Stations
in the southern region are prohibited from being assigned to areas 7-14 and may therefore
only be assigned to areas in the interval [0,6]. Similarly, stations in the middle and northern
regions may only be assigned to areas in the intervals [6,9] and [9,14], respectively. Note that
we allow some overlap between the admissible area assignments of adjacent regions to provide
additional flexibility. We denote the sets of prohibited area assignments by A, A,,, A, (the

complements of the allowed area assignments) for the south, middle, and north, respectively.

Based on their coordinates, we partition the stations into three subsets, S, S.,, and S,
which denote stations in the south, middle and north, respectively. In Figure 1, we illustrate
the geographical boundaries of the regions corresponding to S, Si,, and S,. The first group
of additional constraints are:

Z Yi,j = 0 Vje As (18)
1€Ss

Z vi; = 0 Vj € A (19)
1€Sm

v o= 0 Vje A, (20)
1€Sn

= e
ol

Figure 1 Partition of the network into the three regions, south (red), middle (blue), and north
(green).

To further reduce symmetry within each geographical region, we fix the assignments of
a small number of major stations to specific areas within their respective admissible area
subsets. These fixed assignments serve as anchor points and eliminate equivalent solutions
that differ only by permutations of area labels within a region.

Finally, we introduce a third constraints group to prohibit assignments of station pairs to
the same area if these stations are located too far from each other. The assumed reference
distance is 160 km, which refers to the distance between Kalmar and Rimforsa. This
assumption is based on a simple calculation: the total area under study covers approximately
60000 km?, so dividing by the number of areas (n = 15) gives an average area of 60000/15 =
4000 km?. A circle enclosing this area would have a diameter of d = 2,/4000/7 ~ 71 km.
Since a circle minimizes the maximum internal distance for a given area, this value is a lower
bound: any less regular area shape will have a larger diameter. Our threshold of 160 km is
more than double this reference value, leaving sufficient margin for irregular area shapes,
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or larger areas, while still excluding implausible groupings of distant stations. We generate
the binary parameter d; ;» that is equal to 1 if the distance between the stations ¢ and i’ is
greater than the threshold distance. The new additional constraints are:

diir - (i + vir j) < 1 VYjeAVieSVviecs (21)

We believe that our assumptions, within the added constraints, are reasonable and not
overly restrictive. Large stations are unlikely to be assigned to the same area except in very
poor solutions, as such assignments would result in poor objective values with respect to both
inter- and intra-area measures. In contrast, we acknowledge that prohibiting the assignment
of certain geographically distant station pairs to the same area could affect the intra-area
workload. However, such assignments would correspond to operationally undesirable solutions
and are therefore unlikely to be of practical interest in the dispatching context.

To model and solve our MIP, we employ the Python programming language together with
the Gurobi solver (version 12.0.3). The stopping criteria are either a runtime limit of 24 hours
or achieving an optimality gap of 1%. The computational experiments are carried out on a
high-performance Sigma server (2019), equipped with Intel Xeon Gold 6130 nodes featuring
32 CPU cores and 384 GiB of memory, provided by the National Academic Infrastructure
for Supercomputing in Sweden (NAISS).

5 Computational Results

In this section, we present the results of our experiments. We begin with the normalization
step, as our multiobjective model involves objectives with different units and scales. We then
examine the impact of varying different MIP parameters in the remaining experiments.

5.1 Normalization of the Objective Value

Before the experiments, we normalize the objective function by determining the minimum
and maximum attainable values, f,g’”" and fi,. We obtain f,’g”” by solving the MIP for the
k-th objective alone, setting its weight to 1 and all others to 0. The resulting objective
values and other complexity measures are reported in Table 2. Each instance is denoted
by Ioyianas;0q:as, Where oy, is the weight of the k-th objective term. We define fr as the
highest value of the k-th objective across all instances. The last column reports the number
of disconnected and large areas. An area is disconnected if the subgraph induced by its
stations is disconnected. Although such areas can be operationally feasible — e.g., when a
large station belongs to one area and stations on several outgoing lines to another — widely
separated connected components are undesirable. We therefore track disconnected areas
throughout the experiments.

An area is considered large if it contains at least five stations. Although small areas
are acceptable, they are generally less desirable. These characteristics are not explicitly
controlled but emerge from the optimization. Thus, reducing disconnected and small areas,
particularly those interrupted by multiple other areas, would improve solution quality.

The resulting runtime for all instances was below 23 seconds. The minimum number of

tracks is f{™"

= 27, obtained for the area containing only the Mgb station, a marshaling
yard near Malmé. When targeting inter-area flow, all other objectives reach their f;, values,
showing a clear trade-off between inter- and intra-area complexities. This is further evident
from the inter-area-flow values, which are equal to f5 for all instances except the last, where
this objective is explicitly targeted. Moreover, minimizing inter-area flow results in fully

connected areas, as reducing area-border-crossing flows lowers the penalty cost. However, this
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Table 2 Normalization results, including runtime (in seconds), objective values fi1 (tracks), f2
(start-/end train services), fs (train movements), fs (freight/passenger train movements), fs5 (total
inter-area flows), and the number of disconnected and large areas (D;L). f™ and f are in bold.

instance | r obj f1 fa fa fa fs #D;L
(s) (track) | (st/end) (mov) (m’/mP) | (inter-flow) | areas
Lo | 22 | 27 27 170024 | 286612 | 1088157 | 7040596 | 12;12
Ioooo | 15 | 162647 | 80 | 162647 | 257476 | 1631859 | 7040596 | 14;12
Io;0;1,00 23 | 233629 76 169099 233629 1446174 7040596 14;13
Iooo0 | 20 | 109310 | 38 166579 | 287412 | 109310 | 7040596 | 14;13
10,0;0;0;1 12 | 479297 153 170024 | 298608 | 3521680 479297 0;8
f,:'”n 27 162647 233629 109310 479297
fr 153 170024 298608 3521680 7040596

Areas
Area 0
Area 1
Area 2
Area 3
Area 4
Area 5
Area 6

® Area7

Area 8
® Aread

Area 10

Area 11

Area 12

® Areal3

Area 14

Latitude

14
Longitude

Figure 2 Solution for Instance Io;0.0;0;1. The colored dotes denote station-area assignments.

connectivity comes at the cost of extreme imbalances in the intra-area measures. Figure 2
illustrates the partition obtained for Instance Iy.0.0.0.1, highlighting the imbalance in area
sizes, with only eight areas being large. This occurs because the solver tends to merge as
many neighboring stations as possible into large areas, leaving a small number of stations in
smaller areas that only satisfy the partition’s cardinality constraint.

5.2 Equal Weights for all Objectives

Now that the objectives are normalized, we proceed with several experiment sets. We first
assign equal weights to all objectives. The remaining sets investigate the impact of changing
the objectives’ weights (Subsections 5.3 and 5.4), restricting area size (Subsection 5.6), and
reducing the number of areas (Subsection 5.7).

In the first set, all objectives are assigned equal weights (ay = %, Vk). We report the
results in the first row in Table 3. For each obtained objective component fj, we report a

percentage value that measures its relative position within the range defined by f{*" and .
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Table 3 Results for decreasing and increasing some targeted weights.

instance r obj fi I fs fa fs #D;L
(m) | 1072 | (track) | (st/end) | (mov) | (m!/mP) | (inter-flow) | areas
]%;%;;;é;% 137 | 34 33 162647 | 233640 | 169841 1173462 10513
5% 0% 0% 2% 11%
4 .99 99 .99 99 | 50 27 53 162647 | 233640 | 163051 1035703 8;13
400400400400 400
21% 0% 0% 2% 8%
Too. 4 00, 90 90 |120 | 42 33 162859 | 233640 | 169841 1161709 9;13
400400400400 400
5% 3% 0% 2% 10%
Too 00, 4 90 90 |296 | 32 27 162647 | 266063 | 163880 1097347 6;13
400400 400’400
0% 0% 50% 2% 9%
T9o . 909 99, 4 . 90 7 43 35 162647 | 233640 | 300646 1129301 9;13
400400400400 400
6% 0% 0% 6% 10%
Too 00 90 900 4 | 11 14 33 162647 | 233629 | 118258 1741982 14;13
400400400400 400
5% 0% 0% 0% 19%
Ti56. 61 .61 .61.61 | 83 38 33 162647 | 233640 | 169841 1182046 9;13
400400400400 400
5% 0% 0% 2% 11%
Te1 156 61.61.61 | 65 26 33 162647 | 233640 | 169841 1173462 9;13
400400400400 400
5% 0% 0% 2% 11%
Te1. 61 156, 61.61 | 53 26 33 162647 | 233640 | 161285 1201512 9;13
400400400400 400
5% 0% 0% 2% 11%
Te1 . 61.61.156. 61 | 116 | 29 33 162647 | 233640 | 133680 1294482 10513
400400400400 400
5% 0% 0% 1% 12%
Te1.61.61.61.156 | 91 49 35 162647 | 233640 | 235693 1047763 8;13
400400400400 400
6% 0% 0% 4% 9%

Comparing each resulting objective component with its corresponding f*" for k € [1, .., 5],
we observe percentage increases of 5%, 0%, 0%, 2%, and 11%, respectively. The increase
in inter-area flow is relatively larger than that in intra-area imbalance, which is practically
negligible — particularly for fy and f3, which retain their optimal values. This suggests that
the first four components drive the solution consistently toward improved intra-area balance.
Furthermore, the resulting partition contains 10 disconnected areas, which remains relatively
high given that only the inter-area flow component (f5) promotes connectivity. Figure 3
illustrates the resulting partition, highlighting both the variation in the number of stations
per area and the appearance of disconnected components.

5.3 Decreasing One of the Weights

In this set, we vary the objective weights by reducing one to a low value (0.01) while keeping
the others equal. To preserve the convexity of the weighted sum, the remaining weights are
increased by g, where ¢ is the deviation from the initial value % For example, reducing the
first weight gives [% —0; % + g; % + g; % + g; é + %]. Thus, the weights always sum to 1. To
save space in the result tables, we denote instance weights as fractions rather than decimals,
using a common denominator whenever possible to facilitate comparison. The results are
reported in Rows 2-6 of Table 3.
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Areas
Area 0
Area 1
Area 2
Area 3
Area 4
Area 5
Area 6

® Area7

Area 8
® Aread

Area 10

Area 11
Area 12
Area 13
Area 14

Latitude

Longitude

Figure 3 Solution using equal weights of % for all objective components.

Comparing each objective component across instances with its corresponding f;"", we
observe that all components increase when their associated weight «y, is the smallest. However,
some components — namely f1, f4 and f5 — exhibit greater variability across instances, whereas
f2, f3 retain their £ values in most cases, except when their corresponding weights are
the smallest. Moreover, f1, f3 and f5 experience the largest deviations (+21%, +50%, and
+19%, respectively) from their respective f,’g”” values when their associated weight ay, is
the smallest, while f; and f4 remain comparatively close to their minimum values. These
observations help identify the objective components that are most sensitive to reductions in
their assigned weights and therefore the most relevant for the upcoming experiments.

In the last column, the number of disconnected areas is relatively low for all instances
except the last one, I 99 . 99 . 90 . 00 . 4 , which has 14 disconnected areas. This suggests that

400400400400’ 400
assigning a low weight to f5 leads to more disconnected areas. Comparing the objective

that fs improves whenever an intra-area weight is decreased, while it increases only when as
is decreased. This confirms the trade-off between inter- and intra-area workloads.

5.4 Increasing One of the Weights

We adopt the same methodology as in Subsection 5.3, but increase one weight at a time
instead of decreasing it, while keeping the same deviation value, 6 = 0.19. Emphasizing
the first objective yields the weight vector [0.2 4+ ;0.2 — %;0.2 — %;0.2 — %;0.2 — %} =
[0.39;0.1525; 0.1525; 0.1525; 0.1525], expressed in fractional form as [13¢; 6L, 6L 6L, GL7
We report the results in the last five rows of Table 3.

575757575

remain stable. The exceptions are f; and f4 in the last instance, (61 .61 .61 .61 .156 ), showing

. . . . 400 7-400 ? 400.’ 400 400 A
a relatively larger increase. In the same instance, f5 improves as its weight aj increases,

accompanied by a reduction in the number of disconnected areas, confirming the effect of
assigning a higher weight to inter-area flow on maintaining area connectivity. However, the
number of large areas remains unchanged across all instances, indicating that this factor is
not directly influenced by any of the considered objectives.
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To manage the trade-off between inter- and intra-area objectives, the following experiments
retain only the most representative intra-area objectives. Based on the results presented
above, we set a very low value for the weights ay and a4 and keep only the objectives f; and
f3 as representative components of the inter-area objectives.

5.5 The Trade-off between Intra-Area and Inter-Area Objectives

In this experiment set, we retain objectives fi, f3, and f5, setting the weights of the remaining
intra-area objectives to 0.01. We begin by assigning equal importance to intra- and inter-area
objectives, yielding the weight vector [%; ﬁ; %; ﬁ; %]. For subsequent instances, we
gradually increase a5 while preserving convexity of the weighted sum, aiming to improve
inter-area interaction until full connectivity is achieved across all areas. This approach
highlights the trade-off between intra-area workload balance and inter-area connectivity. We
report results in Table 4, including percentage scores of the objective components relative to
their respective fi* and fy.

Table 4 Results using the weight vector: [a1,0.01, as,0.01, as], where we gradually increase as
against a; and as.

instance r | obj f1 f2 fa fa Is #D;L
(m) | 1073 | (track) | (st/end) | (mov) | (mf/mP) | (inter-flow) | areas
T24. 1 .24.1 50 | 18 55 35 162889 | 233640 | 296445 994792 8;14
100’100’100’100’100
6% 3% 0% 5% 8%
Tio. 1 .10. 1 .60 | 110 | 60 35 162889 | 233640 | 296445 994792 8;13
10071007100’ 100°’100
6% 3% 0% 5% 8%
Tia. 1 14,1 .70 | 177 ] 65 35 162889 | 233640 | 296445 994793 8;13
100’100’100’100°’100
6% 3% 0% 5% 8%
Io 1.0 .1 s |197| 69 35 162889 | 233928 | 296445 989691 8;14
10071007100’ 100’100
6% 3% 0% 5% 8%
I 4 1.4 1 .00 | 128 | 72 59 168227 | 285503 | 362536 640258 3;11
10071007100’ 100°’100
25% 76% 80% 7% 2%
Is 1.3 .1 95 7 42 143 170024 | 298272 | 412464 498353 0;9
200°100°’200’100’100
92% 100% 99% 8% 0%

In the first four instances, from I24. 1 .2a. 1 .50 to [l o .1 .9 .1 .80, the objective

100 ' T00 5 100’ 100 100 T00 ' T00 > T00 ) T00 5 100
components remain nearly identical, with small differences in total values mainly due to the
weight settings. The number of disconnected areas is unchanged, while the number of large
areas varies only slightly, from 13 to 14. Only when «as reaches % do f1, f2, and f3 increase
substantially, accompanied by improved inter-area flow, confirming the expected trade-off
between intra- and inter-area objectives. The homogeneity component, fy4, is only marginally

affected. In the final instance, I 3 . 1 . 3 .1 .95, all areas become connected, but at the cost

. . 2001007200100’ 100
of substantially higher f1, fo, and f3 values and fewer large areas.

5.6 The Impact of Restricting the Area Size

Since the number of large areas is not directly steered in our MIP, we decide to add a new
constraint that forces all areas to include at least five stations. The new constraint is:

oy > 5 Vje A (22)
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We keep this new constraint in all remaining experiments of this paper. We rerun the
same instances reported in Table 4, this time including Constraint (22), and we present the
corresponding results in Table 5.

Table 5 Results using same instances (weights) as in Table 4 but with a lower bound on the
number of stations per area (at least 5).

instance r | obj fi fa fa fa fs #D;L
(m) | 1073 | (track) | (st/end) | (mov) | (mf/mP) | (inter-flow) | areas
T2a .31 .2a.1 50 | 16 56 35 162889 | 233640 | 296445 1001658 8;15
100’100’1100’ 100’100
6% 3% 0% 5% 8%
Tio . 1 .10.1 60 | 53 60 35 162889 | 233640 | 296445 1001657 8;15
10071007100’ 100’100
6% 3% 0% 5% 8%
T1a. 1 14,1 .70 | 223 | 65 35 162889 | 233640 | 296445 1001657 8;15
100’100’1007 100’ 100
6% 3% 0% 5% 8%
ITo . 1.0 .1 8 |354]| 70 35 162889 | 233928 | 296445 996219 8;15
100’100’1100’ 100’100
6% 3% 0% 5% 8%
Ta . 1.4 .1 90 | 96 72 61 162889 | 233928 | 296019 919008 8;15
10071007100’ 100’100
27% 3% 0% 5% ™%
Is 1.3 .1 95 |78 55 62 167362 | 286330 | 296019 701051 4;15
200’10072007100°100
28% 64% 81% 5% 3%

Comparing these results with the previous ones, where Constraint (22) was not enforced,
we observe that requiring all areas to be large did not significantly affect the individual
objectives. Moreover, even increasing as to 0.9 still produces a good solution, with only a
modest increase in fi. The threshold appears at a5 = 0.95, where we observe a noticeable
increase in fy and f3, accompanied by only a slight improvement in fs.

In contrast to Table 4, achieving full area connectivity was not possible even with
as = 0.95. This is reasonable, since enforcing all areas to be large encourages the model to
assign some disconnected stations to the same area. Consequently, achieving full connectivity
would require setting as to its maximum value while omitting all intra-area objectives.
However, even this may not guarantee full connectivity because of the domain reduction
constraints added to the MIP (see Constraints 18, 19, 20, and 21).

5.7 Reducing the Number of Areas

In this set of experiments, we reduce the number of areas used in the model. Instead of
partitioning the stations into 15 areas, we decrease this number to 13 and 11. This change
requires recomputing the corresponding fi"™ and fi*#* values, making comparisons with
the previously computed bounds no longer meaningful. The purpose of these experiments is
to investigate whether using fewer areas leads to improvements in the individual objective
components. Therefore, rather than comparing normalized objective values, we report the
percentage change in each objective component relative to the corresponding instances in
Table 5, as shown in Tables 6 and 7.

Reducing the number of areas to 13 had a negligible impact on the intra-area objectives,
except when «s was increased to 0.95. Moreover, the connectivity measure improved
remarkably in almost all instances, and the number of disconnected areas decreased to only
three in the last instance. The objective f5 improved in all instances, as expected, since
having fewer areas reduces the total number of movements between them. These experiments
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Table 6 Results for 13 areas including a percentage comparison with the objective values of the
corresponding instances from Table 5. Percentage increases are emphasized in bold text.

instance r obj f1 f2 f3 fa Is #D;L
(m) | 1072 | (track) | (st/end) | (mov) | (mf/mP) | (inter-flow) | areas
T24. 1 .24, 1 .50 | 20 47 35 157750 | 233640 | 296445 879591 5;13
100~ 100’ 100 ; 100 1100
0% -3% 0% 0% -12%
10,1 10,1 .60 | 31 49 35 157750 | 233640 | 296445 879591 5;13
100’ 100’ 100’ 100 1100
0% -3% 0% 0% -12%
77777 28 52 35 157750 | 233640 | 296445 879590 5;13
100’ 100’ 100 ; 100 100
0% -3% 0% 0% -12%
77777 33 54 35 157750 | 233640 | 296445 879590 5;13
100’ 100’ 100 5 100 ; 100
0% -3% 0% 0% -12%
77777 183 | 54 61 157750 | 233640 | 296019 802831 4;13
100 100 5 100 5 100 } 100
0% -3% 0% 0% -13%
77777 22 38 143 165950 | 282034 | 412464 550718 3;13
200 5 100 5 200 5 100 ; 100
130% -1% -1% 39% -21%

show that reducing the number of areas generally improved connectivity and inter-area flow
Without a remarkable loss in the intra-area objectives. In Figure 4a, we illustrate the resulting
o5 , where we achieve the highest connectivity without

2007100 200 ; 1007 100
sacrificing the intra-area objectives.

Reducing the number of areas to 11 improved, as also observed with 13 areas, the
objective component f; and the connectivity measure. In contrast, the objective component
f1 increased in most instances. A plausible explanation is that having fewer areas forces the
model to assign more stations per area. In combination with the constraint prohibiting small
areas, this likely results in areas with a higher deviation in the number of tracks from the
maximum ¢7"**, which is captured by the objective component f5. In Figure 4b, we illustrate
the resulting partition for Instance I s 3 .1 .95, using 11 areas.

200 ; 100 52007100100
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Table 7 Results for 11 areas including a percentage comparison with the objective values of the
corresponding instances from Table 5. Percentage increase are emphasized in bold text.

instance r | obj f1 fa f3 fa fs #D;L
(m) | 1073 | (track) | (st/end) | (mov) | (mf/mP) | (inter-flow) | areas
T2a 1 .24, 1 50 5 49 47 157750 | 233640 | 328151 842493 5;11
10071007100’ 100’100
32% -3% 0% 10% -15%
Tio. 1 .10. 1 .60 6 51 47 157750 | 233640 | 319490 853193 5;11
100’100’100’ 100’100
32% -3% 0% 8% -15%
Jisa .1 .14, 1 . 70 6 51 48 157750 | 233640 | 323361 833488 4;11
1007100100’ 100’100
37% -3% 0% 5% -17%
ITo .1 .9 .1 80 6 50 55 157750 | 233640 | 265753 781092 4;11
1007100100’ 100’100
57% -3% 0% -10% -22%
I a4 .1 .4 .1 90 3 46 59 157750 | 233640 | 290021 766461 4;11
1007100100’ 100’100
-3% -3% 0% -2% -17%
Is 1.3 1 . 95 3 38 69 165708 | 277652 | 366409 625022 3;11
200’ 100’200’100°100
11% -1% -3% 24% -11%

6 Conclusions and Future Work

In this paper, we presented a MIP, formulated as a multi-objective optimization problem,
for partitioning railway stations into a predefined number of dispatching areas for railway
dispatching centers. The proposed approach jointly considers two key aspects of operational
performance: the coordination effort required between neighboring dispatching areas, repres-
ented by inter-area interaction complexity, and the workload within each dispatching area,
represented by intra-area operational complexity. By integrating infrastructure characteristics
and traffic-related factors into a unified optimization framework, we provide a systematic
and quantitative methodology for designing balanced dispatching areas.

We applied the proposed model to instances from the Malmé dispatching center in
the southern Swedish railway network, demonstrating its applicability to realistic railway
operations. The results reveal a trade-off between the intra-area objectives, which promote a
more balanced workload within areas, and the inter-area objective, which promotes lower
coordination effort and greater connectivity between areas.

Since our MIP includes multiple objective components, selecting appropriate weights
is crucial. Determining these weights is typically the responsibility of network managers,
as they reflect the relative importance of each objective. However, in our experiments, we
evaluated a range of weight combinations to identify the most representative ones. This
analysis can support decision-makers by providing guidance on how different weight settings
affect the solutions, making it easier to prioritize among the competing objectives.

Other factors that may affect solution quality are the area size and the number of areas.
In several instances, we showed that requiring all areas to be large had no noticeable impact
on the different objective components. Furthermore, a moderate reduction in the number of
areas improved inter-area measures and area connectivity without adversely affecting the
intra-area objectives.

A key contribution of this work is showing that an exact method solves the sectorization
problem within 1% of optimality, with all experiments completed in under 360 minutes. In
contrast, Zhao et al. [18] aggregate intra-area workload into a single value and minimize
deviations from its average, considering only one objective and obtaining heuristic solutions
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in under 33 minutes (though this comparison should be interpreted with caution, as compu-
tation times are hardware-dependent and were not measured on the same machine). When
considering a single objective, our exact method obtains optimal solutions in at most 23
seconds (see Table 2).

In this paper, we showed that optimization-based sectorization can support redesigning
dispatching areas by explicitly balancing the trade-off between minimizing coordination
across boundaries and maintaining manageable operational complexity within each area.
Furthermore, robustness analysis under different traffic compositions and demand levels
indicates the framework remains applicable under varying conditions, making it a promising
decision-support tool for dispatching area planning.

For future work, several extensions to the proposed framework are possible. In this study,
the number of areas is fixed. Allowing the model to decide the number of areas would make
it more flexible by jointly optimizing both structure and size. However, this would increase
computational complexity and may require decomposition methods or heuristics.

Moreover, since weighted-sum scalarization identifies only supported Pareto-optimal
solutions, future work could apply alternative methods — such as the e-constraint method —
to characterize the complete Pareto front, including unsupported solutions, offering decision-
makers a more comprehensive view of trade-offs between intra- and inter-area objectives.

Finally, applying the method to large national networks (e.g., the Swedish network) is
computationally challenging. Aggregation or hierarchical models — merging low-importance
stations into larger nodes — may help, while the main network structure is preserved.
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—— Abstract

Optimization for train dispatching promises to reduce delays. Yet scalable applications are challenging.
We present an efficient MIP model, based on generalized disjunctive graphs, for the train dispatching
problem with no-wait constraints. For each train, we model its possible movements with microscopic
detail as a DAG of operations. We select one train path per DAG and associate it with reservation
and release times for the exclusive infrastructure it uses, such that the resulting schedule is conflict-
free. When the connecting velocity between consecutive operations is positive, no-wait constraints
apply. Additionally, we give a procedure to transform realistic infrastructure constraints based on
route exclusions into an equivalent representation on resources by means of edge clique covers and
incorporation of overlap exclusions. This makes resource-based dispatching models applicable to
real-life infrastructure. We embed the MIP into an iterative algorithm, which we evaluate on the
DISPLIB benchmark set and on a real-life dataset from German dispatching regions that we publish
together with this paper. We prove optimality for 70 of the 112 DISPLIB instances within short
running times, and we find 27 new best known solutions within a 10-minute time limit.
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1 Introduction

Real-time train dispatching is the continuous task of resolving conflicts and minimizing delays
in an ever-evolving traffic situation where decisions must be made within seconds. This
challenge arises when the carefully planned conflict-free timetable meets the unpredictable
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reality of delays and disruptions. Dispatchers and signalers are then responsible for making
decisions to keep operations running and to prevent delays from spreading to other trains.
Most railway networks are separated into dispatching regions where a group of dispatchers
supervises the traffic in their region. The primary objective of dispatchers is to minimize
delays by reordering and rerouting trains. Optimization-based decision-support tools for train
dispatching have the potential to improve this process significantly by increasing the speed
and quality of dispatching decisions and by considering solutions and their consequences over
longer time periods where delays may propagate.

We consider the train dispatching problem with microscopic feasibility, velocity profiles
(acceleration /deceleration curves), and infrastructure use that depends on the position and
velocity of a train [18]. For each train, we build a directed acyclic graph of operations. If
such an operation reflects a profile ending with positive velocity, no-wait constraints apply.
To provide a physically feasible schedule, these constraints are crucial: a stopping train may
not only change the release time of the last released resources, but also increase the running
time during its acceleration for the next operation after stopping. Furthermore, the set of
required resources of an operation depends on the velocity profile for that operation, as the
train reserves the next route earlier when driving at higher velocity.

In this work we present three contributions. First, we show how to transform infrastruc-
tural exclusions of routes and overlaps into an abstract resource representation. Second, we
define TDP-NW, the Train Dispatching Problem with No-Wait Constraints, which we model as
a MIP based on generalized disjunctive graphs. The core is to select one path of operations
per train and the timings along this path such that the selection is conflict-free w.r.t. the
resources. In particular, we allow for paths that reflect re-routing of trains. Our resource
representation of the route exclusions allows for a simple conflict-detection oracle, by checking
for overlapping time intervals per resource. Introducing dedicated reservation and release
nodes, whose timing is determined by level-aggregated resource timing constraints, we develop
a MIP formulation and an iterative algorithm that is capable of effectively solving realistic
instances at microscopic detail. Third, we evaluate our methods on the DISPLIB instances [9]
and on a curated dataset of TDP-NW instances based on three German dispatching regions
that we make publicly available [17].

We discuss some related work in Section 2. Our transformation from route-exclusion
matrices to resources is described in Section 3. The central problem TDP-NW is defined in
Section 4, followed by its MIP formulation in Section 5. Our benchmark set and computational
results are illustrated in Section 6, before we conclude the paper in Section 7.

2 Related Work

While significant research exists on train dispatching [2], only recently have mathematical
optimization algorithms been deployed in real-life applications, such as those of [18, 3]. For
the few real-time dispatching algorithms we can see in the industry, their major challenge is
scalability in time and space, while ensuring a short optimization time. The spatial dimension
refers to the size of the infrastructure segment under consideration.

Definitions of train dispatching problems with and without rerouting in the literature
mostly apply formulations of Job-Shop Scheduling Problems with blocking constraints [14].
Different optimization techniques have been explored for solving this problem. The first
custom branch-and-bound algorithm restricted to reordering was proposed by D’Ariano et
al. [4]. Many approaches use MIP formulations that rely on the big-M trick for disjunctive
constraints. To avoid big-M constraints, a non-compact MIP formulation has been developed
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that iteratively adds constraints for paths and cycles [10]. The literature becomes sparser
when it comes to rerouting. Only recent works have investigated the problem with routing
alternatives [11, 9, 16, 1, 5]. Rerouting alternatives are crucial for real-time train dispatching
optimization. However, they may lead to increased complexity. One way to reduce this
complexity in practice is to use a macro-micro decomposition, where a subnetwork, such as a
station, is collapsed into a macroscopic resource that can accommodate more than one train
at a time [13].

3 From Routes to Resources

As in related work based on job-shop scheduling, our train dispatching model in Section 4
relies on an infrastructure model, where a train reserves and releases exclusive resources
along its path. Automatic train protection systems such as ETCS (European Train Control
System) implement exclusive infrastructure usage defined for routes. A route, also called
block on the free track, is a directed path between two main signals. A train reserves a route,
e.g., before it reaches the EBI (emergency brake intervention point) towards the main signal,
and releases or partially releases a route once the train passes a release contact with its
last axle. The information which routes cannot be used simultaneously is often given by
route-exclusion matrices, defining infrastructure resources only implicitly.

In this section, we describe a procedure to convert route-exclusion matrices to resources,
hence offering a flat representation of exclusive infrastructure, in which every resource may
be used by at most one train at a time. This not only enables us to encapsulate a microscopic
level, but also simplifies the check for conflicting resource allocations. Instead of evaluating
the route-exclusion matrix for every pair of excluding routes, we collect all overlapping time
intervals per resource.

Example. Before providing the formal details, we will first illustrate the conversion of routes
to resources in a small example, see Figure 1.

Overlaps. Route exclusions can mostly be derived from physical track intersections. However,

there are special cases such as exclusions due to flank protection and overlap exclusions [15].

A train that will stop in front of a main signal additionally claims an overlap: a safety margin
of track beyond the signal that must be free before the train is allowed to reserve this route,
so that it can come to a safe halt even if it overruns the signal. The overlap is released once
the train comes to a halt. Figure 2 shows an example situation of two disjoint parallel routes
A and B, e.g., two station tracks. The sections from the signals through the switch up to
the release contact cg are the overlaps of routes A and B: they are the safety overlap a train
of route A or B claims when it intends to stop at s; or s9, and at the same time the shared
first part of routes C' and D. These two overlaps will become an overlap resource r, in the
resource representation for the overlap routes of A and B. Unlike an ordinary resource usage,
an overlap reservation blocks other trains from using r, as part of their route, but it does
not prevent another train from claiming the same section as its overlap.

3.1 Minimum Resource Representation via Edge Clique Cover

We formalize the problem of computing a minimum set of resources from a route-exclusion
matrix as follows. We are given a finite set of release contacts C' and a symmetric directed
graph G = (V, A), where the nodes V are the routes and the arcs A encode the exclusion
relations. The graph is symmetric in the sense that (u,v) € A < (v,u) € A. An arc
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along v, plus a terminal (v,-) for the end signal. The ezclusion A route v uses every resource whose
edges translate the route-exclusion matrix in Figure 1b: routes clique in Figure lc contains a virtual
B and C exclude each other until c2 on B and ¢z on C are route of v, and releases it at the last of
reached, so we join their prefixes up to these contacts by a complete  these release contacts. For example,
bipartite graph. The resources in Figure la are the cliques of the clique of r2 contains (B, co) and
an edge clique cover of G’: the three self-cliques (— 73,74,75), (B,c2), so route B releases r2 at ca.
gA, cl)), (B, o), (Cyco) (— r1), and (B, co), (B, c2), (C,co), (C,c3)

—r2).

Figure 1 Route to resources conversion for three routes A, B, C sharing track sections.

labeling p: A — C' U {-} gives, for an arc (u,v), the release contact p(u,v) at which a train
on route u (partially) releases its exclusion with route v; the special symbol - denotes a
part of a route that is held until its end signal (more accurately until a release contact after
the main signal is passed by the train, which is an implementation detail). Note that the
graph is symmetric in structure but the release contacts of the arcs are not, i.e., in general
p(u,v) # p(v,u). For each route v we are further given the sequence o(v) = (c1,..., ¢k, ) of
its partial release contacts, ordered along the direction of travel, and where we append a
terminal element “-”. We write ¢ <, ¢ for the induced order. Finally, let V,, C V be the set
of overlap routes and V, = V' \ V,, be the set of regular routes, where each overlap route is
associated to exactly one regular route.

Virtual routes. We construct an auxiliary undirected graph G’ = (V’, A’). For every regular
route v € V,. we create a virtual route (v,c) € V' for each ¢ € o(v). For convenience we write
pre(v,c) = {(v,¢') € V': ¢ X, ¢} for the prefix of virtual routes of v up to and including c.

Translating exclusions. The edges A’ are derived from A by two rules:

1. (self) For every regular route v € V., all of its virtual routes pre(v, -) form a clique in G'.

2. (exclusion) For every exclusion pair {(u,v), (v,u)} C A between regular routes, with
release contacts ¢, = p(u,v) and ¢, = p(v,u), we add all edges of the complete bipartite
graph between pre(u, ¢, ) and pre(v, ¢, ).



L. Stark, R. Borndorfer, and N. Lindner

S1
Routey -
> Routex
- \ C/D
T, . o
P> ro (overlap) S3
Routep ®
52

w

Figure 2 Overlap routes and resources. Routes A and B end at signals s1 and s2; the continuation
routes C' and D run from s; and sz through the switch to the common exit signal s3. The release
contact co lies behind the switch. Each incoming route is associated with a resource (r1, r2); the
section from the signals to ¢ is an overlap resource r, for A and B; the outgoing track from ¢y to
S3 1S 3.

Because each prefix is already a clique (rule 1), rule 2 turns the entire shared region
pre(u, ¢,) U pre(v, ¢,) into a clique, representing the whole piece of infrastructure two routes
share. Note that we can include the prefixes, as the full route must be reserved, and then it
can be partially released at the release contacts. To preserve all exclusions, every edge of
G’ has to be covered by at least one resource, which is an edge clique cover of G': a set of
cliques such that every edge is contained in at least one of them. To obtain a representation
with a minimum number of resources, we are therefore interested in finding an edge clique
cover of G’ of minimum size.

Realizing overlap exclusions. An overlap exclusion is an extension beyond the end signal of

the regular route, excluding routes to which the regular route has no exclusive relationship.

Overlap exclusions apply when a train plans to stop at the end of the route. To cover the
overlap exclusions between routes, we create a set .S, of excluded virtual routes for each
overlap route v, € V,. If there is an exclusion with route u, we add the virtual routes
pre(u,c) with ¢ = p(u,v,) to S,,. However, an overlap route usually has several overlap
exclusions, so that an overlap route may be connected to several cliques in an edge clique
cover, but not necessarily to all virtual routes in any such clique. If the overlap exclusions of
v, do not exclude the whole clique, we cannot assign the clique (resource) to the overlap
route; instead we need to search for a clique that is a subset of the excluded virtual routes,
or we create a new sub-clique. As an overlap route has no virtual routes of its own, it is
never a member of a clique, but only receives cliques as overlap resources. Since there are
no overlap—overlap exclusions, we do not need to worry about accidentally creating a new
exclusion between overlap routes when assigning cliques as overlap resources. Later, when
checking for resource conflicts between trains by comparing the reservation intervals, we
simply ignore intersecting intervals where both usages are overlap usages. The problem of
finding a minimum representation of overlap resources on top of an edge clique cover can
hence be described as follows, where each overlap route forms a target set of its excluded
virtual routes:

» Definition 1 (Minimum Sub-Clique Cover Extension). Let G' = (V' A’) be the exclusion
graph with an edge clique cover C, and let S = {S1,...,Sm} be a family of target sets S; C V.
For each S; find a set H; of cliques of G' such that

every clique is internal to its target set, i.e. C C S; for all C € H;.

the union of cliques covers the target set, UCeHi C=S5;,teYvebs, IC e H;,:vel.
Cliques already present in C may be reused at no cost. Minimize the number of newly created
sub-cliques, counted globally across all targets, |UZ H; \C|
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3.2 Algorithm From Routes To Resources

Our algorithm from routes to resources is a two-stage optimization with the objective to
minimize the number of resources to represent the given route exclusions. We first compute a
small edge clique cover of G’; in practice our instances are solved completely (and optimally)
using only the data-reduction rules 1 and 2 of [6]. Rule 1 removes isolated vertices and
vertices with only covered edges, and rule 2 applies if, for an uncovered edge (u,v), the
common neighborhood of v and v induces a clique C; that clique C' is then added to the
cover. As in Figure 1c, each clique becomes one exclusive resource, and a route v receives a
resource for every clique that contains one of its virtual routes. The release contact recorded
for that resource on v is the latest contact ¢ with (v, ¢) in the clique, cf. Figure 1d. Then,
we solve the Minimum Sub-Clique Cover Extension problem greedily by covering each target
set S, corresponding to an overlap route v,, with cliques, either reusing an existing clique
that is contained in S, or otherwise creating a new sub-clique from the intersection of S with
an existing clique that covers the most still-uncovered routes of S, until v, shares a common
clique with every excluded virtual route in S. The cliques (resources) referenced this way
are labeled as overlap resources for v,.

To put our approach into perspective, Table 1 shows, for three dispatching regions, the
size of the exclusion graph G’ and the number of cliques (resources) found. The edge clique
cover is solved completely by the reduction rules alone, and the overlap exclusions add a
moderate number of extra sub-cliques on top of it. This comes as no surprise, since the
exclusions are local relations, and G’ typically consists of nearly disconnected components,
representing, e.g., stations.

Table 1 Size of the exclusion graph G’ and number of exclusive resources (cliques) for three
dispatching regions, showing the number of routes, overlap routes, and virtual routes |V’|. The edge
clique cover (ECC) is computed by the data-reduction rules of [6]. Covering the overlap exclusions
adds the sub-cliques, yielding the total number of exclusive resources. Note that these numbers do
not reflect a whole dispatching region but only the routes used in a specific instance. The instances
used as examples are fbzm_large_dh_90_0, mbzs_large_dh_60_0, rbzs_dh_90_0 [17].

Region Routes Overlap routes  |V’/| ECC cliques Sub-cliques Total

FBZM 1160 1342 4547 946 525 1471
MBZS 336 248 934 289 156 445
RBZS 841 851 3330 723 388 1111

4 Problem Definition

We consider the Train Dispatching Problem with No-Wait Constraints (TDP-NW), which can
be seen as a variation of the DISPLIB problem defined in [9] and to some degree as a
generalization. An instance consists of a set of trains I that share a common set of resources
U =10,...,|U| = 1}. Each train must be routed and scheduled through its own graph of
operations, and the schedules of different trains interact only through their competition for
the exclusive resources. The task is to choose, for every train, a path P? together with a
timing ¢, € R of its operations v € P! that avoids resource conflicts while minimizing delay
and operation costs.

Operations. The possible movements of a train ¢ are modeled by a directed acyclic graph
G' = (Vi A%) whose nodes v € V* are the operations of the train and whose arcs (v,u) € A®
encode the successor relation. Each train has a single source operation v§ and target operation

v}, , and a train path is a vj-v}, path in G'. An operation v has the following attributes:

g
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a duration 6, € R>p, the running time of the operation;

optional start-time bounds [ay, 5] on the time ¢, € R at which the operation v starts;
a penalty A\, € Ny incurred whenever v lies on the chosen path;

a no-wait flag: if set, every selected successor u must start exactly when v ends, t,+6, = t;
otherwise waiting is allowed, t, + 9§, < ty;

a set of resource usages.

Reservations, releases, resource usages. An operation v interacts with the exclusive
resources through resource usages. A resource usage refers to a resource 7, € U and may
carry a reservation offset 6' € R and/or a release offset §%' € R, given relative to the start

time t,, of the operation: at t, + J." the train reserves r,, and at t, + 5;1 it releases it again.

We assume that, along any route, every reservation of a resource has a matching release
downstream (or the resource stays reserved until the target operation, modeling indefinite
occupation), and every release has a matching reservation upstream. A resource that is never
reserved on the chosen path is unused. After a release it may happen that the same resource
is reserved again, for instance when a train reverses direction. A usage may additionally be
flagged as an overlap (see Section 3).

Objective components. FEach train has a set D’ of objective components. An objective
component is defined for a set of mutually alternative operations, i.e., operations forming
a source-to-target node-cut of G*, such that exactly one of them lies on any train path,
or the source or target itself. Each objective component ¢ has a threshold 6. € R and a
coefficient v, € R>g. Let v be the operation of the component on the chosen train path. The
component’s cost is then

cost. == 7. - max(0, t, + d, — 0.). (1)

Note that the delay is measured at the arrival of v and not the departure, which is a difference
compared to the DISPLIB definition [9]. The reason is that we have different durations
for the arrival operations but a single threshold per objective component, e.g., the trains’
planned arrival time. We cannot measure the delay at the successor operations, since a train
may wait longer than the operations already account for, e.g., longer than the minimum
dwell time at a commercial stop. Alternatively, one could introduce an operation for the
stop with the duration of the minimum dwell time.

» Definition 2 (Train Dispatching Problem with No-Wait Constraints (TDP-NW)). Select, for

each train, a path from source to target in the DAG and assign finite start times to the

selected operations such that:

1. Time windows - start time bounds o, < t, < 3, are respected.

2. Successor constraints — for no-wait arcs: t, + 6, = ty; otherwise: t, + 6, < ty.

3. Ezxclusive resource usage — each resource r, € U is used by at most one train at a
time.

4. Optimality — the sum of the costs of all objective components and all operation penalties
is minimized.

Even the decision variant of TDP-NW is NP-complete: restricted to a single path per train,
it is job-shop scheduling with blocking and no-wait constraints, for which deciding whether a
feasible solution exists is NP-complete [14].

6:7
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5 Methodology

In the following we describe how we model the TDP-NW as a compact MIP using the terminology
of generalized disjunctive graphs [12]. We consider a generalized disjunctive graph D =
(VuV,, UV, AUARUA,,UA,UA,), where V are the operations, V,., and V,; the reserving
and releasing nodes, respectively. Moreover, A are the successor arcs, Ay, the lower-bound
arcs, and A,, and A,; the reserving and releasing arcs, and finally A, are the disjunctive or
alternative arcs with both endpoints in V,., U V,;. The disjunctive graph is generalized in the
sense that we select a source-to-target path for each train in addition to the disjunctive arcs.
Given such a selection, the maximum bound applies among the incoming arcs of each node,
as in the standard disjunctive graph.

Rather than tracking exclusive resource usage for each operation, we reason over each
resource conflict through dedicated reservation and release time variables for each v'* € V.,
and v°" € V,,, see Figure 3. This construction was inspired by [12], where auxiliary variables
model how resource conflicts depend on routing decisions in a disjunctive program, but this
yields one variable per alternative operation. The same idea of auxiliary variables for a
resource’s reservation and release has been developed by [5], using the notion of chunks of
operations with the same resource. For our MIP model we anchor start times at the level
(topological depth) of each train’s DAG rather than at individual operations, see Figure 4.
Both choices substantially reduce the number of continuous variables, especially since the
instances under study contain many alternative operations with very similar resource usages.

vy vy

v (i—" vg vg
train i 3 Q——0 —  successor (Y. ;)
. L > reservation/release

-3 precedence (zp,s)

train j O - o)
) J J J J
) v v} o) o)

Figure 3 Resource reservation (v,') and release (v3"*) nodes for two conflicting resource usages

p, o of trains 7, j.

Additional notation. We reuse the notation of Section 4.
For a vertex v of a directed graph, N (v) = {u: (v,u) € A} denotes its out-neighborhood
and N~ (v) = {u : (u,v) € A} its in-neighborhood.
Si={v}: (vi,vi) € A'}, Pl = {v} : (vi,v}) € A’} — the successors/predecessors of vl.
AY0 C A? — the waiting arcs (e.g., leaving an operation with zero velocity); the remaining
arcs A"\ A are no-wait arcs and enforce ti = t! + §¢.
((v)) € {0,..., L'} — the level of v!, its topological depth in G?; all operations of the
i) =1} is the set of operations
at level [, and Vf’nw C Vf those with a no-wait out-arc. A level [ is optional if some arc
skips it, see also Figure 4.
A resource usage of train i is a triple p = (r,0,k), where r(p) € U is the resource,
o(p) € {0,1} its overlap flag, and k(p) € N its ordinal: among all source-to-v-paths
reaching a reserving operation v of the pair (r,0), the ordinal is the maximum number of

same commercial stop share a level. V' = {vf € V' : {(v
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re-reservations on any path. The ordinal distinguishes repeated reservations, e.g., a track
section released and reserved again. We write R’ for the set of resource usages of train 1,
R = |l;c; R" for all usages across trains, and i(p) for the train of a usage p € R.

})n € V., and releasing
node vg‘lt € V,;. The reserving and releasing operations, which anchor the reservation
and release time of p, are denoted R = N (v1*) and RO™ = N~ (v5"™), respectively.

K — the set of resource conflicts. A conflict {p,c} € K couples two usages p,o € R of
different trains, i(p) # i(o), on the same resource r(p) = r(o) that are not both overlaps,
i.e. =(o(p) Ao(a)).

D = | s D’ — the objective components of Section 4 across all trains, where each
component ¢ belongs to a train i(c). We write component ¢ € D as ({¢, Ve, 0c,7c): its
anchor level /., the operation cut V. C VZC(C), the threshold 6., and the unit delay cost

Ye 2> 0.

For each p € R, we dynamically create a single reserving node v

5.1 MIP Model

We express the disjunctive graph and the timings of the solution using the following variables:
th e R, af <t < B — start time of level [ of train i, where af = minvevli a, and

B = max, v B, are the level start-time bounds.

Yo € {0,1} — equals 1 iff arc (v}, v}) € A” is used on its selected train path.

tipn, tzut € R — the reservation/release time of usage p, for each p appearing in a conflict.
z, € {0,1} — equals 1 iff train i(p) realizes usage p on its chosen path; introduced only
when p is optional (otherwise z, = 1).

Zpo € {0,1} — equals 1 iff p is released before o is reserved, for each conflict {p,c} € K
(one per ordered pair).

we € R>( — the delay incurred by component c € D.

Unlike the classical disjunctive formulation, we do not introduce an explicit operation-
selection variable . As the flow constraints below force exactly one out-arc for any selected
non-target operation, we write the selection of v’ as

‘Té = Z y(’i,b € {Oal}a (2)

(v} vp)EA?

which equals 1 iff v} is selected (the target v; is always selected). This eliminates the
variables x! and their linking constraints from the model.

I 123 03 N ls
vy U3 vy
; 1O Q@
v \ \
. . \\ \\ —_— successor
train ¢ . . .
~ N S e > duration
. N N
. O N S levels

<
N oSS P optional S
N vy TS «. optiona -

T30 e

t, t, t t, £,

o o

Figure 4 Level structure and duration constraints for train i. Level ¢3 (shaded) is optional.
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Path selection and level duration constraints. The flow constraints select one source-to-
target path per train:

>y =1 icl, (3)

viesy
S i =1 iel, (4)
véerLi
YYo= D Uiy v € VI\{vg, vy, ), i€ 1 (5)
viePpi viesi

For the duration constraint, we apply ideas of [5] on maximal and non-maximal clusters,
which correspond to our definition of levels and optional levels. For each consecutive level
pair (I,1+1) of train 7, the level start times respect the durations of the selected operations,
allow waiting at waiting arcs, and are tight on no-wait arcs. Writing 2% as in (2):

i =t > > ol lef{0,...,Li-1}, iel, (6)
v;eVli
o -ti< Y 5;xg+M(1— 3 xg) le{0,...,Li-1},iel, (7
vge‘/li,nw vée‘/li,nw
iy —ti <M Y a | optional, i € I. (8)
U;GVli

Constraint (7) activates the no-wait equality ¢} 1= ti + 6% exactly for the selected no-wait
operation, and (8) collapses an unused optional level onto its predecessor (¢! g < t?), keeping
the no-wait chain transitive across skipped levels. A level start time t; carries only the
loosest lower bound among the operations sharing level [. When a selected operation v’ has
a tighter bound of, > af, we enforce it conditionally with the exact gap M = o’ — af, so

the constraint is inactive unless v’ is selected:
té(a) >al — M!(1—2a) vieViial > aé(a). 9)

For the instances under study no symmetric constraint is needed for the upper bound, since
upper bounds are only used for the source node v, so that 8¢ = 5}@)- In general, the
analogous constraint can be added for operations with 3 < Bé(a)'

Resource timing constraints. Consider a usage p € R that appears in a conflict, and let
AS® C AHP) be a véfvipn-cut, the indicator arcs whose selection leads to the reservation of p.
The resource indicator variable is then

To= Y. Uiy pER, (10)

(vg.vf) ey

for each p € R whose A7® is not a véfvf“—cut; otherwise we set x, = 1. The reservation and
release times of a usage p are relative to the start times of the operations that reserve it first
and release it last, and both the reserving operations Ripn and the releasing operations ’Rzut
may lie on different levels of G*. Let LIY = {£(v}) : v, € RI'} and L} = {£(v},) : v}, € Ro™}
be the levels with reserving and releasing operations. We anchor the timing per level: for
every releasing level | € L;} the release is bounded below by the start of level [ plus the
release offset of the releasing operation selected at that level, and symmetrically for every
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reserving level [ € L7Y the reservation is bounded above. A big-M term deactivates each
constraint whenever no operation of p is selected at its level:

A R SRR V] LR ST lell, per, (1)
véeRguthli ’UfIGR’;’,“tﬁVli
i<ty Y e+ M(l - ¥ xg) lely, peRrR, (12
vi ERIBNV vi ERIPNV

where i = i(p). If [L}Y| = 1, then no big-M term is needed in (12). In Section 5.3 we show
how to replace these by-level constraints with a single constraint for most usages p.

Resource conflict constraints. For each conflict {p, o} € I, the orientation variables z,
and z, , select an order only if both usages are realized, as proposed before in [9]:

Tp 2 Zpo + Zo,p; To 2 Zpo T Zop (13)
Jip + Lo — 1 S Zp,o + Zo,p S 17 (14>

where a mandatory usage substitutes x. = 1. In particular, if both usages are mandatory,
then (14) forces z,, + 25, = 1. The chosen order separates the conflicting reservations,
enforced by big-M constraints that are non-binding when the orientation is inactive:

tgl - t;ut > -M (1 - ZP,U) {pv U} € ]C7 (15)
t =ttt > =M (1 - z,,) {p,co} € K. (16)

Objective. Each objective component lower-bounds its delay variable by the arrival time
beyond the threshold:
we > tz(cc) + Z 61 gile) _ g, ceD. (17)

vi(u) eV,

The objective minimizes the fixed operation penalties and the weighted delays:

min Z Z Mot o+ Z%wc. (18)

i€l vieVi c€D
5.2 Algorithm

Algorithm 1 Conflict-driven decomposition for TDP-NW.

1: Initialize the disjunctive graph D from the train DAGs {G*};cr

2: C+ 0 > active conflict set
3 S+ {{i}:iel} > one subproblem per train
4: while true do

5 for S € S do > in parallel
6 SoLvEMIP(S | C, D)

7 end for
8
9

Chew ¢ CONFLICTDETECTION(D) > D optimal w.r.t. C
if Chew = 0 then

10: return current solution

11: end if

12: C + CUCpew
13: merge the subproblems in § that are newly linked by Cyew
14: end while
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The orientation and separation constraints (13)—(16) couple two trains through a resource
conflict {p, o} € K, and in practice most conflicts are not relevant for solving the optimization
problem. We solve the model iteratively, and in a decomposed fashion: the trains are grouped
into independent subproblems, each subproblem is the compact model of Section 5.1 restricted
to its own trains, and the constraints of a conflict are only added once that conflict is actually
observed in an intermediate infeasible solution.

Conflict Detection. We implemented an oracle that, given the selected and timed operations
for each train, returns for each resource r € U all pairs (p, o) of conflicting usages, using
algorithmic ideas of maximal cliques in interval graphs as done before in [8]. Due to potential
sub-cliques introduced to cover overlap exclusions, see Section 3, a conflict between the same
two trains may appear for two equivalent resources from the perspective of the two trains. For
the conflict discovery and the given usage intervals, we test for domination among conflicts
between the same two trains. A conflict C" = {p;, p;} is dominated by another conflict
C" ={0;,0;} of the same train pair if each train occupies its resource of C’ within the time
it occupies its resource of C”, that is [ty to™] C [t , t0"] and [t), to"] C [t t34]. The
first processed conflict wins in tie-breaking situations. We collect the conflicts for each train
pair by resource r € U in ascending order, so that resources from sub-cliques are processed
last and we only create a conflict for a sub-clique resource if one of the participating trains
uses that resource as an overlap.

Starting from one subproblem per train and an empty conflict set, Algorithm 1 repeatedly
solves all subproblems and inspects the combined solution for conflicts {p,c} € K that are
violated and not yet represented. Each such conflict is added to C and the subproblems of
the respective trains are potentially merged. The algorithm terminates when no new conflict
is found, at which point the combined solution is feasible and optimal for the full model.

5.3 Strengthened Model

In this section, we discuss several performance improvements. Furthermore, for the DISPLIB
instances we require some so-called no-swap constraints. Finally, we detail the implemented
heuristic configurations to support faster convergence of the iterative algorithm.

Level-aggregated resource timing constraints. Let [ and l;f be the levels of the earliest
releasing and latest reserving operation of usage p € R, which we call the anchor levels of
p- The release time is bounded below by the start of its earliest releasing level [ plus the
durations of the selected operations traversed up to the actual release, plus the release time
of the selected releasing operation. The reservation time is bounded above by the start of
its latest reserving level lj‘ plus the reservation times of the selected reserving operations,
minus the durations of the intermediate operations selected before Z;j‘. Here L{;n C V¥ are the
intermediate operations on the path strictly before lj, and Ug“t C V¥ are the intermediate
operations from [ until (and excluding) the actual release. They lie on a path between the
anchor level of p and its actual reservation or release, respectively. Figure 5 illustrates the
constraint for a train with three alternative paths reserving p on different levels.

o > t’li, + Z St Z 6Lt pER, (19)
’ vi ERGu vi €U
<ty + Y GVai— Y b pER, (20)
vl ERIP vi €U

where i = i(p).
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0

--------------- >  reservation/release
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e Trag AR EEE > duration d,, v, € U,"
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: O reserving operation (R,")
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Figure 5 Level-aggregated resource constraint for a resource usage p with three alternative paths
that reserve p at different levels. The latest reserving level is l:,r = {3, with the associated start-time
variable thB. The dashed arcs are the durations 8% of the intermediate operations Z/l;" = {Uf, v, Ué},
which conditionally push the reservation time back from the anchor level to the actual reservation.

If the chosen path reserves p at an operation before its latest reserving level l;)" and some
operations between that reservation and [} permit waiting, then we can satisfy (20) by
waiting just before l;L, even though the reservation has already occurred. The symmetric
situation arises for the release in (19). On both sides the constraint is therefore a relaxation
of the true timing: tip“ may be set later, and tgut earlier, than the selected operations actually
allow. Whenever the solver returns a solution that violates the reservation or release timing,
we repair it by adding a constraint anchored at each reserving or releasing level, with (11)
and (12). We recognize such a violation when processing a solution, where we propagate
the time-constraint bounds in our disjunctive graph and compare them against the solution
time variable of each reservation or release node. Ideally, most reservations and releases of
a given resource usage p are anchored at a common level, keeping the potential number of
such repair constraints small.

Implication constraints between conflicts. We generalize the implication rules of [4] to our

generalized disjunctive graph. Similar ideas about linking conflicts have been shown by [5].
To this end we define the concept of overlapping resource usage of a train between p and o.

Let train ¢ visit p before o; then p and o are overlapping iff for every path between ’Ripn and
Rin,

are overlapping and every path starting at Ripn unavoidably visits a node of RI». Conversely,

o is reserved before p is released. Furthermore, we say p forward implies o iff p and o

we say o backward implies p iff every path ending at R} unavoidably visits a node of R}

If both directions are true, we say p and o are strictly overlapping.

Now let C" = {p;,p;} and C” = {o;,0,} be a pair of conflicts between the same two
trains (¢ and 7). If both trains have strictly overlapping resource uses, then the decisions for
C’ and C” have to be the same. Thus, we can reuse the z-variables for the second conflict,
which corresponds to grouping the disjunctive constraints and applying them jointly.

If not both trains have strictly overlapping resources for the conflict pair, but train
i forward- or backward-implies from p; to o; and likewise train j from p; to o;, we can
no longer share the z-variables. Still, no overtaking is possible once both trains use both
resources of the conflict pair. Therefore we add order agreement cuts, which require that the
two orientation decisions coincide whenever both conflicts are active:

zPtu + zUj;Ui < 17 ijmi + foi,(fj < L. (21>

The first inequality forbids train 4 from preceding train j at C’ while train j precedes train ¢
at C”, and the second forbids the symmetric mismatch. Together they force the two conflicts
to select the same train order on these two resources. For an inactive conflict both its
orientation variables are forced to 0 (13), so the cuts stay valid even when a usage is optional
and the corresponding resource indicator is not selected.
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No-swap constraints. If we want to model operations and resource usages of zero duration,
or to model the problem assuming a train length of zero, no-swap constraints become relevant.
Swapping appears if all current resources of a train are released at the start of an operation
exactly when new resources are reserved; if swapping were allowed, then the train would
not hold any resource at this precise moment of the start of the operation, and another
train that wants to use these resources in reverse order could match the swap point. The
train dispatching problem is usually considered with no-swap constraints, whereas for classic
job-shop scheduling, swapping may be reasonable.

A feasible solution is a topological ordering without backward arcs considering the state
of the disjunctive graph, which is only possible if there are no cycles. The zero-cost cycles
are exactly those that show swapping possibilities. Therefore, for every new conflict, we
collect all zero-cost cycles and add corresponding cuts on the disjunctive variables. The
number of zero-cost cycles can be quite high. We observed up to 2800 zero-cost cycles in
nor5 instances. Alternatively, we could consider adding only the cycles that incrementally
appear in the disjunctive graph for any infeasible solution observed while iterating. Note
that we also need to add a special case for the previously explained domination among newly
discovered conflicts: a resource usage with an observed zero duration interval cannot be
dominated since it may be a swapping pivot.

In Section 6, we will show the performance of our approach on a TDP-NW dataset and
the DISPLIB instances. To find optimal and feasible solutions for the DISPLIB instances,
exactly these no-swap constraints are needed, as swapping scenarios are common there. In the
TDP-NW instances, swapping is impossible since the resource usage of operations is modeled
considering the train from head to tail, and no trains of zero length are considered.

Heuristic configurations. We implemented several parameters to configure more heuristic
approaches. First, we work with a timeout per iteration. Second, after a given time threshold,
we begin to fix the decision variables of conflicts. We only fix confident decisions, i.e.,
decisions that have remained unchanged for at least the last k iterations, where a longer
streak means a more confident decision. Among these candidates, we fix a configurable
percentage per iteration. In the experiments in Section 6, we always used a minimum streak
of k = 4 and a percentage of 5%.

6 Computational Results

First, we present computational results on a challenging curated TDP-NW dataset, created
from DB InfraGO instances [18] for three different dispatching regions, and time horizons of
20, 40, 60, and 90 minutes. Second, we show that our algorithm is also competitive for the
DISPLIB instances [9], where we find new best known solutions within a time limit of 10
minutes, using the commercial MIP solver Gurobi 13.0.1 [7] and a computer with 10 cores.

Benchmark dataset for TDP-NW. Together with this paper, we publish a dataset of chal-
lenging problem instances from dispatching data of a DB InfraGO traffic management
system [17]. We selected instances for three dispatching regions of Frankfurt, Munich and
Stuttgart, covering morning and afternoon traffic. We select instances with many conflicts
and a large connected component in the conflict graph. The threshold values for the objective
components are raised to the shortest-path lower bound on the arrival time whenever that
lower bound exceeds the threshold, to remove the unavoidable delay from the objective. As
in DISPLIB, we keep the instance format simple and general. This first TDP-NW benchmark
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is created from graphs of velocity profiles for each train with route reservations and releases
given relative to a profile, see [18]. The route exclusions are transformed into exclusive
resources, as described in Section 3, and the velocity profiles into operations that reserve and
release these resources. In Appendix A, Table 4 reports our results on the curated TDP-NW
dataset.

DISPLIB instances. The DISPLIB problem does not explicitly model the kind of microscopic
feasibility we address with our work on TDP-NW. Distinguishing features are the overlap
resource usages and the no-wait property of operations. For the latter, however, one could
subsume paths of no-wait operations into a single operation. The DISPLIB instances come
from various sources [9] considering dispatching horizons between 6 and 24 hours. The
number of trains per instance ranges from 4 to 505, with a maximum of =~ 50 000 operations
for the nor5 instances. Our approach can prove optimality within 170 seconds for all
DISPLIB instances, except wab and most nor5 instances. Table 2 reports the average
runtime per instance group for the groups we solve to proven optimality. That includes three
new optimality proofs for the smi_headway instances compared to [5], and in considerably
less running time. For detailed results see Table 5 in Appendix A. In Table 6 we show
seven new best known solutions given a time limit of 10 minutes for this benchmark. The
solutions themselves are published in the repository with the TDP-NW Benchmark [17]. For
the wab_large and wab_small instances our approach is unable to close the gaps within 10
minutes and we need a heuristic setting to find good solutions. Therefore we run our solver
with a timeout of 20 seconds per iteration and start fixing 5% of unfixed conflicts after 50
seconds. Table 7 shows that we find 20 new best known solutions out of 32 instances.

Table 2 DISPLIB instance groups solved to proven optimality, with the average runtime over all
instances of each group. The average of swi instances is mostly driven by swi_9.

Instance group  Count Avg. time [s]

norl_critical 10 0.12
norl_full 10 1.31
nor?2 5 1.00
nor3 5 1.62
nor4_small 5 17.22
nor4_large 5 46.18
smi_close 9 0.22
smi_headway 12 0.65
swi 9 22.71

Comparison of TDP-NW and DISPLIB instances. The TDP-NW instances differ structurally
from the DISPLIB instances, as Table 3 illustrates. The train graphs observed in the DISPLIB
instances reach higher depths but have few operations per level, whereas the TDP-NW instances
are shallower but have many more operations per level. This is expected, since the TDP-NW
instances cover much shorter dispatching horizons. Moreover, they contain many alternative
operations for the same physical track section, differing in start and end velocities and the
used route. The ratio of optional levels in the TDP-NW instances is similar to the one in the
wab instances, which results from rerouting alternatives of different length.
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Table 3 Structural comparison of selected instances: average number of levels per train, average
number of operations per level, and the ratio of optional levels.

Instance Avg. levels  Avg. level size  Ratio opt. levels
fbzm_large_dh_40 18.19 42.94 0.24
mbzs_dh_20 14.42 34.36 0.19
rbzs_dh_20 15.23 13.14 0.17
wab_large 83.61 1.51 0.20
nor5_large 50.42 1.99 0.00

7 Conclusion and Outlook

The related work on microscopic train scheduling often claims physical feasibility but seldom
refers to an explicit enumeration of velocity profiles with precomputed reservation and release
times. Moreover, the details of infrastructure exclusions are usually approximated. In this
work we have presented a real-life train dispatching dataset which models the physical
feasibility to this level. We have established a method to compute an equivalent resource-
based representation from route-based infrastructure constraints, including partial route
exclusions and overlap route exclusions. This bridges the gap between real-life feasibility and
the extensive related work on timetabling and train dispatching using disjunctive graphs.
Naturally, no-wait constraints arise in such instances. Moreover, the number of alternative
operations becomes very large. While our newly contributed TDP-NW benchmark dataset
only covers dispatching horizons of up to 90 minutes and at most 148 trains, its instances
are already large in the number of operations. To address that, we developed modeling
techniques on disjunctive graphs with dedicated reserving and releasing nodes to express
resource conflicts across alternative operations. Combined with big-M-free reservation
and release constraints anchored at a single level-time variable for the vast majority of
resources, this enables new performance gains. The techniques developed, in particular how
to group conflicts by resource usage pair and how conflicts then relate to each other, are MIP-
independent contributions that may equally benefit heuristics and custom branch-and-bound
methods for train dispatching with rerouting. Table 4 shows that the relative optimality
gaps are large for most instances. The absolute gaps, however, stay below 3600 delay seconds
for all but four instances, distributed over up to 60 trains of the largest subproblem. This
provides some degree of confidence in the quality of the solutions.

While our results are the best known overall for the DISPLIB instances and, for the
TDP-NW dataset, meet the standards of our industrial partner DB InfraGO, the high number
of operations per level on these instances and the fact that most optimality gaps are far
from closed demonstrate the need for different or complementary procedures. Column
generation comes to mind, as most operations might be dominated by others given a set
of considered conflicts. This has been explored by [16] for the same type of instances, but
modeled directly on routes. The transformation and simplification of the instances might
enable gains for column generation for TDP-NW. For the same reason data reduction rules
could be considered as a preprocessing step, or in an incremental framework depending on
the growing set of conflicts. The work of [5] demonstrates data reductions for the DISPLIB
instances, contracting sequences of operations. Another stream would be to implement
custom branch-and-bound frameworks, where no-wait constraints and fixed operation costs
make the longest path subproblem potentially harder. We hope that our TDP-NW dataset will
stimulate research for practically efficient and scalable algorithms for railway dispatching.
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A  Appendix

Table 4 Our results on the curated TDP-NW dataset, using 10 seconds per iteration and, after
50 seconds, fixing at most 5% of the most confident decisions. Columns: conflicts |C|, trains |I],

operations |V|, largest subset max | S|, iterations, objective (UB), lower bound (LB), and time.
Instance IC| || V| max|S| TIter. UB LB Time [s]
fbzm_dh_20_0 117 40 19314 16 5 2172.21  1836.21 58.41
fbzm_dh_20_1 127 48 16003 18 13 2311.17  2311.17 39.69
fbzm_dh_20_2 418 44 18396 29 14 3245.90 2344.65 141.27
fbzm_dh_40_0 80 48 24717 22 10 1177.18 1177.18 34.28
fbzm_dh_40_1 135 49 36616 20 7 1572.11  1327.39 71.27
fbzm_dh_60_0 397 83 52231 45 12 5000.44 3792.61 124.75
fbzm_dh_60_1 365 85 46917 44 14 2602.12  1802.90 152.18
fbzm_dh_60_2 180 77 40889 32 7 1739.01  1572.72 70.32
fbzm_large_dh_20_0 271 56 18710 29 10 2329.97 1863.78 100.56
fbzm_large_dh_20_1 335 56 21945 27 9 3764.98  2486.41 92.54
fbzm_large_dh_20_2 357 49 27794 31 20 2672.22  2450.80 195.20
fbzm_large_dh_20_3 201 48 32261 9 5 2152.21  2152.21 15.62
fbzm_large_dh_20_4 158 39 11057 10 6 1233.10 1170.69 50.17
fbzm_large_dh_40_0 910 86 63760 46 16 3448.25 1877.44 176.60
fbzm_large_dh_40_1 1668 86 70543 55 20 23981.02 2661.29 245.34
fbzm_large_dh_60_0 1695 113 80503 62 33  13442.58 3394.11 369.67
fbzm_large_dh_60_1 1092 107 67923 55 25 6732.99  4482.21 266.61
fbzm_large_dh_90_0 2212 134 118681 83 23 8577.28  4396.40 394.20
mbzs_dh_20_0 135 47 15769 19 5 1346.30 1346.30 4.51
mbzs_dh_20_1 255 41 25314 30 10 3123.87  2960.89 94.69
mbzs_dh_20_2 111 38 10463 8 5 1228.02 1228.02 7.50
mbzs_dh_20_3 274 45 39916 22 10 2334.40 2177.63 103.17
mbzs_dh_20_4 317 46 23593 34 11 2665.67 1773.07 136.36
mbzs_large_dh_40_0 400 63 5778 18 10 5211.96  5209.46 37.90
mbzs_large_dh_60_0 141 46 4718 15 5 2662.33  2662.33 4.59
rbzs_dh_20_0 246 64 12567 33 5 2056.27  2056.27 16.86
rbzs_dh_20_1 378 58 10940 30 7 2724.21  1912.85 74.05
rbzs_dh_20_2 359 60 15629 46 11 3060.58 2419.52 119.58
rbzs_dh_20_3 466 64 12498 40 11 5012.52  2912.90 129.59
rbzs_dh_20_4 348 66 10817 44 9 5340.66  4056.77 87.17
rbzs_dh_60_0 338 120 50457 60 7 3133.21  2818.75 71.42
rbzs_dh_90_0 1208 148 70779 107 17 9290.57 5337.03 197.84

Table 5 Detailed per-instance performance on the DISPLIB instances solved to proven optimality.
Columns as in Table 4, with the linking conflicts |Ciink| and the order agreement cuts |Cagree|-

Instance IC]  |Ciink|  [Cagree| [I|] max|S| Iter. UB LB Time [s]
norl_critical_0 50 8 27 12 10 9 4133 4133 0.09
norl_critical_1 45 8 17 8 8 8 2416 2416 0.05
norl_critical_2 35 10 18 9 7 9 3775 3775 0.05
norl_critical_3 132 19 70 16 16 15 8016 8016 0.48
norl_critical_4 9 0 1 4 3 4 1506 1506 0.01
norl_critical_b 13 4 1 6 5 6 2677 2677 0.02
norl_critical_6 63 12 32 12 10 14 4491 4491 0.12
norl_critical_ 7 41 5 19 10 9 10 4137 4137 0.06
norl_critical_8 76 16 41 10 9 16 3836 3836 0.17
norl_critical_9 78 13 41 12 12 13 5488 5488 0.12
norl_full_O 447 7 67 119 88 17 3299 3299 0.88
norl_full_1 520 3 62 148 111 22 2486 2486 1.27
norl_full_2 207 5 84 40 34 16 6046 6046 0.47

continued on next page
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Table 5 (continued from previous page)

Instance IC|  |Ciink| |Cagree| |I] max|S| Iter. UB LB Time [s]
norl_full_3 336 21 93 56 47 32 2658 2658 2.55
norl_full_ 4 407 4 86 89 73 22 5358 5358 1.16
norl_full 5 490 3 86 129 103 18 3732 3732 1.06
norl_full_6 515 4 87 147 106 21 5262 5262 1.05
norl_full_7 499 0 88 146 108 19 1012 1012 0.99
norl_full_8 674 21 155 155 121 28 5370 5370 1.88
norl_full_9 587 8 86 151 121 26 6076 6076 1.79
nor2_1 193 29 105 23 23 15 4937 4937 0.95
nor2_2 230 34 125 23 22 15 4619 4619 1.10
nor2_3 172 25 93 23 19 11 5500 5500 0.85
nor2_4 202 32 102 23 20 17 6186 6186 1.40
nor2_5 170 24 89 23 20 11 5416 5416 0.69
nor3_1 317 45 178 21 20 28 3667 3667 3.21
nor3_2 237 33 139 22 21 22 5740 5740 2.21
nor3_3 193 18 100 22 21 13 5562 5562 0.79
nor3_4 187 25 102 21 21 11 4605 4605 0.51
nor3_5 205 27 119 22 19 21 2923 2923 1.37
nor4_small_1 1587 9 227 165 146 161 8972 8972 23.42
nor4d_small_2 1426 23 247 168 146 107 11217 11217 18.21
nor4_small_3 1213 18 178 161 134 107 7924 7924 13.78
nord_small_4 1149 7 174 157 126 97 8189 8189 12.07
nor4_small_5 1366 18 199 167 148 128 12144 12144 18.64
nor4_large_1 2895 26 255 365 296 148 9551 9551 43.64
nor4_large_2 3085 27 277 347 288 226 8439 8439 61.37
nor4_large_3 1277 24 229 171 138 95 11985 11985 33.53
nor4_large_4 2433 38 347 257 219 140 13260 13260 71.51
nor4_large_5 1669 20 219 204 174 134 8043 8043 20.83
smi_close_0 7 2 2 6 3 1 679 679 0.01
smi_close_1 65 20 24 6 4 4 4316 4316 0.37
smi_close_2 57 12 29 5 5 5 1331 1331 0.81
smi_close_3 7 0 0 13 4 1 1860 1860 0.04
smi_close_4 4 1 0 5 3 2 24225 24225 0.01
smi_close_5 9 1 1 9 7 3 314 314 0.14
smi_close_6 44 8 35 7 7 4 21034 21034 0.15
smi_close_7 14 0 9 6 6 6 582 582 0.30
smi_close_8 40 4 19 9 4 6 3413 3413 0.18
smi_headway_0 14 3 4 6 3 1 1483 1483 0.01
smi_headway_1 66 22 19 6 6 2 5040 5040 0.39
smi_headway_2 124 28 87 5 5 5 2888 2888 1.59
smi_headway_3 24 2 9 13 7 3 3552 3552 0.14
smi_headway_4 4 1 0 5 3 2 24797 24797 0.01
smi_headway_5 24 0 7 9 7 6 869 869 0.96
smi_headway_6 50 11 38 7 7 5 22236 22236 0.19
smi_headway_7 27 3 14 6 6 8 1150 1150 0.61
smi_headway_8 68 11 37 9 6 10 5159 5159 0.56
smi_headway_9 82 20 34 6 6 5 16006 16006 0.52
smi_headway_10 91 15 45 8 7 8 9007 9007 2.10
smi_headway_11 94 19 37 8 7 5 5579 5579 0.73
swi_1 0 0 0 4 1 0 0 0 0.01
swi_2 207 175 11 58 12 8 0 0 0.06
swi_3 839 697 103 143 56 17 0 0 0.81
swi_4 1081 832 200 148 74 23 0 0 1.72
swi_b 1085 835 200 149 74 23 0 0 1.75
swi_6 2270 1809 403 365 86 8 0 0 1.13
swi_7 5108 4161 1018 467 360 36 0 0 23.68
swi_8 2103 1512 872 133 119 32 0 0 5.00
swi_9 14563 8063 11577 287 285 46 0 0 170.20
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Table 6 Our results on the nor5 instances and nor4_large_4, obtained with a timeout of five
minutes, after which we limit each solve to 20 seconds and start fixing disjunctive variables. Objective
values in bold are new best known solutions. Improvement is the gain (0 if we match) over the
previous best published on the DISPLIB page and reported in [5] for a time limit of 10 minutes.

Instance UB LB Previous best Improvement Time [s]
nord4_large_4 13260 13260 13261 1 72.0
nor5_small_1 57443 57404 57554 111 422.7
nor5_small_2 66751 66348 66751 0 404.5
nor5_small_3 57446 57446 57446 0 333.5
nor5_small 4 57361 57361 58484 1123 339.7
norb5_small_5 62744 62699 62744 0 359.9
nor5_large_1 72713 72248 72799 86 433.5
nor5_large_2 76410 75189 77118 708 510.9
nor5_large_3 69910 69331 70026 116 414.8
nor5_large_4 69519 69051 69519 0 552.3
nor5_large_5 67277 66874 67312 35 431.9

Table 7 Our results on the wab_large and wab_small instances, using a heuristic configuration:
after 50 seconds we iteratively fix at most 5% of the most confident decisions, with 20 seconds per
iteration. Objective values in bold are new best known solutions. Improvement is the gain over the
previous best published on the DISPLIB page (negative if we do not match it). We report no lower
bounds, as they are not competitive in this setting: once we start fixing decisions they no longer
apply to the original instance.

Instance UB  Previous best Improvement Time [s]
wab_large_1 141607 151279 9672 480.6
wab_large_2 145791 144017 -1774 475.8
wab_large_3 121948 152642 30694 492.9
wab_large_4 138726 133630 -5096 508.2
wab_large_5 129493 143886 14393 481.7
wab_large_6 127624 134923 7299 516.1
wab_large_7 125161 146501 21340 484.3
wab_large_8 100352 117051 16699 483.9
wab_large_9 113191 123528 10337 4777
wab_large_10 130166 127116 -3050 481.3
wab_large_11 140696 127862 -12834 507.9
wab_large_12 133456 130225 -3231 495.3
wab_large_13 91603 117875 26272 473.8
wab_large_14 122546 123753 1207 257.3
wab_large_15 124887 129949 5062 501.3
wab_large_16 107823 128082 20259 489.7
wab_small_1 18003 17055 -948 256.4
wab_small_2 16156 16478 322 254.3
wab_small_3 19179 18767 -412 294.1
wab_small_4 21103 20165 -938 301.1
wab_small_5 25298 25255 -43 374.1
wab_small_6 22540 23318 778 296.8
wab_small_7 21274 26486 5212 293.5
wab_small_8 27450 20138 -7312 373.5
wab_small_9 20601 24116 3515 343.6
wab_small_10 26768 28750 1982 357.3
wab_small_11 23676 24189 513 324.1
wab_small_12 24214 22571 -1643 329.4
wab_small_13 19324 19064 -260 315.7
wab_small_14 19626 19938 312 344.4
wab_small_15 20035 21392 1357 286.2

wab_small_16 15742 19015 3273 265.8
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—— Abstract

The Berth Allocation and Scheduling Problem (BASP) is a challenging combinatorial optimisation
problem arising in container terminal operations, where decisions must balance conflicting goals
including operational efficiency, economic cost, environmental impact, and infrastructure utilisation.
This paper investigates the multi-objective discrete dynamic BASP with time windows and introduces
a four-objective mixed-integer linear programming formulation that simultaneously captures vessel
service efficiency, CO2 emissions, operating cost, and berth workload balance.

To solve this computationally challenging problem, we develop and systematically evaluate
adaptive multi-objective metaheuristic approaches. First, we adapt four evolutionary multi-objective
algorithms through problem-specific variation operators and an adaptive operator selection mechan-
ism. Second, we extend Adaptive Large Neighbourhood Search (ALNS) to the multi-objective BASP
setting and propose two variants: SMOALNS, based on an external Pareto archive, and NSALNS, which
integrates ALNS with NSGAII environmental selection.

Extensive computational experiments demonstrate that adaptive operator selection consistently
improves evolutionary baselines and that the proposed multi-objective ALNS approaches achieve the
best overall performance across benchmark instances. The results indicate that adaptive destroy—
repair search mechanisms are particularly effective for highly constrained berth scheduling problems,
providing high-quality approximations of the Pareto front for realistic port management scenarios.
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1 Introduction

The growth of global maritime trade has placed increasing pressure on marine container
terminals, making the efficient utilisation of berthing resources a critical operational challenge.
Inefficient berth planning can cause vessel congestion, long waiting times, and increased
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operational and environmental costs. This challenge, commonly modelled as the Berth
Allocation and Scheduling Problem (BASP), involves assigning arriving vessels to berthing
positions and service times while satisfying spatial and temporal constraints. BASP variants
may differ w.r.t. the quay layout: (i) discrete if the quay is divided into fixed berths, each
serving at most one vessel at any time; (ii) continuous, if vessels can be assigned to any
feasible position along the quay; and (iii) hybrid, if a vessel may occupy multiple adjacent
berths, while each berth may simultaneously serve multiple vessels. They may also differ w.r.t.
vessel arrival information: (i) static, if all vessels are already present awaiting to be served;
(ii) dynamic, if vessels arrive over time at a priori known arrival times; and (iii) uncertain, if
vessel arrival times are subject to variability. We denote these variants as XYBASP, where
X € {D, C,H} represents the quay layout and Y € {S,D, U} the arrival-time setting.

Many practical BASP formulations also include time-window constraints, requiring vessels
to be serviced within predefined intervals dictated by contractual, tidal, or operational
considerations, which significantly increases problem complexity. Moreover, real-world berth
planning involves multiple conflicting objectives, such as minimising vessel turnaround times,
operational costs and environmental impact, while ensuring balanced berth utilisation.

Motivated by these challenges, we study the multi-objective Discrete Dynamic Berth
Allocation and Scheduling Problem with time windows (moDDBASPtw). Our model sim-
ultaneously minimises total vessel service time in the system, CO5 emissions and terminal
operating costs, while promoting workload balance across berths. Given the intractability
of the problem, we propose and experimentally evaluate several metaheuristic approaches
that efficiently generate diverse high-quality approximations of the Pareto front, supporting
informed decision-making in realistic port management environments.

Related Work. BASP has received considerable attention due to its impact on terminal
efficiency and operational costs. The single-objective BASP is NP-hard [15], rendering exact
approaches computationally prohibitive for large-scale instances and motivating the use of
heuristic and metaheuristic methods. Several studies have focused on single-objective BASP
variants. In [13], (single objective) DDBASPtw is formulated as a MILP inspired by vehicle
routing models, and is approximately solved using constructive and improvement heuristics,
as well as metaheuristics including ALNS, genetic algorithms, and cuckoo search.

The inherent limitations of single-objective formulations have led to increasing interest in
multi-objective BASP, which not only inherits NP-hardness [2] but introduces additional
complexity due to conflicting objectives. In [10], daytime preference is incorporated as an
additional objective, and a bi-objective genetic algorithm is proposed to balance service
efficiency and daytime workload. A Pareto-based evolutionary framework is introduced
in [4] that jointly minimises makespan, waiting time, and deviation from priority schedules,
incorporating problem-specific local search mechanisms. A multi-objective vessel scheduling
framework accounting for cost efficiency, service reliability, and environmental impact is
studied in [21]. Environmental aspects are explicitly addressed in [22] where shore-side
electricity and emission reduction are integrated into berth allocation models, and in [17]
where service efficiency and carbon emissions are jointly optimised using the enhanced
multi-objective artificial bee colony (EMOABC) algorithm.

Despite these advances, none of the existing works has considered all the involved
optimisation directions: (i) operational efficiency (e.g., expressed by total vessel waiting and
service times), (ii) aggregate service cost, (iii) environmental footprint (e.g., expressed by
COy emissions) and (iv) balanced exploitation of the port infrastructure (e.g., as indicated by
the workload distribution). Moreover, systematic comparisons of established multi-objective
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metaheuristics within a common BASP setting are scarce, and algorithms with proven
effectiveness in single-objective BASP, such as ALNS, have not yet been extensively explored
in the multi-objective context. Recent studies have also extended the ALNS paradigm to
multi-objective optimisation. Hybrid MOALNS frameworks, combining ALNS with population-
based approaches such as NSGAIT [6], SPEA2 [24], and MOEA/D [23], have been proposed for
applications including transportation planning [18], green machine scheduling [5], disassembly
line balancing [8], and vehicle routing [14]. These methods exploit adaptive destroy-repair
operators, demonstrating the potential of MOALNS to effectively approximate Pareto fronts in
complex combinatorial optimisation problems. Nevertheless, experimental evaluations are
often restricted to small instances and a limited set of performance metrics.

Our Contribution. This paper makes the following contributions to moDDBASPtw.

1. We introduce, to the best of our knowledge, the first formulation that simultaneously con-
siders objective functions in all the previously mentioned optimisation directions, namely,
operational efficiency, total cost, environmental footprint, and balanced exploitation of
the infrastructure.

2. We investigate the application of general-purpose multi-objective evolutionary algorithms
(MOEAs) to moDDBASPtw by adapting four well-established approaches, namely
NSGAII [6], NSGAIII [7], SPEA2 [24], and MOEA/D [23], through problem-specific vari-
ation operators. In particular, we design and implement five crossover operators and two
mutation operators tailored to the structure of berth allocation schedules, and perform a
systematic experimental analysis of their impact on MOEA performance. To the best
of our knowledge, this constitutes the first systematic evaluation of crossover operators
in the context of multi-objective BASP. We also implement the EMOABC [17] approach
verbatim and include it in our experimental evaluation.

3. We adjust a well-established metaheuristic from the VRP literature, Adaptive Large
Neighbourhood Search (ALNS) [19], to the moDDBASPtw setting. We propose two
variants of ALNS: a simple multi-objective variant (SMOALNS), and a more sophisticated
approach (NSALNS) that integrates ALNS within the selection and diversity-preservation
mechanisms (non-dominated sorting) of NSGAII. Both these variants outperform all other
approaches for solving moDDBASPtw, consistently achieving superior performance across
nearly all evaluation metrics, thus demonstrating the effectiveness of combining large
neighbourhood search with evolutionary multi-objective techniques.

4. We extend the adaptive operator selection mechanism originally introduced in ALNS
to the considered MOEA frameworks. The resulting adaptive evolutionary variants
dynamically select among multiple crossover and mutation operators during the search
process. Extensive experimental evaluation demonstrates that adaptive operator selection
improves upon deterministic operator configurations.

2 Problem Description & Mathematical Formulation

In this section, we introduce a multi-objective mathematical formulation of DDBASPtw,
hereafter referred to as moDDBASPtw. The proposed formulation extends the Mized
Integer Linear Programming (MILP) formulation introduced in [13] for the (single-objective)
DDBASPtw, inspired by its connection with the Heterogeneous VRP.

In particular, it considers four objective functions (see Figure 2 in the Appendix): (i)
the minimisation of the total time each vessel spends within the port, reflecting operational
efficiency; (ii) the minimisation of COy emissions generated during a vessel’s stay in the

7:3

ATMOS 2026



7:4

Adaptive Metaheuristics for Multi-Objective Berth Allocation and Scheduling

port, addressing environmental sustainability; (iii) the minimisation of the overall berthing
cost, representing economic performance; and (iv) the minimisation of load variation across
berthing positions, promoting a balanced and sustainable utilisation of port infrastructure.
To discourage poor-quality schedules that simply deny service to vessels, the formulation
explicitly accounts for penalties associated with vessels that are not assigned to any berth
within their feasible time windows, thereby incentivising solutions that maximize service
coverage while balancing the competing objectives. Additionally, our formulation explicitly
defines appropriate constraints for the CO5 emissions associated with each vessel-to-berth
assignment. All other constraints remain the same as in [13]. Rather than seeking a single
optimal solution, the objective is to identify a diverse set of approximate solutions that
efficiently cover as much as possible the Pareto front, while satisfying all problem constraints.

Each vessel ¢ € S is characterized by an estimated time of arrival T;?* and a requested
time of departure T (perceived as a soft deadline). The terminal enforces a delay policy
T which specifies the maximum allowable delay beyond a vessel’s requested departure
time. This policy induces a hard time window [T¢?, T7¢ + T%], within which vessel i must
be assigned to a berth and complete its service; otherwise, the vessel is denied service. Each
vessel i € S carries a cargo quantity ); and has a desirable number of cranes that could
ideally be allocated for its service. Furthermore, vessel ¢ is associated with four penalty
parameters P, P¢, Pf, and Pil, which represent the loss incurred by the terminal operator
per objective function, in the event that the vessel is denied service.

Regarding the port infrastructure, the wharf is assumed to be partitioned into a set B of
heterogeneous berths. Each berth j € B is characterized by its length L7, draft D7, per-hour
operational cost C7, and number N7 of operational homogeneous cranes (e.g., requiring the
same amount of time K to load / unload one unit of cargo). Similarly, each vessel i € S is
characterized by its length L; and draft D;, which must be compatible with the corresponding
attributes of the berth to which it is assigned. Assigning vessel i to berth j € B results in
different waiting times, handling times, departure delays and COy emissions. The waiting
time of i is defined as the elapsed time between its arrival and the commencement of its
mooring at berth j. The handling time of i depends on the specific vessel-berth pairing and
reflects the duration required by berth j to service vessel ¢, based on its cargo quantity and
the operational characteristics of the berth. A departure delay for i is defined as the extra
time (if any) from 77¢ until the completion of its service at berth j. The COy emissions of i
depend on the specific vessel-berth pairing.

To formalize the problem, the following assumptions are adopted: (i) all the spatio-
temporal details of the vessels arriving within the planning horizon are known in advance
(discrete-dynamic scenario); (ii) each vessel requires a single, uninterrupted time interval
for handling (no pre-emption of currently handled vessels); and (iii) all berths are empty at
the beginning of the planning horizon. The proposed MILP formulation employs decision
binary variables ch .» defined for all triples (i, k, j) € S 2 x B, which indicate whether vessel k
is serviced immediately after vessel i in the servicing sequence of berth j. It further includes
continuous temporal variables defined for pairs (i,j) € S x B, representing the mooring time
tf of vessel ¢ at berth j (equal to T£* if vessel ¢ is not assigned to berth j), the handling time
h; of vessel i, the CO5 emissions e; of vessel i and the departure delay téd, defined as the
time by which the completion of service exceeds the requested departure time T7?. For more
details about the formulation see Section A in the Appendix.
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3 Solution Approaches

In multi-objective optimisation problems, the aim is to determine a maximal set of solutions
that reflect different trade-offs among the competing objectives, so that every feasible solution
is not superior across all objectives to (i.e., does not dominate) any solution within this
set. Such a set is commonly referred to as Pareto set, or Pareto front. In this work, we
approximately solve moDDBASPtw by employing custom-tailored variants of well-known
multi-objective evolutionary algorithms (MOEAs) and two novel multi-objective variants of
ALNS to construct large solution sets, which are not necessarily subsets of the Pareto front,
but they nevertheless cover a large range of trade-offs among the competing objectives and
none of the solutions is dominated any other solution within this set.

3.1 Baseline MOEA Approaches

The majority of MOEASs share a common algorithmic framework. They maintain a population
of feasible solutions, initialized either randomly or heuristically. This population evolves
over successive generations until a predefined termination criterion is fulfilled. In each
generation, mate selection is used to choose individuals for reproduction, followed by a
variation (crossover/mutation) operator to generate an offspring. Each offspring is then
evaluated by computing all objective values, and environmental selection determines which
individuals advance to the next generation. MOEAs are largely problem-independent, with
each algorithm defining its own mate and environmental selection mechanisms. To adapt a
MOEA to a specific problem, one needs only to specify how the population is initialized and
how variation operators are applied to generate new solutions. In this study, we use four
well-known MOEAs as our baseline algorithms: NSGAII [6], NSGAIII [7], SPEA2 [24], and
MOEA/D [23]. All these baseline algorithms use the same population initialization procedure
(cf. Section 3.2) and apply identical variation operators (cf. Section 3.3). They differ in the
mate selection and environmental selection mechanisms, as well as in whether they return
the final population or maintain an external archive of non-dominated solutions.

3.2 Population Initialization

The initial population is always generated using the constructive heuristic aggregate pre-
determined order Insertion (agg-po-INS), which is a simple variant of the predetermined
order insertion (po—-INS) heuristic proposed in [13]. This heuristic incrementally constructs
berth schedules by inserting one unassigned vessel at a time into partially built schedules.
Based on a predetermined vessel ordering, at each step, all feasible insertion positions for
the current vessel within each eligible berth are evaluated, and the position minimising the
marginal cost increase is chosen, while preserving the relative order of previously assigned
vessels. Mooring times of already scheduled vessels may be adjusted as long as temporal
and operational constraints are satisfied. In our multi-objective setting, the marginal cost
increase is computed as the increase in a weighted aggregation of the four objectives. For this
operation to be meaningful, all objective values are normalized; this is consistently applied
in this work whenever a weighted aggregation of the objectives is used.

To promote diversity of the initial population and to avoid bias towards any single
objective, five predefined weight vectors are used: one assigning equal importance to all
objectives (a weight of 0.25 each), and the other four emphasizing a particular objective
(assigning to it a weight of 0.4) and equally splitting the remaining weight to the others (0.2
each). For a population of size N, approximately N/5 solutions are generated per weight
vector. Diversity within each weight vector is achieved by varying the vessel insertion order,
producing structurally distinct schedules and ensuring broad coverage of the objective space.
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3.3 Variation Operators

Crossover Operators. A crossover operator generates an offspring solution by combining
structural information from two parent solutions. In this work, we designed and evaluated
five crossover operators, which are described below.

RandomParent (RP) processes vessels independently. For each vessel ¢ € S, if it was assigned
to some berth by only one parent, the offspring inherits that assignment (berth and
mooring time). If it was assigned to berths by both parents, one assignment is selected
with equal probability. If the inherited assignment is infeasible w.r.t. assignments already
copied into the offspring (e.g., temporal overlap on the same berth), it is discarded
and vessel i is marked as unassigned. After all vessels are processed, unassigned vessels
are reinserted using an agg-po-INS-based repair mechanism. The repair follows the
agg-po-INS procedure described in Section 3.2, using equal objective weights (0.25 each),
and operates on partially constructed berth schedules formed by the inherited assignments.

RandomBerth (RB) acts at berth level, rather than at vessel level. A berth j € B is selected
uniformly at random, and its entire schedule in the first parent is replaced by its schedule
in the second parent. As a consequence, vessels that were originally assigned to berth
j in the first parent but are not present in the second parent’s schedule of j become
unassigned. Moreover, vessels copied from the second parent may have been assigned to
other berths in the first parent; in such cases, their original assignments are removed to
preserve uniqueness. All vessels that are left unassigned, are reinserted using the same
agg-po-INS-based repair mechanism employed by the randomParent operator.

HalfBerths (HB) partitions the set of berths B in two disjoint subsets of equal size. The
offspring inherits the schedules of berths in the first subset from the first parent and
those of the remaining berths from the second parent, ignoring assignments that would
duplicate vessels already inherited. Any unassigned vessels resulting from this process
are reinserted using the agg-po-INS-based repair mechanism.

HalfTime (HT) performs recombination along the time dimension. Assignments from both
parents are combined and ordered by the midpoint of their service intervals, tg +h;/2, and
the temporal split ¢ is defined as the median midpoint. The offspring inherits assignments
from the first parent whose midpoints occur before ¢ and from the second parent whose
midpoints occur after ¢, provided the vessel has not already been assigned. Assignments
causing temporal conflicts, as well as vessels whose midpoints lie on the non-selected side
of t in both parents, are marked as unassigned. All unassigned vessels are subsequently
reinserted using the agg-po-INS-based repair mechanism.

Quarter (Q) combines HalfBerths and HalfTime by partitioning both the time horizon
and the berth set. The temporal split ¢ is defined as in HalfTime, while B is partitioned
into two equal subsets B; and By. For assignments with midpoints before ¢, vessels
assigned to berths in By are inherited from the first parent and those in By from the
second parent; for assignments after ¢, the inheritance is reversed. Duplicate assignments
are ignored, and assignments causing temporal conflicts or omitted due to the combined
partitioning are marked as unassigned. All unassigned vessels are finally reinserted using
the agg-po-INS-based repair mechanism, yielding a feasible offspring.

Mutation Operators. The role of a mutation operator is to introduce controlled perturba-
tions to existing solutions in order to enhance exploration while preserving feasibility. In this
work, we design two mutation operators which are based on two well-known improvement
heuristics from VRP literature, namely Relnsert and Swap [16]. In each case, before executing
a mutation operator, the agg-po-INS repair mechanism is first applied to reinsert vessels
that are not serviced in the current solution.
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Relnsert is applied for a predefined number of iterations. In each iteration, a vessel is
selected uniformly at random and removed from its assigned berth, allowing subsequently
scheduled vessels to advance their mooring times if permitted by temporal constraints. The
removed vessel is then reinserted using the agg-po-INS repair mechanism. The resulting
solution is evaluated, and the changes are accepted only if the number of unserviced vessels
does not increase; otherwise, the solution is reverted. In the computational experiments,
the number of iterations is set to 0.4 times the number of vessels.

Swap explores the neighbourhood through pairwise exchanges of vessel assignments between
berths. A predefined number of vessel pairs is selected uniformly at random. For each
pair, both vessels are first removed from their own berths and consequently they are
reinserted into each other’s original berths; if either vessel is incompatible with the new
berth, the pair is skipped. All feasible insertion positions are evaluated, and the one
minimising the marginal cost increase is selected according to the agg-po-INS principles,
using equal objective weights. While reinsertion may shift the mooring times of other
vessels, their relative order is preserved. Each swap is accepted only if it does not increase
the number of unserviced vessels; otherwise, the solution is reverted. In the computational
experiments, the number of evaluated vessel pairs is set to 0.6 times the number of vessels.

3.4 Multi-Objective Adaptive Large Neighbourhood Search (MOALNS)

Adaptive Large Neighbourhood Search (ALNS) is a metaheuristic for single-objective optim-
isation problems that was introduced in [19] as an extension of Large Neighbourhood Search
(LNS). It iteratively evolves the current solution by applying to it a pair of destroy and repair
operators (exactly as LNS) but the selection process is now adaptive, choosing among multiple
operators with probabilities proportional to their past performances. A custom-tailored
variant of ALNS for DDBASPtw was proposed in [13], where the experimental evaluation
demonstrated its clear superiority over baseline (single-objective) evolutionary algorithms.
Motivated by this observation, we propose two novel adaptations for moDDBASPtw: the
Simple Multi-Objective ALNS (SMOALNS) and the Non-dominated Sorting ALNS (NSALNS).
First, we introduce a generic MOALNS framework that defines the common structure shared
by all proposed variants. At the beginning, an initial population of solutions is generated, as
described in Section 3.2. Consequently, we initialise the weights of all the destroy and repair
operators to equal values, implying uniformity in selection probabilities. Any additional
data structures required by a specific variant are also initialized at this point. MOALNS
proceeds iteratively until a predefined termination criterion is reached. In each generation,
for each solution x in the current population P, a destroy operator and a repair operator
are selected according to their adaptive selection probabilities and applied consecutively,
resulting in a new candidate solution z’. An acceptance function accept(a’, z,T) is then
invoked, which is identical for all variants: If 2’ dominates x, then accept(a’,x,T) returns
1. If z dominates 2/, it returns —1. Otherwise (i.e., when neither 2 nor ' dominates the
other), a simulated annealing-based criterion is applied, to allow the probabilistic acceptance
of the newly generated solution even though it does not dominate the current solution,
thereby promoting exploration. In particular, given the temperature parameter T', the value
e~ 4/T is computed, where diff denotes the absolute difference between the values of z
and x’ w.r.t. the weighted sum of all the objectives . A random number r is drawn then
uniformly from [0,1]; if 7 < e~ 9/T then accept(z’,2,T) returns 0 (to indicate the fact
that a non-dominating solution was promoted this time), otherwise it returns —1. After the
acceptance decision is made, each variant applies its own procedure to handle the result. The
scores of the selected operators are then updated based on the outcome of accept(a’,x,T).
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These scores are subsequently used to update the operator weights. If accept(z’,z,T)
returns 1, the selected operators receive the highest reward rw; € (0, 1); if it returns 0, they
receive a smaller reward rwy € (0, 7w ); otherwise, no reward is granted to them. Once all
solutions in the population have been processed, each variant performs its respective post
generation operations.

A sequence of updatePeriod consecutive generations constitutes an epoch. At the end of
the k-th epoch, the aggregate scores and weights (indicating new selection probabilities) for
all the destroy and repair operators within the subsequent epoch k + 1 are calculated as
follows: For each operator i,

@
E R

, ifuk >0, wi
wit = (1 =plwf+p-Qu ' ’ = : k1> (1)
Zj:type(j):type(i) wj

)

0, otherwise,

where the type of each operator is from {D(estroy), R(epair)}, wk is the weight of operator
f is its aggregate score, and uf is the number of times it was selected, within epoch k.
The new selection probability of i for epoch k + 1 is pF*1, whereas p € (0,1) determines
the learning rate. This procedure allows MOALNS to adaptively favor operators that have

i, S

K2

been more successful in improving solutions, over time. At the same time, the temperature
parameter is reduced from one epoch to the next, according to a geometric cooling schedule,
ie., TF*! .= a-T* where a € (0,1) is the cooling parameter.

Simple multi-objective ALNS (SMOALNS) and Non-Dominated Sorting ALNS (NSALNS).
SMOALNS maintains an external archive A that stores all mutually non-dominated solutions
identified during the entire search. Starting with a population initialization step (cf. Sec-
tion 3.2), for each new generation, if the acceptance function returns a value greater than
or equal to zero (i.e., the current solution x is replaced by the new solution z’), then A is
updated only if 2’ is not dominated by any solution already in A, and (in that case) all
existing solutions in A which are dominated by x’ are removed. SMOALNS does not apply any
additional post generation population processing. Upon termination, the algorithm returns
the external archive A obtained during the search, as an approximation of the Pareto front.

NSALNS incorporates the environmental selection principles of NSGAII. Instead of main-
taining an external archive, NSALNS relies exclusively on population-based selection. During
each generation, an offspring population O is constructed by appending each newly generated
solution 2’ to O, regardless of the outcome of accept(z,z’,T). After all solutions in P
have been processed, non-dominated sorting (as in NSGAII) is performed on the combined
population P U O, followed by crowding distance computation. The lexicographically best |P|
solutions from P U O, w.r.t (smaller) dominance ranks and (larger) crowding distances, are
selected to form the population for the next generation. Upon termination, NSALNS returns
the final population P as the approximation of the Pareto front. Among the examined
environmental selection mechanisms, the NSGAII strategy was retained due to its superior
hypervolume and spread performance over all other baseline approaches in our experimental
evaluation (cf. Section 4.1).

MOALNS Operators. Both variants employ the same set of destroy and repair operators.
Destroy Five destroy operators were implemented to selectively dismantle parts of the
current solution: (i) random removals of assigned vessels, (ii) clearance of randomly
selected berths, (iii) removal of vessels that significantly contribute to the total objective
aggregated cost, (iv) removal of vessels that are spatially similar to a selected seed vessel
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(i.e., vessels with similar length and draft) and (v) removal of vessels that are temporally
similar to a selected seed vessel (i.e., vessels with close estimated time of arrival). The
degree of destruction (deg) controls the proportion of the solution to be removed. A
sufficiently high value of deg increases the likelihood of escaping from local optima.

Repair Six repair operators were implemented to reconstruct solutions following the destruc-
tion phase. Three of these operators are based on the agg-po-INS heuristic and differ
only in the order in which the removed vessels are processed. Specifically, the vessel
processing order is determined by (ascending) estimated-arrival times, or by (ascending)
requested-departure times, or by (ascending) compatible-berths numbers. For all these
repair operators, equal objective weights (0.25 per objective) are used in the aggregate
cost computation. The fourth operator also relies on the agg-po-INS heuristic, processing
vessels according to the order in which they were removed during the destruction phase,
using again equal objective weights in the computation of the aggregate cost. The fifth
operator is almost identical to the fourth, but employs randomly generated (instead of
equal) objective weights. Finally, the sixth operator is based on a k-regret insertion
strategy, which iteratively selects and inserts the vessel with the largest regret value from
the set of removed and currently unassigned vessels. The regret value of a vessel is defined
as the difference between the aggregate cost for its best feasible insertion position and
the aggregate cost of its k-th best feasible insertion, using equal objective weights.

3.5 NSCSA with Decomposition and Adaptive Operator Selection

We developed also NSACSA/D, an enhanced version of NSCSA, a recently proposed metaheur-
istic [12] that combines the selection mechanisms of NSGAII with the exploration capabilities
of the Cuckoo Search Algorithm (CSA) [9]. NSACSA/D adopts a decomposition-based frame-
work and incorporates the adaptive operator selection mechanism of ALNS. The experimental
results (cf. Section 4.1) revealed only a marginal performance improvement over the baseline
methods. Therefore, we do not further analyze its behavior in detail.

3.6 Adaptive Operator Selection in Evolutionary and Genetic Algorithms

The performance of evolutionary and genetic algorithms is highly sensitive to the choice
of crossover and mutation operators, and no single operator is expected to be universally
optimal. In our case, the a priori confinement of the baseline algorithms to fixed combinations
of variation operators may bias the search. On the other hand, it could be beneficial to equip
each baseline MOEA with an adaptive operator selection mechanism to autonomously identify
and exploit the most effective operators, while preserving exploration through probabilistic
selection, similarly to the adaptive operator selection mechanism of ALNS.

To this end, adaptive variants of these algorithms are also introduced, denoted by adding
an “A” to each original algorithm’s name: NSAGAII, NSAGAIII, SPAEA2, and MOAEA/D. In
particular, the adaptive mechanism for the destroy and repair operators in MOALNS (cf.
Section 3.4) is adopted also in MOAEAs for selecting crossover and mutation operators.
Each operator is associated with a weight, initialized uniformly and updated online based
on observed performance. During reproduction, operators are chosen according to their
adaptive selection probabilities (which are proportional to operator weights). After offspring
evaluation, rewards are assigned independently for each parent: rw, if the offspring dominates
the parent, rws if they are mutually nondominated, and 0 if the parent dominates the offspring.
For example, an offspring dominating both parents receives reward rw; 4+ rw;, while one
dominating one parent and neither dominating nor being dominated by the other parent
receives reward rw; + rws. Operator weights and the corresponding selection probabilities
are updated periodically via exponential smoothing, similarly to MOALNS (cf. Equations (1)).

7:9
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4 Experimental Evaluation

All experiments were conducted on a workstation running Ubuntu 22.04, equipped with an
AMD Ryzen Threadripper 3960X processor (24 physical cores, 48 threads, base frequency of
3.80 GHz, and 128 MB L3 cache) and 256 GB of RAM. All algorithms were implemented in
C++ and compiled using GCC with the -03 optimisation flag. The algorithm parameters were
determined through a preliminary parameter tuning procedure, conducted on a representative
subset of the instances used in the complete experimental evaluation, and were subsequently
fixed for all experiments. For algorithms incorporating adaptive operator selection, the
tuning process considered four parameters: the initial temperature 7', cooling rate a, update
period, and weight update parameter p. The candidate values investigated were: T &
{1,2,3,4,5,6,7}, a € {0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}, updatePeriod € {10,15,20}, and
p € {0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. Parameter combinations were evaluated, and the
configurations providing the best performance during the tuning phase were selected. The
final parameter settings were: TMOALNS — TMOEA _ 3= GMOALNS _ MOEA _ (3 HMOALNS — ()6
PEA = 0.8, and updatePeriod = 10 iterations for all methods. The operator rewards were
set to rw; = 1 and rws = 0.4. Finally, all MOALNS variants used a fixed destruction degree of

)

deg = 0.4 in all experiments.

Performance Indicators. In our MILP formulation for 4-objective DDBASPtw, computing
the (exact) Pareto front is computationally inefficient for all but toy instances. Even
constructing a reliable approximation of the Pareto front through exact methods would be
prohibitively expensive for meaningful problem sizes. Nevertheless, several performance
indicators require a reference set that somehow approximates the Pareto front. Therefore,
we adopt the following approach for the construction of a meaningful reference set, which
is common practice in the literature [3, 20, 12, 17]: We first construct the union of the
solution sets produced by all the algorithms under comparison across the experimental runs.
From this set, only the non-dominated solutions are retained. The resulting set, called the
reference Pareto front, is used as a surrogate for the unknown Pareto front when evaluating
performance metrics that depend on it.

The experimental evaluation of each algorithm is done using the following set of commonly
adopted performance indicators that capture computational efficiency, convergence, and
diversity w.r.t. the reference Pareto front. (i) Runtime (T): It measures the total wall-clock
time required by an algorithm to complete an optimisation run. It reflects computational
efficiency and is particularly relevant for large-scale or time-sensitive applications. (ii)
Hypervolume (HV): It is a unary performance indicator that simultaneously captures
convergence and diversity. Given a solution set S C R% and a single reference point r € R?,
the hypervolume of S is defined as the value of the Lebesgue measure A(S) of the region that is
weakly dominated by S and bounded above by r: H(S) = A ({q €ERY|FIpeS:p<q< r})
(iii) Spread (A): It evaluates the diversity and uniformity of the distribution of solutions
returned by each algorithm. It measures how evenly the solutions cover the objective space
and whether extreme regions of the front are adequately represented. A lower spread value
indicates a more uniformly distributed solution set, whereas higher values suggest clustering
or gaps along the front. This indicator is particularly useful when assessing an algorithm’s
ability to maintain solution diversity. (iv) Inverted Generational Distance (IGD): It
assesses the quality of an obtained solution set S by measuring its average distance to a
given reference Pareto front P*. IGD computes the mean of distances of points in P* from
their nearest neighbour in S. Lower IGD values indicate better convergence and coverage of
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the reference Pareto front, as they imply that the obtained solutions closely approximate the
reference front across the entire objective space. In this work, the performance indicators are
considered in lexicographic order of importance: HV < A < IGD < T. We mainly focus on
the quality of the obtained solution sets rather than execution time, as all algorithms have
comparable running times (up to 15 minutes and differing by at most 3.6x).

4.1 Experimental Results

For the experimental evaluation, the time unit is set to 1 hour; for example, if h; = 2, vessel
1 requires 2 hours to be handled by its assigned berth. The time for a single crane to load or
discharge a unit of cargo is K = 5 minutes (1/12 hours), and the delay policy is 7% = 10
hours. Vessel arrival times are considered within a single week (i.e., Vi € S, T € [0, 168]).
Since no benchmark sets are available for the specific problem addressed in this study,
all instances were generated using the data generator described in [13]. This generator
exploits publicly available real-world data on vessel arrivals and berthing activity from
Piraeus Container Terminal [1] (which can service up to eleven vessels simultaneously) for
the creation of synthetic-data instances which reflect varying operational scales and at the
same time are statistically comparable to real-world instances. Each benchmark data set is
denoted as X-Y (X vessels, Y berths) and contains ten randomly generated instances of the
given size; all tables report the arithmetic means across these random instances per data set.
Columns include: “Algorithm” (method executed), “T” (average runtime in seconds), “HV”
(hypervolume), “A” (spread), and “IGD” (inverted generational distance). The performance
metrics are computed as follows. For methods returning populations, only non-dominated
solutions are retained. The reference Pareto front is then constructed from the solution sets
of all methods, and all points returned by the algorithms are normalized using the nadir
and zenith points of this reference Pareto front. Metrics are subsequently calculated on the
normalized solutions. For the HV metric, again following common practice, we consider the
single reference point » = (1.1,1.1,1.1,1.1).

[EXP-1] Crossover Operator Comparison. Evolutionary algorithms are often sensitive to the
choice of crossover. With multiple operators available in our framework, it is not immediately
clear which provides a fair baseline configuration. To investigate this, each baseline algorithm
was executed with all five crossover operators while keeping other parameters fixed. The
ReInsert operator was used as the mutation operator in all cases, as preliminary experiments
consistently indicated slightly superior performance over Swap. All MOEAs were run with
a fixed population size of 100 solutions, and for 200 generations. For each crossover and
instance, results were averaged across all baselines (i.e., the mean performance of a given
crossover over all algorithms was reported). HV and A were used as performance metrics.

Table 1 reports the resulting average values for each problem instance. The results
indicate that RandomParent (RP) consistently provides strong performance across instances,
achieving the largest HV in all but two instances and the smallest A in all cases. Based on
this observation, RandomParent is selected as the fixed crossover operator for all non-adaptive
baseline algorithms in subsequent experiments. This choice ensures a fair and well-justified
comparison with the adaptive variants, which are free to dynamically select among all
available crossover operators.

[EXP-11] Baseline vs. Adaptive Variants. The comparison between baseline MOEAs and
their adaptive counterparts are reported in Table 5 of Section B. Overall, the adaptive
variants demonstrate slightly better solution quality and substantially faster execution times
across most instances, reflecting the benefits of the ALNS-inspired adaptive operator selection.

7:11
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Table 1 Crossover averages (HV and A) across problem instances.

HVT A] [HVFf A] [HVF AJ [HVF A] [HVF A [HVF AJ
C/o| 40-10 45 - 10 60 - 20 70 - 20 80 - 20 90 - 20
RP |1.022 0.733(1.119 0.701|1.058 0.781|0.996 0.713|1.103 0.771|1.12 0.684
RB|1.005 0.761 | 1.073 0.768 | 1.046 0.823 | 0.977 0.802 | 1.098 0.831 |1.097 0.792
HB|0.981 0.831|1.035 0.812|1.026 0.849 | 0.97 0.799 | 1.084 0.833 [1.073 0.795
HT|0.997 0.836|1.058 0.815|1.056 0.875|0.977 0.8 |1.092 0.817 |1.067 0.836
Q| 0.995 0.801 |1.060 0.806 | 1.049 0.851 | 0.967 0.785 | 1.094 0.82 |1.068 0.783
C/o| 100-25 | 120-30 | 135-30 | 140-35 | 150- 35
RP |1.055 0.733[1.094 0.725| 1.058 0.696|1.091 0.722| 1.087 0.748
RB| 1.05 0.831| 1.09 0.806 |1.068 0.784 | 1.065 0.829 | 1.072 0.871
HB|1.023 0.806 | 1.072 0.812|1.034 0.754 | 1.063 0.788 |1.101 0.845
HT|1.035 0.798 | 1.082 0.784 | 1.049 0.751 | 1.077 0.798 | 1.099 0.835
Q| 1.032 0.792 |1.073 0.759 | 1.036 0.743 | 1.062 0.775 | 1.057 0.797

[EXP-111] Comparison with MOALNS Variants, NSACSA/D, and EMOABC. This ex-
periment evaluates the performance of the proposed adaptive multi-objective evolutionary
algorithms against NSACSA/D and an existing approach, namely EMOABC, as well as two
MOALNS variants, namely SMOALNS and NSALNS. The EMOABC algorithm was selected as a
baseline due to its recent application to multi-objective berth allocation problems [17]. It
extends the conventional Artificial Bee Colony framework through several enhancement
mechanisms, including a cooperative crossover operator, multiple neighbourhood search
strategies, and archive-based local refinement. The implementation of EMOABC follows the
procedure described in [17] as closely as possible to ensure a fair comparison. The original
parameter settings were adopted, except for the parameter M, which was set to 10 to account
for the higher number of objectives considered in this study. EMOABC, MOAEA/D, NSACSA/D,
and SMOALNS return an external archive, whereas the remaining algorithms return a fixed-size
set of solutions. We preserve this behavior to avoid altering the original design of the
algorithms. All algorithms were evaluated using a population size of 100 individuals under
two complementary experimental protocols. First, in the Same Generations Ezxperiment,
each algorithm was executed for 200 generations, enabling a direct comparison of solution
quality under an identical number of evolutionary iterations. Second, in the Time Limit
Ezperiment, all algorithms were compared under identical computational budgets to assess
their performance w.r.t. computational efficiency.

[EXP-III.a] Same Generations Ezperiment. Table 2 summarizes the results obtained when
all algorithms are executed for the same number of generations. Overall, the results indicate
that the proposed MOALNS variants consistently outperform the competing approaches across
all problem instances and performance indicators. Although the MOALNS variants generally
require higher computational times than the adaptive baseline MOEAs, particularly for larger
instances, they consistently achieve superior solution quality. This additional computational
cost is mainly attributed to the higher complexity of the MOALNS repair operators compared
to the crossover and mutation operators used in evolutionary algorithms. In particular, some
repair mechanisms require repeated evaluation of candidate assignments within the solution
reconstruction process, which increases the overall computational overhead.

Among the two variants, NSALNS demonstrates the most robust performance, achieving
the highest HV values and the lowest A values across all tested instances. In contrast,
SMOALNS obtains the lowest IGD values across all tested instances. Regarding NSACSA/D,
the algorithm achieves higher HV values than all adaptive baseline variants and EMOABC in
every instance. However, this advantage does not consistently hold also for the remaining
indicators. Moreover, NSACSA/D exhibits substantially higher execution times than all other
algorithms. Based on the adopted lexicographic ranking of performance indicators, NSALNS is
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Table 2 Same Generations Experiment.

T(s) HVT A] IGDJ]|T(s) HVTf A] IGDJ]|[T(s) HVT A] IGDJ
Algorithm 40-10 45-10 60-20
NSAGAII| 134 0.800 0.700 0.090 | 18.0 0.801 0.726 0.089 | 50.0 0.670 0.776 0.120
NSAGAIII| 13.5 0.790 0.836 0.093 | 18.4 0.786 0.841 0.089 | 50.9 0.659 0.955 0.122
SPAEA2| 13.8 0.782 0.734 0.122 | 18.6 0.793 0.723 0.108 | 50.1 0.662 0.832 0.136
MOAEA/D| 14.1 0.799 0.764 0.085 | 19.3 0.791 0.745 0.080 | 50.5 0.644 0.676 0.126
EMOABC| 7.5 0.710 0.683 0.137 | 10.7 0.636 0.792 0.166 | 43.6 0.616 0.762 0.155
NSACSA/D| 27.1 0.816 0.783 0.085 | 35.5 0.815 0.821 0.084 | 101.9 0.709 0.781 0.108
SMOALNS | 12.2 1.056 0.573 0.038| 16.9 1.075 0.586 0.043| 50.2 1.050 0.552 0.035
NSALNS| 11.3 1.099 0.539 0.062 | 15.8 1.156 0.571 0.060 | 45.9 1.119 0.505 0.051
Algorithm 70-20 80-20 90-20
NSAGAII| 65.4 0.650 0.765 0.115 | 84.0 0.747 0.839 0.108 | 105.8 0.766 0.717 0.081
NSAGAIII| 66.3 0.651 0.886 0.112 | 85.6 0.742 0.926 0.107 | 104.8 0.765 0.903 0.084
SPAEA2| 66.0 0.646 0.842 0.125| 85.5 0.745 0.894 0.118 | 106.5 0.762 0.863 0.089
MOAEA/D| 66.0 0.629 0.693 0.112 | 85.3 0.735 0.692 0.129 |{101.4 0.738 0.784 0.085
EMOABC| 69.9 0.578 0.703 0.154 | 95.0 0.708 0.777 0.132 | 136.7 0.631 0.718 0.151
NSACSA/D| 135.5 0.670 0.785 0.102 | 178.9 0.779 0.845 0.093 | 214.2 0.769 0.828 0.076
SMOALNS| 71.4 1.046 0.576 0.035| 104.9 1.094 0.606 0.031 | 141.7 1.084 0.596 0.042
NSALNS| 66.6 1.108 0.506 0.059 | 97.7 1.142 0.561 0.050 | 133.4 1.171 0.495 0.056
Algorithm 100-25 120-30 135-30
NSAGAII| 162.8 0.682 0.786 0.088 | 249.4 0.607 0.798 0.123 | 316.3 0.654 0.750 0.096
NSAGAIII | 163.8 0.669 0.912 0.088 | 251.3 0.604 0.893 0.122 | 321.1 0.647 0.896 0.099
SPAEA2| 161.8 0.679 0.897 0.098 | 248.6 0.598 0.905 0.133 | 314.7 0.654 0.845 0.109
MOAEA/D|158.9 0.667 0.729 0.083 |247.2 0.585 0.723 0.120 |305.3 0.619 0.721 0.098
EMOABC| 186.8 0.630 0.768 0.121 | 299.6 0.548 0.740 0.157 | 394.9 0.598 0.680 0.143
NSACSA/D| 333.9 0.691 0.788 0.081 | 523.1 0.614 0.789 0.111 | 656.9 0.684 0.861 0.091
SMOALNS| 223.0 1.046 0.570 0.031| 385.5 1.016 0.546 0.039 | 562.2 0.998 0.534 0.041
NSALNS | 208.7 1.093 0.543 0.058 | 356.8 1.066 0.485 0.062 | 514.7 1.095 0.457 0.065
Algorithm 140-35 150-35
NSAGAII| 391.0 0.583 0.781 0.148 | 464.0 0.626 0.819 0.112
NSAGAIIL| 397.7 0.571 0.932 0.155 | 467.0 0.620 0.945 0.115
SPAEA2| 390.5 0.580 0.871 0.157 | 464.8 0.624 0.918 0.117
MOAEA/D | 388.8 0.546 0.714 0.153 |455.5 0.598 0.756 0.124
EMOABC | 473.7 0.558 0.776 0.172 | 547.5 0.580 0.727 0.151
NSACSA/D| 848.1 0.589 0.798 0.143 | 950.6 0.635 0.868 0.104
SMOALNS | 680.1 1.046 0.617 0.032| 813.2 1.014 0.578 0.038
NSALNS| 636.0 1.083 0.567 0.055 | 740.4 1.062 0.526 0.062

identified as the best-performing algorithm when considering the same number of generations.

[EXP-IIL.b] Time Limit Experiment. Since NSALNS requires higher computational effort

than the baseline methods and EMOABC, this experiment assumes a fixed runtime budget.

Specifically, the termination criterion is defined separately for each benchmark set according
to the average computational time required by NSALNS to complete that benchmark set. It is
then assessed whether the other algorithms, with lower computational requirements, could

achieve competitive performance when provided with an equivalent computational budget.
The results, reported in Table 3, confirm the trends observed in the previous experiments.

The MOALNS variants continue to deliver the strongest overall performance across all test
cases and evaluation metrics. Furthermore, NSACSA/D consistently outperforms the adaptive
baseline MOEAs and EMOABC in terms of HV, although its performance w.r.t. the remaining
indicators exhibits greater variability. Overall, these results further highlight the robustness
and effectiveness of the MOALNS framework.

Two additional observations emerge from the experimental results. First, NSAGAITI achieves

higher HV values than NSAGAIITI in 21 out of 22 experiments presented in Tables 2 and 3.

This is consistent with similar observations in the literature (e.g., [11]) indicating that,
although NSGAIII is regarded as more suitable for problems with more than 3 objectives

due to its environmental selection mechanism, it does not necessarily outperform NSGAIT.

Second, the comparison between NSALNS and NSAGAII highlights the importance of the
variation operators employed. Since the two algorithms differ only in their underlying
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Table 3 Time Limit Experiment.

T(s) HVT A] IGD]|T(s) HVf A] IGD][T(s) HVT A IGDJ

Algorithm 40-10 45-10 60-20
NSAGAII 0.776  0.662 0.081 0.765 0.767 0.081 0.645 0.790 0.117
NSAGAIII 0.766 0.838 0.083 0.754 0.847 0.082 0.630 0.955 0.119
SPAEA2 0.755 0.736 0.098 0.754 0.714 0.106 0.638 0.837 0.132
MOAEA/D| |5 0.756 0748 0.084 | ;5 0753 0.706 0.071 | ,. 0.614 0680 0.122
EMOABC 0.600 0.671 0.124 0.635 0.810 0.142 0.593 0.771 0.153
NSACSA/D 0.781 0.794 0.077 0.776 0.815 0.076 0.676 0.761 0.101
SMOALNS 1.012 0.586 0.056 0.990 0.602 0.065 1.006 0.589 0.055
NSALNS 1.089 0.524 0.065 1.134 0.591 0.059 1.108 0.497 0.056
Algorithm 70-20 80-20 90-20
NSAGAII 0.687 0.766 0.100 0.751 0.804 0.088 0.795 0.737 0.077
NSAGAIII 0.675 0.873 0.098 0.748 0.968 0.086 0.790 0.965 0.082
SPAEA2 0.676 0.825 0.110 0.749 0.908 0.102 0.785 0.863 0.092
MOAEA/D | o 0.660 0691 0.094 | g 0735 0.702 0.099 | 5, 0760 0.736 0.081
EMOABC 0.599 0.714 0.142 0.700 0.774 0.117 0.649 0.771 0.145
NSACSA/D 0.708 0.779 0.086 0.772 0.859 0.082 0.798 0.835 0.079
SMOALNS 0.988 0.624 0.057 1.063 0.629 0.041 1.050 0.586 0.062
NSALNS 1.081 0.490 0.065 1.143 0.539 0.048 1.171 0.517 0.063
Algorithm 100-25 120-30 135-30
NSAGAII 0.678 0.732 0.073 0.637 0.784 0.093 0.682 0.739 0.066
NSAGAIII 0.673 0.882 0.073 0.625 0.880 0.095 0.662 0.882 0.068
SPAEA?2 0.672 0.888 0.084 0.626 0.866 0.103 0.677 0.872 0.073
MOAEA/D | 00 0.668 0.726 0.068 | 5o 0.623 0.731 0.085 | o= 0.650 0.744 0.061
EMOABC 0.623 0.730 0.109 0.582 0.719 0.131 0.608 0.691 0.114
NSACSA/D 0.694 0.790 0.067 0.647 0.781 0.084 0.703 0.894 0.062
SMOALNS 0.972 0.641 0.044 0.980 0.606 0.052 0.965 0.600 0.056
NSALNS 1.083 0.557 0.057 1.080 0.528 0.074 1.089 0.476 0.070
Algorithm 140-35 150-35

NSACGAII 0.644 0.775 0.087 0.656 0.782 0.076

NSAGAIII 0.630 0.958 0.090 0.652 0.958 0.077

SPAEA?2 0.641 0.917 0.095 0.657 0.919 0.082
MOAEA/D | coc 0.623 0727 0.084 | -, 0635 0.724 0.076

EMOABC 0.605 0.783 0.115 0.612 0.732 0.117
NSACSA/D 0.656 0.806 0.084 0.677 0.875 0.074

SMOALNS 1.031 0.669 0.039 0.970 0.648 0.048

NSALNS 1.114 0.545 0.061 1.074 0.479 0.060

search operators, the observed performance gap can be largely attributed to this component.
The superior performance of NSALNS suggests that the destroy—repair paradigm is better
suited to the moDDBASPtw than conventional crossover and mutation operators. A likely
explanation is the highly constrained nature of berth allocation schedules, where problem-
specific neighbourhood modifications can exploit structural information more effectively and
preserve feasibility more reliably than recombination-based search. Appendix C presents the
fraction of solutions contributed by each algorithm to the reference Pareto front.

[EXP-1V] Statistical Comparison. To assess whether the observed performance differences
among the algorithms are statistically significant, a non-parametric Friedman test was
conducted over the instances reported in Table 2, using HV as the performance metric. All
algorithms were executed under the same number of generations, as in [EXP-III.a]. For each
instance, algorithms were first ranked according to their HV values, and the Friedman test
was then applied to these ranks to evaluate the null hypothesis that all methods perform
equivalently. The Friedman test (n = 110,k = 8) rejected the null hypothesis (x? = 601.4,
p < 0.05), indicating statistically significant differences among the compared algorithms.
To further identify which methods differ, we performed a post-hoc Nemenyi test and
visualized the results using a critical difference (CD) diagram: the algorithms are ordered
according to their average ranks across all instances. Methods connected by a horizontal line
do not exhibit statistically significant differences at the 95% confidence level; methods not



K. Karathanasis, S. Kontogiannis, A. Pegos, V. Sofianos, and C. Zaroliagis

8 7 6 5 4 3 2 1
I 1 I 1 I 1 I 1 I 1 I 1 1
EMOABC 15818 | L 10273 NSALNS
MOAEA/D &109t | L 19909 gMOALNS
NSAGAI||l 26273 3.7636 NSACSA/D
SPAEAIl 32182 4.6818 NSAGAII

Critical difference = 1.001

Figure 1 Critical difference diagram based on the Friedman test and Nemenyi post-hoc analysis
for hypervolume performance across all benchmark instances.

connected by such a line are considered significantly different. Figure 1 shows that NSALNS
achieves the best average rank (1.0273), followed closely by SMOALNS (1.9909); these two
methods are not significantly different from each other, but both significantly outperform all
remaining algorithms. NSACSA/D (3.7636) and NSAGAII (4.6818) form a second pairwise non-
significant group. NSAGAIT also overlaps with a third group comprising NSAGAIII (5.6273) and
SPAEA2 (5.2182), and these two in turn overlap with a fourth group that includes MOAEA/D
(6.1091), reflecting a chain of pairwise non-significant differences across the mid-ranked
methods rather than a single homogeneous cluster. EMOABC, with the worst average rank
(7.5818), is not connected to any other method and is therefore significantly outperformed
by all other algorithms in the comparison. Overall, the CD analysis confirms that NSALNS
and SMOALNS are the most consistently effective methods, with no statistically significant
difference between them, while NSACSA/D, NSAGAII, NSAGAIITI, SPAEA2, and MOAEA/D form
an overlapping mid-tier with no sharp boundaries between adjacent methods, and EMOABC
performs significantly worse than every other algorithm tested. The same analysis for A and
IGD confirmed the significant superiority of MOALNS variants over all other algorithms.

[EXP-V] Component ablation study for NSALNS. To investigate the contribution of in-
dividual destroy and repair operators within NSALNS, we conducted an ablation study in
which the complete algorithm was compared against variants obtained by removing one
operator at a time. For destroy operators, the results indicate that all operators contrib-
ute positively to the search process, with relatively small differences among them. The
removal of the random removal operator resulted in the smallest performance degradation.
This observation is expected, as random removal does not exploit (by design) any specific
structural information from the current solution, unlike the more problem-oriented destroy
operators. For repair operators, the impact was considerably more heterogeneous. While
most repair operators resulted in moderate performance variations when removed, elimin-
ating the k-regret insertion operator caused a substantial deterioration in solution quality.
Furthermore, k-regret insertion is the most computationally expensive repair mechanism due
to its intensive search procedure during solution reconstruction (cf. Section 3.4). To further
analyze the role of k-regret insertion, we compared NSALNS with a variant using only this
repair operator. Although k-regret insertion was identified as the most influential individual
repair mechanism, the resulting algorithm was unable to outperform the complete NSALNS.
This indicates that the effectiveness of NSALNS arises from the complementary interaction
among multiple repair strategies rather than from a single dominant operator. Finally, we
evaluated reduced variants containing all destroy operators and different subsets of repair
operators, specifically all possible pairs of repair operators that include the k-regret insertion
operator. The results showed that combining k-regret insertion with the random-weight
agg-po-INS-based repair operator achieves performance close to the full NSALNS. Therefore,
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the results suggest that k-regret insertion and the random-weight agg-po-INS-based repair
operator provide particularly valuable contributions to the search process; however, the
ablation results also demonstrate that the overall effectiveness of the algorithm relies on the
adaptive combination of multiple operators rather than on any individual repair strategy.

5 Conclusions

In this work, we proposed a new multi-objective formulation for moDDBASPtw, consisting of
four objectives that capture realistic aspects and operational variables of container terminals.
To solve this optimisation model, we designed multiple variation operators and employed
well-established MOEAs, which we enhanced with adaptive operator selection mechanisms.
Additionally, we introduced an enhanced version of NSCSA, named NSACSA/D, and we adapted
ALNS to the multi-objective setting, providing SMOALNS and NSALNS. Our experimental results
highlighted the advantage of incorporating adaptive mechanisms into evolutionary algorithms
and demonstrated the superior performance of SMOALNS and NSALNS, which consistently
outperformed all other algorithms. These findings provide an interesting insight: in complex
multi-objective problems, such as moDDBASPtw, generating new solutions via destroy-and-
repair operators can lead to higher-quality solutions and faster convergence than relying
solely on classical variation mechanisms. Future work will investigate different adaptivity
mechanisms for operator selection and will explore their impact on convergence speed, solution
quality, and stability in dynamic and large-scale problem instances.
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A Notation & Formulation

This section presents the mathematical formulations of the objectives and briefly describes
the constraints. For further details, see the single-objective formulation in [13]. The first
objective function (2) aims to minimise the total waiting time, port stay duration, and
departure delay of each vessel within the port. The second objective function (3) seeks to
minimise both the fuel consumption and the COy emissions generated both during a vessel’s
entry to and exit from the port and throughout its stay within the port. The third objective
function (4) focuses on minimising the total operational cost incurred by the port for the
berthing and servicing of a vessel. The fourth objective function (5)! aims to minimise
load variation across berthing positions, that is, to distribute the workload evenly among
berths, thereby reducing potential equipment wear and, consequently, limiting additional
maintenance costs incurred by the port.

Table 4 Notation. Bolfaced symbols indicate decision variables.

Symbol Description
i,k € S, 7 € B |Indices as subscript for vessels from S and as superscript for berths from B.
. 1if z','k € S are both assigned to berth j € B for their service, with k being served right
ik after 7, 0.0 otherwise.
tg Mooring time of 7 € S at berth j € B to start being served.
tﬁd Late departure time for ¢ € S from its assigned berth.
e; CO2 Emission Factor for ¢ € S at its assigned berth.
T, Trd Estimated Time of Arrival and Requested Time of Departure for i € S.
Hij, H Handling time for i € S at berth j € B, Worst Handling time for ¢ € S across all berths.

t ht scC
Fiw7FiL7F

Fuel Consumption rate while waiting to moore and Fuel Consumption rate while vessel
being serviced for ¢ € S. Specific Fuel Consumption for auxiliary engines (tn/kWh).

N;, N7 Number of cranes requested by vessel ¢ € S. Number of cranes operating at berth j € B.
K Time of a single crane to load/discharge a unit quantity.

Qi, Qf Cargo Quantity of vessel ¢ € .S, average load factor of the containers on vessel i € S.
P!, P?, Pf, P! | Penalties for not servicing i € S for each objective respectively.

Li, D;, Length and draft of vessel ¢ € S, respectively.

L, DI Length and draft of berth j € B, respectively.

ci,Cc- Operational cost for j € B and worst operational cost across B.

po7 A Delay Policy (time units), Fuel Consumption Coefficient
pco?7 he©2 CO2/hour cost generated by vessel operation in port and CO2 cost for serving one TEU.

Oy, O Berth reservation fee(€/m/hour) and crane operation fee (€/hour).

The model is subject to a standard set of spatio-temporal constraints. Each vessel may
be assigned to at most one berth. Spatial feasibility is enforced through berth length and
draft compatibility. The handling time of vessel i depends on its cargo quantity @;, the time
K required for a single crane to handle one unit of cargo, the number N7 of operational
cranes available at berth j, and the maximum number of cranes that vessel ¢ can effectively
utilise. The actual number of cranes employed during service is given by the minimum of the
berth’s available cranes and the vessel’s crane requirement. Accordingly, the handling time
of vessel ¢ at berth j is proportional to its cargo quantity divided by this effective number of
cranes, scaled by K. This value is precomputed for each vessel-berth pair (4, j) and stored
as the parameter H. f , obtained by applying a ceiling operation to preserve data integrity.

1 Although 5 is presented as nonlinear formulation, it can be linearized using McCormick envelopes.
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Figure 2 Objective functions for moDDBASPtw. Parameters in bold indicate decision, or
temporal variables. Parameters in capital letters indicate constants, which are provided as input.

The CO; emissions of vessel ¢, depend on its handling time Hf , its cargo quantity Q;,
the hourly CO4 cost p©©2 generated by vessel operation across the whole port and COs cost
h€O2 for servicing. These values are again precomputed and stored. A hard time-window
restriction is imposed, ensuring that any vessel ¢ that is granted service is handled within
the interval [Tf%, T/¢ 4+ T%]. The simultaneous servicing of two different vessels at the same
berth is prohibited. Finally, the departure delay ¢ is defined as the maximum between zero
and the difference between the actual departure time and 77

The penalties for all objectives are designed so that the algorithm is never incentivized
to leave a vessel unassigned. The time-related penalty P/ = (Tyd +T% —Tgo) + T +
max; H] = T4+ 279 — T¢® + H;", provides a conservative upper bound on the total time
vessel i may spend in the port if it cannot be serviced. It is obtained by summing the
maximum possible waiting time, the maximum allowable departure delay, and the maximum
handling time. Here, H,” = max;cp H, f denotes the longest handling time of vessel i across
all berths. Similarly, the energy-related penalty PS = (T{d + TP — Tfa) FP'+H FM+E;,
defines a conservative upper bound on the maximum CO; emissions that vessel i could
generate if left unassigned. This penalty consists of three components. The first term captures
emissions during waiting, computed as the product of the maximum possible waiting time
and the waiting fuel consumption rate F**. The second term accounts for emissions during
service, given by the maximum handling time H, multiplied by the service fuel consumption
rate F"*. The third term (E; ) represents the maximum emissions associated with crane
operations.

The fuel consumption rates are computed as follows: Ft = ¢- F5¢.Q; -Q{, FM =0.3.-F*t.
Here, € is a scaling parameter, F'°¢ denotes the specific fuel consumption of the auxiliary
engines, and Q); is the total cargo quantity of vessel i, expressed in Twenty-feet Equivalent
Units (TEUs). The parameter Q!

; represents the average container load factor, i.e., the

average fraction of capacity utilised by the containers on board. For instance, Qlf = 0.8
indicates that the containers of vessel i are, on average, filled to 80% of their capacity. The
fuel consumption rate during service is conservatively defined as 30% of the consumption
rate during waiting. The operational cost penalty is defined as the product of the maximum
handling time and the maximum berthing cost: P¢ = max; H? - max; C = H; - C~ where
the berthing cost at berth j is given by €7 = ©;, - L7 + O, - N7. This cost consists of the
berth reservation fee multiplied by the berth length and the crane operation fee multiplied
by the number of cranes assigned to that berth.
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Finally, the load-related penalty P' provides a conservative upper bound on workload
imbalance across the terminal. It is defined as the variance of berth loads under a worst-case
assignment in which all vessels are hypothetically allocated to the slowest berth jo. This
extreme scenario induces uniformly large handling times and maximizes load imbalance
across berths, yielding an upper-bound reference for load dispersion. Let H; denote the
handling time of vessel ¢ when processed at berth jo. Under this assumption, the load penalty

. B|-1 —\2
is computed as P! = \1‘3| (Xies Hi) ™

B Baseline vs. Adaptive Variants

Table 5 Baseline vs. Adaptive Variants Experiment. Red boldface indicates the best value of the
metric for the benchmark set.

T(s) HVf A] IGD||[T(s) HVf A] IGD]|[T(s) HVft A] IGD]
Algorithm 40-10 45-10 60-20
NSGAII| 17.7 1.085 0.699 0.045 | 23.3 1.098 0.733 0.058 | 59.7 1.063 0.818 0.046
NSAGAII| 13.9 1.098 0.693 0.039| 18.6 1.130 0.701 0.048 | 50.3 1.069 0.779 0.038
NSGAIIT| 17,5 1.065 0.836 0.049 | 23.3 1.082 0.753 0.052 | 59.3 1.05I 0.812 0.043
NSAGAIIT| 14.1 1.084 0.832 0.039| 18.8 1.117 0.818 0.040| 51.0 1.052 0.942 0.043
SPEA2| 182 1.063 0.758 0.080 | 24.0 1.081 0.763 0.087| 60.1 1.054 0.836 0.057
SPAEA2| 14.2 1.087 0.751 0.079| 19.2 1.104 0.750 0.099 | 50.5 1.057 0.828 0.073
MOEA/D| 18.2 1.076 0.743 0.043 | 24.4 1.041 0.753 0.063 | 57.0 1.064 0.650 0.038
MOAEA/D| 15.0 1.091 0.755 0.027| 20.1 1.120 0.697 0.034| 51.7 1.065 0.641 0.036
Algorithm 70-20 80-20 90-20
NSGAII| 82.5 1.094 0.707 0.043| 108.7 1.166 0.779 0.031 | 133.2 1.136 0.694 0.047
NSAGAII| 66.1 1.107 0.705 0.043| 85.5 1.183 0.781 0.028 |107.3 1.158 0.713 0.040
NSGAIIT| 82.1 1.072 0.855 0.040 | 108.8 1.160 0.950 0.031 | 133.2 1.132 0.713 0.035
NSAGAIII| 67.6 1.102 0.757 0.035| 86.6 1.164 0.789 0.029 (106.7 1.139 0.766 0.040
SPEA2| 823 1.084 0.900 0.066 | 108.7 1.I75 0.871 0.04I | 133.4 I1.I125 0.804 0.067
SPAEA2| 67.1 1.099 0.789 0.057| 86.3 1.178 0.828 0.039 |107.5 1.147 0.788 0.046
MOEA/D| 79.1 1.052 0.693 0.043 | 102.6 1.152 0.688 0.059 | 120.2 1.046 0.714 0.060
MOAEA/D| 67.6 1.085 0.666 0.026 | 88.9 1.157 0.700 0.040|103.9 1.109 0.745 0.046
Algorithm 100-25 120-30 135-30
NSGAII| 205.4 1.084 0.698 0.037 | 316.7 1.088 0.698 0.044 | 407.0 1.045 0.700 0.053
NSAGAII|164.2 1.100 0.736 0.036 |248.9 1.105 0.749 0.040|317.0 1.057 0.694 0.050
NSGAIIT| 204.9 1.076 0.721 0.032 [ 316.9 1.069 0.710 0.040| 403.5 1.048 0.668 0.044
NSAGAIIT|166.7 1.082 0.904 0.034 |251.9 1.089 0.877 0.041 |322.3 1.064 0.801 0.042
SPEA2]204.1 1.080 0.748 0.059 | 316.9 1.088 0.842 0.064 | 405.5 1.046 0.791 0.067
SPAEA2|164.6 1.083 0.762 0.057 |250.4 1.090 0.857 0.062 {319.4 1.052 0.749 0.059
MOEA/D| 188.0 1.074 0.716 0.028 | 282.0 1.063 0.727 0.028 [ 364.5 1.020 0.707 0.036
MOAEA/D |162.0 1.089 0.696 0.024 |246.3 1.090 0.696 0.025|311.3 1.048 0.674 0.032
Algorithm 140-35 150-35
NSGAII| 503.6 1.064 0.745 0.054 | 590.5 1.058 0.742 0.046
NSAGAII|394.9 1.083 0.687 0.045|455.9 1.069 0.693 0.038
NSGAIIT| 503 T 1.057 0.739 0.055[586.1 1.044 0.829 0.043
NSAGAIIT|399.5 1.062 0.761 0.059 |455.4 1.052 0.795 0.037
SPEA2[504.8 1.063 0.782 0.0457| 585.2" 1.045 0.800 0.063
SPAEA2{394.4 1.080 0.731 0.056 |449.3 1.062 0.875 0.052
MOEA/D|454.6 1.022 0.723 0.049 | 506.1 1.028 0.715 0.052
MOAEA/D |387.2 1.044 0.694 0.038 |439.7 1.036 0.749 0.031

Having identified RandomParent as the most effective crossover operator on average, we
evaluate the impact of the ALNS-inspired adaptive operator selection mechanism on classical
MOEAs. We compare each baseline algorithm, configured with the RandomParent crossover
operator and the ReInsert mutation operator, against its corresponding adaptive variant,
which dynamically selects among all available crossover and mutation operators.

Table 5 summarizes the comparative results, with all algorithms executed using a popu-
lation size of 100 for 200 generations. Overall, the adaptive variants demonstrate stronger
performance across most problem instances and evaluation metrics. A notable improvement
appears in computational time: in all instances, the adaptive variants are substantially faster
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than their non-adaptive counterparts. This reduction can be attributed to the adaptive
operator selection mechanism, which enables the use of multiple crossover and mutation
operators, including operators that are faster than RandomParent and ReInsert. In terms

of solution quality, the adaptive variants achieve in most cases, higher HV, lower A and IGD.

C Non-Dominated Solutions

In this section, we present the results of our experimental evaluation on the same benchmark
instances and under the same termination criteria described in Section 4, using the Recall
metric. Recall measures the fraction of solutions in the reference Pareto front that are
contributed by a given algorithm. We consider this metric because it is particularly sensitive
to the number of non-dominated solutions returned by each algorithm.

Four algorithms, namely MOAEA/D, NSACSA/D, EMOABC, and SMOALNS, maintain an external
archive of non-dominated solutions. Consequently, the number of solutions they return is not
fixed, unlike the remaining algorithms, which always return a population of predetermined
size. We therefore investigate how this characteristic affects the Recall metric.

As shown in Table 6, MOAEA/D consistently achieves the highest Recall values. In the
same generations experiment, SMOALNS ranks second in 10 out of the 11 cases, with NSACSA/D
outperforming it only for case 90-20. NSALNS consistently ranks behind these three algorithms,
except in the 45-10, 120-30, and 150-35 cases, where it outperforms NSACSA/D, while it
consistently outperforms all remaining methods. Among the evolutionary algorithms with

a fixed population size, NSGAIII, NSGAII, and SPEA2 achieve the lowest Recall values.

Specifically, NSGAIII outperforms NSGAITI in 10 of the 11 cases, whereas NSGAITI is superior
only once and outperforms SPEA2 in all but the 140-35 and 150-35 cases. These results are
expected, as the archive-based design of MOAEA/D, SMOALNS, and NSACSA/D enables them to
contribute substantially more non-dominated solutions to the reference Pareto front than
algorithms that return a fixed-size population. In contrast, although EMOABC also maintains
an external archive, it consistently achieves the lowest Recall values because the quality of
its generated solutions is considerably lower than that of the competing methods, resulting
in only a limited contribution to the reference Pareto front.

The results obtained under the time-limit criterion, reported in Table 7, exhibit a
different ranking among algorithms. Although MOAEA/D again achieves the highest Recall
values, NSALNS now outperforms NSACSA/D in all but four cases and performs comparably to
SMOALNS, outperforming it in five cases while ranking behind it in six. Furthermore, NSACSA/D
achieves the second-highest Recall value only in three cases. Among the fixed-population
evolutionary algorithms, NSGAIII outperforms NSGAII in all but the 45-10 instance and even
surpasses NSACSA/D for cases 40—10, 80—20 and 9020, as well as SMOALNS for cases 90—20,
135-30, and 150-35. SPEA2 consistently achieves lower Recall values than both NSGAIII and
NSGAII, while EMOABC again obtains the lowest Recall values overall. The different ranking
observed under the time-limit criterion can be explained by the computational cost of the
algorithms. As discussed in Section 4, the time limit is set equal to the average execution

time of NSALNS for each instance, as it is the best-performing algorithm in HV and A.
NSACSA/D and SMOALNS require substantially more computation per generation than NSALNS.

Consequently, under a fixed computational budget they complete fewer generations, reducing
the number of non-dominated solutions they contribute to the reference Pareto front and,
therefore, their Recall values.

An interesting observation is that NSALNS, despite achieving the best overall performance

in terms of HV and A, does not return the largest number of non-dominated solutions.

Nevertheless, it produces the second-largest solution sets in several instances of the Time
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Table 6 Same Generations Experiment Recall.

Algorithm
NSAGAII
NSAGAIII
SPAEA2
MOAEA/D
EMOABC
NSACSA/D
SMOALNS
NSALNS

T(s) R
40-10

13.4  0.051
13.5 0.052
13.8  0.034
14.1 0.491
7.5 0.001
27.1 0.083
12.2  0.211
11.3  0.077

T(s) R
45-10
18.0  0.047
18.4 0.039
18.6  0.033
19.3 0.569
10.7 0.001
35.5 0.079
16.9 0.152
15.8 0.081

T(s) R
60-20

50.0 0.048
50.9 0.058
50.1 0.038
50.5 0.447
43.6 0.001
101.9 0.118
50.2  0.188
45.9 0.103

T(s) R
70-20
65.4 0.046
66.3 0.058
66.0 0.036
66.0 0.471
69.9 0.003
135.5 0.122
71.4 0.182
66.6 0.082

T(s) R
80-20
84.0 0.055
85.6 0.059
85.5 0.031
85.3 0.447
95.0 0.002
1789 0.121
104.9 0.190
97.7 0.095

T(s) R
90-20
105.8 0.046
104.8 0.074
106.5 0.032
101.4 0.545
136.7 0.001
214.2 0.112
141.7 0.111
133.4 0.080

Algorithm
NSAGAII
NSAGAIII
SPAEA2
MOAEA/D
EMOABC
NSACSA/D
SMOALNS
NSALNS

100-25
162.8 0.031
163.8 0.051
161.8 0.024
158.9 0.528
186.8 0.001
333.9 0.143
223.0 0.150
208.7 0.071

120-30
249.4 0.038
251.3 0.073
248.6 0.027
247.2 0.539
299.6 0.001
523.1 0.082
385.5 0.145
356.8 0.095

135-30
316.3 0.043
321.1 0.078
314.7 0.027
305.3 0.534
394.9 0.002
656.9 0.098
562.2 0.131
514.7 0.085

140-35
391.0 0.042
397.7 0.076
390.5 0.043
388.8 0.414
473.7 0.004
848.1 0.096
680.1 0.232
636.0 0.093

150-35
464.0 0.047
467.0 0.084
464.8 0.054
455.5 0.452
547.5 0.003
950.6 0.092
813.2 0.173
740.4 0.093

Limit Experiment and, among all algorithms with a fixed output size, consistently attains the
highest Recall values across both experimental settings. These results further demonstrate
that the quality and distribution of the generated solutions are more influential than their
quantity with respect to the HV and A indicators.

By contrast, IGD is inherently more sensitive to the density of solutions approximating
the reference Pareto front. Consequently, algorithms that contribute a larger number of
high-quality non-dominated solutions tend to achieve better IGD values. This explains why
SMOALNS outperforms NSALNS in terms of IGD in the experimental evaluation presented in
Section 4, despite the superior HV and A performance of NSALNS.

Table 7 Time Limit Experiment Recall.

T(s) R |T(s) R [T(s) R |T(s) R |T(s) R [T(s) R
Algorithm |  40-10 45-10 60-20 70-20 80-20 90-20
NSAGATI 0.052 0.049 0.056 0.051 0.049 0.057
NSAGAIII 0.063 0.044 0.070 0.060 0.059 0.088

SPAEA2 0.042 0.030 0.043 0.034 0.030 0.053
MOAEA /D 0.560 0.650 0.519 0.564 0.593 0.599
EMOABC| 2 0001 | % o001 | *® 0004a| % 0003| ®® 0001| Bt 0001
NSACSA/D 0.058 0.053 0.071 0.081 0.057 0.039
SMOALNS 0.117 0.076 0.113 0.106 0.112 0.065

NSALNS 0.105 0.097 0.125 0.101 0.099 0.099
Algorithm | 100-25 120-30 135-30 140-35 150-35
NSAGATI 0.022 0.041 0.039 0.032 0.041
NSAGAIII 0.041 0.060 0.054 0.058 0.078

SPAEA2 0.023 0.028 0.033 0.034 0.042
MOAEA /D 0.633 0.643 0.619 0.594 0.566
EMOABC| 27 0001 | 57 0002 | ° 0.001 | 936 0.003 | ™ 0.003
NSACSA/D 0.128 0.062 0.132 0.096 0.113
SMOALNS 0.083 0.088 0.048 0.110 0.073

NSALNS 0.069 0.076 0.074 0.072 0.084
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—— Abstract

Motivated by challenges occurring in disaster relief operations, we study the problem to find two
edge-disjoint paths in a graph whose arcs are labeled with traversability probabilities that maximize
the probability that (at least) one of the paths is traversable.

We show that this problem is NP-hard. To solve the problem, we propose to model it as a
bi-objective problem, taking traversability probabilities of the two individual paths as objective
functions. We show that an optimal solution to our problem is an extreme-supported solution of the
so defined bi-objective problem and exploit this property to find optimal solutions. Furthermore, we
present two approximation approaches, and compare the approaches experimentally with respect to
runtime and solution quality.
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1 Introduction

Research on humanitarian logistics, and particularly on the distribution of emergency
supplies following disasters is gaining increasing attention in recent years, see, e.g., [1, 27, 3].
Providing disaster relief is often complicated by road damage. To get an overview on the
current state of the road infrastructure, air footage can be gathered by drones, planes and
helicopters. However, the analysis of this material by human experts is time-consuming and
constiutes a bottleneck. Image recognition can help to automate this process, but is prone
to uncertainties, i.e. the respective applications cannot provide definite answers but only
traversability probabilities for the roads in question. [37, 21]

Motivated by the sketched situation, in this paper we investigate the following optimization
problem: given a graph with a dedicated source and a dedicated destination and edge
labels that denote the probability that an edge is traversable, find two edge-disjoint source-
destination paths that maximize the probability to reach the destination on either path.
We describe the underlying road network by an (directed) undirected graph G = (V, E)
with vertices V' and edges F. If the road network contains roads that cannot be traversed
from both sides, we model the road network using directed edges, otherwise, the edges are
undirected. To incorporate the traversability of the road segments, each edge e € E also gets
a probability p. € (0, 1], which are independent from each other. A probability of 1 denotes
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that the corresponding road segment is always traversable. A probability of 0 would indicate
that the road segment is impassable, but we exclude such edges from our problem. In total
the tuple (V, E, p) gives an uncertain graph.

We call P = ((v1,v2), (v2,v3) ..., (Vg—2,Vk—1), (Vk—1, V%)) & path in an undirected graph
G = (V,E®) if {v;,v;41} € ES fori = 1,...,k — 1 or in a directed graph G = (V, E7)
if (vj,v;401) € E7 fori=1,...,k— 1. An s—t path starts with the vertex s and ends in
the vertex t. The probability w(P) of a path P is given by m(P) =[], ,jep P{u,v} in an
undirected graph. For a directed graph, let 7(P) = [[.cp pe- If not further restrictions are
given, the edge set E of a graph can be either directed or undirected.

» Definition 1 (MAXIMUMSUCCESSDISJIOINTPATHSPROBLEM (MSDPP)). Given (G, p, s,t)
with G = (V, E), where (V,E,p) is an (directed) uncertain graph and s,t € V, find two
(directed) edge-disjoint s—t paths Py, Py in G that mazimize the success probability

’T(Phpg) = 7T(P1) + (1 - ’/T(Pl))ﬂ'(Pg) = 7T(P1) + 7T(P2) — 7T(P1) . 7T(P2)
of traversing from s to t over the main path P; and else the alternative path Ps.

We show NP-hardness of MSDPP for directed and undirected graphs in Section 3.

Our solution approaches for the MSDPP are based on a key observation: any optimal
solution to the MSDPP is an extreme-supported efficient solution to an appropriately defined
bi-objective optimization problem. We prove this property (for a more general problem
class) in Section 4.1. We propose two exact solution approaches: Sections 4.2 and 4.3. The
algorithm proposed in Section 4.2 iterates the most-certain paths and computes subsequently
a sufficient subset of efficient solutions, while the second approach, presented in Section 4.3,
enumerates extreme supported solutions by ILP-based dichotomic search.

Furthermore, we propose an approximation algorithm and a heuristic that compute
specific extreme supported solutions. The approximation algorithm presented in Section 4.4
has a 1/2 approximation ratio, however, the algorithm has exponential time complexity. The
heuristic presented in Section 4.5 is based on Suurballe’s algorithm to compute edge-disjoint
paths, but no approximation guarantee in the input can be given. We can, however, bound
the quality of the solution found by properties of an optimal solution. We compare the
runtime of the proposed algorithms and the performance in terms of solution quality for the
approximation algorithms in Section 5.

2 Related Work

Shortest paths under uncertainty

There are various uncertain variants of the shortest path problem, spanning stochastic,
robust, and online optimization perspectives. While many robust and stochastic optimization
approaches concentrate on finding a single path that is good under uncertain edge lengths
(see, e.g., [28, 32, 36]), authors have also proposed two-stage approaches, which allow a single
adjustment of the initially planned path (see, e.g., [8, 18]), and online approaches that gain
knowledge while crossing the network and subsequently update the proposed path “on the
go” (see, e.g., [4, 42, 35]). Particularly related to our problem is the problem to find a single
most-certain path in an (undirected or directed) uncertain graph (V) E,p). As explained by
Christofides [10], this problem can be solved by applying Dijkstra’s algorithm [11] on the
graph where edge probabilities p. are replaced by edge weights — In p..
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Multi-objective optimization and vectorization

Multi-objective optimization aims to find solutions to optimization problems with multiple
objective functions. Instead of finding a single solution that optimizes one objective function,
in multi-objective optimization one aims to find a representative set of all solutions whose
performance (with respect to all considered objective functions) is not dominated by any
other solution. Concretely, a solution x is called efficient if there is no solution x’ such that z’
is at least as good as = with respect to each objective function and better with respect to at
least one. Often, multi-objective optimization problems are solved by applying scalarization
techniques that transform a multi-objective problem to a single-objective one. One example
of such a technique is dichotomic search which varies the weights in a weighted sum of the
different objective functions in a way that allows one to find a subset of efficient solutions,
namely the ones characterized as belonging to the efficient solutions on extreme points of the
convex hull of solution vectors in R™. See Ehrgott [12] for an introduction to multi-objective
optimization and the concepts and method described here.

Vectorization relates to the approach to transform an originally single-objective op-
timization problem into a multi-objective problem such that an optimal solution to the
single-objective problem can be found by solving the multi-objective problem. This relation-
ship can be exploited in robust optimization with a finite scenario set U, where it is easy
to show that there is always an optimal solution that is efficient with respect to the |U|
objective functions obtained from evaluating the solution in specific scenarios, though not
every robust optimal solution is efficient in this sense; see Inacu and Trichakis [23]. It has
also been exploited for several robust and stochastic variants of the shortest path problem:;
see [36, 9, 33, 34]. However, we are not aware of a general description of this approach in the
literature, hence we provide one and prove its correctness in Section 4.1 and then apply it to
our problem.

Edge-disjoint paths

The problem to decide whether an undirected graph contains disjoint paths between k vertex-
tuples (s;,t;) is known as the k-disjoint paths problem (k-DPP) [19]. In directed graphs, it is
called k-directed disjoint paths problem (k-dDPP) [19]. With the further restriction that the
respective s;-t; paths should be shortest s;—¢; paths in a graph with edge lengths ¢: £ — R,
this gives the disjoint shortest path problem (k-DSPP and k-dDSPP). The computational
complexity of these problems depends on the assumptions made on edge lengths (being
harder in some cases if edge lengths are allowed to be 0), the number of paths k& that need
to be found, and whether the underlying graph is directed or not. In Table 1 we restate
an overview table on the complexity results for these decision problems from Gottschau et
al. [19]. For symmetric directed graphs — for each directed edge exists an opposite edge —
k-dDPP is solvable in polynomial time [24]. Note that similar results hold for the problems
to find vertex-disjoint paths, since the respective decision problems can be transformed into
each other.

A further problem variant, in which two edge-disjoint s;—t; and so—t2 paths in an
undirected graph should be computed, such that the total length is minimum, can be solved
in polynomial time [7]. For the case s; = so and t; = t3 Suurballe’s algorithm [39, 6] can be
used. Eilam-Tzoreff [13] prove that another problem variant, the two disjoint one shortest
path problem (2D1SPP), is NP-hard both in directed and in undirected graphs. Here, the
question is to decide whether there exist two edge-disjoint paths P; from s; to ¢t; and P
from s to to, where P should be a shortest s;—t1-path. It is also NP-hard if paths should
be vertex-disjoint instead of edge-disjoint.
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Table 1 Results on the complexity of the disjoint-path problem from [19].

k No edge weightsl =0 Non-negative edge weights ¢
k-DPP k-dDPP k-DSPP k-dDSPP
arbitrary ~ NP-hard [14] NP-hard [14] NP-hard [13] NP-hard [13]
fixed P [38] NP-hard [17] Open for £ >0 Open for £ >0
Open for £ >0 NP-hard for £ > 0 [17]
2 P [38, 41] NP-hard [17] P for £ > 0 [13] P for £ > 0 [5]

P for £ >0 [19, 26] NP-hard for ¢ > 0 [17]

3 NP-Hardness
» Theorem 2. MSDPP is NP-hard in both directed and undirected uncertain graphs.

Proof. We show this statement by reduction to the decision version of our problem from
the 2D1SPP which is NP-hard (both in directed and undirected graphs) according to [13].
Since the NP-hardness reduction for 2D1SPP from 3SAT ([25]) in [13] only utilizes integer
edge lengths and distinct vertex tuples (s1,t1), (S2,t2), the 2D1SPP is NP-hard for graphs
with integer edge lengths. For the construction we use undirected graph notation, but the
construction in a directed graph is analogous.

Consider an instance of the 2D1SPP on an undirected graph G = (V, E) with integer
edge lengths ¢, and two distinct vertex tuples (s1,t1) and (s2,t2). We denote by £(P) the
length of a path P in G. Denote by L the length of a shortest s;—t; path in G.

We construct an instance of MSDPP as follows: Let V' = V U {s,t} and E' =
E U {{s,s1},{s,s2}, {t1,t},{ta,t}}. Consider the uncertain graph G’ = (V', E’, p) where,
for e € E, p. = e le, Pis,si} = Pty = L and pre o) = Prepgy = € with 0 < e <
min{([T.cppe) /2, /(e —1)/(eZ+T —1)}. Decide whether there are two edge-disjoint s—¢
paths with a success probability > e~ L.

Note that for any path P in G, in particular for any s;—¢; path, P has probability
W(P) = HeEPpe = HEEP e_le =e ZEGPZE = €_€(P) in G'.

Assume that there are two edge-disjoint s1—t; and so—to paths P; and P» in G such that
P is a shortest s1—t; path (¢(P1) = L). Define s— paths P{ and Py in G’ by appending the
edges {s,s;} and {t;,t} to P; for i = 1,2, respectively. Then

(P, Py) =e L4 (1—e k). 2P > 7L,

On the other hand, consider two edge-disjoint s—t paths in G’ with (P}, Py) > e~ L.

Without loss of generality, let P;’ be the path that goes via s; and PJ be the path that goes
via so. Note that then P also goes via t1, because if it contained {to, ¢}, we would have

(P, Py) < w(P) +7(Py) <28 < [[pe <
eck

We conclude that P/’ contains edges {t;,t} for i =1,2.

We now show that the path P] that we obtain from P;’ by removing edges {s, s1} and
{t1,t} corresponds to a path of length L (i.e., of minimum length) in G. Assume, for
contradiction, that Pj was longer, i.e., £(P]) > L + 1. Then, we obtain
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T(P,Py) =n(Py) + (1 — n(Py))w(P') =e*x(Py) + (1 — & (P3))m(P)
<e®n(P)) + (1 — e2x(Py))e”LFD
= (e By 1 - n(P))) e~ (LHD)

( e
= (*m(P)) - (eX Tt — 1) + 1) e=
< (52 . (€L+1 _ 1) + 1) e*([r‘rl)

e—1 1
<(6L+1_1'(€L+1—1)+1)€ 16 L

We can thus conclude that P; has length L, and by construction, P, (the path corresponding
to Py') does not share an edge with P;. <

Note that the proof extends to the case where vertex-disjointness of the paths is required
since in this case 2D1SPP is also NP-hard according to [13], and to uncertain graphs with
edge-probabilities p: E — [0, 1].

4  Solution Approaches

In this section, we develop solution approaches for the MSDPP. These are based on an
important insight: optimal solutions to the MSDPP are extreme-supported efficient solutions
to a suitably defined multi-objective optimization problem. This perspective on the problem,
explained in Section 4.1 inspires two exact, an approximation algorithm, and a heuristic
approache, which we describe in Sections 4.2-4.5.

4.1 A vectorization approach to the MSDPP

We first explain our vectorization approach to a more general class of problems and prove its
correctness in Theorem 3, before we apply it on the MSDPP in Theorem 4.
Consider an optimization problem
maximize h(x)
(1)

subject to x €X

where X C R” is compact and h can be written as f o g with f and g having the following
properties: 1.) ¢g: X — RP is continuous. 2.) There exists a compact and convex superset
Y’ DY = g¢(X), in which f is continuous, monotonously increasing in each argument, and
quasi-convex, i.e.,

F(A =Ny +Ay) <max{f(y), f(y')} Vy.y' €Y' VAe[0,1]. (2)
For this function g, we now consider the multi-objective optimization problem

91(2)

maximize g(z) =

subject to x €X.
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In multi-objective optimization, a solution for x of Problem (3) is called efficient if there is no
' € X with g;(z) < gi(2'), for all i € {1,...,p}, and g;j(x) < g;(2’) for some j € {1,...,p}.
If, for an efficient solution x, there exists a A € R,y = {A e R? | Vi € {1,...,p}: \; > 0}
such that = € argmax,,cx >+, Aigi(2'), then z is supported efficient for Problem (3). A
supported efficient solution x of Problem (3) is extreme-supported efficient if there are
no u € (0,1) and no supported efficient solutions z1,xs with @ # z1,2 # x5 such that
x = px; + (1 — p)zs.

» Theorem 3. Let x* be an optimal solution for Problem (1) and denote by Xg the set of
extreme-supported efficient solutions to the multi-objective optimization Problem (3). Then
there exists a solution x° € Xg to the Problem (8) with h(z*) = h(z®). If f is strictly
quasi-convex on Y’ i.e., if the inequality in (2) is strict, every optimal solution to (1) is
extreme-supported efficient for Problem (3).

Proof. Since X is non-empty and compact and g is continuous, for any A € R? , the set
argmax, ¢ x > -1 Aigi(z') is non-empty and compact and thus the set of extreme-supported
non-dominated points, Ys := g(Xg), is also compact. Then conv(Ys) — RZ DY, because all
supported non-dominated points conv(Ys) are in the convex hull of the extreme-supported
non-dominated points. That is, there is a finite set {y1,...,y,} C Y, non-negative numbers
Ai, where i = 1,...,¢q, with Zgzl A; = 1 and non-negative numbers 1, where j =1,...,q,
such that g(z*) = 320, Niyi — >_5_, pje; with e; being the j-th unit vector in R?. We find
that

h(a*) = fg*) = FO_Nivi — > pie;) < O Aii) < i:Irllanf(yi) < max f(g(z))
i=1 j=1 i=1

x€EXg

= max h(zx)
r€Xs
where the first inequality holds due to monotonicity of f on Y’ (and y € Y C Y’) and the
second one due to quasi-convexity on Y.
If f is strictly quasi-convex, then the second inequality is strict, unless xz* is extreme-
supported efficient. |

» Theorem 4. Denote by Ps . (G) the set of pairs of edge-disjoint s—t paths in G. Any
optimal solution (Py, Py) to an instance (G,d,p,s,t) of MSDPP is an extreme-supported
solution for the multi-objective optimization problem

W(Pl))
7T(P2)
subject to  (Pp, P,)T €P,4(G)

maximize <

(4)

as well as for the multi-objective problem

ZeEPl hlpe)

ZeePz lnpe

subject to  (Pp, Po)’ €P;4(G).

maximize (

(5)

Proof. Note that P, ,(G), the feasible set of both Problem (4) and MSDPP, is finite (and
thus compact). To show the first statement, we write the objective function of MSDPP as
h = fogwith g: Ps+(G) — [0,1]% with g(P1, ) = (7(P1),n(P2))T and f: R? — R with
f(a,b) =a+b—a-b. Since P, (G) is finite, the continuity of g trivially follows. For the
compact and convex set Y’ = [0,1]? D g(Ps+(G)) we now show that f is monotonically
increasing in each argument and quasi-convex on Y.
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For d € [0, 1] with d > b it follows that
fla,b)=a+ 1 —-ab<a+(1—a)d= f(a,d),

thus f is strictly monotonically increasing in the second argument. Since f is symmetric, it
follows that f is strictly monotonically increasing in both arguments.

To show the quasi-convexity of f, we prove that the level sets L, = {(a,b)” € [0,1]? |
f(a,b) < a} are convex for any « € [0,1]. This definition of quasi-convexity is equivalent to
the one given above, see, e.g., [16]. Note that the sets L, are convex if and only if the sets
Lo — (1,1)T are convex. These can be rewritten as

Lo— (1,107 ={(a—1,b-1)T € 0,1)? | 1—a)(1-b) > 1—a} = {(a,0)T €[0,1)* | ab > 1—a}

We now show convexity of these sets: Consider A € [0,1] and (a,b)T, (c,d)T € [0,1]T with
ab > 1—«a and ¢d > 1 — . Due to the inequality of arithmetic and geometric means,
(ad + ¢b) /2 > v/ abed for non-negative real numbers a, b, ¢, d (see, e.g., Heuser [22]), it follows
that

_ _ _ 2 _ Y
Mat+ (1= NN+ (1 —Nd) =A% ab +A1—N) (ad+cb) +(1—N? _cd
2l-a >2vachd>2(1—a)

>1—a) N +220 - +1 -V =10 -a)A+(1-N))?=1-a.

[\

-«

This proves that the sets L, — (1,1)7 and thus L, are convex. Thus, all conditions of
Theorem 3 are fulfilled and there exists an extreme-supported solution of Problem (4) that
is an optimal solution of MSDPP.

For the second statement, we write the objective function of MSDPP as h = (fow))o(¢pog)
with f, g as defined above, 9 [In myin, 02 — [0, 1] with ¢ (a, b) — (e, e®)T, and ¢: [0,1]> —
[—00,0]? with ¢(a,b) — (Ina,lnb)” where myin > 0 is the probability of the most-uncertain

s—t path in G. Thus, Y’ = [In i, 012 D (¢ 0 9)(Ps+(G)) is a convex and compact superset.

Since 1,19 are strictly convex and monotonically increasing functions in Y’ and f is
strictly quasi-convex in [0,1]? D Y’ and monotonically increasing in each argument, f o)
is monotonically increasing in each argument and strictly quasi-convex in Y’, compare
Agrawal and Boyd [2] where this is shown for (not necessarily strict) quasi-convexity, the
proof for strict quasi-convexity is analogous. Applying Theorem 3, it now follows that an
extreme-supported solution of Problem (5) is an optimal solution to MSDPP. <

4.2 Path Iteration

In this section, we propose an algorithm that iterates through the simple s—t paths of a
graph G = (V, E) with given s,¢ € V in order of decreasing path probability. For each path
Py, the algorithm computes a second most-certain s—t path P, that is edge-disjoint from
Py, evaluating each solution found with respect to the objective function of MSDPP and
keeping track of the best MSDPP solution found. It stops when the probability of the second
path found exceeds the probability of the first. We show in Lemma 5 that in this way, the
solutions (Py, P») considered by the algorithm constitute a representative set of the efficient
solutions from Problem (4) with 7(P;) > 7(P2). Correctness then follows from Theorem 4
since the set of efficient solutions contains the extreme-supported efficient solutions.

The iterator for the simple s—t paths that are ordered by the probability of the paths
used in Algorithm 1 is Yen’s algorithm [43]. The second path can be found by computing the
most-certain path in the graph (V, E'\ E(P)) where P is the path of the current iteration. If
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these two paths provide a solution to MSDPP with a higher success probability than the
current best solution, the two paths are set as the new current best solution. The pseudocode
for our approach is given in Algorithm 1. To compute the second path, we use Fanding’s
shortest paths faster algorithm [15] (SPFA) with an expected runtime of O(|E|).

Algorithm 1 Path Iteration Algorithm.

Data: (Directed or undirected) uncertain graph G = (V, E,p) start s € V' and
destination t € V

Result: Two edge-disjoint s—t paths that maximize the success probability

Let PP, PSP* be empty paths;

Topt = 0;

foreach simple s—t-path Py in G ordered by w(P;) do

Compute most-certain s—t-path P, in (V, E'\ E(P;)) with SPFA;

if P, does not exist then

‘ continue;
end
if 7(Py) < n(P2) then
| return (PP, P5PY);
end
if T(Pl,Pg) > Topt then
Topt < T(P1, P2);
PP* PSPt Py Py
end

end
Return (P{P*, PYPY);

» Lemma 5. Let (P, P2) be an efficient solution for Problem (4) with w(Py) > w(Py).
Algorithm 1 considers a solution (P{, Py) with 7(Py, P2) = 7(P], P).

Proof. Assume that the algorithm terminates on a solution (P, P;) before considering the
solution (Py, Py). Then 7(P,) > n(P;) > w(Py) > n(P). Thus (Py, P,) dominates (P, P»),
which contradicts the assumption that (P, P) is efficient. <

4.3 Integer-Linear-Program-based Dichotomic Search

In our second solution approach, we solve MSDPP by finding a representative set of supported
efficient solutions of Problem (5) and comparing their objective values. To this end, we write
Problem (5) as a biobjective integer linear program and apply dichotomic search, where in
each step we solve a weighted-sum-scalarization of both objective functions. Correctness of
this approach is ensured by Theorem 4.

For a directed uncertain graph G = (V, E7), we use the integer linear programming
formulation Problem (6) (with Ay > A2 > 0) for the weighted sum scalarization. Note that
since the problem is symmetric, weights with A2 > A; do not need to be considered. We
denote by 67 (v) = {(u,w) € E7 | u = v} the set of edges originating from v € V and by
0~ (v) = {(u,w) € E7 | w = v} the set of edges terminating in v € V.

. 2
maximize M E Inpexl + A E Inpexg (6a)
ecE~ e€eE~
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subject to

1 ifo=s

ST oai— Y ai={-1 ifu=t WweVVie{l2), (6D)

e€st(v) e€d=(v) 0 else

zl4+22<1 Vee E7, (6¢)

z, € {0,1} Ve € E7 Vi€ {1,2}

Each path is encoded by the binary variables x¢, where an edge e € E~ belongs to
path i € {1,2} if 21 = 1. The flow constraints (6b) ensure that the paths originate from s,
terminate in ¢, and are actual paths. The constraints (6¢) enforce that an edge in E— is
only taken once over both paths and in either direction. So, the constraints of Problem (6)
encode Ps ;(G). A solution = of Problem (6) then induces two edge-disjoint s—¢ paths P;, P,

in G with

1 2
w(Py) = H pecandr(Py) = H pec.
ecE— ecE—
If the graph G is undirected, exchange £~ with B = {(u,v), (v,u) | {u,v} € E7} -
replace the edges in G with two directed edges of opposite direction - and swap (6¢) with
the constraint

x%u_rv) + m%v’u) + x%uyv) + x%v’u) <1 Y{u,v} € E®".

The dichotomic search starts with a lexicographic solution z7 and a solution z3 of
Problem (6) with \; = Ap. From the paths P}, P? and Py, P induced by 7 and x3, compute
an optimal solution z* to Problem (6) with respect to Ay = 7(P2)—n(P%), Ao = n(P3)—m(P}),
which describes the slop between (7(P}), m(Ps)) and (7(P?), m(P3)). If the objective value
of 7, x5 for Problem (6) with the new A;, A2 is smaller than the objective value of 2* for the
same problem, then x* is an extreme supported solution and we repeat this step for (z7,z*)
and (z*,z3).

Note that using a similar construction as in the proof of Theorem 2 we can show
that solving Problem (6) is NP-hard for weights A; > Ay by choosing a sufficiently small
e <min{][,cpPe, /(1 — Are~1)e=L/A2} , which implies NP-hardness of Problem (6), though
the special case A\; = Ay can be solved by Suurballe’s algorithm [39] in polynomial time.

4.4 Approximation by lexicographically optimal solution

In this section and in the following one, we propose two approximation algorithms for the
MSDPP. Instead of enumerating a large set of candidate solutions, namely a representative
set of (extreme-supported) efficient solutions for Problem (4) or Problem (5), the underlying
idea of our approximation algorithms is to find a specific extreme-supported efficient solution.

A lexicographically optimal solution to a bi-objective optimization problem is one that
optimizes the second objective function among all solutions that maximize the first objective
function. (In general, the role of “first” and ’second’ objective function may also be reversed.
However, for our optimization problem, this is irrelevant, because the function f mapping the
objective vector of the biobjective problem to the objective value of MSDPP is symmetric.)
Note, however, that finding a lexicographically optimal solution to Problem (5) corresponds
to solving the (2D1SPP) which is NP-hard [13], and this result can be easily transferred to
Problem (4).

8:9
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Figure 1 Example graph that shows the tightness of the approximation guaranteed of Theorem 6.

Despite this theoretical complexity result, we argue that computing just one of the
potentially exponentially many extreme-supported solutions of Problem (4) is considerably
faster than computing a representative set of all extreme-supported efficient or even of all
efficient solutions, as we do in the approaches proposed in Sections 4.2 and 4.3, respectively.

To compute a lexicographically optimal solution, we can modify the approach from Sec-
tion 4.2, stopping as soon as the first feasible solution is found or apply integer programming,
i.e., the first step of the dichotomic search from Section 4.3. We also refer to computing the
lexicographically optimal solution as the lexicographic approach.

» Theorem 6. Computing a lexicographically optimal solution of Problem (4) gives a tight
approzimation guarantee of 1/2 for MSDPP.

Proof. Let (P{P*, PyP") be an optimal solution to MSDPP with 7(PP") > 7(P5P") and let
(P1, P,) be a lexicographically optimal solution to Problem (4). Then 7(P;) > w(P®") and
7(Py) > w(PsPY). Tt follows that

’T(Phpg) _ 7T(P1)+(1—7T(P1))7T(P2) - 7T(P1)
T(PPPL PR (PP A m(PY) — (PP m(PyPY) T (PP + (P
> 7T(P1) _ 1
- 27T(P1) 2

For the tightness consider the graph in Figure 1. The optimal solution with a success
probability of 2(z —¢) — (z —e)? are the paths s—v—t and s—u—t. The lexicographically optimal
solution with the paths s—u—v—t and s—t has a success probability of z + ¢ — ze. Taking the
limit it follows that

lim 1 z+4+e—ze 1 <
zlg%)elgilJQ(z—g)—(z—EP 2

4.5 Suurballe’s Algorithm based Heuristic

While the approach described in the previous section produces solutions consisting of paths
of very different probabilities, we now investigate the worst-case performance of taking the
solution (Py, P;) that minimizes Problem (6) with equal weights A\; = Ao = 1. This is
equivalent to finding two edge-disjoint s—t paths that maximize the product of the paths’
probabilities. Analogously to the approach sketched in [10] for the most-certain path problem,
one can show that this problem is equivalent to finding a solution that minimizes the sum of
negative log-probabilities. This problem can be solved in polynomial-time with Suurballe’s
algorithm [39].

Unlike the approach described in Section 4.4, we cannot give a general bound on the
approximation factor of the solution found by this approach. This is illustrated by the
instance sketched in Figure 2, where the approximation factor approaches

lim lim 2v/z 4+ ¢ — 2z — vz = 0.

z—0e—0
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Vz+ 2

Figure 2 For ¢ > 0 and z € (0,1 — 2¢ + £?), Suurballe’s algorithm gives the paths s—u—t and

s—v—t with a success probability of 24/z + ¢ — z — £4/2z and a multiplied path probability of z + €4/z.

The optimal solution with a success probability 1 is given by s—u—v—t and s—t and has a multiplied
path probability of z.

Note that in the constructed example, the probabilities of the two paths (PPP*, PsP*) in
the optimal solution are very different, 7(P{™") = 1 while 7(Py*") approaches 0. On the
other hand, intuitively, Suurballe’s algorithm should provide good results for instances where
the probabilities of the two paths (PP**) Ps*") are (almost) equal. In Theorem 7 we see that
indeed, the approximation guarantee can be bounded depending on (an upper bound on)
the probability of the more certain path and (a lower bound on) the probability of the less
certain path.

» Theorem 7. Let (P**, Py*Y) be an optimal solution to MSDPP with w(P{"") > n(Py")
and let a, € [0,1] with 8 > ©n(P1) > w(P2) > a. Then, for any solution (Py, Py) that is
optimal for Problem (5) with \y = A2 = 1 we have that

T(P1, Py) S 2v/af —af
PP B~ ot p—ai

7(Py)7(Py) and 7(PPY, PSPY) > 7(P1, Py). This implies that 7(P®") > n(Py) > 7(Py)
T(B™).

Using the fact that the function f(a,b) = a + b — a - b atains its minimum on {(a,b)? €
(0,1]% : ab > (PP )m(PsP)} at a = b = \/7(PYP")w(Ps®") (see Lemma 8 in the appendix),

we conclude that 7(Py, Py) > \/7(PPP)m(PSPY) — w( PP )m(PyPY).

(PP 2¢/m(PP)m(Py™) — w(P™ )m(P3™)
) —

T(PPP PR T (P 4 m(ByPY) = m(PYP) (P

Lem;a 10 2\/ BT('(P;pt) — 67T(P;pt) Lemgla 11 2\/@ — a/@
T BB =Py T at+fB-ap

This gives the approximation factor. |

5 Experimental Results

After we describe the benchmark instances and the implementation of the presented algorithms
in Section 5.1, we compare the average runtime of the algorithms in Section 5.2. Lastly, we
compare the success probabilities of the approximation algorithms against those of the exact
algorithms in Section 5.3.
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5.1 Benchmark Instances and Implementation Details

We consider four classes of benchmark graphs: GrID, GRIDLOW, GRIDHIGH, and COASTAL.
The base class GRID consists of grid-graphs with 5 columns and 2k rows with £ € N and
edge probabilities are uniformly sampled from [0, 1]. The classes GRIDLOW and GRIDHIGH
are identical to GRID but the edge probabilities are uniformly sampled from [0.1,0.35] and
[0.75, 1], respectively. Graphs from the COASTAL class are metric planar graphs designed to
resemble networks in coastal regions. A detailed description of this graph class is provided
in [31]. Each graph has 5 - 2k nodes and up to 3(5 - 2k) edges. The probability of an edge
in a COASTAL graph is given by p - (¢max — £e)/(lmax — min) Where p is uniformly sampled
from [0, 1] for each edge, £, is the length of the edge e, and £pin, fmax are the lengths of
the shortest and longest edge of the graph instance, respectively. For each graph class and
ke {2,4,...,100}, 10 different graphs were generated. Standalone implementations of the
graph generation process are available at [30]. Due to the inefficiency of our COASTALgraph
generation process, we limit the number of nodes for these instance to 300. For each graph,
we choose a vertex with the lowest x-coordinate, and, if there are several with the same
x-coordinate, then take the one with the lowest y-coordinate as start vertex s. To set an
end vertex t we perform a breadth-first search in the graph starting from s and take the last
vertex found. To ensure that there are two edge-disjoint s—t paths, a direct s—t edge with
the smallest probability greater than zero that a 64-bit float value can represent is added.

The algorithms described in the paper are implemented in Rust [40] and are provided
in [29]. To improve the runtime and the memory usage of Algorithm 1, only the paths
whose probability could improve the current best found solution are kept in the internal
heap data structure. For the approximation algorithm described in Section 4.4, we solve
Problem (6) with A; = 1 and a sufficiently small Ay since this proved to be considerably faster
than applying a modified version of the path iteration algorithm, as proposed in Section 4.4.
Problem (6) is solved using Gurobi 13.0.2 [20]. For Suurballe’s algorithm, we used Fanding’s
SPFA [15] with an expected O(|E|) runtime instead of Dijkstra’s algorithm.

For each instance and algorithm, we set a time limit of 60 seconds. The computational
experiments were executed on 8 threads of an AMD Epic 9654 with 32GB of RAM on
Debian 13.

5.2 Runtime Analysis

Table 2 Number of solved instances by the path iteration algorithms from Section 4.2 per graph
class.

‘ GRID GrIDHIGH GRIDLOW  COASTAL

Solved ‘ 183 /500 117 /500 492 / 500 116 / 150

The path iteration could not solve all considered instance within the time limit expect for
the GRIDLOW graphs as we can see in Table 2. Here, we can see that GRIDLOW instances
can be solved more often than GRID, GRIDLOW and COASTAL instances. We suspect that
comparatively low edge probabilities make it easier for the implemented approach to follow
high probability paths.

Furthermore, only for the GRIDLOW instances the path iteration algorithm is faster for
graphs with less than 600 nodes than the ILP-based dichotomic search; see Figure 3. For the
other graph classes, around 180 nodes the path iteration becomes slower and begins to reach
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Figure 3 Average runtime of the algorithms over the graph classes. Unfilled markers indicate
that not all instances were solved to optimality within the time limit.

the time limit. Both the approximation algorithms show near identical runtimes. Even if
the lexicographic algorithm solves 2D1SPP, which is NP-hard, the low runtime of the path
iteration based lexicographic algorithm implies that the first considered most-certain s—t path
allows for a second edge-disjoint s—t path. Thus, the lexicographic algorithm solves as many
most-certain paths problems as Suurballe’s algorithm, which has a higher computational
overhead.

5.3 Heuristics’ Quality Analysis

For the analysis of the solution quality of the approximation algorithm and the heuristic,
consider Table 3 and Figure 4. In the first row of Table 3, we see for how many of the
instances the approximation approaches found an optimal solution. In the second to fourth
rows we see average, the 5th percentile - the best of the worst 5% -, and worst observed
value of the approximation ratio ALG/OPT rounded to two decimal places.
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Table 3 Comparison of the solution quality of the Suurballe (Suur.) and lexicographic (Lexico.)
approximation algorithms.

GRID GRIDHIGH GRIDLOW COASTAL

Suur. Lexico. Suur. Lexico. Suur. Lexico. Suur. Lexico.

Found optimum 201 456 139 158 422 427 106 147
Average 0.73 1.00 0.96 0.98 0.98 0.99 0.93 1.00
5th percentile 0.16 1.00 0.84 0.92 0.93 0.93 0.51 1.00
Worst observed 0.02 0.78 0.67 0.87 0.20 0.58 0.06 0.90

B Suurballe [ Both [ Lexicographic [] Neither

Figure 4 Number of optimally solved instances per graph class for the approximation approaches.

The pie charts in Figure 4 show the amount of instances for which each and both
approximation approaches found an optimal solution.

For both approaches, we remark that they found the optimal solutions in remarkably
many cases. As Figure 4 confirms, for a considerable proportion of the instances, the
lexicographic and Suurballe’s solution are identical and optimal. This also shows in the
average approximation ratios in Table 3, which are almost everywhere close to 1.00.

Overall, the lexicographic algorithm is better than Suurballe’s algorithm for all our
considered metrics, especially in the 5th percentil and worst observed for GRID and COASTAL.

6 Conclusions and future research

In this paper, we studied the NP-hard problem MSDPP, i.e., the problem to find two
edge-disjoint paths between a start and an end node in a graph equipped with edge traversal
properties that maximize the success probability. We have shown that the problem is NP-hard
and presented four solution algorithms, which are all motivated by the property that optimal
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solutions to the MSDPP are extreme supported efficient solutions to a suitably defined
bi-objective optimization problem. Regarding exact approaches, we find that the ILP-based
dichotomic search approach outperforms the path iteration algorithm for larger graphs. When
it comes to the approximation algorithm and the heuristic, the lexicographic approximation
algorithms proved better than Suurballe’s algorithm. It would be interesting to see whether
the runtime of the ILP-based dichotomic search approach could be improvedby warm-starting
it with the result of one of the approximation algorithms. Regarding the hardness results
and the proposed algorithms, it would be interesting to investigate to what extent results
extend to the case of finding two vertex-disjoint maximum-success paths.

Where this paper focused purely on algorithmic problem aspects, in future research we
plan to focus on solving real-world instances, where edge probabilities are derived, e.g, from
air surveillance data. It would be interesting to see whether our algorithms perform well on
these instances (which are expected to differ considerably from our current test instances)
as well, and how the results we obtain compare to the results of other routing algorithms
designed for such applications, or, in general routing under uncertainty.
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A Appendix

» Lemma 8. Let M € (0,1]. The function f(a,b) = a+b—a-b takes its minimum on
{(a,b)T €[0,1]? :ab> M} ata=b= VM.

Proof. Since f(a,b) is strictly monotonously increasing in a and b, the minimum can only
occur if ab = M. Furthermore, with f(b) := f(%£,b) we have

of .., M
=1

Thus, b = v M is the only relevant critical point and

2f 2

VM

therefore this is indeed a minimum. <

» Lemma 9. For1>a>b>0, it holds that a + bv/ab > ab + b.

Proof. Let a = bk with k£ > 1.

a+bvVab = bk +bV02k =b(_k +bk) + 0> (VEk —k) > b(bk+1) =0’k +b=ab+b. <«

~~ ————
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» Lemma 10. For b € (0,1), the function f defined by

2v/ab — ab
fla) = a+b—ab

is monotonously decreasing on [0,b].

Proof.
gf(a) _ b(b—a+ ab— bvab)
Oa ~ Vab(a+b— ab)?

The function is monotonously decreasing if % f(a) <0 which is equivalent to b — a + ab —
bvab < 0. This inequality is true due to Lemma 9. |

» Lemma 11. For a € (0,1], the function f defined by

2v/ab — ab
fla) = a+b—ab

is monotonously decreasing on [a,1].

Proof. Analogous to the proof of Lemma 10. |
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—— Abstract

Electric vehicle adoption is growing rapidly, and parking facilities face increasing pressure to expand
their charging infrastructure. This paper studies the power allocation scheduling problem that arises
when a parking facility with fixed grid-capacity limit must distribute power to connected electric
vehicles, under given lower and upper bounds on the charge rate at any given time. We focus on the
optimization goal of maximizing the number of vehicles that get charged a given target of power,
with the secondary goal of providing as much power as possible. We show that the problem is
NP-hard. We formulate the problem as a mixed-integer linear program (MILP) that establishes
a theoretical upper bound on performance of any online algorithm, which is the main goal of the
real-world problem. We design and compare a few online scheduling strategies against the offline
bound, using a real-world instance of vehicles and testing across 6 to 40 chargers. We use MILP as
an online strategy, classical earliest-deadline first greedy algorithm, and we also design data-driven
approaches using machine learning techniques. Results show that the simplest static load balancing
approach cannot compete with the best performing online approach, and that the real-world problem
can benefit from dynamic load balancing strategies such as those designed and evaluated in this

paper.
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1 Introduction

The adoption of electric vehicles (EVs) is growing, bringing new challenges and demands on
the existing automotive infrastructure, which was tailored and optimized to be used primarily
by combustion-engine vehicles. In particular, the relatively long charging times and the
limited availability of electrical power provides several scheduling and coordination problems
to be solved.
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One such problem arises in parking facilities, where customers demand more parking
spots with charging possibilities of electric vehicles. Yet, most of parking facilities operate
under a fixed grid capacity limit that caps the total power available at any moment.! As
a result, the straightforward charging approach of “split the total available power equally
among the connected EVs to the charging facility” is no longer feasible, since the IEC-61851
standard [9] mandates a minimum power threshold of 4.1 kW for full-battery EVs (BEVs) and
1.4 kW for plug-in hybrid EVs (PHEVs): as more vehicles connect simultaneously, the equal
share per vehicle decreases; if the equal share falls below a vehicle’s threshold, its internal
battery management system stops charging and transitions to an idle state. Consequently,
beyond a certain number of concurrent vehicles, the entire facility stalls and delivers zero
power until enough vehicles depart. Moreover, this straightforward approach, also called the
static load balancing (SLB), does not take into account information such as the status of the
battery charge, which could be used to further optimize, for example, the total amount of
delivered energy or the number of cars charged close to full battery capacity.

In this paper, motivated by our real-world contacts with a parking infrastructure operator,
we study the electric-vehicle charging scheduling problem with a power (grid-capacity)
constraint and a minimum and maximum charging threshold for vehicles. Our research is
guided by the following real-world scenario: a parking garage is currently equipped with
6 parking spots with charging facilities; at any moment, the facility can charge the fleet
with a total of at most 50 kW of electric power; the facility uses static load balancing. The
main question is whether dynamic load balancing, i.e., a centrally planned scheduling that
continuously allocates available power across connected EVs in a, possibly, non-uniform way,
can allow to extend the number of parking spots while maintaining a satisfactory level of
service. Motivated by these real-world optimization concerns, we study the resulting offline
and online scheduling problem defined in the following.

1.1 Terminology, Notation, and Problem Definition

A set of n electric vehicles [n] := {1,2,...,n} arrives at the parking facility over a fixed
scheduling horizon [0, T] partitioned into one-minute intervals t € {1,2,...,T} =: [T]. Each
vehicle i € [n] is characterized by its arrival time ta,;, its departure time tgep 4, its total
requested energy Eieq,; (in KW hours), its maximum power limit P,y (in kW), and its
minimum power limit Py, (in kW). The facility can provide at any time a total power
of at most Pyig (in kW). All of this information is an input to our problem, including the
departure times (which the operator of the parking facility asks from the drivers at the
entrance to the parking facility).

A schedule is an assignment of power to vehicles over time, given by values S :=
{pi,t Yie[n);te(r), With the meaning that vehicle i is given power p;; during time-interval ¢.
A feasible schedule is a schedule S = {p;t}icn):teir) such that (i) for any time interval
t € T, the total amount of energy assigned to all vehicles at time t is at most Pgyiq, (ii)
no vehicle ¢ € [n] is assigned a positive power at time t ¢ [tarr s, tdep,i), (iil) every vehicle ¢
is either assigned zero power, or power that is at least its lower-bound P, ; and at most
its upper-bound Ppax,i, and (iv) no vehicle is assigned, in total, more than the requested
amount of power Freq ;.

L Typical grid capacity of an average parking garage reported by our industrial partner is between 50kW
and 150kW.
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The goal is to find a feasible schedule that maximizes the following hierarchical objective:
first, it maximizes the number of vehicles that get charged at least a-fraction of their requested
energy, and second, the total energy delivered to the vehicles. The primary optimization
goal is thus the customer satisfaction (number of satisfied customers), and the secondary
optimization goal is both the customer satisfaction and the company profit (the total amount
of delivered/sold energy). We adopt the jargon of the industry, and call the goal of charging
the a-fraction of the requested energy the service level agreement target, or, for short, the
SLA target. Throughout the paper, we maintain o = 0.9 (or, 90%). We chose the value of
90%, because it is the largest value of « for which the charging of a lithium-ion battery is
approximately linear in delivered energy [12]. None of the algorithmic approaches presented
in this paper depends on the concrete choice of the value of «. The modeling assumes that
the charging is approximately linear in delivered energy, and for that, any value of o < 0.9 is
fine.?

We call the interval [tarr i, tdep,i] the connection window of vehicle ¢ € [n]. For a time
t € [T] within the connection window of vehicle ¢ € [n], i.e., for tar; <t < tgep,i, vehicle ¢ is
active at time t with respect to a feasible schedule S if p; ; > 0, and otherwise it is inactive.

1.2 Qur Contributions

We first consider the offline problem, when the entire input is given to the algorithm at
the beginning. We show that the problem is NP-hard, even when every vehicle has the
same arrival time equal to zero, and every vehicle has the same (integer) departure time
taep of value ©(n) (i.e., linear in n). To address the real-world problem, we formulate the
offline scheduling problem as a mixed integer linear program (MILP) and use it to compute
optimum schedules to obtain a reference point for comparison to online approaches, and for
comparison with the static load balancing approach.

We then consider the online problem, in which the input information about the vehicles
is given to the algorithm upon the arrival times of the vehicles, i.e., at any time ¢ € [T}, the
algorithm knows the information about all vehicles ¢ € [n] with arrival time ¢y, ; < t. For the
online problem, we design and experimentally evaluate several online scheduling algorithms
that need to make decisions at every time point ¢t = 1,2,...,T using only the information
about vehicles whose arrival time is at or before ¢t. The motivation for knowing the (future)
departure time comes from the operation of the parking facility which asks every vehicle,
upon arrival, for an (estimated) departure time and also for the requested energy power.

Some of our online strategies use data-driven approaches, in which the online algorithms
can use, beyond the current state of the facility, also historical data. We use machine learning
techniques to predict future arrival of electric vehicles, their requested power, and their
departure times, and evaluate an online algorithm that at any moment computes an offline
schedule on the current vehicles plus the predicted vehicles for a short future time window.
The motivation for this approach is to find online strategies that possibly approach the offline
optimum under realistic operational conditions.

2 Albeit, much of the literature takes a more conservative approach and sets the threshold of o = 0.8 for
approximately-linear charging behavior.
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1.3 Related Work

There are several related concepts in the field of machine scheduling. In machine scheduling,
in general, there are n jobs having processing times, and possibly release dates, due dates, or
weights, and there are m machines that can process the jobs, while, at any time, working on
at most one job. A preemptive schedule is a schedule that allows a machine to process a job
over several time intervals, whose total length is equal to the job’s processing time.

Chen et al. [3] studies an online deadline scheduling problem with an on-arrival com-
mitment requirement on one machine, where a scheduler must immediately accept or reject
a job upon arrival. Their optimization goal is to maximize the total load of scheduled
processing minus the remaining processing time of uncompleted jobs. Beside the differences
in the optimization goal and the number of machines, observe also that in our problem, we
cannot accept or reject any vehicles (since vehicles find autonomously any free parking spot
with a charging facility). Furthermore, our problem requires allocating a shared continuous
power capacity across a simultaneous fleet of connected vehicles at every minute, rather than
managing a sequential single-job processor queue.

Alinia et al. [1] study an online scheduling problem for deadline-constrained EV charging,
maximizing the total weighted delivered energy. Their problem permits power allocations up
to a vehicle-specific maximum and having a facility grid capacity, which mirrors our work.
However, their optimization goal is different, and they do not enforce a minimum power
threshold as we do.

The PhD thesis of Zaidi [17] provides a classification of electric-vehicle charging-scheduling
problem with respect to various optimization objectives (from the power-grid operators as well
as from the charging-facility point of view), various constraints and considerations related to
vehicles (e.g., arrival and departure times, charging limits) or infrastructure (electricity prices
or charging capacity), and various solution approaches (exact offline algorithms, heuristics,
or online algorithms). Besides the overview, the PhD thesis also provides NP-hardness of
several fundamental variants of EV charging scheduling problems: (i) computing a minimum
capacity Ppax of the grid to satisfy all demands of given electric vehicles; (ii) maximizing
the number of fully-charged vehicles where every parking slot can provide a uniform power
rate or zero power at any time interval, by seeing the problem as a problem of minimizing
the number of late jobs in a setting with parallel machines with release dates and due dates
(which is known to be strongly NP-hard due to result of Du and Leung [4]).

Uiterkamp et al. [14] study an EV-charging problem with lower-bound constraints on
the provided power (just like our paper does), but their objective is to flatten the combined
base-load (given) and charging-load of EVs (to be computed) of the grid.

There are other scheduling papers related to charging of EVs, differing substantially in
the constraints or in the objective, see e.g. [8, 16, 6] and references therein for a small subset
of such papers.

Existing literature highlights a distinct gap: to the best of our knowledge, no prior
work simultaneously incorporates a minimum operating power threshold, passive admission
constraints, and a customer-centric hierarchical satisfaction objective.

1.4 Empirical Data and Demand Reconstruction

The experimental evaluation is driven by data collected in a concrete real-world parking
facility during Week 51, 2024, one of the highest-demand weeks of the year. Two data sources
were combined: (i) gate-access logs recording entry time-stamps, exit time-stamps, and
vehicle types, and (ii) charging-session logs recording active charging durations and total
energy consumed.
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Because historical logs only capture vehicles that successfully accessed a charger, unserved
demand had to be reconstructed. Vehicles that arrived when all chargers were occupied were
identified by mapping gate arrivals against a minute-by-minute occupancy timeline. Their
energy requirements were then generated using Monte Carlo sampling [13] from historical
vehicle battery capacities and charging profiles. This reconstruction was developed and
validated in previous work [10]. We present it here for completeness as it forms the basis of
the dataset used for training and evaluating the scheduling strategies in this paper.

2 The Mixed-Integer Linear Program

The offline problem is given by n vehicles and their arrival times, departure times, requested
energy, the lower and upper bounds on admissible power, and by the maximum power
capacity of the facility.

To model the scheduling problem as a mixed-integer linear program (MILP), we introduce
the variables that define the schedule, i.c., variables p; ; € R>o, for every ¢ € [n] and every
t € [T, which express the power (in kW /min) allocated to vehicle ¢ at minute ¢.

We further define binary indicator variables s;: € {0,1}, for every ¢ € [n] and every
t € [T], indicating whether vehicle ¢ is actively charging (s;; = 1) or idle (s;; = 0) at time
point .

To track the number of vehicles that successfully charged 90% of their energy demand, we
introduce a binary indicator variable y; € {0, 1}, for every i € [n], indicting whether vehicle ¢
charged 90% of its requested energy.

Naturally, when solving the resulting MILP, we only instantiate decision variables for the
intervals a vehicle is physically present. We define T; = {taw,i,. - ., tdep,i} as the connection
window of vehicle 4, and conversely, N; = {i € [n] | ¢ € T;} as the set of vehicles present at
minute ¢.

The constraints of the MILP are as follows. First, the total power allocated at any minute
cannot exceed the grid limit, i.e.,

Z Dit S Pgrid vt S [T]
1EN

A vehicle can only draw power within its minimum and maximum limits. Using the binary
state variable s;;, these bounds are enforced over each vehicle’s connection window T; as
follows:

Dit 2 Sit * Pminy Vi € [n], Vt € T;,

Dit < Sijt * Prax,i Vi € [n], Vt € T;.

This ensures that p;; is either exactly zero or restricted within a valid operating range. We
calculate the total energy delivered to a vehicle, using a variable Figa1,i, as the sum of
the power it receives across its connection window, scaled by 1/60 to convert kW-minutes
into kWh. An upper-bound constraint ensures the system never delivers more energy than
requested:

1 ,
FEiotali = Z (pi,t ‘ 60) Vi € [n],

teT;

Etotal,i S Ereq,i V1 S [TL]
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Variable 1; needs to be one if and only if the total energy delivered is at least 90% of the
requested energy. The following constraints couples y; with this goal:

Etotal,i = (09 : Ereq,z’) " Yi Vi € [TL]

Note that this inequality allows y; = 0 even when the energy target is fulfilled. However,
because our objective function maximizes the sum of y;, the optimization process naturally
forces y; to 1 whenever a schedule achieves the 90% threshold.

Our objective function is to maximize, lexicographically, (Z icn) Yi> Zie[n] Etotal,i) :

For our experiments, we solve the MILPs using the Gurobi optimization solver [7].

3 NP-Hardness

We establish that the offline EV charging scheduling problem studied in this paper is NP-hard.
We show that the problem is NP-hard even if the only optimization goal is the number of
vehicles that get 90% of the requested energy.

» Theorem 1. The offline EV charging scheduling problem is NP-hard.

Proof. We reduce from 3-Partition, which is strongly NP-hard [5]. An instance of 3-Partition
consists of 3m positive integers ay, ..., as,, satisfying 213:1 a; =mB and B/4 < a; < B/2
for all 7. The question is whether these integers can be partitioned into m groups of three,
each summing to exactly B.

Construction. Given a 3-Partition instance, we construct an EV scheduling instance as
follows. We set the planning horizon to 7' = m minutes, the number of vehicles to n = 3m,
and the grid capacity to Pyiq = B. All vehicles are present for the full horizon, i.e., ta; =1

and tqep,; = m for every i € [n]. For each vehicle i € {1,...,3m}, we set
Prnin,i = Pmax,i = Ay, and Ereq,i = é% kWh. (1)

Setting Punin,s = Pmax, is a special case of the generic constraints of the problem: a vehicle
charged for one minute at rate a; receives a; x % = Eyeq,i kWh, which equals 100% > 90%
of its requested energy.

We now show that a valid 3-partition exists if and only if all 3m vehicles get at least 90%
of requested energy.

Suppose first that a valid 3-partition exists, with groups G, ..., G, each summing to
B. Schedule the vehicles in group G; to charge during minute ¢. At each minute, the total
allocated power is ZiGGt a; = B = Pgia, satisfying the grid capacity constraint. Each
vehicle 4 is charged for exactly one minute at its fixed rate a;, receiving a;/60 = Eyeq,; kWh.
Consequently, all 3m vehicles meet the 90% threshold of requested energy.

For the other direction, suppose that all 3m vehicles get at least 90% of requested energy.
Since Prin,i = Pmax,; = a;, vehicle i receives power only at rate a; or not at all; each active
minute therefore contributes exactly a;/60 kWh. To attain the minimum 0.9 - a;/60 kWh,
each vehicle must be charged for at least one complete minute. Because B/4 < a; for all i,
any four vehicles require combined power exceeding 4 - (B/4) = B = Pgiq, 50 at most
three vehicles can charge simultaneously. With m minutes and at most three vehicles per
minute, the total number of available vehicle-charging slots (minutes) is at most 3m. Since
each of the 3m vehicles requires at least one slot, each vehicle is charged for ezactly one
minute, and no slot is left unused. The vehicles assigned to minute ¢ form a group G; that
partitions {1,...,3m}, with ) ,c, a; < B by the grid constraints. Summing over all m
groups gives Y ;" Y., a; = mB, so each group must sum to ezactly B. This constitutes
a valid 3-partition. <
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4  The Online Optimization Problem

While a solution to the offline problem establishes a theoretical upper bound on performance
of any dynamic load-balancing algorithm, its reliance on perfect future knowledge (and also
the computational cost of solving a large integer program at runtime) makes it not viable for
real-time deployment. Practical facility management requires online algorithms capable of
making decisions using only current-state knowledge and historical data. We compare the
following approaches for the online optimization.

4.1 Static Load Balancing

The simplest approach is static, equal-share load balancing (SLB), where the grid capacity
Pyiq is divided evenly among all active vehicles. While easy to implement, this approach
struggles as the facility scales. When congestion causes the equal-share allocation to drop
below the hardware minimum threshold Ppin ;, the vehicles put themselves into an idle state
(not using the power to charge). In our experiments, we use a slightly improved static load
balancing, in which the system recognizes when a new vehicle would put (some) cars to
idle state, and the system simply denies power to newly arriving vehicles to maintain a
safe minimum charge rate for all ongoing sessions. When a vehicle departs, the previously
denied vehicles are re-considered for being charged by the system based on the first-come,
first-served principle.

4.2 Earliest Deadline First

To address the inadequacies of static load balancing, we evaluate an earliest deadline first
(EDF) algorithm. Originally formalized by Liu and Layland [11], standard EDF is a greedy
heuristic that sorts present tasks based on their deadlines, allocating full capacity sequentially
to the most urgent job until the resource limit is exhausted.

To ensure a fair comparison against the MILP’s hierarchical objective, we design a
modified two-tier EDF. At each time step ¢, the algorithm partitions connected vehicles into
two priority queues. The SLA queue contains vehicles that have not yet received 90% or
more of the requested energy. The Top-off queue contains vehicles that received at least 90%
of the requested energy, but not yet 100%.

We iterate through the SLA queue in ascending order of departure time. For each
considered vehicle i, we allocate power at its maximum rate Ppax ;, or the remaining grid
capacity if that is smaller, provided the allocation meets the minimum threshold P, ;. We
then subtract the allocated power from the remaining grid budget and continue to the next
vehicle. Once all vehicles in the SLA queue have been served, we repeat the same procedure
for the top-off queue using any remaining capacity.

A limitation of this approach is that it allocates power strictly by urgency, with no regard
for whether a vehicle can still reach its target. For instances where not all vehicles can obtain
90% of requested energy, EDF may spend grid capacity on a vehicle for which the 90% target
is not reachable anymore, regardless of future power allocations, at the expense of a vehicle
that could still have been satisfied. We address this with a feasibility-aware extension, called
EDF-FC.

4.3 Earliest Deadline First with Feasibility Check

At each minute ¢, before sorting the SLA queue, EDF-FC evaluates whether each vehicle
below its requested 90% target can still reach the target under the best possible future
allocation, i.e., if it were to receive its maximum power for the remainder of its stay. Let
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Ti(t) = tdep,; — t denote the vehicle’s remaining connection time in minutes. The maximum
energy it could still receive is
1
50"
A vehicle is feasible if Eyqa1i(t) + E*(t) > 0.9 - Ereq,i, and infeasible otherwise. This
reclassifies the original SLA queue into two tiers, evaluated in this priority order. Feasible-SLA
queue contains vehicles from the SLA queue that are feasible. Infeasible queue contains
vehicles from SLA that are infeasible. Top-off queue is the same queue as defined before.
Within each queue, vehicles are ordered by ascending departure time, exactly as in
standard EDF. Vehicles in the infeasible queue are not excluded from charging, they are
still served with any capacity left over from the feasible-SLA queue. After that, EDF-FC
considers the top-off queue. It is a natural idea to merge the infeasible queue with the top-off
queue. In our internal experiments, the variant of EDF-FC where these two queues are
merged did not provide any statistically meaningful difference.

Ezma:v(t) - Ti(t) : Rnax,i .

4.4 Imitation Learning

To investigate whether a learned policy can approximate MILP-quality decisions at a negligible
runtime cost, we developed an imitation learning (IL) approach using a random forest
classifier [2]. We treat the offline MILP as an oracle: for each vehicle at each minute
of the training dataset, the MILP’s binary charging decision (s;; € {0,1}) serves as our
ground-truth label. We then train the classifier to reproduce these decisions using features
observable in real time, effectively learning the MILP’s prioritization logic without invoking
the solver at runtime.

We evaluate two architectures that differ in their output structure. The individual-vehicle
architecture is a single-target binary classification problem: it takes one vehicle’s features
alongside global facility state variables and outputs a single charge or no-charge decision for
that vehicle. The facility-wide architecture is a multi-output binary classification problem: it
takes all charger slots as fixed simultaneous inputs, padding empty slots with zeros and a
binary occupancy flag, and outputs one binary decision per slot in a single inference call.

The training data is imbalanced, approximately 74% of labels are idle (0) and 26% are
active charge (1). Macro F1l-score is used as the optimization criterion during hyperparameter
search, which weights both classes equally and is appropriate given this imbalance.

Training labels were derived from MILP solutions over two weeks of historical demand
data. A time-based split was used: one additional week was held out for validation and one
for testing, since EV arrival patterns are strongly time-dependent and a random split would
allow future data to leak into training. Hyperparameters were tuned via randomized search
using a predefined train-validation split, training on the two-week period and evaluating
each hyperparameter combination on the held-out validation week. This ensures that
hyperparameter selection is based on generalization to future unseen data rather than within-
training performance. The hyperparameters searched were number of trees, mazimum tree
depth, minimum samples per split, minimum samples per leaf, and class weight. The final
model was retrained on the full two weeks of training data using the best hyperparameters
found, and evaluated on the test week. The full feature list is reported in Appendix 2.

For both architectures, the input features at each time step include temporal context
(hour of day, day of week), facility state (number of connected vehicles, grid utilization ratio,
total capacity), and per-vehicle state (time remaining until departure, energy still needed,
laxity ratio, vehicle type, and hardware power bounds). The lazity ratio is the time remaining
divided by the energy still needed, with a lower value indicating higher charging urgency.
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To guarantee physical grid compliance, both models output binary decisions rather than
power values, preventing the classifier from producing physically impossible allocations.
These decisions are converted into actual power values using a greedy post-processing
algorithm. It iterates through vehicles the classifier marked as active, sorted by laxity
ratio in ascending order. For each vehicle, it allocates power greedily within the bounds
[Pumin,i, Pmax,i], respecting the remaining grid budget. If a vehicle cannot receive at least
Phin,i, due to insufficient remaining capacity, it is skipped. Any residual capacity is then
distributed to vehicles below their 90% energy target, again sorted by laxity ratio.

4.5 Event-Driven Model Predictive Control

The offline MILP from Section 2 assumes all vehicle data is known in advance. We now
adapt this formulation for online use through a model predictive control (MPC) framework,
an optimization-based control approach that repeatedly solves a planning problem over a
future time horizon and executes the first step(s) of the resulting plan, before re-solving
when new information arrives.

At any moment during facility operation, the set of currently connected vehicles and
their remaining energy needs are fully known. We can therefore treat the remaining planning
window as a new offline instance: given the vehicles currently present, their remaining
requested energy, and their departure times, we solve the MILP from the current minute
forward to produce an optimal schedule for the rest of their stay. The facility then executes
this schedule minute-by-minute until something changes.

The key question is when to re-solve. If nothing changes between minutes, the previously
computed schedule remains optimal and there is no reason to recompute it. We only re-solve
upon arrival of a new vehicle.

To keep each re-solve computationally small, we separate connected vehicles into two
groups. Vehicles that have not yet reached their 90% target are passed into the MILP.
Vehicles that have already met the 90% target are handled by a greedy post-processing step:
after the MILP runs, any remaining grid capacity is distributed to these vehicles in order of
earliest departure time, up to their maximum power. Qur choice for using greedy heuristic
after the MILP is executed is motivated by the fact that at that moment the only goal is
to maximize the amount of delivered energy, for which the greedy allocation based on the
earliest departure time performed very well in our internal evaluations.

4.6 Stochastic Event-Driven Model Predictive Control

The event-driven MPC only considers vehicles that are physically present at the moment
of re-solving. It does not account for vehicles that are likely to arrive soon. Without this
knowledge, the optimizer may assign power slowly to vehicles that appear to have sufficient
time remaining to meet their 90% charge target. When new vehicles arrive and share the
same grid budget, those vehicles may no longer receive enough power to finish in time,
missing a target that was achievable under the original schedule. To address this, we extend
the event-driven MPC by adding predicted future vehicles to each re-solve instance.

When an event triggers a re-solve, we generate a set of synthetic future vehicles representing
expected arrivals over the next 4 hours. This prediction limit was chosen to match the
median observed stay duration in the historical data. These synthetic vehicles are added to
the MILP alongside the physically present ones, so the optimizer accounts for expected future
demand when computing the current schedule. Only the schedule computed for real vehicles
is executed: synthetic vehicles influence the allocation but are never physically charged.
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To generate realistic synthetic arrivals, we model the arrival process separately for
three day groups (Monday through Thursday, Friday, and weekend), identified through a
preliminary similarity analysis of average hourly arrival counts across days of the week.
Within each day group, we model the number of arrivals per minute using distributions
fitted to historical data. We first tested whether a Poisson distribution was appropriate for
each hour of the day using chi-squared goodness-of-fit tests on per-minute arrival counts and
Kolmogorov-Smirnov tests on inter-arrival times. For off-peak hours, the Poisson assumption
held. For peak hours, arrival counts showed over-dispersion, meaning the variance exceeded
the mean, which a Poisson distribution cannot capture. We therefore fitted a negative
binomial distribution to peak hours, which adds a dispersion parameter and was found to
pass the goodness-of-fit tests across all hours that had previously failed. The breakdown of
these distribution selections and their parameter sets are detailed in Table 3 and Table 4 of
the appendix.

The arrival rate varies smoothly over time within each day group, estimated using kernel
density estimation [15] fitted to historical arrival timestamps. For each synthetic vehicle,
attributes such as stay duration, energy requested, and vehicle type are sampled from
historical profiles for that hour of the day.

5 Experimental Results and Comparative Analysis

We evaluate how much each scheduling strategy improves upon the static load-balancing
baseline as the number of chargers grows from 6 to 40 under the fixed 50 kW grid limit. Fig. 1
shows the number of vehicles meeting the SLA target and Fig. 2 shows total energy delivered
for each strategy across this range. Table 1 reports detailed performance for 27 chargers,
selected simply because it is the last point at which the offline MILP meets the SLA target
for at least 95% of all electric vehicles (here, 95% is an arbitrary, close-to-100 threshold).
Full numerical results across all capacities are reported in Table 5 of the Appendix.

All results are based on a single demand dataset from Week 51, 2024. The data were not
used for training of the imitation-learning approach. Each strategy produces a fixed result
on this input. The stochastic MPC involves sampling and the results reflect a single run.

Table 1 Performance at 27 Chargers.

Scheduling Method 90% Charged Energy Delivered Total Week Mean Step Latency
(Count) (kWh) Runtime (s) (ms)

Offline MILP 395 5,233.5 - -

Static Load Balancing (SLB) 276 4,745.9 17.21 0.0941

Two-Tier EDF 332 5,184.2 5.21 0.0090

EDF-FC 375 4,930.9 19.53 0.0356

Imitation Learning (Individual) 240 4,753.8 266.86 19.1075

Imitation Learning (Facility) 253 5,254.4 416.93 30.0551

Event-Driven MPC 374 5,279.8 870.69 0.0344 / 984.3400%*

Stochastic Event MPC 374 5,269.3 1,170.25 0.0460 / 1,164.5453*

* Note: Dual values represent tracking Step / Optimization Step latencies.

5.1 Baseline versus the Offline MILP

We first establish the performance bounds on our dataset. As shown in Fig. 1, SLB satisfies
close to 100% of vehicles up to roughly 10 chargers. Beyond this point, total demand
frequently exceeds the fixed grid limit. Under SLB, when there is not enough power for
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Capacity Scaling vs. SLA Fulfillment
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Figure 1 Number of vehicles fulfilling the 90% SLA across number of chargers (6 to 40).

everyone to receive the minimum required charge rate, newly arriving vehicles are denied
power so that vehicles already charging can continue to do so. While this protects ongoing
sessions, it prevents new arrivals from charging during peak demand, causing SLA fulfillment
to plateau after roughly 22 chargers. Interestingly, Fig. 2 shows a matching plateau in energy
delivered, but only after 30 chargers. Overall, the results indicate that this baseline strategy
cannot effectively scale under congestion on our dataset.

The offline MILP establishes the upper bound, maintaining a 95% of vehicles meeting
the SLA target up to 27 chargers and maintaining a 90% of vehicles meeting the SLA target
up to 39 chargers on our dataset. At 27 chargers, MILP satisfies 395 vehicles and delivers
5,233.5 kWh, compared to SLB’s 276 vehicles and 4,745.9 kWh, a gap of 119 vehicles and
487.6 kWh that represents the maximum recoverable by any online strategy.

5.2 Earliest Deadline First

Despite its simplicity, EDF performs well and far outperforms SLB on our dataset. It satisfies
332 vehicles at 27 chargers, recovering 47% of the gap to the offline MILP in number of
vehicles meeting the SLA target (56 vehicles recovered out of the gap of 119 left by the
baseline SLB), and closely tracks the offline MILP’s energy throughput across the full range
tested (Fig. 2). That EDF performs well on total energy-delivered (and, in some cases even
outperforms MILP) should not be surprising, since EDF’s goal is to allocate as much energy
to early-leaving vehicles, thus implicitly aiming to maximize the total-energy delivered as
the only optimization goal.

Yet, a visible gap remains in absolute fulfillment of reaching 90% of requested energy
(Fig. 1). EDF acts entirely on deadlines and has no way of checking whether a vehicle can
still reach its requested energy given its remaining time and energy need. Under heavy
congestion it allocates power to vehicles that cannot be satisfied, leaving less capacity for
vehicles that could have been.
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Capacity Scaling vs. Energy Throughput
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Figure 2 Total energy sold (kWh) across charger capacities (6 to 40).

5.3 Earliest Deadline First with Feasibility Check

EDF-FC satisfies 375 vehicles at 27 chargers, compared to 332 for standard EDF, closing 43
of the 63-vehicle gap to the offline MILP that standard EDF left unaddressed at this capacity
(68%). Energy delivered falls slightly to 4,930.9 kWh, 4.9% below standard EDF’s 5,184.2
kWh, despite the higher number of vehicles reaching the SLA target. One of the reasons
for this difference is that, since EDF-FC prioritizes charging first the vehicles that can still
potentially reach the SLA target, it can happen that a vehicle with early departure does not
get charged (because it cannot reach the SLA target) and leaves, and instead another vehicle
with later departure gets charged that could have been charged at later time slots as well.

This advantage grows with capacity. As shown in Fig. 1, EDF-FC tracks the MPC
strategies closely in terms of the number of vehicles getting 90% of requested energy at lower
charger counts, then pulls ahead of both as the facility scales, with the margin widening
through the upper end of the tested range. Fig 2 shows the corresponding cost of this
advantage: EDF-FC’s energy curve sits consistently below the MPC curves across the same
range, mirroring the trade-off seen at 27 chargers.

5.4 Imitation Learning Architectures

The imitation learning (IL) strategies failed to match EDF in the number of vehicles meeting
the SLA target on our dataset. Both architectures output a binary charge-or-do-not-charge
decision per vehicle, and a greedy post-processor converts these into power values without
optimizing over the full set of vehicles. The priority ordering learned by the classifier is
therefore partly lost, which is reflected in the results: both IL variants satisfy fewer vehicles
than EDF despite having access to the same information.

The two architectures diverge on energy delivered. The individual architecture left
grid capacity consistently unused, delivering 4,753.8 kWh at 27 chargers. The facility-wide
architecture delivered 5,254.4 kWh, actually surpassing the offline MILP’s energy delivered,
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by learning to activate as many vehicles as possible. This is possible because the MILP’s
main objective is to maximize the number of vehicles meeting the SLA target, while IL
does not have this direct optimization. However, activating many vehicles without correctly
prioritizing them did not translate into SLA gains, as shown in Fig. 1.

5.5 Event Driven and Stochastic MPC

The MPC strategies achieve, together with EDF-FC, the highest number of vehicles meeting
the SLA target among all online strategies, matching the offline MILP closely across the full
range (Fig. 1). At 27 chargers, the event-driven MPC satisfies 374 vehicles, closing most of
the gap to the offline MILP’s 395 vehicles, while delivering 5,279.8 kWh against the offline
MILP’s 5,233.5 kWh (Fig. 2), which is by far the most energy delivered among all tested
algorithms.

Adding predicted future arrivals in the stochastic MPC yields results almost identical to
the reactive version. At 27 chargers both satisfy 374 vehicles, with the stochastic variant
delivering 10.5 kWh less. Across the full capacity range the lines overlap almost entirely
in Fig. 1, with differences appearing only at a few isolated points. The added predictive
complexity offers little advantage, and in some cases even disadvantage, over the reactive
event-driven approach on this dataset.

5.6 Computational Feasibility and Trade-offs

Table 1 reports computational performance at 27 chargers. The mean step latency is the
average time to compute a power allocation at a single time step.

EDF requires just 0.009 ms per step and completes the full week in 5.21 seconds, making
it effectively instantaneous. It satisfies 332 vehicles, recovering most of the gap to the offline
MILP without any solver dependency.

EDF-FC adds a small, constant overhead over standard EDF, since the feasibility check
is an algorithmic comparison per vehicle per step. Mean step latency rises from 0.0090 ms to
0.0356 ms, and total weekly runtime rises from 5.21 to 19.53 seconds at 27 chargers. Both
remain negligible in absolute terms and are cheaper than the IL or MPC strategies, so the
feasibility check preserves EDF’s advantage of being solver-free with near-instantaneous
computation.

The IL strategies require between 19 and 30 ms per step. The bottleneck is not classifier
inference but data preparation: at every time step the controller reconstructs all feature
vectors in memory for every active vehicle. Given that their SLA fulfillment actually
underperforms the SLB baseline under congestion, this cost is difficult to justify.

The MPC strategies show a split: on minutes where no event has occurred, both variants
follow their pre-calculated schedule at 0.034 ms and 0.046 ms per step. At event moments, the
event-driven MPC averages 984 ms per optimization step and the stochastic MPC averages
1,164 ms. Because re-solves happen only when the facility state changes, the vast majority
of steps run at the tracking rate. Total weekly runtime is 870 seconds for the event-driven
MPC and 1,170 seconds for the stochastic variant. The stochastic MPC takes 18% longer
per optimization step and adds nearly 300 seconds of total runtime in exchange for satisfying
the same number of vehicles and delivering 10.5 kWh less energy.
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6 Discussion and Conclusion

The designed heuristic and MPC algorithms outperform, not surprisingly, the SLB system,
which confirms that the scheduling algorithms, not the grid limit itself, is the main barrier
to expanding the parking facilities.

EDF achieves very good results on real-world data at almost no computational cost, but
its main weakness is that it allocates power purely by deadline urgency, with no regard for
whether a vehicle can still reach the 90% target given its remaining time and energy need.
The improved EDF-FC tackles this issue, quite successfully. At 27 chargers, EDF-FC closes
43 of the 63 vehicles standard EDF left unclosed against the offline MILP, a 68% recovery
of that gap, at essentially no added computational cost. Most of EDF’s shortfall at this
capacity was therefore attributable to misallocated capacity rather than to its lack of joint
optimization across vehicles.

A more unexpected result, visible in Fig. 1, is that EDF-FC does not only close ground
on the MPC strategies, it overtakes them as the facility scales, with the margin widening
toward the upper end of the tested range. This is worth treating with some caution: it is a
single-dataset result, and the event-driven MPC theoretically solves an exact lexicographic
optimization over all present vehicles at every re-solve, which cannot be worse than a greedy
heuristic if no new cars arrive. A plausible explanation for the better performance of EDF-FC
is that the MPC’s advantage is only local; it optimizes exactly for the vehicles present at the
moment of each re-solve, but has no visibility into vehicles that will arrive before the plan is
next revisited, so a schedule optimal at the moment it is computed can become suboptimal
once new vehicles arrive.

The stochastic MPC adds predicted future arrivals to the event-driven MPC but produces
nearly identical results. The arrival distribution was validated and the prediction model
is statistically well-grounded, so the issue shall not be the prediction quality. The event-
driven MPC already re-solves the moment a new vehicle arrives, so the window in which a
prediction could change the schedule is very short. A more accurate forecasting model might
improve this slightly, but is unlikely to change the finding that non-predictive event-driven
optimization is sufficient under current demand patterns.

The IL models underperformed in all areas. The core issue is that a binary classifier
cannot directly control power, so the optimization intelligence in the learned policy gets
lost when the post-processor converts decisions into actual kilowatts. A natural extension
and a possible future work are machine learning models that output power values directly
rather than binary decisions, though any machine learning approach on physical hardware
must guarantee that hardware constraints are never violated, which adds further engineering
complexity.

All experimental results assume a fixed target of 90% of requested energy. Experiments
with other targets is a natural future work, albeit our preliminary experiments show little
changes in how the scheduling algorithms mutually compare.
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Table 2 describes the input features used by both machine learning models to make scheduling

decisions.

Imitation Learning Model Inputs and Features

Table 2 Features Used by the Machine Learning Models.

Feature Group

Feature Name

Description

Temporal Context

Facility State

Per-Vehicle State

hour_of_day
day_of_week
connected_ev_count
grid_utilization
available_capacity
time_to_departure
energy_remaining
laxity_ratio
vehicle_type
power_bounds

Maps the 24-hour daily demand cycle (0. ..23).

The days of the week (0...6).

The total number of connected vehicles (|N¢|).

The total power demand relative to the limit Pyriq.

The remaining power headroom at the transformer (kW).
Minutes until the vehicle’s departure tqep,:-

Unfulfilled energy required to hit the user target (Ereq,s)-
Remaining parking time over remaining energy needed.
Fleet category identifier (BEV = 1, PHEV = 0).

Bounds on the charge rates (Pmin,i; Pmax,i)-

A.2 Arrival Process Modeling and Fitted Parameters

This section describes the probability distributions used to model future vehicle arrivals
in the stochastic MPC framework. We split the week into three day-groups: Early Week
(Monday-Thursday), Friday, and Weekend (Saturday-Sunday). Out of the 72 hourly blocks
in a week, 44 low-demand hours are modeled using a Poisson distribution (\), and 28 busy
hours are modeled using a Negative Binomial distribution (r,p). Table 3 shows how many
hours use each distribution type. Table 4 lists the exact calculated parameters for selected
hours across the week.

Table 3 Distribution Choices for the 72 Hourly Blocks.

Day-Group Segment Poisson Hours Negative Binomial Hours Total

Early Week (Mon—Thu) 15 Hours 9 Hours 24 Hours
Friday 14 Hours 10 Hours 24 Hours
Weekend (Sat—Sun) 15 Hours 9 Hours 24 Hours
Total 44 Hours 28 Hours 72 Hours

A.3 Complete Capacity Sensitivity Data Matrix

Table 5 provides the comprehensive numerical results for all evaluated scheduling strategies
across the full sensitivity spectrum from 6 to 40 physical chargers under the fixed 50 kW
transformer constraint.
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Table 4 Fitted Parameters for Selected Hours.

Day-Group Hour Time Description Distribution Parameters
Early Week 0 Night Poisson A = 0.0002
5 Morning Transition = Negative Binomial r = 0.9890, p = 0.9343
7 Morning Rush Negative Binomial r = 2.5900, p = 0.9389
11 Mid-Day Negative Binomial r = 0.5310, p = 0.8294
16 Afternoon Poisson A = 0.0658
18 Evening Negative Binomial r = 0.8530, p = 0.9540
Friday 0 Night Poisson A = 0.0003
7 Morning Rush Poisson A =0.1535
10 Morning Peak Negative Binomial 7 = 3.2560, p = 0.9358
13 Mid-Day Poisson A =0.1288
19 Evening Peak Negative Binomial 7 = 0.7010, p = 0.9362
‘Weekend 1 Night Poisson A = 0.0000
5 Morning Transition = Negative Binomial r = 0.0450, p = 0.8351
9 Morning Peak Negative Binomial r = 2.2790, p = 0.9108
12 Noon Peak Negative Binomial r =4.9760, p = 0.9194
16 Afternoon Poisson A =0.0792

Table 5 SLA Fulfillment and Energy Delivered per Strategy Across Changer Capacities (6 to 40).

Offline MILP | SLB Baseline | Two-Tier EDF EDF-FC IL Individual | IL Facility Event MPC | Stochastic MPC
Cap. | Total Cars | SLA Energy | SLA Energy | SLA Energy | SLA Energy | SLA Energy | SLA Energy | SLA Energy | SLA  Energy
6 112 112 1492.8 112 1492.8 112 1498.4 112 1493.3 112 1498.4 112 1498.6 112 1498.4 112 1492.8
7 134 134 17933 | 133 179201 | 134 1799.0 | 134 17926 | 134  1799.7 | 134  1799.9 | 134  1799.7 | 134 1793.3
8 147 147 20772 | 146 2075.0 | 147 20813 | 147 20753 | 147  2083.1 | 147 20845 | 147 20841 | 147 2077.2
9 166 166 23732 | 164 23659 | 166  2377.1 | 166  2369.5 | 165 23768 | 166 23815 | 166  2380.5 | 166 2372.8
10 182 182 25364 | 180  2526.0 | 182  2540.8 | 182 25325 | 181 25383 | 182 25451 | 182  2545.1 | 182 2536.2
11 194 194 2750.6 187 2717.5 194 2749.2 194 2739.3 191 2742.5 194 2759.9 194 2760.2 194 2750.5
12 214 214 30410 | 199 20894 | 214 214 3025.6 | 207 30224 | 214 30498 | 214  3050.8 | 214 3039.8
13 228 228 32612 | 208 31783 | 227 227 32239 | 218 32113 | 226 32633 | 228  3266.1 | 228 3256.4
14 241 241 3539.1 218 3437.4 239 239 220 234 3 .4 241 3542.3 241 3531.0
15 263 263 3807.4 | 234 3674.6 | 256 258 231 245 1| 261 38130 | 261 3801.4
16 270 269 3921.7 238 3763.7 261 264 229 246 3913.8 268 3925.6 269 3914.4
17 287 285 41489 | 245  3967.5 | 276 281 233 254 284 41467 | 284 41345
18 208 295 42351 | 248 4040.1 | 283 287 41311 | 232 250 291 42358 | 292 42276
19 307 299 4368.3 244 4151.2 283 293 4243.3 217 247 294 4365.3 294 4361.2
20 319 311 44705 | 251 42334 | 2903 304 4354.6 | 224 40839 | 251 306 44975 | 306 44875
21 335 327 4621.9 262 4346.9 305 4607.9 319 4479.5 238 4230.3 256 320 4651.1 322 4639.3
22 351 342 47563 | 271 44710 | 317 47455 | 333 46022 | 242  4344.7 | 258 332 48011 | 334 47872
23 362 350 48321 | 270 4500.1 | 315  4817.0 | 339  4676.6 | 241  4400.8 | 255 336 48617 | 337 4851.4
24 375 362 4968.1 | 273 45042 | 323  4960.3 | 353  4817.7 | 248 45300 | 251 348 5006.2 | 344 4992.1
25 388 372 51101 | 270 46643 | 321  5062.1 | 359  4887.3 | 250  4637.2 | 255 355 51281 | 352 5120.1
26 402 385 5218.0 273 4724.6 326 5163.8 369 4938.1 243 4735.9 251 369 5247.4 368 5236.7
27 414 395 52335 | 276 47459 | 332 51842 | 375 49309 | 240  4753.8 | 253 374 5279.8 | 374 5269.3
28 427 404 53308 | 272 48087 | 331  5270.3 | 382 49963 | 246 48861 | 243 384 53644 | 382 5350.6
29 433 408 53730 | 272 48145 | 328 5200.2 | 385  5025.7 | 238  4933.7 | 229 379 5377.2 | 373 5368.6
30 445 418 5436.8 | 273 48521 | 335 53602 | 391  5050.8 | 235 49924 | 236 378 5434.0 | 375 5416.8
31 456 428 54525 | 276 48819 | 342 5402.6 | 399  5069.5 | 240  5038.8 | 242 388 54617 | 382
32 465 432 272 4888.7 | 343 54148 | 407 50782 | 239 50914 | 233 388 5469.4 | 390
33 478 443 271 4905.3 345 5454.3 416 5130.2 234 5139.0 230 395 5515.6 390
34 489 452 2 269 49219 | 348 5521.2 | 423 51961 | 234 52099 | 217 97.2 | 402 55817 | 406
35 497 459 56067 | 270 49463 | 345 56025 | 428  5230.8 | 234 52045 | 216  5576.0 | 400  5660.9 | 408
36 510 466 5617.7 | 271 49555 | 346 5610.3 | 434  5282.0 | 225 53172 | 205 55727 | 396  5665.2 | 404
37 522 476 56145 | 271  4962.9 | 346  5626.6 | 441 52711 | 220 53465 | 208 55833 | 395  5669.1 | 408
38 532 482 5710.8 268 4999.3 350 5708.7 448 533L.7 224 5439.1 214 5665.1 404 5747.4 410
39 542 490 57988 | 268 50784 | 353  5800.9 | 450  5396.9 | 230 55420 | 216  5768.3 | 417  5844.8 | 421
40 552 496 5807.1 | 270 50911 | 352 58282 | 454 54482 | 225 55726 | 212 577L1 | 420 58543 | 404
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—— Abstract

While mathematical models act as vital decision support systems for operational Air Traffic Flow and
Capacity Management (ATFCM), existing approaches isolate Air Traffic Flow Management (ATFM)
from Dynamic Airspace Configuration (DAC). This separation introduces an unresolved circular
dependency between fixed-demand and fixed-capacity assumptions. Although joint optimization
resolves this gap, the enlarged search space renders exact models computationally intractable for
medium- to large-scale instances. To bridge this gap, we propose ASPaeroFlow: a heuristic for the
joint ATFCM,; it combines instance-space decomposition heuristics with a local exact approach using
Answer Set Programming. We benchmark ASPaeroFlow from small to industry-sized instances and
compare it with exact and alternative approaches. The results indicate that (1) the heuristic provides
a computational middle ground between exact methods and operational baselines; (2) simultaneous
optimization can outperform sequential optimization on joint ATFCM; and (3) an ablation study
indicates that DAC has a larger impact on solution quality than flow measures.
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1 Introduction

Operational Air Traffic Flow and Capacity Management (ATFCM) aims to balance demand
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Operational ATFCM Joint ATFCM ASPaeroFlow

Goal: Balance demand and capacity. Concept: Deterministic approach. Heuristic: Iteratively handle
Uncertainty: Weather (storms, wind Discrete inputs: Navpoint graph and overloaded sectors & resolution.
patterns,...), unpredictable aircraft filed flights (planned trajectories). Decomposition: Bounded flights,
performance, human factors, ... Actions: Rerouting, delaying, DAC. rerouting, delaying, and DAC.
Constraints: ATC staffing, sector Objectives: 0-Overload as hard- Locally Exact: Answer Set
capacity limits (human workload),... | Mathematical \| Snstraint, lexicographic secondary Algorithm Programming for local problems.

constraints (arrival delay, ...). (Contribution)

Abstraction Overload > 0 €------- 3
Inst. Decomp.

Overload >

Figure 1 Illustrative schematics of the problem setting including the main contribution.

flights a sector can safely handle. Sector capacity is limited by human factors, as Air Traffic
Controllers (ATCs) are responsible for ensuring separation between aircraft. Overloading a
sector means that more flights are in the sector than can be handled by ATCs. To ensure
safety, demand must remain below capacity at all times [13].

Automated decision support systems help operational ATFCM by optimizing on math-
ematical models, which suggest aircraft reroutings, delayings, or sector restructurings to
optimize airspace usage. However, the operationally used algorithm Computer-Assisted Slot
Allocation (CASA), which works according to a “First Planned - First Served” scheme, has
been shown to yield unsatisfactory results compared to more sophisticated optimization
models [19, 10]. To circumvent this limit, state-of-the-art (SOTA) work proposes math-
ematical models for optimizing ATFCM. Still, SOTA approaches can be largely grouped
into one of two classes: work focusing on the aircraft-level (so-called Air Traffic Flow Man-
agement (ATFM)) via delays and reroutes [8, 2, 21] and work focusing on the sector-level
(so-called Dynamic Airspace Configuration (DAC)) [16, 33, 27, 11]. Treating ATFM and
DAC separately introduces unresolved circular dependencies and makes it hard to compare
the actual benefits of ATFM/DAC. In contrast, Joint ATFCM methods [5] would (1) resolve
the circular dependency between fixed-capacity and fixed-demand assumptions, (2) render
algorithms for isolated subproblems comparable against a joint benchmark, and (3) enable
simultaneous optimization paradigms, which exploit the enlarged search space. However,
while joint ATFCM models exist, their enlarged search space renders them computationally
intractable for medium- and large-scale instances when solved exactly. Therefore, the primary
research gap is the lack of scalable joint ATFCM methods for industry-sized instances.

Contributions. This paper partially addresses this gap by proposing ASPaeroFlow: a
heuristic for joint ATFCM which optimizes ATFM and DAC simultaneously. See Figure 1
for the conceptual steps. In detail, our contributions are as follows:

ASPaeroFlow. We propose heuristics that derive 0-overload solutions from initial flight
schedules and sector configurations. The approach employs an iterative instance-space
decomposition to partition global airspace overloads into localized, timestep-specific
subproblems. These tractable instances are solved exactly via the Logic Programming
technique Answer Set Programming (ASP) [17], leveraging its expressive rule-based
modeling and native integration of soft constraints for domain-specific optimization.
Data Generator. We generate realistic industry-sized (large) instances on real-world
navpoint graphs for scaling analysis.
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Benchmarks & Ablation. We evaluate ASPaeroFlow in small [5] to large instances,
and other instances from the literature [2]. ASPaeroFlow bridges the scalability challenge
of exact models while significantly outperforming operational baselines. Further, the
experiments suggest that simultaneous optimization outperforms sequential approaches
when DAC alone does not suffice, and an ablation study highlights DAC as the primary
driver for overload reduction.

Related Work. Dynamic Airspace Configuration (DAC) constructs airspace from
atomic blocks, distinguishing it from free-partitioning DAS [26]. Automated sector design
utilizes genetic algorithms, Voronoi diagrams [30, 33, 32, 11], graph methods [20], machine
learning [31], and MIP [27]. Heuristics for sector design exist: sectors should be connected;
flights should stay in a sector for a minimum amount of time and not re-enter [30]. Joint
ATFCM constructs composite sectors (containing multiple atomic sectors) from atomic
sectors (which represent exactly one navpoint vertex). ASPaeroFlow ensures connected
sectors. Flow Optimization (ATFM) aims at routing network flow (aircraft) optimally,
while adhering to side constraints. The operationally used Computer-Assisted Slot Allocation
(CASA) heuristics work according to the “First Planned - First Served” principle and delay
aircraft [19, 10]. Optimization models addressing delay and rerouting explore fairness [6],
lexicographic objectives [15], and computational aspects [7, 9, 14, 3]. It was shown that the
restriction to delaying is already N P-hard [8]. Crucially, most existing methods integrate
DAC solely as a fixed input to ATFM [2, 21]; the recently proposed joint ATFCM model [5]
circumvents this, however, joint sequential or simultaneous optimization for industry-sized
instances remains an open challenge, as exact methods struggle already on small instances.
Answer Set Programming (ASP) is a symbolic-AI paradigm rooted in logic programming
offering exact optimization with high interpretability, deployed for example in industrial
scheduling [4, 12, 1]. Regarding aviation, proposals for the usage of ASP for efficient
drone scheduling [28] or optimization for mission schedules on vertiports [25] exist. We use
ASP for several reasons, including its “natural” problem modeling, rapid prototyping, and
future Explainable AT (XAI) integration potential. To circumvent ASP’s primary scalability
limitation — the grounding bottleneck [29] — we embed it within a problem-decomposition
heuristic [18].

Next, we present the necessary preliminaries (Section 2), followed by the introduction of
the ATFCM model in Section 3 and ASPaeroFlow (Section 4). We present the experiments
and their results in Section 5 and then conclude (Section 6).

2 Preliminaries

Graph Theory. We consider weighted undirected graphs G = (V, E) using standard Euc-
lidean or geodesic distance metrics. A trajectory tris a simple path augmented with strictly
increasing timestamps, yielding a sequence of (v;,t;) pairs.

Answer Set Programming (ASP). ASP [24] is a declarative, logic-based problem-solving
paradigm. We omit formal semantics (e.g., stable models) for brevity, referring to standard
literature [17], and focus on the syntax necessary for our encodings. An ASP program
consists of rules H < B, where the head H is derived if the body B is satisfied. Variables
are capitalized. Generating an answer set (solution) to an ASP program is usually done by
first grounding (instantiating the variables) and then solving. We can use systems such as
Clingo [22] to generate an answer set. We utilize standard extensions [23] such as constraints
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Figure 2 Schematics of the ATFCM problem with available actions. At time 11 an overload in
sector S1 occurs (A). The model allows for three ways to resolve this issue: Apply a delay to a flight
(B), reroute a flight (C), or restructure the airspace (D).

(empty head, which invalidate a solution if the body is true), choice rules (to define search
spaces), aggregates, and soft constraints (for lexicographic optimization). The following
snippet illustrates these constructs.!

% Facts (no variables and no body) describing the input data:
config(0,10). config(1,5). £fpl(0,5,1). £fplt(0,7,2).

% Rule expressing flights are rerouted unless they choose traj.
reroute (ID) < flightID(ID), not chtrj(ID,0).

% Choice rule: Choose exactly one trajectory P for each flight ID.

1{chtrj (ID,P):trj(ID,P)}1 < £flightID(ID).

% Rule with Aggregate: Count demand and flag overloads.

overload (SEC,T,LOAD-CAP) < sec_cap(SEC,CAP,T) ,#count{ID:sec_f (ID,SEC,T)}=L0OAD,LOAD>CAP.
% Constraint: Reject solutions where a flight does not occur.

<— flightID(ID), not flight_occurs(ID).

% Soft Constraint: Minimize overload at priority level 10.

<~ overload (SEC,T,0VER). [OVER@10,SEC,T]

0.

3 Joint ATFCM Model

We present the Joint ATFCM model [5], where Figure 2 shows our running example.

» Definition 1 (Navpoint Graph). The navpoint graph G = (V, E) is an undirected graph,
where each vertex is labeled with spatial geodesic coordinates. We distinguish between airports
and en-route vertices, where with airport(G) and en-route(G) we denote the respective sets.
Let d: V? — R be the distance function.

» Example 2. Figure 2 shows a navpoint graph G (gray). Let G = (V,E) with V =
{ag,a1, vo,...,vs}, where {ag,a1} C airport(G) and {vg,...,vs} C en-route(G). Fur-
ther, E = {(ao,v0), (a0, v3), (a0, ve) U {(vo, v1), (v1,v2), (v3,va), (va,vs5), (v6,v7), (v7,vs)}U
{(v2,a1), (vs,a1), (vs,a1)}. We assume Yv;,v; € V : d(v;,v;) =1

» Definition 3 (Time model). T, discretizes time into Tgpan—timesteps per hour. We
assume one-day instances; then the set of timesteps T is T == {t |t € N,0 <t < Typqy, - 24}.

» Example 4. For T,,,,=4 we make 15-minute timesteps, i.e., 4-24 4+ 1 = 97 = |T'| timesteps.

1 Note that the predicates used in this snippet (e.g., reroute/1, overload/3) are illustrative; the complete
ASP encoding for our model is defined later in Section 4.4. and the appendix.
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» Definition 5 (Sector Configuration). A sector i is a set of vertices sec(i,t) C V, identified
by a representative sector vertex i € V, where i € sec(i,t) ensures the sector index directly
corresponds to one of its contained vertices. ATC-teams have a fixed capacity and have a
fized location, implying atomic capacities of vertices ¢; fori € V (¢t = 0): cap(i,0) = ¢;.
A composite sector has capacity cap(i,t) = max;esec(i,t) cap(j,0), simulating that the best
ATC-team of a region takes command. To get the sector i for a vertexv € V fort €T, we
define i = sec™1(v,t).

» Example 6. Ctd. example. Static model: V¢ € T. sec(ag,t) = {ao}, sec(a1,t) = {a1},
sec(vg,t) = {vo,v1,v3,v4} (S1), sec(ve,t) = {va,vs} (S2), and sec(ve,t) = {vs, v7,v8} (S3).
Dynamic model, for: 9 <t < 13: sec(vo,t) = {vo,v1} (S14) and sec(vs,t) = {vs,v4} (S1B).
Atomic capacity: Yv € V : cap(v,0) = 1. Static model:Vt > 0: cap(ag,t) = cap(ai,t) =
cap(vo,t) = cap(ve,t) = cap(ve,t) = 1, with a combined capacity of 5. Dynamic model
(SEC): for 9 <t < 13 the combined capacity is 6 (increase of capacity through splitting).

» Definition 7 (Flight Model). Flights f € F are modeled as trajectories on the navpoint
graph. Let f € F be a flight and f;q be its flight id: f = (ids, ((vo, o), (v1,t1), ..., (Un,tn))).

» Definition 8 (Aircraft Model). We map flights to aircraft (as a single physical aircraft can
have multiple flights per day, meaning a delay in an early flight can propagate downstream,):
an aircraft a € A is a three tuple (idg,va, Fy), where id, is the unique id, v, is the velocity,
and F, is its set of flights.

» Example 9. Ctd. example. Let A = {po,p1} with py = (idp,,vpy, {fo}) and p1 =
(idp, ,vp,, {f1}). Let fo, fi € F with fo = (0, ((ao,9), (vo, 10), (v1,11), (v2,12), (a1, 13))) and
fl = (]-7 ((ah 9)7 (U57 10)7 (/047 11)7 (/U37 12)7 (a()v 13)))

» Definition 10 (ATFCM Instance). An ATFCM instance is I = (G, Tyran, T, sec, cap, 4), where
G is a navpoint graph, Tyran defines the time granularity, T the timesteps, sec the initial
sector configuration, cap the atomic capacities, and A the aircraft. We denote with F the set

of filed flights. All ids are unique.

» Definition 11 (ATFCM Solution). The ATFCM solution is given by: S = (T,SEC,A),
where T are the solution timesteps, SEC is the solution DAC, and A are the solution aircraft.
T might be expanded beyond the initial T (an instance is always solvable). The flown flights
feF= U(devm eAF may be delayed. If a flight is delayed and/or rerouted, this is
indicated by vy = 1. Sectors in SEC are allowed to be changed. We require that airport sectors
remain atomic and en-route sectors remain connected to partially accommodate operational
requirements. Demand. Let f € F be a flight reaching navpoint v, € V at time t, and
then flying to navpoint vy € V', which it reaches at time t,. Assuming that At = tp — t,,
then f is in the timespan t € [tq,t, + 5] in sector s; = sec™ (vq,t) (over(f,s;,t) =1), and
fort' € [ta + &L 4+ 1,t,] in sector s;iy1 = sec”L(vy,t') (over(f,s;41,t') = 1). For a time
t €T, and a sector i € V, we measure demand q(i,t), as the number of aircraft currently in
the sector, i.e., q(i,t) = ZfeF over(f,i,t). For each timestep t € T, we define with SEC
the DAC. We require for a solution S to be accepted that for allt € T, i € V, demand
q(i,t) < cap(i,t).

» Example 12. Overload (A): Let S = (T, sec, A), then q(vg, 11) = 2 > cap(vp, 11) = 1. Delay
(B): Let S = (T, sec, A) with A, where F = {fo, f1} s.t. fi = (1,((a1,10), (vs,11), (v4, 12),
(vs,13), (ag, 14))). Reroute (C): Let S = (T, sec, A) with A, where F = {fo, f1} s.t. f] =
(1, ((a1,9), (vs, 10), (v7,11), (ve, 12), (ap, 13))). Reconfig (D): Let S = (T, SEC, A) with SEC
(Ex. 6).
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Table 1 Representative parameter bounds used in ASPaeroFlow, 4’s local ASP subproblems.
Exact values are variant dependent (cf. Section 5).

Chosen bounds in instance-space decomposition

Parameter Operational rationale ASPaeroFlow, 4

fmax Limit the local subproblem to flights that actually contribute to 2 flights
the current overload; keeps grounding and solving stable while

capturing the dominant contributors.
dmax Strategic regulations usually consider bounded departure shifts; a 5 steps

short delay window provides a realistic control measure without

exploding combinations.
Tmax A small set of diverse candidate routes (e.g., k-shortest with 3 routes

similarity filtering) reflects that only few reroute options are

operationally acceptable and keeps the action set manageable.
Pmax Use a small set of sector split options for the overloaded sector; 2 splits

captures the main capacity measure (partitioning) while avoiding
enumeration of arbitrary partitions.

» Definition 13 (Optimization Problem). A solution S is optimized according to effi-
ciency (Arrival Delay, Active en-route sectors, and Navpoint-sector changes) and stabil-
ity /fairness (Reroutes/delays and Reconfigurations) soft constraints. An accepted solution
S is strictly preferred to S' (S < S') if its objective tuple is lexicographically smaller:
(Ka, Kgo, Kas, Ky, Kc)s <iex (- )sr. Let t§ and t5 be the actual and expected arrival times.
The individual criteria to be minimized are defined as follows, utilizing indicator function I(-):

Kyg= Z dy = Z th —t% (Arrival delay)
fEF fEF
Ky, = Z ZH(|SEC(i,t)| > 0) (Active Sectors)
teT0 i€V
Ky = Z Z H(SEC_l(v,t - 1) # SEC_l(v,t)) (Navpoint-sector changes)
teTsqveV
K, = Z Tf (Reroutes/delays)
feF
K, = Z Z I(sec™!(v,t) # SEC_l(v,t)) (Reconfigurations)
teT>oveV

where SEC™ (v, t) returns the representative sector index i containing vertex v at time t.

4 New Decomposition Heuristics

Although some large-scale ATFM models can be solved exactly by exploiting inherent
structures [3], we expect that integrating DAC introduces dense coupling constraints. These
constraints likely create structural difficulties that prevent scaling exact solution approaches
to medium- and large-scale instances. Moreover, the required sequential bounding for
the five-level lexicographic objective severely degrades solver performance. Consequently,
exact methods suffer from combinatorial explosion, rendering multi-objective exact solving
computationally intractable even for relatively small instances [5]. To ensure operational
feasibility, we propose a heuristic approach: ASPaeroFlow?. ASPaeroFlow decomposes the

2 GitHub Link: https://github.com/alex14123/ASPaeroFlow-0Optimizer
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Algorithm 4.1 ASPaeroFlow.

Data: Instance Z, Encoding F, Parameters P
1 M <« convertInstance(Z) ; overloads <— computeOverloads(M) ;
2 P’ « copy(P) ;
3 while overloads > 0 do

4 I + decomposelnstance(M, P’) ;

5 M’ < LocalOptimization(I, E) ; overloads' <+ computeOverloads(M') ;

6 if overloads' < overloads then

7 MM ; overloads < overloads’ ;

8 P’ copy(P) ;

9 else if ezhausted(P’) then

10 ‘ return (M, False) ; // Termination with residual overload
11 else

12 ‘ P’ « adjustParameters(P’) ;
13 return (M, True) ; // Successful termination

problem around the next overloaded sector, building a bounded local subproblem containing
only the most relevant flights and the overloaded sector. Specifically, we cap (i) the number of
considered flights (fimax), (ii) the delay window per flight (dpax), (iii) the number of alternative
routes per flight (rmax), and (iv) the number of partition options for the overloaded sector
(Pmax); see also Table 1. An exact solver then selects the best local solution under our
lexicographic objective, and the procedure iterates until all overloads are resolved. The
chosen local bounds balance search-space exploration with solver runtimes. Empirically,
increasing the flight limit (fiax > 2) or the partitioning limit (pmax > 2) drastically increases
solving times. Conversely, the routing (rmax) and delay (dpax) bounds are computationally
more forgiving; the chosen parameters were determined via empirical parameter tuning to
ensure rapid local convergence while maintaining high solution quality.

4.1 Optimization Loop

Algorithm 4.1 shows the overall algorithm. In Lines (1)—(2) we do pre-processing steps, by
converting the instance to the internal matrix representation M and computing the overloads.
We consider as overloads the sum of exceedances: K, = Ztemev max{0,q(i,t) — cap(i,t)}.
The algorithm iteratively solves overloads until K, = 0 (Line (3)). The decomposed instance
I is computed by instance space decomposition (Line (4) — Algorithm 4.2), which is then given
with the encoding F to the local optimization procedure (Line (5)). The local optimization
procedure computes a new candidate solution M’. A correct local optimization encoding
selects among its available choices the solution that reduces the magnitude of overload
the most, followed by adhering to the criteria in Definition 13. The candidate solution
M’ is accepted if it has fewer overloads (Lines (6)—(8)). Otherwise, the parameters of the
decomposition are adapted to allow for other solutions to be explored to ensure termination
(Line (12)).

4.2 Instance Space Decomposition

Algorithm 4.2 shows our instance decomposition approach. We reduce the search space, by
limiting the number of investigated flights fiax, the delay dp.x, the alternative routes ryax,
and the possible DAC partitions ppax (Line (1)). Line (2) obtains the time ¢ and sector s of
the first overloaded sector (lexicographically time and sector-wise). In Line (3) we limit the
search space t0 fmax flights. The next part in Lines (4)—(12) is to generate the instance for
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Algorithm 4.2 Instance Space Decomposition.

Data: Converted Instance M, Parameters P

Sfmax; dmax, Tmax, Pmax < P ;

s, t < computeFirstOverload(M) ;

F + flightsInOverload(M, s, t) F + sort(F) F «+ F[: fmax] ;

Ir < 0 ;

for f in F' do

config <+ 0 ;

R « bestRoutes(f, G, rmax) ;

for d in range(dmax + 1) do

for r in R do

f' < computeNavpointFlightPlan(f,d,r) ;
Ip + Ir U{f'};
config < config+ 1 ;

© 0 N O A W N

e
= O

o
[

13 Is < 0;

14 for p in range(l, pmax + 1) do

15 partition,, < computePartition(s,p, G) ;
16 Is < Is U {partition,} ;

1 T IpUIs ;

18 return [ ;

each of the fiax flights, by computing the alternatives r,,x and considering the maximum
delay dmax. This is followed by the generation of the instance for DAC, where we consider
Pmax partitions (Lines (13)—(16)), ranging from the current configuration p = 1 to a partition
of the sector s into pmax parts. Finally, we combine the instance in Line (17) and return it.

Reroute Generation. We compute the 7., routes (Algorithm 4.2 in Line 7), using an
iterative algorithm that computes the shortest routes on G between departure and destination
airports. On each iteration the current shortest path p is penalized and a diverse set of
routes is ensured by only accepting a path p if its Jaccard similarity to any other already

considered path p’ is small enough: Z;Sg < Jm, where j,, = 0.6. Let w(p) be the path weight,
w(p)

then each edge e of e € p is penalized by wii1(e) < we(e) + 0.1, where wop(e) = d(e).

Alternative Airspace Configurations. The pp. graph partitions are computed in Al-
gorithm 4.2 in Line (15) by an iterative breadth-first search algorithm. We partition a sector
s into p sectors ({s1,...,sp} = S) of approximate size W iteratively. Assuming we
generated |S| =i — 1 sectors so far, we add a new sector s; via two steps: first, we select a
seed € sec(s,t) \ (Us,essec(s;j, t)) vertex and add it to the new sector s; = {seed}. Second,
we add vertices v € sec(s,t) \ (Us;essec(sj,t)) to s; in a breadth-first manner (ensuring

connection of s;) until |sec(s;, t)| > ‘secg’t)l; then we add s; to S.

Adjust Parameters. If search stalls, adjustParameters expands the temporal horizon
using a rolling delay (45 timesteps). After 10 non-improvement steps, the flight limit reduces
t0 fmax = 1. Assuming any flight can be routed in isolation, the algorithm terminates and
returns M (Line 10) if fi,ax = 1, the subsequent step yields no improvement, and the single
flight f remains unroutable due to absolute capacity limits (e.g., zero-capacity sectors).

4.3 Correctness

We provide a brief argument for correctness of the algorithm. Let Z be an instance of the
optimization problem and let S be the set of solutions. For the following proofs, we take
the operational assumption that all filed flights can be flown in principle; meaning that
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Yo € Vi cap(v,0) > 1. We refer to this as operational feasibility. Operational feasibility
guarantees that a single flight from an overloaded sector can always be delayed to reduce
the magnitude of overload — consequently, if delaying the single flight does not lead to a
reduction in overload magnitude, the algorithm can safely terminate.

» Theorem 14. Let T be an instance of the optimization problem and let the operational
feasibility assumption hold. Then, for any correct encoding E, if ASPaeroFlow (Algorithm 4.1)
produces an output, its output is a valid solution.

Proof (Sketch). The Algorithm 4.1 returns the solution M in Line 13, or in Line 10. We prove
that with the operational feasibility assumption, if Algorithm 4.1 terminates, it terminates
by returning the solution M in Line 13: Towards a contradiction assume Algorithm 4.1
terminates prematurely on exhaustion (Line 10). For this, it must be the case that for at
least 10 subsequent steps the algorithm did not experience a reduction of overload, although
it increased the time window start to ¢y and reduced the number of considered aircraft to
fmax = 1. Let the considered flight for optimization be f = (id, tr) for sector i € V and
time ¢’ € T. Further, let f’ be the flight in the current solution M with the maximum
actual arrival delay 5. Then, to exit prematurely on exhaustion in Line 10, flight f cannot
be scheduled after flight f’, so it must hold that whenever t, > %, no improvement is
found. However, such an improvement is found by local optimization due to the operational
assumption: adjust tr to trs, by keeping the path, but starting at ts, the overload of ¢
decreases and no increase in overload of any other sector is experienced, as by the operational
feasibility assumption Y(v,t) € trs : cap(v,t) > q(v,t) = 1. This is a contradiction to the
assumption.

It remains to argue that the returned M from Line 13 is indeed a valid solution (Def. 11).
First, there are no overloads remaining in M due to Line 3. Further, A and SEC are valid.

A is valid, as (a) the instance space decomposition generates valid trajectories and ensures
that for each considered flight its subsequent flights are also part of the instance passed to
local optimization and thereby cannot overlap (Lines (5)—(12) of Algorithm 4.2) and (b) local
optimization ensures that exactly one trajectory is selected for each flight. Further, SEC
is valid as bounded connected partitions introduced by Lines (13)—(16) of Algorithm 4.2,
combined with local optimization ensure valid partitions. |

» Observation 15. Let Z be an instance of the optimization problem. For any correct
encoding E without assuming operational feasibility, Algorithm 4.1 may return an incorrect
solution.

Proof (Sketch). When the operational feasibility assumption is violated, it is not guaranteed
that a flight f can actually occur; however, it can be the case that ASPaeroFlow terminates
prematurely on exhaustion (Line 10) in Algorithm 4.1, thereby producing an invalid solution
S, although in principle a solution S’ exists by Def. 11: this can happen by (1) ASPaeroFlow
not considering routes, which are outside of the bounded rerouting rmax options, or (2)
ASPaeroFlow not considering sector configurations, which are not evaluated due to bounded
sectorization ppax- |

» Theorem 16. Let T be an instance of the optimization problem. Then, for any correct
encoding E, ASPaeroFlow (Algorithm 4.1) terminates.

Proof (Sketch). In each iteration of Line 3 of Algorithm 4.1 either the overload strictly
decreases (a new solution is accepted as the current one and the parameter bounds are reset to
their initial values), or the parameter bounds are expanded via adjustParameters. If the total
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overload reaches 0, the algorithm terminates successfully (Line 13). Otherwise, the algorithm
ensures fmax = 1 by setting it after 10 non-improvement steps via adjustParameters. The
ezhausted condition then becomes true if the earliest starting time ¢ of the single (fmax = 1)
considered flight f is strictly later than the arrival time ¢%, of any other flight floty > %
(and no improvement occurs). When exhausted, the algorithm terminates with a residual
overload (Line 10). <

4.4 Local Optimization via ASP

We proceed to describe an encoding in ASP. Conceptually, ASP is similar to Boolean
satisfiability, but allows for more natural problem modeling, rapid integration of changed
problem definitions, and directly provides minimization statements.

For brevity, the detailed generation of facts, trajectory guesses, and structural mappings
are deferred to the appendix. Here, we focus on the optimization objectives. We treat the
minimization of the magnitude of overload as the primary objective — as the ASP model
operates locally and cannot solve global overloads. Besides that, we minimize lexicographically
according to the ATFCMOFT problem. Lines (1) and (2) describe minimization of overloads,
while Line (3) describes minimization of arrival delay. By construction, Line (4) minimizes
both the number of sectors and navpoint-sector changes. Finally, Line (5) minimizes
reroutes/delays and Line (6) minimizes divergences from sec.

1 « overload(X,T,0VER). [OVER@10,X,T]

2 ¢~ chc (CONFIG), config(CONFIG,TOTAL_OVER). [TOTAL_OVER@10,CONFIG]

3 «~arrival_delay(ID,DIFF). [DIFF@9,ID]

4 <~ chc(CONFIG), config_number_sectors (CONFIG,NUMBER). [NUMBER@8,b CONFIG]
5 «~reroute(ID). [1@7,ID]

6 <~ chc(CONFIG). [CONFIG@6 ,CONFIG]

» Lemma 17. The ASP encoding is a correct local optimization encoding.

Proof (Sketch). We argue for two properties: (a) the found solution M’ locally adheres to the
specifications of an ATFCM solution (Def. 11) except the overload; and (b) the found solution
M’ is locally optimal s.t. it reduces overloads while adhering to side constraints (Def. 13). (a):
To prevent invalid double assignments or double sector splits, exactly one path (chtrj(ID,P))
and one configuration (chc (CONFIG)) is selected. (b): the primary optimization criterion is to
reduce K,, as finding a globally K, = 0 solution by local optimization cannot be guaranteed;
the objective combines local effects computed in ASP (overload(X,T,0VER)) with effects
computed by Algorithm 4.2 (config(CONFIG,TOTAL_OVER)). The other optimization criteria
adhere to the specification of Def. 13: for [NUMBER@8,CONFIG] we use the fact that for any
two configurations produced by instance space decomposition, if the number of resulting
splits is lower (K4,), the number of sector changes is as well (K4s). The number of reroutes
K, directly translates from Def. 13; the number of reconfigurations is minimized by the fact
that chc (CONFIG) for chc(0) has 0 introduced config changes. <

5 Benchmarks and Experiments

To demonstrate the operational feasibility of our approach, we design our computational ex-
periments to evaluate three primary dimensions: (i) the solution quality of our decomposition
heuristic relative to exact models, (ii) the scalability of the approach compared to related
heuristic approaches across progressively larger, real-world-sized scenarios, and (iii) the effects
of integrating DAC into ATFM via an ablation study. To quantify these dimensions, we
extract the following evaluation metrics: computational performance (execution time and
peak RAM usage) and model metrics (unresolved overloads, Kq, Kys, Kgs, K, K.).
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Table 2 Compared variants and their action bounds. Global approach search space ~ dlrﬂx . rlﬂx .

v . . . .
plnalx, local search space (per iteration, assuming decomposition fmax = 2,|V| =1) &~ d2 o T2 o - Prmax-

Variant Pmax Tmax dmax Notes

Basic Baseline

Initial 0 0 0 Result if no action is taken (naive baseline).
Global (Exact) Approaches [5]
ASP-P 4 4 expanded Global decisions; partial DAC; partial Rerouting, partial

delaying; delays expanded up to feasibility; initially dmax =~

Toran - 24
MIP 1 2 expanded Global decisions; partial rerouting; small delay bound iterat-
ively expanded up to feasibility; initially dmax = Tgran - 24

Local Heuristic Approaches

ASPaeroFlow, 4 2 3 5 Default configuration.

ASPaeroFlow-, 4, 2 1 1 Only sectorization; if stuck repeatedly delaying possible.

ASPaeroFlow_,q 2 1 5 Sectorization and delay (no rerouting).

ASPaeroFlow,, 4, 2 3 1 Sectorization and rerouting; if stuck repeatedly delaying
possible.

ASPaeroFlowseq 2 3 5 Sequential execution of DAC and (full) ATFM.

ATFM, 4 1 3 5 Flow-only ATFM (no DAC).

ATFM,. 4, 1 3 1 Rerouting-only baseline (no delay); if stuck repeatedly delay-
ing possible.

ATFM-., q 1 1 5 Delay-only ATFM (no rerouting).

CASA 1 1 5 Single flight delaying (decomposition fmax = 1).

5.1 Benchmarked Variants

We benchmarked 12 variants. One (Initial) is our baseline, if no action is performed. The
exact solvers comprise ASP-P, which is ASP, 4, s, —a bounded action exact model which
balances time to first and time to best solution — and MIP, a mapping of state-of-the-art
ATFM MIP formulations to the joint ATFCM model (meaning it selects optimal bounded
reroutings and delays, but has no sectorization actions) [5]. ASPaeroFlow comprises the
remaining nine variants under various parameter configurations. Variants executing joint
optimization of ATFM and DAC are denoted as ASPaeroFlow, while restricted variants
optimizing only ATFM are denoted as ATFM. Subscripts r» € {r,—r} and d € {d,d,}
indicate whether rerouting or delaying is permitted. To simulate operational baselines, we
include CASA, a greedy “First Planned - First Served” simulation restricting optimization to
single-flight delays (fmax = 1). Furthermore, the ASPaeroFlows., sequential variant models
standard collaborative decision-making by separating the pipeline: optimizing sectorization
first, followed by a ATFM, 4 flow optimization.

5.2 Experiment Scenarios and Setup

We conducted benchmarks on three sets of instances: Small [5], SOTA [2], and Large. Table 3
shows an overview of the considered instances.

The Small scenario. Regarding traffic density, we vary the number of flights |F| €
{10,20,...,100}. For each |F|, we evaluate three distinct random seeds. En-route ver-
tices possess a fixed capacity of 1, while airport capacities are assumed to be unconstrained.
Time is partitioned into 1-hour timesteps (Tyrqn = 1).

SOTA Instances. The SOTA instances are standard benchmarks in the literature [7,
2]. Instances c01,c02, and 03 are randomized scenarios designed to test comprehensive
ATFCM features. BLO instances are similarly randomized, where mBLO represents specific
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Table 3 Instance Description: |V] is the sum of navpoint and airport vertices, | S| is the maximum
sector size, C' the maximum capacity (or range of maximum capacity), T'G the time granularity, |F|
the number (range) of flights, and |A| the number (range) of aircraft.

Small Instances [5]

Instance Navpoints  Airports Vi 15| c Tyran |F| |A|
EA-3x3 9 7 16 3 1 1 10 to 100 6 to 41
CE-5x5 25 7 32 5 1 1 10 to 100 6 to 48
IND-4x10 40 8 48 6 1 1 10 to 100 6 to 43
USA-7x7 49 8 57 7 1 1 10 to 100 5 to 50
EUR-10x10 100 17 117 10 1 1 10 to 100 7 to 53
SOTA Instances [2]

BLO1 107 40 147 8 34 4 1054 568
BLO2 1172 20 1192 59 88 4 3196 3196
BLO3 2707 30 2737 135 130 4 6475 6475

1C 5932 47 5979 118 25 4 3157 3157
c01 07 40 14 34 4 1054 568

c02 180 40 220 7 30 4 1330 671

c03 147 45 192 8 43 4 1545 788
mBLO1 100 4 104 9 67 4 812 812
mBLO3 2707 30 2737 135 130 4 6475 6475
Large Instances P-1.0— P-0.1

CE-G 49 7 56 11 3 to 1075 4 1000 to 31622 202 to 5978
USA-G 200 8 208 20 5 to 1615 4 1000 to 31622 272 to 8647
EUR-G 800 17 817 85 5 to 1719 4 1000 to 31622 279 to 7506
EA-G 1600 7 1607 34 4 to 2015 4 1000 to 31622 322 to 14007
CE 627 10 637 35 11 to 3716 4 1000 to 31622 594 to 19069
DACH 1283 324 1607 50 3 to 1065 4 1000 to 31622 587 to 18699
EUR 8479 1588 10067 50 2 to 719 4 1000 to 31622 886 to 28020
USA 18101 1509 19610 50 2 to 1042 4 1000 to 31622 976 to 30586

modifications (we do not possess mBLO2). The IC instance reflects an industry case,
capturing a typical day of flight schedules and paths for a segment of the European ATM
network. Following related literature, time is partitioned into 15-minute intervals (Tgran = 4).

Large instances. The large scenario considers larger graphs with more flights per day.
The number of flights is | F'| € {1000, 1778, 3162, 5623, 10000, 17782, 31622} flights, where for
each |F| we consider three seeds (11904657, 150699, 42), and capacity is relative to nominal
capacity (optimal weather/staffing). We scale atomic sector capacities uniformly from 100%
down to 10% in 10% decrements (P - 1.0 — P -0.1). We set Tyq, = 4 (as for SOTA).

Technical Setup. We implemented the heuristics in Python (3.13.7), and used Clingo
(5.8.0) for ASP and Gurobi (13.0.0 build v13.0.0rc1) for MIP computation. All experiments
were conducted on the Copperhead CPU Cluster at TU Wien, with 2x Intel Xeon Silver
4314 CPUs, 512GB RAM, and Ubuntu 22.04 (Kernel 5.15.0-131-generic). We considered a
TIMEOUT of 1800s and a MEMOUT of 35GB.

5.3 Results and Discussion

Heuristic vs. Exact Approaches. We show the number of solved instances (#S5) and
tournament wins (#W) in Table 4. While for the small experiments, the ASP-P variant
achieves strong results (#W : 83), the ASPaeroFlow, 4, variant achieves competitive results
(#W : 51), while CASA wins only #W : 4. However, this is mostly due to the fact that even
for small instances, the ASP-P approach runs into computational solving bottlenecks — even
on the small instances, ASP-P is not able to solve all instances in the time limit. Comparing
these methods on instances, which ASP-P solves to 0 overload, ASPaeroFlow, 4, achieves a
lower arrival delay (an average value of 25.62 + 2.25) compared to CASA (an average value
of 64.83 £ 10.19). MIP achieves worse results compared to ASP for solved small instances
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Table 4 Tournament wins #W (lexicographic: K, > Kq > Kxs > Kas = K, > K.) and number

of solved #5S instances (K, = 0) by scenario.

Scenario #1 ‘ ASPaeroFlow, q ASPaeroFlowseq ASPaeroFlow,q, ASPaeroFlow-,4 Draws

#W S | #W #S | #W S | #W S| #D
Large Instances (PCAP > 0.5 840 46 834 | 343 840 127 831 1 826 250
Large Instances (PCAP <= 0.5) 840 211 674 213 685 | 290 605 6 631 82
Small Instances 200 15 200 13 200 51 200 0 200 8
SOTA Instances 9 0 9 1 9 1 7 0 9 2
Overall 1889 | 272 1717 | 570 1734 | 469 1643 | 7 1666 | 342
Scenario #1 | ASPaeroFlow-,.q ATFM,q ATFAIr,dP ATFM-r 4 Draws

#W #S | #wW S | #W #S | #W | _#D
Large Instances (PCAP > 0.5) 840 52 815 2 824 4 754 0 820 250
Large Instances (PCAP <= 0.5) 840 37 525 0 407 0 205 0 411 82
Small Instances 200 6 200 0 200 1 200 0 200 8
SOTA Instances 9 0 7 3 9 2 7 0 8 2
Overall 1889 | 95 1547 | 5 1440 | 7 1166 | 0 1439 | 342
Scenario #1 ~ CASA _ Initial MIP ASP-P Draws

#W #S | #W | #W #S | #W #S |  #D
Large Instances (PCAP > 0.5) 840 0 824 0 168 15 180 0 112 250
Large Instances (PCAP <= 0.5) 840 0 448 0 0 1 1 0 3 82
Small Instances 200 4 200 0 1 19 82 83 92 8
SOTA Instances 9 0 9 0 0 0 0 0 0 2
Overall 1880 | 4 1481 | 0 169 | 35 263 | 83 207 | 342

Table 5 Ablation study aggregated over large scenarios, showing absolute mean values and SEMs.

We study the effects of enabling/disabling rerouting (r), delaying (d), and restructuring (s).

Option Overload [#]  Arrival Delay [h]  Sector-Number [#]  Sector-Diff [#] Reroute [#] Reconfig [#]
T 9696.23 +424.57  20410.69 £ 662.55  90925.69 £ 1729.46 159.90 +6.00  3250.78 + 66.75 16016.11 £ 810.76
-r 10526.43 +432.70  18834.70 & 741.47  84098.67 &+ 1629.73 144.91 £ 5.36  2929.04 &+ 66.10 15651.06 £ 760.66
d 8995.97 + 416.58  32960.03 +940.81  94563.00 £ 1806.79  162.97 +6.27 3465.57 £67.44  17611.50 £ 896.61
dp 11226.69 £ 440.04 6285.36 £ 225.54  80461.35 £ 1539.89 141.84 £5.04 2714.25 £65.13 14055.68 & 656.57
s 5269.25 + 306.63 5192.79 £267.19  85727.03 £ 1647.63 304.81 £7.61 5035.24 & 83.87  31667.18 £ 1077.64
—s 14953.42 £ 516.28  34052.61 +924.97  89297.32 £ 1713.15 0.00 £0.00 1144.58 + 25.92 0.00 £ 0.00

on arrival delay (an average value of 5.28 & 0.52), but is overall able to solve slightly more
instances (#S : 263 vs. #S5 : 207). We emphasize that this should not be interpreted as
ASP being in general a better solving technology than MIP; rather, the two approaches
operate in fundamentally different feasible decision spaces. Specifically, we attribute the
difference in results to ASP-P’s ability to utilize DAC actions, where ASP-P uses on average
Kys = 188.00 £ 8.60, compared to 0 for MIP. A similar behavior can also be seen when
comparing the results of MIP and ASP-P for EA-3x3 and EUR-10x10. EA-3x3 is a tiny
graph with effectively no possibility for DAC (]V| = 16 with max |S| = 3), whereas for
EUR-10x10 the possibilities for DAC are plenty (|V| = 117 with max |S| = 10). As expected,
MIP performs better on EA-3x3, whereas ASP-P performs better on EUR-10x10. In the
Appendix Table 6 we show the detailed results for the small and SOTA scenarios, for 5 selected
variants: Baseline Initial, the best-performing heuristic variant for the small experiments
ASPaeroFlow,q,, CASA, and the exact methods MIP and ASP-P. More detailed results
are shown in the supplementary material.

Scaling and Heuristic Approaches.
nominal capacity. The full scaling results comparing graph and flights size are available

In Figure 3 we show the scaling results comparing

in the supplementary material. For the navpoint and flights scaling results, we compare
4 heuristic approaches on 10% nominal capacity (more in the supplementary material),
where ASPaeroFlow, ; and ASPaeroFlow,., are able to solve more instances with lower
arrival delay than CASA/ATFM, 4. Interestingly, just comparing these results we can see
that simultaneous optimization of ASPaeroFlow, 4 achieves competitive results compared to
ASPaeroFlows., as it is able to solve more instances on sizes |V| € {CE—-G,USA—-G,CE},
whereas ASPaeroFlows,, achieves better results on |V| € {EUR—G, DACH?}. This behavior
can also be seen in Figure 3, where nominal capacity alterations are shown for large graphs
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Figure 3 Nominal capacity scaling results on the four real-world topography large instances,
comparing heuristic and exact methods. Exact methods run into time-/memouts in this setting.
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Figure 4 Significance graph showing the results of the post-hoc pair-wise Wilcoxon tests, where
ranks indicate a hierarchy. All differences are statistically significant (p < 0.05).

(IV| € {CE,DACH, EUR, USA}): the ASPaeroFlow variants use approximately an equal
execution time, whereas CASA /ATFM-variants are slower. Furthermore, we can observe that
the results are instance-dependent and while ASPaeroFlow-variants are able to solve instances
with nominal capacity > 20%, the methods relying on ATFM-measures are only able to
solve instances > 40%. On the SOTA scenarios, we show the strongest results in Table 6.
ASPaeroFlow, 4,, ASPaeroFlow,e,, ATFM,. 4,, and ATFM,. 4 achieve the strongest results.
The strong results for the ATFM only methods can be explained by studying the differences
between the instances. While the generated instances BLOX, c0X, and mBLOX have little
to no possibility for DAC, the industrial instance IC allows for plenty of reconfiguration.
Therefore, the results of BLOX, c0X, and mBLOX, are similar, where the ATFM methods
have a slight edge as they are (implicitly) more likely to consider reroutes — which also
explains results of negative delay, which happen as for the SOTA instances the filed path is
not necessarily the optimal one. Comparisons to SOTA work besides the paper introducing
ASP-P and MIP [5] however, are hardly useful, due to differences in the model stemming
from dynamic computation, (slightly) different definitions of demand/capacity measurement,
objective functions, and time.
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Statistical Significance. To evaluate the statistical significance of the algorithmic differ-
ences, we first performed a non-parametric Friedman test. The test indicated a statistically
significant difference in the lexicographic mean ranks across the 12 variants (y%(11, N =
1889) = 15459.90, p < 0.001). Consequently, we conducted post-hoc pairwise Wilcoxon
signed-rank tests, applying the Holm-Bonferroni correction to adjust for multiple com-
parisons. The results demonstrate that all pairwise differences are statistically significant
(p < 0.001), establishing a strict performance hierarchy of ASPaeroFlow,. 4,, ASPaeroFlow,.,
ASPaeroFlow, 4, followed by the others. The final ordering of the variants, based on their
mean ranks, is depicted in Figure 4.

Sequential vs. Simultaneous Optimization. We observe that simultaneous ASPaeroFlow is
highly competitive to ASPaeroFlowseq. However, relying solely on aggregate statistical tests or
scaling results across the entire benchmark yields inconclusive results: while all simultaneous
variants together solve and win more than ASPaeroFlowseq, no single simultaneous variant
beats ASPaeroFlowseq (Table 4). This occurs because sequential optimization possesses
two inherent advantages: first, if an instance can be solved solely via DAC, sequential
optimization achieves superior results since Ky = 0; second, the smaller search space per
step permits more search steps compared to simultaneous optimization. Conversely, a major
deficit exists: if pure DAC fails to eliminate overload, sequential optimization defaults to
ATFM, 4, which performs worse than simultaneous optimization. We compare in more detail
the variants ASPaeroFlow, q and ASPaeroFlows.q: evaluating all instances (n = 1889) on
the two methods, ASPaeroFlow, 4 achieves #W : 864 and #5 : 1717, while ASPaeroFlow .,
achieves similar results (#W : 843, #S : 1734); with 182 draws. However, isolating the subset
of instances where ASPaeroFlow,,, fails to solve via DAC alone (n = 1318), ASPaeroFlow, 4
demonstrates a clear advantage with #W : 864 (#S : 1154) compared to #W : 441
(#5S : 1171) for ASPaeroFlow,eq; with 13 draws. This divergence is reflected in the statistical
analysis. Comparing only these two variants across the full dataset (n = 1889), the Wilcoxon
signed-rank test yields mean ranks of 1.49 for ASPaeroFlow, 4 and 1.51 for ASPaeroFlow;.,
(p = 0.61, not significant). Note that the loss of significance compared to Figure 4 stems
exclusively from reducing the test space from k = 12 to k = 2; without the other variants
skewing the global rank distribution, the high number of ties between these two highly
competitive variants becomes statistically apparent. Interestingly, when applying the test
to the dataset where ASPaeroFlow,., fails to solve via DAC alone (n = 1318), the mean
ranks shift to 1.34 for ASPaeroFlow, 4 and 1.66 for ASPaeroFlow,.q, yielding a statistically
significant difference (p < 0.001).

Ablation Study. Table 5 evaluates the impact of enabling rerouting (r), delaying (d), and
restructuring (s). Each feature reduces overloads, however for r/—r the results are strictly
speaking inconclusive due to overlapping SEMs. Restructuring yields the largest reduction
in both overload and arrival delay. While the heuristic optimizes locally, a sector split
at t1 persists, providing global temporal benefits by resolving future overloads at to > t;.
Conversely, rerouting and delay effects remain temporally localized. For multi-leg flights,
local delays may fail to resolve subsequent conflicts automatically and risk propagating
downstream, inducing secondary overloads.

6 Conclusion

ASPaeroFlow demonstrates that bounded instance-space decomposition provides a compu-
tationally viable heuristic for joint ATFCM, scaling exact ASP to industry-sized instances.
Our ablation study reveals that DAC is the primary driver for overload reduction because
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sector partitioning provides global temporal benefits, whereas flow measures risk downstream

propagation of overloads. Furthermore, simultaneous optimization outperforms sequential
approaches when DAC alone fails. Future work will address the open challenges of stochastic
disruptions and the integration of Ezplainable AI (XAI) to extract rule-based justifications
for automated scheduling decisions.
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A.1 Al Usage Statement

To improve spelling and wording we used ChatGPT (various ChatGPT-5 versions) and
Gemini 3.1 Pro. Further, we used the same Al tools as coding assistants, for example to
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Figure 5 Figure displaying an instance of CE (Central Europe), from the data generator. Left
top: Initial navpoint-sector figure. Right top: Initial total overload exceedances (K,) and aggregated
trajectory-counts figure. Left bottom: Filed flights departure times. Right bottom: Histogram of
departure airports. Instance: 31622 flights, CE.

parts of the prototype were manually constructed (e.g., the entire ASP encoding). Lastly, we
used Al tools to help in the data analysis part to generate Python scripts which are able to
generate IMTEX tables and matplotlib figures.

A.2 Limitations

(1) Heuristic nature. ASPaeroFlow is a heuristic without global optimality guarantees;
solution quality can depend on decomposition bounds and the overload resolution order. (2)
Operational fidelity. Reroutes and sector partitions are generated on a navpoint graph and may
violate unmodeled constraints; we also omit tactical interventions and weather uncertainty.
Time is discretized for discrete optimization, which may induce errors. (3) Capacity and
occupancy abstraction. Capacity assumes partitioning enables parallel staffing. (4) Network
scope and objectives. We partially model airport/terminal constraints, so mitigating en-route
overload may shift congestion elsewhere; efficiency is proxied mainly by arrival delay and
stability terms, without explicit fuel /emissions, heterogeneous airline costs, or stakeholder
fairness constraints.

A.3 Additional Experimental Results

In Table 6 we show the detailed results for the small and SOTA scenarios. Further, in
Figure 5 we show an example of a generated instance produced by the data generator and
Figure 6 shows the detailed significance results.
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Table 6 Small and SOTA scenarios (selected) results. We show overload (O) and arrival delay
(D) of the considered variants.

Instance EA-3x3 (Seed 150699) CE-5x5 (Seed 150699)

Initial ASPaeroFlowr_dp CASA MIP ASP-P Initial ASPaeroFlnwr_dp CASA MIP ASP-P

ODO DO D O D O D ODO D O D O D O D
10 10 0 0 56 0 20 0 1 C 100 0 0 20 2 0 0
20 22 0 0 311 0 156 0 15 7 33 500 30 0 1 0 5 0 1
30 53 0 0 687 0 919 0 65 24 5 13 0 0 102 0 79 0 11 0 4
40 80 0 0 1370 0 1247 0 230 54 102 26 0 0 213 0 231 0 90 0 21
50 117 0 0 2115 0 2740 3 422 88 9 37 0 0 342 0 506 0 187 0 25
60 133 0 0 3285 0 3351 12 482 95 127 38 00 401 0 562 0 193 0 49
70 178 0 0 4504 0 5366 35 382 134 160 59 0 0 748 0 903 0 305 0 57
80 204 0 O 6106 0 6302 59 250 157 178 76 0 0 1005 0 1288 18 271 3 7
90 241 0 O 7651 0 9517 88 186 192 230 94 0 0 1356 0 2013 38 208 9 148
100 287 0 0 9520 0 11034 120 111 241 199 111 0 0 1578 0 2365 56 170 17 138
Instance IND-4x10 (Seed 150699) USA-7x7 (Seed 150699)

Initial ASPaeroF[owrvdp CASA MIP ASP-P Initial ASPaeroFlowrvdp CASA MIP ASP-P

ODO DO D O D O D ODO DO D O D O D
10 15 0 0 69 0 36 0 7 0 3 100 10 0 1 0 1 0 1
20 21 0 0 192 0 152 0 34 0 5 12 0 0 66 0 27 0 10 0 3
30 45 0 0 577 0 503 0 166 0 28 26 0 0 312 0 251 0 63 0 7
40 70 0 0 904 0 1030 9 169 2 59 49 0 0 689 0 468 9 117 4 27
50 92 0 0 1395 0 1689 23 255 10 97 61 0 0 1031 0 968 15 146 5 43
60 136 0 0 2420 0 3115 77 133 38 125 80 0 0 1368 0 1513 26 129 10 50
70 135 0 0 3190 0 3241 72 177 35 147 89 0 0 1721 0 1791 30 168 9 81
80 186 0 O 4418 0 5481 131 85 54 177 117 0 0 2472 0 2871 47 161 14 104
90 193 0 0 5145 0 6016 138 111 77 186 140 0 O 2988 0 3168 65 175 18 139
100 233 0 0 6453 0 9523 181 87 100 197 180 0 O 4083 0 5584 94 186 38 173
Instance EUR-10x10 (Seed 150699) Instance SOTA

Initial ASPaeroFlowyq, CASA MIP ASP-P Initial ASPaeroFlow,q ASPaeroFlowseq ATFMyq ATFM,q,

ODO D O D O D O D ODO DO D O D O D
10 00 20 15 0 4 0 0 BLO1 466 0 0 423 0 431 0 292 0 608
20 14 0 0 87 0 69 0 11 0 3 BLO2 294 0 0 1897 0 1843 0 1897 0 1921
30 25 0 0 93 0 128 0 33 0 1 BLO3 1884 0 0 27074 0 27074 0 27074 0 26845
40 49 0 0 199 0 503 0 158 0 5 1IC 3368 0 0 85 0 222 0 26328 2744 6314
50 62 0 0 305 0 1045 7 172 0 13 c01 466 0 0 423 0 431 0 292 0
60 8 0 0 408 0 1621 23 208 0 41 c02 91 0 0 56 0 89 0 56 0 75
70 110 0 0 621 0 2370 42 194 O 68 c03 171 0 0 83 0 39 0 -86 0 -108
80 148 0 0 943 0 3637 62 210 0 117 mBLO1 14 0 0 -4 0 00 -18 0 -18
90 156 0 0 884 0 4009 69 194 0 99 mBLO3 1884 0 0 27074 0 27074 0 27074 84 26409
100 172 0 0 1181 0 5115 105 148 5 140

A.4 ASP Encoding Details

Generated Facts: Flight Trajectories

trj(f,p) Defines the available trajectories (route-delay options) p for flight f.
fpl(f,n,t) Specifies the presence for a filed flight f at navpoint n at time t.
actd(f,t,p) Indicates the actual departure time ¢ for flight f using path p.
plana(f,t) Defines the originally planned arrival time ¢ for flight f.
acta(f,t,p) Denotes the actual arrival time ¢ for flight f given the chosen trj. p.
nxp(...) Encodes sequential trajectory segments: (f,p,ni—1,ti—1,ni,t;).
chp(...) Propagates trajectory selection: (fasr,p) < (f, D).

Generated Facts: Sector Configurations

config(c, kcony) Sector configuration ¢ associated with kcons underlying conflicts.

sec__cap_ conf(...) Sets the capacity kcap of sector s at time t under configuration ¢ —
assuming all flights fixed except to-be-optimized flights.

nav_assign_ conf(...) Maps navpoint n to sector s at time ¢ within configuration c.

The following part of the encoding shows how guesses are performed. Line (1) shows how
guesses for trajectories, and Line (2) shows guesses for sector configurations.
1 1{chtrj(ID,P):trj(ID,P)}1 < flightID(ID).
2 1{chc (CONFIG):config (CONFIG,_)}1.

Next, we map the chosen trajectory to the navpoint trajectory that is actually flown, which
is needed to compute the updated converted instance M’ in Line 5 in Algorithm 4.1. Normal
flights are shown in Lines (1) and (2), which map for each flown edge (vg,v1) the navpoints
to the trajectory. Line (3) is a special case for handling atomic flights.

1 nvpt_f (ID,NAVO,T) < actd(ID,TSTART,P),chtrj(ID,P),nxp(ID,P,NAVO,TO,_,_),T=TO+TSTART.
2 nvpt_£(ID,NAV1,T) <« actd(ID,TSTART,P),chtrj(ID,P),nxp(ID,P,_,_,NAV1,T1),T=T1+TSTART.
3 nvpt_f (ID,NAVO,T) <« actd(ID,TSTART,P),chtrj(ID,P),single_pos(ID,P,NAVO,TO),T=TO+TSTART.

Line (1) maps a chosen sector configuration to the effects it has on the navpoint sector

ATMOS 2026
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Figure 6 Matrix showing pairwise statistical significance results.

assignments and Line (2) maps the capacities of the chosen sector configuration to the
sec__cap predicate.

1 nav_ass (NAV,SEC,TIME) < chc(CONFIG), nav_assign_conf (NAV,SEC,TIME, CONFIG) .
2 sec_cap (SEC,CAPACITY,TIME) < chc(CONFIG), sec_cap_conf (SEC,CAPACITY,TIME, CONFIG) .

Combining the chosen trajectory and the chosen config, we are left to map the flown navpoint
trajectory to the actual effects on the sectors. Lines (1) and (2) handle the standard behavior
for a trajectory; they encode the standard behavior for a flight f € F reaching navpoint v,
at t,, followed by arriving at v, at t,. Then f is in sector sec™!(vq,t) in t € [ta, t, + [5E]]
and in sector sec™!(vy, ') for t' € [t, + 5] + 1,t,]. Additionally, we consider two special
cases: first atomic flights (Line (3)) and then flights staying at a navpoint (Line (4)).

1 sec_f(ID,SECO,T) < actd(ID,TSTART,P),chtrj(ID,P),time(T) ,nxp(ID,P,NAVO,TO,NAV1,T1),6NAVO
#NAV1 ,T>=TO+TSTART ,T<=T1+TSTART ,DT=(T1-T0)/2,T<=DT+TO+TSTART ,nav_ass (NAVO,SECO,T).

2 sec_f(ID,SEC1,T) < actd(ID,TSTART,P),chtrj(ID,P),time(T),nxp(ID,P,NAVO,TO,NAV1,T1),NAVO
#NAV1 ,T>=TO+TSTART ,T<=T1+TSTART ,DT=(T1-TO0)/2,T>DT+TO+TSTART ,nav_ass (NAV1,SEC1,T).

3 sec_f (ID,SECO,T) <« actd(ID,TSTART,P),chtrj(ID,P),single_pos(ID,P,NAVO,TO) ,nav_ass (NAVO,
SECO,T) ,T=TO+TSTART.

4 sec_f(ID,SECO,T) < actd(ID,TSTART,P), Chtrj(ID,P), time(T), nxp(ID,P,NAVO,TO,NAVO,T1),
T >= TO + TSTART, T <= T1 + TSTART, nav_ass (NAVO,SECO,T).

If an overload occurs, we store this in the predicate overload (Line (1)), an arrival delay
is stored in arrival_delay (Line (2)), and if a flight is rerouted, it is stored in reroute
(Line (3)).

1 overload(SEC, T, LOAD-CAPACITY) < sec_cap(SEC,CAPACITY,T), #count{ID:sec_f (ID,SEC,T)} =
LOAD, LOAD > CAPACITY.

2 arrival_delay(ID,Y-T) < chtrj(ID,P), plana(ID,T), acta(ID,Y,P).

3 reroute(ID) <« flightID(ID), not chtrj(ID,0).
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—— Abstract

Public transport systems increasingly combine fixed-line services with demand-responsive transporta-

tion such as ridepooling. In this paper, we present an integrated optimization model for line planning
and strategic ridepooling that explicitly incorporates passenger routing into the planning process.
Building on previous work on integrated line planning and strategic ridepooling as well as Change&Go
networks, we develop a model for the integration of line planning and strategic ridepooling that
minimizes the total travel time of all passengers while respecting a given budget. The resulting
mixed-integer optimization model simultaneously determines line frequencies, ridepooling capacities,
and passenger routes, capturing interactions between the two different transportation modes — one
line-based mode and one mode without fixed lines and timetables — and still accounts for travel times,
transfer times, and capacity decisions within a single optimization model. Focusing on an applicable
model, we show how the data structure of an existing line planning model with integrated passenger
routing in a Change&Go network can be improved, rendering the problem solvable for medium-sized
instances. We consider the optimization model as a bi-criteria problem with the objective functions
of travel time and operating cost, and compute pareto-optimal solutions with a budget constraint
method. Our computational experiments on benchmark instances demonstrate the applicability of
the model and show that integrating passenger routing into the strategic planning process yields
multimodal transport systems that dominate solutions from approaches based on fixed routings.
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1 Motivation

Line Planning is a well-known problem in public transport optimization, with many papers
published on the topic, including the over 100 years old [12] and more recent surveys such
as [14] or [15]. The task is to choose lines and their frequencies such that everybody can
travel and a budget restricting the costs is respected. In this paper we aim to minimize the
overall travel time of the passengers. One model which minimizes the passengers’ travel
times, including their transfer times between different lines, has been presented in [16].
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In addition to line-based public transport systems, demand responsive services such as

ridepooling are becoming more and more popular. Typically, a ridepooling service provider
has a fleet of vehicles available to transport passengers, who can request to be taken from
their origin to a destination. A passenger who requested a trip is then picked up by a
vehicle, which drives them to their destination. The trips can be pooled, meaning that
different trips with similar routes can be covered by the same vehicle, which is shared by
the passengers. This pooling aspect leads to a reduction of the overall number of vehicles
and vehicle driving time and distance, compared to a traditional taxi service or private
transportation in individual cars. In [4], the role of ridepooling in multimodal public transport
settings is discussed. Some example of these services include the company MOIA [11] which
offers ridepooling in the city of Hamburg, Germany, with an all-electric fleet of vehicles,
complementing the transportation infrastructure of line-based public transport and private
vehicles. In the city of Birmingham, United Kingdom, Maz On-Demand [10] offers on-demand
transportation in different zones in and around the Birmingham city center. The transport
association Verkehrsbund Rhein-Neckar (VRN) covers parts of the German federal states
Baden-Wiirttemberg, Rhineland-Palatinate and Hesse, including the entire Palatinate Forest
and both cities of Kaiserslautern and Landau. As an addition to an extensive system of
line-based public transportation, VRN also offers a demand-responsive transport option
VRNflezline [20] in many different areas, especially in rural areas such as villages which are
often not well-connected to the line systems.
Known as the dial-a-ride-problem (DARP), the operative aspects of ridepooling services of
assigning passenger requests to vehicles and scheduling their journeys have been studied
extensively, both in online and in offline settings. The operative business is important, but
not topic of our research in this paper. For a literature review we refer to [17, 19], see also [3]
for some references.

In [3], strategic ridepooling with public transport line planning is integrated into one
optimization model that jointly determines line plans and ridepooling services, thereby
explicitly accounting for the interaction between fixed-line public transport and strategically
planned ridepooling operations. However, in [3], the passengers’ routes have been fixed
in advance to receive traffic loads that then have to be covered either by a bus line or a
ridepooling area. This is common in older models also for line planning, but is, in particular
when planning multiple modes with different velocities, a simplification that may yield
undesirable results. In this paper we hence extend [3] and include routing of passengers into
the design of a multimodal public transport system, i.e., we integrate line-based transport
with demand-responsive ridepooling services taking passengers’ routes into account. Our
contribution hence is two-fold:

We present a new model for integrating strategic ridepooling with line planning and

passengers’ routing. We illustrate that integrating the routes of the passengers is crucial

in particular when different modalities are planned. The numerical study shows the
usefulness of the approach.

We improve the underlying data structures for the Change&Go network making our

approach applicable to medium-sized instances. Line planning with integrated passenger

routing is a special case and hence benefits from this algorithmic improvement making
the model presented in [16] eventually applicable for real-world instances.

The remainder of this paper is structured as follows: In Section 2 we give an introduction
to strategic ridepooling and its integration with line planning, and highlight the benefits of
including the routing of passengers into the model. In Section 3 we repeat the model for line
planning from [16] which aims at minimizing the overall travel time of the passengers. We
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demonstrate that two model reduction techniques compared to the original model presented
in [16] lead to significant improvements in performance. In Section 4 a new model for strategic
ridepooling is presented, which has the objective of minimizing the passengers’ travel time.
Analogous to the lines and frequencies in line planning, this strategic ridepooling model
chooses ridepooling areas and determines for each a number of vehicles to be available to the
passengers. Both models are combined in Section 5 to form an integrated model for planning
multiple modalities. Numerical experiments are presented in Section 6. We conclude in
Section 7.

2 Importance of Passengers’ Routes in Multimodal Settings

Ridepooling services can be a valuable addition to a line-based public transport system.
Line-based systems are typically very good at transporting many passengers quickly and
efficiently, but in situations with only a low passenger demand, the large vehicles used in
these systems often contribute to a huge waste of resources, both economical and ecological.
Contrarily, ridepooling services are more useful in lower demand settings, where ridepooling
vehicles offer more flexibility since they can react spontaneously to passenger requests and
hence avoid driving around unnecessarily without passengers. Hence, it is useful to have both
modes of public transport as part of a public transport system, each deployed in areas where
they are most beneficial to the overall system. Multi-modal transport is hence beneficial.
In order to model multi-modal transport, [3] combine line planning and strategic ride-
pooling in an integrated model minimizing the cost of the line concept and the ridepooling
service. However, the model assumes that passengers are pre-routed such that only traffic
loads are given. The number of transfers and the travel time of the passengers are hence
not considered. We now improve this model by taking the passenger routing explicitly into
account and instead of the cost we minimize their travel times.
Taking the routing into account is already relevant for only one mode of transport, as can be
seen in the following example: Suppose we have a PTN as in Figure la, and a line modality
with vehicle capacity 50. The traffic loads on the edges originate from three OD-pairs
(1,3),(1,4) and (1,5), each with 50 passengers. Suppose the cost of operating a line with
frequency f is f times the number of edges in the line. Then, from a cost perspective,
both solutions in Figures 1b and 1c are optimal, but the latter would be preferable for the
passengers since it does not require any transfers. In this example, the difference between
the two solutions is only in the transfers.

(a) PTN with traffic loads on  (b) One cost-optimal solution, (c) Another cost-optimal solu-

each edge. where the blue line has fre- tion, where all three lines have
quency f = 3 and the pink line frequency f = 1, which also
has frequency f = 1. minimizes the passengers’ travel

time.

Figure 1 Example: Transfers should be considered in the optimization.
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For multimodal planning, taking the routing into account is even more important, since
the modes might travel at vastly different speeds, which has a big impact on the passengers’
preferences and route choices. The following example shows this effect: Take the PTN as
depicted in Figure 2a, with the OD-pairs (1,2),(2,3) with 95 passengers and (1, 3) with
5 passengers. For the traffic loads in the PTN, the passengers have been routed along
shortest paths according to the physical lengths of the edges. This leads to the solution in
Figure 2b with one line and one ridepooling area. However, if, for instance, the line vehicles
are high-speed trains which can travel fast and are not affected by traffic congestion, unlike
a ridepooling vehicle which travels on roads, then, the passengers traveling between stations
1 and 3 would prefer the train over the ridepooling service, rendering the latter unnecessary.
The new solution in Figure 1c is even cheaper than the solution from Figure 1b since it uses
the same line with the same frequency but no ridepooling vehicles.

95 95

1 3

(a) PTN with traffic loads on ~ (b) Optimal solution for the  (c) Another solution with lower
each edge. shortest path routing w.r.t. costs and shorter travel times for
physical edge length, where the a different passenger routing.
blue line has frequency f = 2
and the red ridepooling area has
v = 1 vehicle.

Figure 2 Example: A pre-determined routing does not always lead to the best possible solution,
even if passengers are routed on shortest paths.

Hence, in this paper, we propose a new model for strategic ridepooling which incorporates
the passenger routing in the optimization step. The sum of all passengers’ travel times can be
minimized, while the overall cost is bounded by a budget constraint, or vice versa. We show
that solutions of the integrated model from [3] yield feasible solutions for the new model,
provided the budget constraint is chosen appropriately.

3 Line Planning with Minimal Travel Time

We briefly repeat the model for line planning from [16] and emphasize two techniques for
reducing the model size compared to the original formulation, in order to be able to solve
large instances without a specialized algorithm like column generation. We start with some
notation also needed in Section 4.

Let PTN = (V, E) be a public transport network represented as an undirected graph
with a set of stops or stations V' as its nodes and a set of direct connections E as edges. Let
OD = (ODy.4)0,dev € NY>*V be the OD-matrix describing the expected passenger demand
within a given planning period 7. A line is a path in the PTN. Let £ be a set of potential lines,
the so-called linepool. We assume that the cost of a line depends linearly on its frequency
fi € N, i.e., the number of times it is operated within the given planning period T'. For a line
l € L let C; > 0 be the cost per frequency of this line. The task in the line planning problem
is to assign a service frequency f; € N to each line [ € £. Note that frequency f; = 0 means
that line [ is not selected. A vector of frequencies f € N* for a given linepool £ is called a
line concept.

The goal is to find a line concept that minimizes the sum of travel times. Since the exact
travel times depend on the timetable, which is usually determined after the lines and their
frequencies have been chosen, we assume constant speed driving on the lines and add a
penalty t'"2"£ for each transfer.
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The passenger routing is often modeled using a Change&Go network, introduced by [16],
which is a graph that has a node for each possible line at each served station and an additional
node for each station. The arcs of the Change&Go network represent the driving along a
line and the transfers between lines at a station. This is integrated into the line planning
model, which then simultaneously determines the line frequencies and the passengers’ routes
as an (integral) multi-commodity flow.

The first reduction technique concerns the modelling of transfers in the Change&Go
network. Instead of adding a transfer arc for each pair of lines at each station, transfers are
modeled via a platform node with an arc from and to each line node at the station. This
technique is described in [7, 5] and also used in the recent computational comparison of line
planning models [18]. It is applicable when the transfer penalty is independent of the ordered
pair of lines but depends only on making a transfer.

Formally, for a given PTN = (V, E) and line pool £, the Changeé$Go network is the graph
CGN = (V, &) defined as follows: The nodes are V = VP U V4, where VP = {(5,0,£) : s € V}
are the platform nodes and V¢ = {(s,l,£) : | € L, s € [} are the driving nodes. The arcs are
E=EPUE where

& ={((5,0,£),(s,1,£)) € V" x V!, ((5,1,£), (5,0, L)) e VI x V' : s €Vl e L,s €}
are the platform arcs and £¢ = Uicr & with
€ ={((5,1,£), (1,1, £)), (1,1, £), (5,1, £)) € V! x V! e = {s,t} €1}, €L,

are the driving arcs. Note that the Change&Go network is a directed graph, where for each
driving and platform arc, its backward arc also exists. Figure 3a shows a PTN with three
lines, and Figure 3b shows the corresponding Change&Go network.

For a driving arc e € £¢ denote by E(e) its underlying edge in the PTN. We define the
arc weights to determine the length of a passenger’s path:

Lot ifeegd
‘ gtiransL o jf e € €7

e

J(S“’“'L)l l(s{;.U.L]L oo, 0)

(Si 12, £) (S5, 13,£)
(a) PTN with three lines. (b) Change&Go network, note that each undirected

arc in the picture represents a forward and a backward
arc in the Change&Go network.

Figure 3 Networks for Line Planning.

If a passenger wishes to travel from PTN-node 0 € V to d € V, then in the CGN they are
routed from platform node (0,0, £) € V to platform node (d,0, L) € V. Their travel time can
be computed using the knowledge of the travel times on the arcs along their path. Suppose
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p is a passenger’s path from their origin to their destination in the CGN. Then the travel
time on the path p is the sum of the travel times on the edges in the path:

tp= te. (1)

ecp

Note that each transfer arc in the CGN has travel time %ttrans'ﬁ, but since each transfer
consists of two transfer arcs (from driving node to platform node to another driving node),
the time needed for each transfer is ¢*"5"%, Furthermore, the initial entry onto and final
exit from the line system each contribute %t“ans‘ﬁ the passenger’s travel time. Hence, in (1),
it is assumed that the passengers also spend 2" waiting to enter their first line vehicle.

For given line frequencies f any feasible routing of the passengers corresponds to a feasible
(integral) multi-commodity flow in the Change&Go network, where each arc’s capacity is
determined by the line frequency. Most formulations model this either with path variables
or with arc flow variables for every origin-destination pair. The second model reduction
technique is to aggregate all passengers with the same origin, which reduces the number of
variables and constraints. This is a standard technique for multi-commodity flow problems,
see, e.g., [8], which was only recently applied to line planning with passenger routing [2, 1].
This formulation is integrated into the problem of choosing a frequency for each line from
the linepool, resulting in an integer programming formulation with the constraints that all
passengers must be transported and a given cost budget B is not exceeded and the objective
of minimizing the overall sum of the passengers’ travel times. To this end, let © be the
node-arc-incidence-matrix of the CGN:

1 if e enters v,
Oy =14 —1 if eleaves v,

)

0 otherwise.

For each origin 0 € V and CGN arc e € &, let xgo) > 0 be the number of passengers with

origin o who travel along arc e. For each origin o € V define b(®) = (bEf’))vev with:

- Zdev ODyq ifv= (0,0, L),
b =< 0D, 4 if v=1(d,0,L) for some d € V\{o},

0 else.

Let cap®) € N be the capacity of a line vehicle. The frequencies f; € N of the lines
l € £ need to be chosen large enough such that all passengers on their driving arcs can be
transported, while overall, the cost of the line system is not above the given budget B.
This leads to the following integer linear program:

min Z Zte -zl (CG-L)
o€V ecf

s.t. Z x,@ < cap®) . f Vie Liec&
ocV
0z =p) YoeV

ZCl'fISB

leL
JieN Vie L

29 eN VoeV,ee&
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Any flow z(® € N of passengers starting at o that satisfies the flow conservation
constraints ©z(®) = b(®) can be decomposed into flows for all OD-pairs. After removing
cycles, this can be decomposed into integral path flows, corresponding to paths used by
passengers with origin o and destination d.

The two presented model reduction techniques have a significant effect on the performance
on practical instances: To illustrate this, we applied Gurobi Version 13.0.2 [6] on an AMD
Ryzen 7 5825U laptop with 16 GiB memory RAM to two instances from LINTIM [13]. For
the Mandl instance [9], depicted in Figure 6 using the original formulation from [16] took
~ 14 seconds. When replacing pairwise transfer arcs by platform-mediated transfers, the
computation time was reduced to ~ 10 seconds, with origin aggregation = 2 seconds, and,
when both techniques are combined, only ~ 1 second.? For larger models such as the Athens
metro instance, without origin aggregation, the solver exceeded the memory, whereas for
aggregated flows, the optimum could be computed in ~ 6 minutes, and with additional
reduction of the transfer arcs, in &~ 1 minute.

Line planning problems are known to be NP-complete, see e.g. [16].

4 Strategic Ridepooling with Minimal Travel Time

Ridepooling services are becoming more and more common. They typically function as
follows: A provider has a fleet of vehicles which are available to the passengers, who request
trips, i.e., to be taken by a ridepooling vehicle from their origin to their destination. The
ridepooling service provider then assigns vehicles to service passenger requests, similar to
a taxi service. But the passengers’ trips can be pooled, meaning that it is allowed for the
vehicles to be shared by multiple passengers, who might travel along small detours to allow
for more efficient pooling of trips, such that the overall necessary number of vehicles and
distance driven by vehicles can be reduced.

The operative aspects of ridepooling services have been very well researched. Contrarily,
strategic ridepooling is a rather new problem in public transport optimization. Disregarding
operational details such as specific vehicle routes, passenger requests and their assignments
to available ridepooling vehicles, strategic ridepooling is the problem of deciding where a
ridepooling service should be established and how much capacity (i.e. how many ridepooling
vehicles) is needed to service the expected passenger demand. This is similar to the line
planning problem, where the specific timetable is disregarded and only the layout and capacity
of the line system is determined. Summarizing, strategic ridepooling considers ridepooling
from a planning perspective rather than an operative one.

To model strategic ridepooling with minimal traveling time, take, again, a public transport
network PTN = (V| E), a planning period T' € N and a passenger demand OD-matrix
OD € NV*V Define a ridepooling area r C E to be a connected set of edges in the PTN. Let
R be a ridepooling pool, i.e., a set of ridepooling areas. Suppose that the cost of operating a
ridepooling vehicle for the duration of the planning period T is Cr > 0. The task in strategic
ridepooling is to assign a number of vehicles v, € N to each ridepooling area r € R to be
available to the passengers in the planning period. Note that v, = 0 is allowed, i.e., not
every ridepooling area needs to be chosen. The number of vehicles for each area should be
chosen such that all passengers can be transported and the expected overall travel time is
minimized while a given cost budget B is not exceeded.

2 These times include the whole execution of the program, including reading the input data and building
the model.
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Similarly to the line planning case, define a Change&Go Network CGN = (V, ) for a
given PTN = (V, E)) and ridepooling pool R:

V = VP U V? where:

Platform nodes: VP = {(s5,0,R) : s € V'}
Driving nodes: V¢ = {(s,7,R) €V xR:s€r}
£ = &P U £ where:
Platform arcs: €7 = {((s,0,R), (5,7, R)) € V*x V% and ((s,7,R), (5,0,R)) € V¢x VP}
Driving arcs of ridepooling area r € R
E"={((s,m,R), (t,,R)), ((t,,R), (5,7, R)) € V¥ x V¢ : {s,t} € r}
Driving arcs: €9 =, cp £
Note the slight abuse of notation: A station s € V' is said to be contained in a ridepooling
area r € R (i.e. s € r), if there exists an edge e = {s,v} € E incident to s with e € r.

The exact vehicle routes, and therefore also the exact travel times of the passengers, are
not yet known, since the vehicles react spontaneously to the passenger requests that arise in
practice. However, in strategic ridepooling, these operative details are disregarded. Instead,
assume that for each edge e € E in the PTN, the time needed td've-® > 0 for a ridepooling
vehicle to traverse the edge is known. Furthermore, let t2"R > (0 be an estimation for
the time needed to transfer between two ridepooling vehicles from two different ridepooling
areas. Then, the driving times of the arcs in the Change&Go network CGN = (V, £) with
ridepooling are defined as follows:

. thes ™ ifee &l
‘ gttrans R jf e € £P.

(82,72, R)

(Ss,73,R)

[s1]

[ |
L]

(a) PTN with three ridepooling areas. (b) Change&Go network, note that each undirected
edge in the picture represents a forward and a back-
ward arc in the Change&Go network.

Figure 4 Networks for Strategic Ridepooling.

Again, passengers’ routes between PTN nodes 0o € V and d € V through the ridepooling
public transport system correspond to routes in the CGN between platform nodes (0,0, R) € V
and (d,0,R) € V. The travel time along a path p is computed analogously:

travel time = Z te. (2)

ecp

Each transfer contributes t*2"5"® to the overall travel time along the path. The initial entry
into the first ridepooling vehicle of the journey also comes with a waiting time ¢tans-®,
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It should be noted that the actual routes of the vehicles are not known at this stage of
the planning process. Some passengers might make small detours to allow the ridepooling
vehicle to pick up other passengers whose journeys have a similar direction. This assignment
of vehicles to passenger requests is part of the optimization of the operative aspects of the
ridepooling service, which is not considered in strategic ridepooling. The travel times as
computed in (2) are therefore only estimations, not unlike they are in the line planning case,
where the timetable is not yet known.

Instead of finding a frequency for each line in a given linepool, in strategic ridepooling
the task is to determine a number of ridepooling vehicles for each ridepooling area r € R
from a given ridepooling pool. The number of vehicles should be chosen such that it suffices
to cover the expected passenger demand without leaving many vehicles unused, since the
cost for each vehicle C'g > 0 needs to be paid regardless of their utilization. Let r € R be a
ridepooling area and for each arc e € £ let p. > 0 be the number of passengers who wish to
travel along this arc. The overall required passenger travel time in the ridepooling area r
can then be computed:

travel time in area r = Z te - Pe = Z B pe. (3)
ecEd:E(e)er ecE.NEL

Let cap™ € N be the capacity of a ridepooling vehicle. A vehicle assigned to a ridepooling

area for the duration of the planning period T comes with 7" units of available driving time.

Hence, for the number of vehicles v, in the area r € R, it is required that:

1
W' Z te'peST"U',n. (4)
cap 0
ecEd:E(e)er

With this observation, the number of vehicles can be described as linear constraints in a
strategic ridepooling model analogous to the line planning model CG-L. It should be noted
that the number of vehicles as given by 3 and 4 is only an estimation. In 3, the overall
passenger time in the area r € R consists only of the passengers’ direct travel time. It
is possible to include a parameter to incorporate expected detours or add time penalties
for passenger pick-ups and drop-offs. Similarly, 4 assumes that vehicles can operate at
full capacity at all times, although, in practice, this is rarely possible. Again, additional
parameters could be introduced to incorporate this. For the remainder of this work, we use 3
and 4, but it is possible to include more parameters to take the aforementioned aspects into
consideration.

Let © be the node-arc-incidence matrix of the Change&Go network for R and b = (b(*)),cy
defined according to the OD-matrix as in CG-L. Again, the passengers are modeled as a
multi-commodity flow aggregated by the origins. The travel time is minimized, while a given
cost budget B must not be exceeded. The variables 3,.. > 0 for » € R and e € &, represent
the number of passengers who travel on this arc in the Change&Go network.

11:9
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min Z Z te - xgo) (CG-R)

o€V ecé&
s.t. Z mgo) < Bre VreR,ec& NEL
oeV
1
te <T-w VreR
(R) Z /37‘,6 e X r
cap ec& NE
0z =p) YoeV
Z Cr-v. <B
TER
J;go),vTEN YoeVeec&,reR
Bre >0 VreR,ecr

The NP-completeness of CG-R can be derived from the known NP-completeness of CG-L.

5 Integrated Planning with Minimal Travel Time

For the integrated planning of lines and ridepooling with minimal travel time, we define
a joint Change&Go network. To this end, let CGN®) = (V£ ££)) be the Change&Go
network for an instance of CG-L with underlying linepool £ and PTN®) = (V£ BA),
Analogously, let CGNR) = (V(R) £R)) be the Change&Go network for an instance of CG-R
with underlying ridepooling pool R and PTN(®) — (V(R),E(R)). The public transport
networks need not be disjoint, i.e., V& N VR and EX) N EM) need not be empty. Define
a joint network PTN = (V, E) with V = V& UV®R) and E = EX) U R,
For multimodal planning problems, the joint Change&Go network should also capture the
fact that intermodal transfers contribute differently to the travel time than transfers within
one mode. In order to model this, define the the joint Change&Go network as a two-stage
network which has for every station a station node, a modality node for every modality at
that station, and a line or ridepooling area node for every possible line or ridepooling area,
respectively, at that station.

V = VE Yy VYR YY) with station nodes V&) = {(5,0,0) : s € V1,

E =B ygR Y EW) with station arcs

£ ={((5,0,0),(s,0, L)), ((s,0,£),(s,0,0)) : s € VO}
{((5,0,0), (s,0,R)), ((5,0,R), (5,0,0)) : s € VR,

Figure 5 shows a section of joint Change&Go network with all nodes at one station s € V.
For the traveling times on the added station arcs, let t*"2"% > () be the penalty time for an
intermodal transfer. Then, for e € £(S) define

1

te — ittrans.
A passenger’s route between two stations can then be represented by a path in the CGN
between the two respective station nodes. A transfer between modes consists of one platform
arcs from each mode and two station arcs, which contributes

lttrans—ﬁ + lttranS-T\’, +2. lttrans

2 2 2
to the traveling time on the path.
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| trans-R

te = 3t

Figure 5 Multimodal Change&Go Network within one station s € V with one station node
(s,0,0), for the line modality a platform node (s,0, L) and two driving nodes (s,!1, L) and (s,l2, L),
for the ridepooling modality a platform node (s,0,R) and a driving node (s,r1, R). The station
node is connected to the platform nodes via station arcs, the platform nodes are connected to their
respective driving nodes via platform arcs, the driving nodes are connected to driving nodes of
the same line or ridepoling area at different stations. The station and platform arcs are labelled
with their travel times. Note that each undirected arc in the picture represents two directed arcs,
specifically a forward and a backward arc, in the CGN.

For the integrated planning of a line system and a ridepooling service in a joint Change& Go
network, the two models CG-L and CG-R can be combined. The passengers form a multi-
commodity flow between the station nodes are again aggregated by the origins. Line
frequencies and ridepooling vehicles have to be assigned in a way that offers enough capacity
on the driving arcs to accommodate the passenger flow. The overall travel time is minimized,
while the cost cannot exceed a given budget B.

min Z Zte -zl (CG-L-R)

o€V ec&
s.t. Z xff’) < cap(ﬁ) - fi Vie L,ec€ SI(L)

oeV
> al) < B Vr € R,e € £ neM1
ocV

1
m Z ﬂr,e'teST'Ur VreR

ec&FNER)

0z =) YoeV
Y Cfi+) Cro.<B
lel reR
xfgo)yfz,vTGN YVoeViec&le LireR
ﬂr,ezo VreR,ecr

The NP-completeness of CG-L-R follows from the NP-completeness of CG-L and CG-R.
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There are possible variations of this model CG-L-R: For instance, there could be separate
budgets B*) or B(R) for each of the modalities. The (intra- and intermodal) transfer times
could vary between different stations, since often the size and layout of a station can impact
the amount of time needed to transfer. Furthermore, while the basic model only has one line
mode and one ridepooling mode, multiple modes of each kind are also possible. The joint
Change&Go network can be extended to consist of not only two but more mode-specific
sub-networks, each connected to the station nodes via station arcs at their platform nodes.

In [3], a model for strategic ridepooling and its integration with line planning was
introduced. For a fixed passenger routing in the PTN = (V| E), given as edge loads p. € N
for all e € E. The so-called vehicle frequencies a,. . > 0 for r € R and e € r are an estimation
for the number of times a vehicle assigned to the ridepooling area r traverses the edge e within
the planning period T'. For more detailed explanation of their meaning and a procedure for
determining these constants, we refer the reader to [3].

min > Ci-fi+ > Cr-v (Cost-L-R)
lel reR
st pe < Z cap(‘c) i+ Z cap(R) Qe - Uy Ve e E
leEL: reR:
e€l ecr
fi,vr €N Vie L,r e R.

We assume that the edge loads have been obtained from an OD-matrix OD by routing
the passengers through the PTN = (V, E), and that the vehicle frequencies o, for r € R
and e € E have been chosen as proposed in [3], i.e.,

where L, = Lagﬁ—‘ and

N L. if L. is even,
7l Le+1 if L. is odd.

We can show that, for suitable budget B, feasible solutions of Cost-L-R yield feasible
solutions for CG-L-R.

» Theorem 1 (Feasible solutions of Cost-L-R and CG-L-R). Let (f*,v*) be a feasible solution
of Cost-L-R and B > ., C1ff + >, cr Crvy. Then there exists a feasible solution
for CG-L-R with the same frequencies f* and numbers of ridepooling vehicles v*.

For a formal proof, see Appendix A.

6 Numerical Experiments

The model CG-L-R has been implemented in the open-source software toolbox LINTIM [13].
In the following, we present results from computational experiments. All TP formulations
were solved in Gurobi 12.0.0 [6].

In this example, we use the small academic mandl graph [9], depicted in Figure 6, with
a line modality and ridepooling allowed at all stations and on all edges. The linepool £
is constructed as follows: First, for each pair of nodes a shortest path is computed. Then,
all shortest paths which are contained in another shortest path are removed from the set
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of paths. The remaining paths form the linepool. We assume that the cost of a line are
computed as follows:

_ fized length ,drive-L
Cr=Cfet 4 N cpenoth . ydiivert,
e€l

The ridepooling pool R contains one ridepooling area for each node, which consists of all
edges incident to the node. Properties of the pools as well as cost parameters can be found
in Table 1.

I Line

B Ridepooling

Figure 6 PTN of the mandl graph.

Table 1 Input parameters and properties of the line- and ridepooling pools.

ot | g | O | cap® | cap™ | |£] | IR
s [ 4 Jeof 50 [ 6 [22]15

Table 2 Transfer times.

ttransf[. ‘ ttransz ‘ ttrans

8

4 2

For the passenger demand for each pair of nodes vy,v9 € V with vy # vy we have 5
passengers who wish to travel from vy to vy. The driving times on the edges differ between
the two modalities and have been chosen such that the line modality takes about 1.2 times as
long as the ridepooling modality. The platform and station times for each modality can be
seen in Table 2. This means that while the line vehicles are cheaper and therefore preferable
in terms of minimizing the operating cost, the ridepooling vehicles come with better traveling
times for the passengers.

11:13
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Figure 7 Pareto front of CG-L-R with the optimal solution of Cost-L-R as the reference solution.

Both the cost and the travel time can be used as an objective function of CG-L-R. It
can even be rewritten as a multi-objective optimization problem with the two objective
functions of operating cost and travel time. By varying the budget in CG-L-R, we can
compute a set of pareto-optimal solutions. All solutions have an optimality gap of at most
0.1%. The resulting pareto front is depicted in Figure 7. The reference solution is the optimal
solution of Cost-L-R, where the passengers have been routed on shortest paths in the PTN,
which yields a feasible solution for CG-L-R by Theorem 1, which is dominated by many
of the optimal solution of Cost-L-R. The solution of Cost-L-R is even dominated in terms
of cost. Since the routing is determined beforehand, without taking the cost into account,
it is possible that for some passengers there exist alternative paths with equal travel time.
Redistributing passengers between different paths of equal travel time can lead to a reduction
in operating cost. Since ridepooling offers faster travel times for the passengers, but the line
modality has lower costs, the low-budget solutions tend to have a higher portion of line-based
transportation, while the size of the ridepooling portion of solutions increases for higher
budgets, leading to lower travel times. Figure 8 shows how the two modalities contribute to
the objective functions.

7 Conclusion and Further Research

In this paper, we presented a new optimization model for the integrated planning of line-
based public transport and strategic ridepooling with the objective of minimizing passengers’
travel times. Building on existing approaches to line planning and strategic ridepooling, we
introduced new formulations for both planning problems that explicitly incorporate passenger
routing through Change&Go networks. These formulations were then combined into a unified
multimodal optimization model that simultaneously determines line frequencies, ridepooling
capacities, and passenger routes while respecting a given operating budget. By integrating
passenger routing directly into the planning process, the proposed model is able to account



L. Dittrich, S. Jager, and A. Schobel

Cost Breakdown by Budget

. Line
W Ridepooling
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(a) Cost of solutions for CG-L-R.

Passenger Time Breakdown by Budget

mmm Intermodal transfers
- = Line (driving)
[ ] e Line (transfer)
s Ridepooling (driving)

. l I Ridepooling (transfer)
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(b) Travel time of solutions for CG-L-R.

Figure 8 Objective function values of the pareto solutions of CG-L-R from Figure 7 split by
modality with the corresponding budget at the x-axis.

for transfer times, different travel speeds of the transportation modes, and the interaction
between line-based services and demand-responsive ridepooling. This leads to solutions that
are better aligned with the passengers’ perspective than approaches relying on predetermined
routings or minimizing operating costs alone.

The proposed model provides a first step towards a comprehensive strategic planning
model for multimodal public transportation systems that jointly optimizes fixed-line and
demand-responsive services from a travel-time perspective. The computational results
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demonstrate the applicability of the approach and illustrate how the integrated optimization
can exploit the strengths of both transportation modes to improve service quality under
limited resources.

More experiments on larger and even real-life instances are part of current ongoing
research. On the one hand, more model reduction techniques could be investigated: for
example, the flow of passengers starting at origin o is limited to the arcs in the Change&Go
network that are reachable from o. Precomputing these subnetworks reduces the number of
variables further. However, at some point, these reduction techniques alone will not suffice
any more. For such instances, decomposition approaches often offer promising alternatives
to common IP solvers. Heuristic approaches could also be developed, providing feasible, and
ideally also good solutions which could also be used as warm-starts for other algorithms
aiming to solve instances to optimality, which can often improve both runtime and solution
quality.

Of course, modes of transportation such as walking or cycling, which do not require any
planning or operation by a public transport provider, are also an important part of a public
transportation system, since passengers can also use them for parts of their journeys. Hence,
they should also be considered in the planning process. We are working on also incorporating
such modes into our multimodal planning models. Furthermore, the planning process of a
public transport system does not end after the line planning stage: a timetable must be
determined in a next step. It is an ongoing research question how to include ridepooling
from a strategic perspective into the timetabling stage of the planning process.
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A Bonus Material

Proof of Theorem 1. The budget constraint is satisfied by the assumptions about the
budget.
Define for r € R and e € ST(R) define 3, . = a, g(e) cap® . v,.. Then:

> Brete= > arpecapPutpe

ece® ece®
= cap®v, Z NE(e)
eegﬁn)
Yece™ NE()lEB ()
Ze,egﬁm NEgentee)

T
tE e
> e Netee)

= cap(R)v,«T
= cap ™, T

This shows the ridepooling vehicle constraint.

It remains to show that there exists a feasible passenger flow x = (xﬁf)) eEN*V Foree E
a PTN-edge, define £(e) = {e € £ : E(e) = e} the set of corresponding driving arcs in the
Change&Go network. Since the traffic loads have been obtained by routing the demand
given by OD in the PTN, we know that there exists a passenger flow in the CGN with:

YoeV :0z =p (OD-constraint)
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and forallee F

pe=) Y @<y cap®fi+ Y cap®a, v, (Cap)

o€V ec&(e) leL: rER:
eel ecr
Since all transfer arcs in the CGN have unlimited capacity, the flow can be redistributed
between parallel driving arcs £(€) for the same PTN edge e € E without violating the flow
constraints OD-constraint. It follows that there exists a passenger flow z € N*V which
satisfies OD-constraint, Cap, and, by redistributing between parallel driving arcs, also the
following additional capacity constraints:

Vie Le€ Sl(l:) : Z xéo) < cap® - f; (Cap-L£)
ocV
Vr € R,e € EﬁR) : Z xfj") < anE(e)cap(R)vr = Bre (Cap-R)
ocV

This implies the claim. |
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—— Abstract

Planning high-quality public transport systems requires taking multiple modalities of transportation
into account simultaneously. This includes public transport such as trains or buses, but also
ridepooling, walking or biking. While planning of public transport lines and timetables has been
studied extensively for unimodal systems, research on settings which include more than one modality
is just at its beginning. In this paper, we categorize the modalities as line-based, ridepooling, and
nonscheduled for which we develop a framework for multimodal planning. This can be applied for
different line-based modalities, e.g., for planning bus and tram lines simultaneously, but also for
modalities from different categories, e.g., for planning ridepooling together with bus lines while
taking footpaths into account. Technically, we extend classic graph structures from unimodal public
transport optimization to the multimodal case and show how established solution methods for
the unimodal case carry over to the multimodal setting. In particular, we formulate multimodal
line planning and periodic timetabling problems. We demonstrate the practical applicability of
the framework through a case study on real-world data from Helsinki, Finland, considering five
line-based modalities and walking. Our experiments show that incorporating multimodal aspects
into the planning process consistently reduces average passenger travel time.
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1 Motivation

High-quality public transport systems are of great significance in a world that is striving
towards carbon neutrality and improved access within and across regions. To enable pas-
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convenient and practical alternatives are necessary. One single modality, e.g., regional trains,
is not enough to motivate passengers to use public transport since the first and last mile is
not covered. In real-world scenarios, this is taken into account: public transport typically
does not consist of only one modality. Besides line-based modalities, e.g., buses and trams or
underground trains within a city, other means of transport such as walking, cycling or taxi
rides are common. A ridepooling service can also be part of a passenger’s journey.

However, so far, the planning process in public transport has mostly been focused on one
single modality, typically, on buses or on trains. It is usually decomposed into its stages that
are followed sequentially: For a given demand for this modality, first the stops are located,
then the lines and their frequencies are determined, followed by timetabling, vehicle and crew
scheduling, see, e.g., [5] for an early definition of the stages and [22, 24] for the sequential
process.

Multimodal planning is hard since the different modalities are linked by two major
aspects: First, passengers are not restricted when choosing which mode of transportation
to use, i.e., a single passenger’s journey can consist of different legs, each with a different
modality. The resulting modal split thus depends on the attractiveness of each modality and
how well they are coordinated. Second, different modalities may partially share the same
infrastructure like streets or tracks, imposing further capacity restrictions on their combined
traffic volume. Detecting shared infrastructure capacity is a subtle issue: two modalities
may appear independent, while in fact competing for the same underlying infrastructure.
We refer to Figure 1, discussed in more detail later, for an illustration.

While literature on public transport planning is at least 50 years old [4], multimodal
planning has just recently become of interest. In [3], frequency setting in the context of
multimodal line planning has been considered. Intermodal timetabling including flight services
has been studied in [13]. Models for integrating line planning and strategic ridepooling have
been provided in [8]. A multi-objective analysis for different transport modalities on one
single edge is given in [27].

In freight transport, multimodal planning is more common, see the survey [9]. Note
that for evaluating the passengers’ travel times in an existing multimodal transport supply,
multimodal routing is needed. This has been extensively researched. We refer to [1, 2, 6, 10]
and references therein. Multimodal equilibria for public transport including ridepooling have
been tackled in [16]. The authors of [21] consider a fixed multimodal system and plan the
operation of an on-demand service optimizing different justice metrics.

In this paper, we propose a general framework to extend the traditional unimodal
sequential approach to multimodal planning, where we can decide for each planning step
if it is performed for each modality in a unimodal way, or if it is performed for multiple
modalities at the same time. The data structures are developed so that known algorithms
for unimodal planning can be applied to the multimodal case, in particular for line planning
and timetabling. Our contribution is the following:

We propose data structures and a framework for multimodal planning following the

sequential approach.

We show that the framework covers many problems with practical relevance as special

cases.

In our case study we show that multimodal planning improves public transport supplies.

The remainder of this paper is structured as follows. First, we introduce different
categories of transport modalities in Section 2, grouping modalities with similar properties
together, and differentiate the categories by outlining the key aspects that set them apart.
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In Section 3 we introduce some known graph-structures commonly used in unimodal public
transport optimization and extend them to the multimodal case. Section 4 gives some
examples of possible applications for the multimodal models proposed in this work. We
demonstrate in Section 4.1 by a case study using data from the city of Helsinki, Finland,
that multimodal planning methods significantly enhance the quality of the public transport
system. Finally, we conclude in Section 5.

2 Categories of Transport Modalities

Clearly, not all modes of transportation function in the same way: Bus or train systems

have fixed timetables, while walking, cycling or ridepooling are not scheduled beforehand.

Walking or cycling do not require action of a public transport provider, while line-based or
ridepooling systems need to be planned, set in place and operated. To model different types
of transport modalities, we propose three different modality categories, grouping modalities
with similar properties together.

Line-based: In a line-based transport system such as buses, trains, trams, or metros,
vehicles travel along fixed lines. The departure and arrival times are determined by a
timetable, which is planned in advance. A line-based system is operated according to the
timetable, regardless of the actual demand.

Ridepooling: Ridepooling works as follows: A provider has a fleet of vehicles. The
passengers request trips, i.e., to be taken from an origin to a destination at a specified
time (window). If the request is accepted, the ridepooling service provider sends a vehicle
to pick up the passenger and drop them off at their destination. Passengers’ trips can
be pooled, meaning that different trips with a similar direction can be combined and
served by the same vehicle. This can lead to small detours in the passengers’ journeys,
but also reductions in the overall necessary number of vehicles and driving distance. The
vehicle routes depend on the passenger demand that takes place at a specific day. The
planning decisions for ridepooling services are the areas where it is offered and the number
of vehicles operating in each area. It is on the same level as the line planning step for
line-based modalities, as it determines the rough layout of the system. This is known
as Strategic Ridepooling and was introduced in [8]. The operative aspects, such as the
routes of vehicles and their arrival and departure times, depend on the actual demand.

Nonscheduled: Means of transport such as walking, cycling or the use of private cars
are not scheduled and do not require any action by a provider during the operational
phase. Passengers can travel using a nonscheduled modality, wherever the underlying road
system allows it. The planning problem determines where footpaths or bike lanes should
be built, see, e.g., [12] for bicycle network design. The availability of such modalities is
independent of passenger demand or utilization and there are no capacity constraints.

The networks to be described in the next section can cover all three categories of modalities.

There are two ways these modalities can be included in multimodal planning:

(a) The modality can be assumed to be given and fixed, and hence (only) used for passenger
routing.

(b) The modality can be designed/planned within the optimization.

Planning a modality has mostly been researched for line-based modalities (e.g., bus line

planning, train timetabling), and is at its start for ridepooling. It is more common to assume

different types of modalities as given and fixed and include them when routing the passengers.

In the case study in Section 4.1 we plan five different line-based modalities and use one fixed
nonscheduled modality (walking) for determining optimal passenger routes.
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3 Networks and Planning Problems

In this section, we develop the networks needed for the different planning stages of a
multimodal public transport system. While theoretically all planning stages can be included in
our framework, we concentrate on line planning and timetabling here. We start by introducing
the infrastructure network, which contains information on the underlying infrastructure,
its capacity, and the modalities that can use it. Additionally, we assume that the public
transport networks for each of the single modalities are given. They are the basis for unimodal
public transport planning in the literature. To detect and account for (partially) shared
infrastructure between different modalities or between edges of the same modality, a relation
between the infrastructure network and the public transport networks must be established.
We also define one common multimodal public transport network, allowing passengers to
transfer from one modality to another at common stops.

We proceed with the change&go network for line planning (see [25]) and the event-activity-
network for timetabling (see [26]). Both are defined in their unimodal version per modality
and in their multimodal version for joint planning of all modalities. As research on strategic
ridepooling planning is still in its early stages, these two graph structures are presented for
only line-based and nonscheduled modalities in this work, though a general extension of the
change&go network to ridepooling modalities is possible and demonstrated in [7].

3.1 Infrastructure Network

To capture shared infrastructure capacity between different modalities, we first define the
infrastructure network as the most basic underlying graph structure. It contains information
on the capacity of the infrastructure segments which all modalities must respect jointly.

» Definition 3.1 (Infrastructure Network). Let ISN = (N, A) be an undirected (multi-)graph
representing the infrastructure. The vertices of the graph v € N are called nodes. They can
represent crossings and stops or stations. The edges A € A are called links and are given with

length(A): the physical length of the link,

capacity(A): the maximal capacity of the link, i.e., the maximal amount of traffic that
can be sent over it during one period.

Let M be a set of (line-based, ridepooling, and nonscheduled) modalities operating in
a given infrastructure network ISN = (N, A). We denote by M(v) the set of modalities,
for which the node v is a stop, i.e., an entry point for passengers to this modality. For a
line-based or ridepooling modality, these are the stops or stations where the vehicles halt and
passengers can board and alight, and for a nonscheduled modality, every infrastructure node
reachable with this modality is also called a stop. Similarly, M()\) denotes the modalities
that can use the infrastructure link A.
Suppose that we want to plan a public transport system in ISN with modalities M for a
time period T' > 0, e.g., T could represent one hour. The passenger demand in the network
is represented by an OD matriz OD € NINIXINI where for a pair of nodes v, v; € N the
entry OD,, ., represents the number of passengers who wish to travel from v; to v; with
any of the modalities from M in the planning period T'. For every OD pair (v;,v;) with
OD,, ,, > 0 we assume that M(v;) # 0 and M(v;) # (), otherwise the passengers have no
possibility to start or end their journey with any modality at the desired start or end node.
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3.2 Public Transport Network

For planning a single modality, not all information from the infrastructure network is relevant:
All parts of the underlying infrastructure network that are inaccessible to this modality need
not be considered, e.g., bike lanes cannot be used by a bus. For nonscheduled modalities,
all parts of the infrastructure network that cannot be reached using this modality can be
omitted. For instance, if some infrastructure links represent a track system, then they are
not relevant for passengers traveling on foot. To obtain a more suitable abstraction, one
commonly relies on the public transport network, as established in the literature.

» Definition 3.2 (Public Transport Network). For a modality m € M the public transport
network (PTN) of modality m is the directed simple graph PTN,,, = (V,,, E,,), where V,,
contains all stops of modality m and FE,, are all direct connections between them.

To connect the information from the infrastructure network to the public transport
network, we assume that V,, = {v € N : m € M(v)} € N. Furthermore, an edge
e = (v1,12) € E,, in the public transport network represents, that there is a direct connection

from v to vy in the infrastructure network without passing another stop of this modality.

Therefore, we assume that together with the PTN,, = (V,,, E,,), we are given a map
infra,, : E,, — Iljgn, mapping each PTN edge e = (v1,12) to a path P in the infrastructure
network starting at vy and ending at v, while m € M(A) holds for all A € P.

A/ {ma} Ao [ {ma} vy

2]

v [ {ma} vs /0 vy [ {ma} A,
4, 5
Az [ {mi,mo} “ $§,T
k) W
7 Y Q
vy [ {ma} * P
Rl
As /[ {mi,mo} (M) < > (A1) Qw

vs | {m1,ma} v v

(a) ISN with two modalities. Vertices v are (b) PTNy, . Edges (c) PTNpm,. Edges
labeled by v / M(v), edges A are labeled by A / (vi, v;) are labeled by (vi,v;) are labeled by
M(N). infra,, ((I/Z‘,Vj)). infram, ((l/i,l/]')).

Figure 1 An infrastructure network and corresponding public transport networks.

While the infrastructure network provides much more detailed information about the
specific layout of the underlying road or track network, the public transport network of a
modality omits irrelevant details, capturing only the information that is relevant to this
modality. However, these details are important to correctly model infrastructure with limited
capacity shared between different modalities. As an example, consider the ISN shown in
Figure 1a with the two modalities mq, mo. Figures 1b and lc show the PTNs of the two
modalities together with their underlying infrastructure paths. When focusing on the PTN
graphs, one could overlook that m; and ms both use the same infrastructure link A4 between
v4 and vs. The maximal amount of traffic along A4 during one period is not allowed to
exceed capacity(A4) which can be expressed as

Winy * Zmy + Wiy + Zm, < capacity(\4), (1)

where Z,,, denotes the number of units (e.g. vehicles, trains, bikes or pedestrians) of modality
m during one period and w,, is the infrastructure capacity weight of modality m, expressing
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how much traffic one unit of this modality produces. For nonscheduled modalities like walking
or biking, the infrastructure capacity weight can be set to zero, but for line-based modalities
like trains, where a certain safety distance between consecutive vehicles is required, it is
important to respect the shared capacity.

For each edge e € E,,, in the PTN,,,, the amount of time necessary to traverse the edge
using modality m € M can be determined using the edge length as given by the lengths of
the ISN links of the underlying infrastructure path infra,,(e) and the speed of the modality.

» Definition 3.3 (PTN Travel Times). For each modality m € M let speed(m) be the speed
at which passengers travel with this modality. Then, for e € E,,, define its travel time by

te = _ Z length(A).

Speed(m) A€infra,, (e)

If m is a ridepooling modality, the speed should be adjusted by the average detour factor,
reflecting that vehicles rarely travel the shortest path when multiple trips are pooled. Note
that one could also use edge-specific speed values or even travel times derived from empirical
data rather than physical length.

For the multimodal case on the PTN-level, we define the multimodal public transport
network by stacking the unimodal public transport networks.

» Definition 3.4 (Multimodal Public Transport Network). For an infrastructure network
ISN = (N, A) with modalities M define the multimodal public transport network as a directed
simple graph MPTN = (V| E) with

Vi={(,0):v e N}U(Uerm{(v,m) : v € Vi.}), and

E = B U (UmEM{((Vl’ m)a (Vva)) : (Vla V2) € Em})v

where E"# := {((1,0), (v,m)), ((v,m), (v,0)) : v € V,, }.

For each modality there are the nodes from its public transport network, and, additionally,
there are transfer nodes at each infrastructure network node. Analogously, all modality-
specific public transport edges are also in the MPTN, and all public transport network nodes
are connected to the transfer node corresponding to the same infrastructure network nodes
via transfer edges in both forward and backward directions.

The multimodal public transport network represents each modality through its public
transport network, and, additionally, all possible transfer points between modalities. The
travel times on the edges from the modality-specific public transport networks PTN,,, are the
same. For the transfer edges let ¢ be a time penalty for each transfer between different
modalities and for e € E%255 define

1
te = ittrans7
since a passenger has to use two transfer edges to transfer between two different modalities.
A path between two stations v, € N can be represented as a path between the two
corresponding transfer nodes (v1,0) and (v2,0). The travel time of a passenger path can be
computed as the sum of travel times of its edges. Note that the time of such a path then

tt7318 one more time than there are transfers in the path, since

includes the transfer penalty
the path begins and ends with a transfer edge. However, this is a constant which can be

subtracted to get the actual passenger travel time.
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3.3 Change&Go Network

For passengers traveling in a line-based transport system, not only transfers between different
modalities are relevant, but also transfers within the same modality, since they are time
consuming and often seen as inconvenient. In the following, denote by M* C M the set of
line-based modalities. A line [ of a line-based modality m € M?¥ is a path in the modality’s
public transport network PTN,,. For each line-based modality m € M¥* let L,, be a line
pool, i.e., a set of possible lines of this modality where some of them will be chosen to be
operated together with a frequency per period.

The changeégo network was introduced by [25] and can be used to solve the line planning
problem with the objective of minimizing the travel time or for routing passengers with
respect to fixed line frequencies. Figures 2a and 2b visualize the construction process for a
line pool with three lines.

» Definition 3.5 (Change&Go Network). For a line-based modality m € M* with PTN,, =
(Vin, Brm) and a line pool L,,, define the directed simple graph CGN,,, = (M., €,,,) as the
changeédgo network of modality m with line pool L,,.
Each stop from the PTN,, is represented by a platform node in the CGN,,. For each line
l € L,, and each stop v € V,,, contained in the line, the CGN,,, has a corresponding driving
node, i.e., M,, := N2, UNY, with
platform nodes M2, := {(v,0,m) : v € V;;,} and
driving nodes M4 := {(v,1,m) : 1 € L,,,v € I}.
There are two different types of arcs in the CGN,,,: Driving arcs connecting consecutive
driving nodes of the same line and platform arcs connecting driving nodes to the platform
node that corresponds to the same stop v € V;,,. Formally, let &,, := ¢, U ¢% with
platform arcs €?, := {((v,0,m), (v,l,m)), ((v,I,m), (v,0,m)) : 1 € Ly,,v €1} and
driving arcs €2, := Uiee,, ¢l , where
¢l = {((v1,l,m), (va,l,m)) : (v1,v2) € I} are the driving arcs of every line [ € L,,.

Multimodal Change&Go Network

In the multimodal case, transfers between modalities also need to be taken into account.

Analogously to the multimodal public transport network for a set of unimodal public transport
networks, we can define a multimodal change&go network for a set of unimodal change&go
networks by stacking them as shown in Figure 2¢. For the nonscheduled modalities we do

not have a change&go network, since there are no transfers within a nonscheduled modality.

Hence, they can still be represented by their public transport network instead. For ridepooling

modalities we use the areas where it is offered instead of the lines in a line-based modality.

In the following, we restrict ourselves to line-based and nonscheduled modalities, though
the presented framework is capable of incorporating ridepooling as well. The multimodal
change&go graph with ridepooling modalities is presented in [7].

» Definition 3.6 (Multimodal Change&Go Network). For an infrastructure network ISN =
(N, A) with modalities M, each with a PTN,,, = (V,,,, Ey,,), and for each line-based modality
m € M¥ a line pool L,, and CGN,, = (M., &,,), we define the multimodal changeéigo
network MCGN = (M, €).

We use the nodes 9, from the unimodal change&go networks for the line-based modalities.

Additionally, for each infrastructure node v € N, define a station node (v, 0,0). Each stop
v € V,,, of a nonscheduled modality m € M\M?¥ is represented by a nonscheduled platform

node (v,0,m). Formally, define M := (U,,erqe M) UNY U (UmEM\ML ‘ﬁm) with
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station nodes MY := {(v,0,0) : v € N} and

nonscheduled platform nodes N,,, = {(v,0,m) : v € V,,, } for m € M\ M¥*.
To allow for transfers between different modalities, we introduce station arcs, connecting each
platform node (line-based or nonscheduled) to their respective station node. Furthermore, for
each edge e = (v1, 1) € V,, of a nonscheduled modality m € M\M?¥, we introduce an arc in
the MCGN connecting the two nonscheduled platform nodes. Define & := (UmeMﬁ Qfm) U

eV U (Uneroae En) with
station arcs ¢V := {((v,0,0), (v,0,m)), ((v,0,m), (+,0,0)) : v € N,m € M(v)} and
nonscheduled arcs &, := {((v1,0,m), (v2,0,m)) : (v1,v2) € E,,} for m € M\M¥*.

----- (v,0,mg) fp===="

(c) Multimodal change&go network at one
stop v with line-based modalities m1, ma2

(b) Corresponding change&go network CGN,y,. and nonscheduled modality ms.

Figure 2 Construction of a unimodal change&go network (left) and a multimodal change&go
network (right). Each edge is directed and exists in both orientations.

Travel Times

In a unimodal change&go network, a passenger’s route between two stops vi,vs € V,,, is
represented by a path connecting the corresponding platform nodes (v1,0,m), (v2,0,m) € MN,y,.
It consists of both driving and platform edges, providing information not only about the
route in the underlying road or track network, but also about which lines are used and where
the passenger transfers between lines.

In a multimodal change&go network, passenger paths connect the corresponding station
nodes (v1,0,0), (v2,0,0) € MY and provide the additional information of transfers between
different modalities. The travel times on the driving edges equal those on the corresponding
PTN,, edge. The transfer times depend on the timetable, which, at the line planning stage
of the planning process, is not known yet, hence, we instead put a fixed time penalty for
each transfer within a modality or between different modalities.
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» Definition 3.7 (CGN travel times). For each driving arc e € &%, denote its corresponding
edge in the underlying PTN,, by E,,(e). Let t:*"% be the time penalty for a transfer between
two lines of modality m € M¥* and ™" be the time penalty for a transfer between two
different modalities. Let e € & and define its travel time as

te,. ) »ife€ &d for some m € M*,
ftrans - if e € €2 for some m € M*,
te,. () if e € &, for some m € M\MF~,
Ljrans jfe e @N,

The travel time on a path p in a CGN,,, of modality m or in the MCGN can be computed
as the sum of the travel times of the arcs in the path 7(p) = >_ ., 7e. Note that, similar to
the multimodal public transport network, the travel time of a passenger’s path includes two
“additional” platform and station edges for the initial boarding and the final alighting.

Line Planning in the Change&Go Network

The task in line planning is to choose lines from the line pool to be operated and determine
their frequencies.

» Definition 3.8 (Line Concept). Let m € M¥* be a line-based modality, with line pool
L., and denote by f; € N for each line [ € L,, its frequency, i.e., the number of times
the line is operated within a given planning period 7. We call the tuple (L, fm), with
fm = (f)ier,, € NE=l a line concept of modality m.

There are many different models for line planning, with various objective functions and

constraints for feasible solutions. In this work, we assume that the cost of operating a line
l € L,, with frequency f; € N is f; times the cost of the line ¢;, which is fixed and given. In
the classic unimodal line planning problem, we need passenger demand for this modality, e.g.,
as an OD matrix OD™ € NIVn XVl specifying the number of passengers traveling between
two stops in PTN,,, with the modality m. The passenger paths highly depend on the actual
design of the system, which is not known in advance, hence the modal split can only be an
estimation.
In the travel time model from [25], the passengers in OD™ form a multi-commodity flow in
the CGN,,, between the platform nodes. The frequencies have to be chosen in a way that
accommodates the passenger flow on the driving arcs without exceeding a budget constraint
on the overall cost of the line system, while the sum of passengers’ travel times is minimized.
In the multimodal line planning problem we want to determine line concepts for all line-based
modalities simultaneously. The multimodal change&go network allows to apply the travel
time model by routing the passengers of OD as a multi-commodity flow between the station
nodes. Hence, the modal split is not fixed in advance but emerges endogenously from the
line concepts determined by the optimization.

3.4 Event-Activity Network

In the timetabling step of the planning process, the task is to determine a time for each
arrival and departure of a vehicle at a station. A vehicle’s journey along a line can be
represented by a sequence of departures and arrivals at the stops contained in the line.

» Definition 3.9 (Event-Activity Network). For m € M* with PTN,,, = (V;,, E,,) and line
concept (Lo, fim), let

To= U {10,000}

leLm
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be the set of all trips of the line concept. A line [ with frequency f; € N is operated f; times
within the planning period, and is therefore represented by f; separate trips. Then, define
the event-activity network as the directed simple graph EAN,,, = (€, Am ). The events &,
represent arrivals and departures of vehicles at stops or stations, i.e., &, 1= E7 U £9°P with

gar = {(v,t,arr,m) : t € Tpy,v € Vi, Nt}

Edep .= {(v,t,dep,m) : t € Ty, v € Vi, N L}
The activities connect consecutive events and represent vehicles driving between or waiting
at stations or possible transfers for passengers between trips at a station. Define A,, :=
Adrive | gwait | gtrans where

Adiive .— L((vy, ¢, dep, m), (va, t,arr,m)) : t € Tpn, (v1,v2) € By Nt}

Avait .= {((v,t,arr,m), (v, t,dep,m)) : t € Ty, v € Vi Nt}

Atrans .— (v, ty,arr,m), (v, ta,dep,m)) : t1,to € T, v € Epy, Nt Nita}.
Additionally, event-activity networks can be extended with further activity types beyond the
basic ones presented here; we refer to [15, 18] for more advanced examples.

Multimodal Event-Activity Network

For the timetabling stage in the multimodal case, the set of events that need to be scheduled
is the union of all sets of events from the unimodal line-based cases. But, additionally, we
need to consider the possibility that passengers might walk between stops that are within
acceptable distance of each other. Hence, we need to introduce additional activities that
represent the use of nonscheduled modalities.

» Definition 3.10 (Multimodal Event-Activity Network). Let M be a set of modalities with an
event activity network EAN,,, = (&,,,A,,) for each line-based modality m € M* and denote
by D,, > 0 for each nonscheduled modality m € M\M¥* the maximal duration of a leg of
this modality in a passenger’s journey. Define for a nonscheduled modality m € M \ M¥* its
set of activities

A, = {((vl,tl,arr,ml), (vz,tg,dep,m2)> :

(v1,t1,arr,my) € Em,, (v2,t2,dep,ma) € &, with dist,, (vy,v2) < Dm},

where dist,, (v1,v2) denotes the shortest path distance in PTN,,, with respect to the edge
travel times t.. Define the multimodal event-activity network MEAN = (£, A), with £ :=

Umeme Em and A= U, ,cpf Am-

To respect shared infrastructure capacities in railway applications, additional headway
activities derived from the infrastructure network can be included.

Timetabling in the Event-Activity Network

Consecutive departures and arrivals cannot be scheduled arbitrarily, there are restrictions
on the amount of time that needs to pass between them: vehicles need to wait for some
time at each stop such that passengers can board and alight, and there is an amount of time
needed for driving from one station to the next. These constraints need to be taken into
account when determining a timetable. In this work we focus on periodic timetabling, but
the following definitions can be easily extended to the aperiodic case.

» Definition 3.11 (Timetable). Given an event-activity network EAN,,, = (&, Ap,) of a
line-based modality m € M* and a planning period T € N, a periodic timetable 7™ =

(77 ece,, € NI€ml fixes a point in time 77 € {0,...,T — 1} for each event e € &,, which
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occurs in every period repetition throughout the day.

Suppose that for each activity a € A, we have lower and upper bounds L,,(a), U, (a) € N on
its duration. A periodic timetable 7 is called feasible, if for each activity a = (e1, e2) € A,
the periodic difference in time between the two events is within the given bounds, i.e.

Lyp(a) < ((mly =7l — Lin(a)) mod T') + Ly, (a) < Upn(a).

The usual objective for the timetabling step is to minimize the overall passenger-weighted
travel time. Since the passenger paths, and thus their travel times, depend on the timetable,
which is not known beforehand, we need an estimate ¢, of how many passengers will use
activity a € A,,. To obtain these estimates, one can do a passenger prerouting in EAN,,

with respect to some duration assumption ¢, for all a € A,,,. Finding an optimal timetable
is known as the Periodic Event Scheduling Problem (PESP) [26].

Timetabling in the Multimodal Event-Activity Network

For a nonscheduled activity a = (e1, e2) € Ay, m € M\ M¥ connecting two events at stops

vy and vg, we define the time bounds L,,(a) := dist,, (v1, v2), Un(a) := T + dist,, (v1,ve) — 1.

The task in the multimodal timetabling step is to determine a periodic timetable 7 =
(7"™) mesme € NI€I respecting all activity bounds which minimizes the travel time for given
passenger weights ¢, on each activity a € A. Note that the bounds on the nonscheduled
activities do not impose any restrictions on the times of the incident events, but they are
needed to calculate the travel time of a passenger in the objective function correctly.

The resulting problem is still a PESP instance and all solution methods known for the
unimodal case can be applied.

4 Applications

In the following we present multiple possible applications for our framework. To demonstrate
its practical relevance, we show a case study with real-world data for the first application.

Multimodal Sequential Planning. As already mentioned above, the supplies of modalities
mutually influence each other, as it determines the modal split. Therefore, it is reasonable to
perform the sequential planning stages like line planning and timetabling not for a single
line-based modality in isolation, but to consider all line-based modalities in an integrated
manner. Furthermore, one can also fix individual modalities, plan the remaining modalities
while using the fixed ones only for passenger routing, and measure its influence on the fixed
modalities.

Multiple Vehicle Types. In most public transport systems there are different vehicle types
operating, e.g., small and articulated buses or slower and faster trains. Especially in the line
planning step, the passenger capacity of a vehicle and its speed are crucial. Furthermore,
different vehicle types might not be allowed to operate on every PTN edge due to height
limitations, narrow corners or weight limitations. One can model each different vehicle type
as a single modality m having a specific passenger capacity A,,, a specific speed speed(m)
and an individual line pool £,,. Multimodal planning methods can then be used to plan
lines, timetables and vehicle schedules when vehicles of different types are present.
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Strategic Ridepooling. Ridepooling systems are demand-responsive, i.e., they react spon-
taneously to the passenger demand that arises in each situation, while in line-based systems,
the vehicles travel along fixed lines according to a pre-determined timetable. This makes line
systems very good at transporting large numbers of passengers while ridepooling tends to be
more efficient in low-demand situations. Hence, planning both modalities simultaneously
leads to integrated solutions where each is utilized to make use of its strengths and advantages.
First models for the strategic aspects of ridepooling, meaning the decisions of where to offer
a ridepooling service and with which capacity, have been presented in [8]. Analogously to
the line planning step, the task is to choose ridepooling areas and a number of ridepooling
vehicles to be deployed in each area. The proposed framework allows to combine strategic
ridepooling with line planning for the integrated planning of a multimodal system consisting
of line-based modalities and ridepooling services, while nonscheduled modalities are also
available for passengers.

Planning Infrastructure for Nonscheduled Modalities. Starting from an infrastructure
network and the information for each infrastructure link, which modality can (in principle)
be established on it and in which direction, our framework can be used to actually plan a
PTN, i.e., to decide for stops to be opened and for each connection between them, which
infrastructure path it uses. For nonscheduled modalities, this would mean to decide where
bike lanes or footpaths should be built. Our framework allows to integrate the effect on other
modalities into the decision or to plan infrastructure for multiple modalities at once.

Modelling Shared Infrastructure within one Modality. Especially in railway applications
shared infrastructure capacities are an important problem, even within a single modality (see,
e.g., [17]). If for example two trains leave a station in the same direction, a headway distance
must be respected for security reasons, but if their paths split at some point before their
next station, the headway is no longer needed on the remaining track segments. Therefore,
the infrastructure network can be used to model and even plan track occupations.

Integration of Walking to Line-based Planning Problems. When planning a line-based
modality in the classic unimodal framework, one usually considers an OD matrix, specifying
the number of passengers that wish to travel between pairs of stops. This is done by assigning
the actual demand points (homes, schools, workplaces etc.) to the closest stop. However,
depending on the resulting system, it might shorten the travel time of passengers to walk to
another stop to save travel time or transfers. Similarly, walking might also be reasonable
between two trips with a line vehicle within a passenger’s journey. Our framework allows to
consistently include the possibility of walking into the planning of line-based systems.

4.1 Case study

We present a case study using real-world data of the city of Helsinki, Finland. We consider
five line-based modalities and one nonscheduled modality and perform the sequential planning
process starting with an infrastructure network and an OD matrix on infrastructure level.
The goal is to plan line concepts and timetables for all line-based modalities by applying
multimodal planning methods in the three steps of line planning, passenger-prerouting to get
EAN weights, and timetabling.

All experiments are conducted within LinTim [23]; an open-source software toolbox for public
transport planning that provides a collection of algorithms covering the full sequential planning
pipeline. We have extended LinTim with a multimodal planning module, implementing all
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graph structures described in Section 3 and making them available for use in each planning
step. The calculations were performed on an Intel(R) Xeon(R) Gold 6240R CPU @ 2.40GHz
with 380 GB of memory and we used Gurobi 13.0.1 [11] as IP solver.

4.1.1 Dataset

We use real-world data from the city of Helsinki, Finland, for this numerical study. The
Helsinki dataset from the LinTim toolbox [23] was cropped to include the city center of
Helsinki as shown in Figure 6 in Appendix A. The resulting infrastructure network consists of
195 nodes and 2996 links. The OD matrix is based on Helsinki Region Transport (HSL) open
data of passenger boarding in November 2016 and contains 49,544 passengers. We consider
the five line-based modalities bus, tram, rail, subway, and ferry as well as the nonscheduled
modality walk. Line pools for all line-based modalities are generated by computing a shortest
path for each station pair of the corresponding modality and eliminating subpaths. The costs
¢ of a line [ are computed as ¢; = costix + Y -ce; Doreintra,, (¢) 1€08EH(A) - cOStiengen. Table 1
in Appendix A gives an overview of the modalities’ characteristics.

4.1.2 Methodology

In a traditional unimodal planning procedure we would consider every line-based modality
independently of the other modalities. To apply unimodal planning, we need a preprocessing
step to split the OD matrix on infrastructure level OD in modality-specific OD matrices
OD™ e NIVmIxIVml gpecifying the number of passengers traveling between two stops in
PTN,,, with the modality m. To achieve an OD split, we route all passengers on shortest
paths in the MPTN with respect to the edge travel times ¢, and split up the resulting paths
as described in Algorithm 1 in Appendix B. Note that the sum of passengers included in the
OD matrices OD™ for all m € M can be larger than the sum of passengers included in OD,
since a single passenger can appear in the OD matrix of multiple modalities or even multiple
times within the same modality.

In the line planning step we use the travel time model as formulated by [25] and solve the
IP formulation with Gurobi. This model minimizes the overall travel time with integrated
passenger routing in the change&go network while respecting vehicle capacities and a total
cost budget. To get a reasonable cost budget for each modality, we first solve the cost-model

for line planning as introduced in [28] and increase its optimal objective value by 10%.

Applying this procedure separately for each line-based modality m with CGN,,, and OD™
as input gives a line concept (L, fm) for each modality.

The travel time model can also be applied in a multimodal setting using the MCGN as graph
structure. We use the sum of the unimodal cost budgets as budget for the multimodal model
and the original OD matrix OD as input. To model shared infrastructure capacities correctly,
we apply linear constraints of the form of Equation (1). Again, we end up with line concepts
for all modalities.

The timetabling step requires passenger weights for all activities and we consider two ways
to construct them. In the traditional unimodal approach one takes the modality-specific
OD matrix OD™ and routes all passengers in the EAN,,, on shortest paths with respect to
estimated activity durations #,. In a multimodal approach we build the MEAN and route
all passengers in the OD matrix OD on shortest paths with respect to estimated activity
durations. This allows passengers to use different modalities compared to the first prerouting
in the MPTN and leads to a different modal split. Since transfer times can now be estimated
more accurately from the line frequencies, this new routing is more realistic.

12:13
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In the timetabling step we minimize the overall travel time with respect to the fixed
precomputed passenger routing while satisfying all activity time bounds. We use the cycle-
base IP formulation of the resulting PESP (from [19], see also [14]). The traditional unimodal
approach solves an IP for each line-based modality independently using the modality’s EAN,,,
the lower and upper activity time bounds L,,(a), Uy, (a) and the passenger weights ¢, from
the previous routing step as input. The multimodal approach solves one single IP with the
MEAN as underlying graph structure.

This gives five possible ways to get from the infrastructure network and the OD matrix to
timetables for all modalities. Figure 3 visualizes our procedure and the five described paths
where we combine unimodal and multimodal planning methods in different steps.

To evaluate a solution, we do a final routing in the MEAN with respect to the actual
timetable-derived activity durations, delivering final passenger paths and travel times.
Note that we use warm starts for the IP solver whenever possible, e.g., the solution of the line
planning cost-model is used as starting solution for the line planning travel time model and
already computed timetables are used as initial solutions in the timetabling step, whenever
they are based on the same line concept.

Start

e ISN and OD
e Modalities M
e Line pools £, for m € M*

MPTN Routing

Input: MPTN, OD
shortest path routing in MPTN w.r.t. te
Output: OD™ for all m € M

!

imodal (L
Unimodal (LU) Multimodal (LM)

For m € M*:
. . Line Plannin Input: MCGN, OD
Input: CGNw'z,,OD .1Lm ! ing solve travel time IP in MCGN
solve travel time IP in CGN,, Output: Line Concepts (L, fm)meme

Output: Line Concept (L, fm)

/

MEAN Routing (RM)

EAN Routing (RU)

c.
Forme M= Input: MEAN, OD )
Input: EAN;,, OD™ - shortest path routing in MEAN w.r.t. £,
shortest path routing in EAN,, w.r.t. ¢, Output: ¢, for all a € A

Output: ¢, for all a € A,

Unimodal (TU
nimodal (TU) Multimodal (TM)

Form € M*:
) Timetablin Input: MEAN, ¢q, L (a), Un(a)
|"FI’Ut- EIIA‘NI;MCGI,F‘LF(a)yIU‘;T(a)f PESP g solve cycle-base IP formulation of PELSP
solve cycle-base II” tormulation o Output: Timetables 7™ for m € M

Output: Timetable 7™

Evaluation

Input: MEAN, Timetables 7™ for all m € M*, OD
shortest path routing in MEAN w.r.t. timetable-derived activity durations

Figure 3 Schematic overview of the sequential planning framework for the case study. Starting
from an infrastructure network and OD matrix, five combinations of unimodal and multimodal
planning steps in line planning, passenger prerouting, and timetabling yield timetables for all
line-based modalities, evaluated via a final routing in the MEAN.
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4.1.3 Results

An overview of all numerical results can be found in Table 2 in Appendix C.

The left part of Figure 4 shows the total costs of the line concepts resulting from unimodal
and multimodal planning and how much each modality contributes. The costs for the line
concepts resulting from multimodal planning are 5.2% higher, since the travel time model
for line planning allows to increase the costs up to the given budget when decreasing the
(estimated) travel time. This is possible in the multimodal model since passengers can be
re-assigned to use different modalities. Within the line concept resulting from multimodal
planning, the cost shares of bus and tram increase relative to the unimodal baseline, while
those of subway and ferry decrease. This redistribution of resources reflects the jointly
optimized passenger flows across all modalities.

Regarding the average travel time of a passenger depicted in the right part of Figure 4, we can
see a clear monotone trend: the overall travel time decreases from left to right, i.e., the more
multimodal aspects are involved during the planning process, the better the average travel
time gets in the end. Most strikingly, the time passengers spend on intermodal transfers
drops by more than 30% as soon as multimodal line planning is applied, indicating that the
integrated MCGN formulation produces line concepts that are inherently better coordinated
across modalities.
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Figure 4 Modal split for costs (left) and average Figure 5 Trips per modality (top) and
travel time (right). average travel time per trip (bottom).

However, the modality shares in the right part of Figure 4 show the time an average
passenger spends within one modality during his entire journey. If this share decreases, it may
either come from an improvement of service for this modality or reflect that less passengers
use this modality and switched to another. To disentangle these effects, Figure 5 reports the
number of trips per modality recorded in the final MEAN routing. Note that the sum of
trips across all modalities exceeds the total number of passengers, since a single passenger
journey may involve multiple modalities and is therefore counted once per leg. The upper
part of Figure 5 reveals substantial shifts in the distribution of trips across experimental
configurations: in particular, the number of trips for bus, tram and walk varies considerably,
indicating that multimodal planning redistributes passengers across modalities rather than
merely accelerating existing routes. Turning to the lower part of Figure 5, which shows the
average travel time per trip and modality, the best results are achieved under multimodal
timetabling, except for the rail modality.
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Table 3 in Appendix C reports the optimization runtimes for line planning and timetabling,
where entries without a gap value indicate that the solver reached optimality within the
time limit of 6 hours. We can observe that the unimodal models are solved to optimality in
negligible time (below 0.02s) for the three “small” modalities rail, subway and ferry, while
especially unimodal line planning was challenging for the modalities bus and tram, reaching
only an optimality gap of 11.45% and 10.93%, respectively.

Notably, the multimodal models achieve optimality gaps comparable to their unimodal
counterparts. We attribute this to the systematic use of warm starts throughout all exper-
iments, which proves effective in practice, yielding substantially shorter runtimes for the
multimodal models than a cold-start baseline would suggest. The increased runtime for
unimodal timetabling after unimodal line planning in the bus modality reflects two factors:
the resulting event-activity network contains twice as many events and five times as many
activities as the tram event-activity network, and since the full unimodal planning served as
the baseline, no warm starts could be exploited.

5 Conclusion and Further Research

We presented a general framework for multimodal public transport planning. We introduced
the three categories line-based, ridepooling, and nonscheduled for transport modalities and
proposed a hierarchy of graph structures that extend their well-known unimodal counterparts
to the multimodal setting. These structures explicitly model interactions between modalities,
including passenger transfers and shared infrastructure capacity. We showed that established
optimization models for unimodal line planning and periodic timetabling extend naturally to
the multimodal setting using these graph structures.

Our computational study on the Helsinki dataset demonstrates that incorporating mul-
timodal aspects into the planning process leads to measurable improvements in passenger
travel time. In particular, the results show that multimodal line planning significantly reduces
the time passengers spend on intermodal transfers, and that a fully integrated multimodal
planning pipeline consistently outperforms unimodal approaches. At the same time, the
multimodal timetabling step can be solved as a single PESP instance.

Several directions for future research remain open. First, the integration of ridepooling
into the timetabling stage is a natural next step: while strategic ridepooling has already been
incorporated into line planning, the operative aspects of ridepooling, such as vehicle routing
and assignment, are demand-responsive and do not fit directly into the periodic timetabling
framework. Developing suitable models that bridge the strategic and operative levels of
ridepooling within the sequential planning pipeline is therefore an important open problem.

Second, the multimodal IP formulations are substantially larger than their unimodal
counterparts, and dedicated solution methods are needed to make them tractable at scale.
One promising approach is to solve the multimodal problem iteratively by fixing the line
concepts or timetables of individual modalities in turn and re-optimizing the remaining ones,
exploiting the decomposable structure of the multimodal graphs.

Third, the planning of transport infrastructure has been studied for multiple line-based
modalities in [20]. Our framework allows to extend the planning of infrastructure to other
modality categories. In particular the planning problem for nonscheduled modalities, i.e.,
determining where bike lanes or footpaths should be built, has so far only been sketched as a
potential application of the framework. Formulating this as a concrete optimization problem
and studying its interaction with the planning of line-based and ridepooling modalities
constitutes a promising research direction.
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Table 1 Overview of the modalities’ characteristics within the Helsinki dataset.
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"' Figure 6 Visualization of the line-based modalities in the Helsinki dataset.

‘B OD Splitting

[ Algorithm 1 Splitting the OD matrix on infrastructure level into modality-specific OD matrices
based on an MPTN routing.
Input: OD, MPTN
Output: OD™ for all m € M
1: Initialize an empty OD matrix OD™ « 0 € NIVnI[xIVul for all m € M
2: for all non-zero entries (v1,v2) in OD do
3 p < shortest path from v to vo in MPTN with respect to t.
4 split p in subpaths p1, ..., px, by removing transfer edges Et2"S
5: fori=1,....,k do
6
7
8

Let m be the modality of subpath p; starting at v* and ending at v
OD:,n.;,Vt — OD:,”.;’,,t + ODVI’W

: return OD™ for all m € M
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Table 2 Computational results - solution characteristics.

LU LU LU LM 9 LM 9
RU g RM RM RM (ﬁ;) RM %
TU TU ™ TU ™
bus 7,054.4329 12,722.4196
tram 8,528.4775 13,974.6190
% rail 280.0000 280.0000
Q
@) subway 20,048.8140 11,400.3060
ferry 1,059.3400 530.4200
total 36,971.0644 38,907.7646
° bus 2.3807 2.6389 2.3434 2.1065 2.2171
é tram 2.5375 2.2873 2.4460 2.6589 2.3862
3 rail 0.0051 0.0070 0.0105 0.0022 0.0102
E subway 0.6627 0.7246 0.6431 0.7184 0.6142
i ferry 0.0116 0.0116 0.0116 0.0116 0.0116
bgp walk 0.8883 0.8708 0.9188 0.8484 0.9047
j% intermodal transfers 0.4598 0.3932 0.4975 0.2564 0.2610
overall 6.9458 6.9334 6.8709 6.6024 6.4051
o bus 28,534 27,745 28,941 21,808 25,851
g tram 23,297 21,681 23,581 22,488 24,892
3 rail 105 104 164 29 138
3 subway 15,634 15,688 15,827 15,694 15,246
g ferry 48 48 48 48 48
E walk 47,527 45,021 48,666 40,465 46,536
“ total passengers 49,544 49,544 49,544 49,544 49,544
Table 3 Computational results - runtime.
LU LU LU LM LM
RU RM RM RM RM
TU TU ™ TU ™
& bus 6h (11.45%)
E tram 6h (10.93%)
= 5 rail 0.01s 6h (0.02%)
s g subway 0.02s
g — ferry 0.01s
'é o0 bus | 6h (2.44%) 9.64s 0.01s
MOE tram 549.96 s 0.55s 0.02s
g rail 0.01s 0.01s 6h (1.13%) 0.01s 1672.77s
5 subway 0.01s 0.01s 0.01s
ferry 0.01s 0.01s 0.01s
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—— Abstract

The line planning problem (LPP) involves determining a set of lines (routes for vehicles to travel on)

for a transportation network that meet travel demands while minimizing both travel time and the
line operation costs. Unfortunately, this problem is NP-hard. Recently, Heinrich et al. [17] proposed
using treewidth to solve (a variant of) this problem; however, the sizes of networks and values of
treewidth for which it is practical are limited.

We propose a different way of exploiting bounded treewidth in solving the LPP. We combine
a column generation approach due to Borndérfer et al. [5] with dynamic programming on tree
decompositions to solve the pricing problem, which entails solving the NP-hard longest path problem.

We show that this approach is feasible. We are able to apply our approach to graphs with both
more vertices and higher treewidth (up to 9) than Heinrich et al. We experimentally evaluate our
approach using artificial benchmarks (connected concentric ring graphs) and two practical examples,
the Munich train/subway network and the Japanese railroad system.
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1 Introduction

Public transport optimization is an important research topic in light of sustainable transport,
rural exodus, and CO5 emission goals [6, 12, 19]. One relevant aspect of public transportation
optimization is the design of transportation routes and schedules. In this paper we study
one such problem, which is called the line planning problem (LPP).

In the LPP it is asked to find a set of lines, i.e., routes for public transportation vehicles
connecting origin-destination pairs, together with the frequency of the vehicles on those lines
such that passenger transportation demands are met and the total cost is minimized, i.e., a
weighted sum of passenger transportation time, fixed cost per line, and operating costs for
running vehicles on lines. Unfortunately, the LPP is NP-hard [5]. One approach to solving
the LPP is using column generation. We investigate the use of treewidth-based dynamic
programming for solving the pricing problem, improving upon the approach using Color
Coding due to Borndérfer et al. [5].
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Column Generation Pricing Using Treewidth for Non-Pool-Based Line Planning

The LPP is well-studied in the literature. Claessens et al. [7] solve a subset of the Dutch
network with 28 stations in total to optimality. Fu et al. [13] solve the line planning problem
for the full 783-station Chinese high-speed railway network of 2020, using a heuristic approach,
while first determining the passenger paths and then the specific lines used, while at the
same time first planning connections between major stations and after that connections with
minor stations. Schobel and Scholl [25] propose a method that can account for line transfers
and evaluate it on the German rail network. For an extensive survey, see Schobel [24].

One approach to tackling NP-hard problems is through parameterized complexity. A
problem is fived-parameter tractable (FPT) if it can be solved in time f(k) n®™1) where n
is the size of the input and k is the parameter, see e.g., Cygan et al. [8]. Here, f(k) can
be an arbitrary computable function. Instances for which this parameter is small can then
be solved efficiently. Both Borndorfer et al. [5] and Heinrich et al. [17] propose using FPT
techniques to solve LPP.

Borndorfer et al. [5] formulate the LPP as a mixed integer linear program (MILP). Since
the MILP contains variables corresponding to every possible line and every possible passenger
path (of which there are exponentially many), it is infeasible to construct the full MILP. They
therefore solve the linear relaxation of the MILP using column generation. They provide a
greedy algorithm to round the solution of the LP relaxation into a solution of the original
problem. They use column generation to generate variables corresponding to potential
lines, i.e., origin-destination pairs and paths between them, and variables corresponding to
passenger paths. The pricing problem for the lines is the weighted longest path problem. It
is well known that this problem is strongly NP-hard [26].

To solve the pricing problem for the lines, Borndorfer et al. [5] employ a randomized
dynamic programming algorithm, color coding, to find the longest weighted path. Color
coding uses as a parameter k the maximum length of the path. They argue that this
parameter is usually bounded in real-world transportation networks, which might be planar
(in which case they argue “typical” lines have length O(1/|V]) for a network with [V| nodes),
or might even be trees or tree-like, in which case one would get a bound of O(log|V]) on
the maximum length of a path if the graph is preprocessed to remove nodes of degree 2.
Therefore, they argue that color coding, an FPT algorithm parameterized by path length,
should be a suitable method for solving the pricing problem.

The tree-likeness of networks can be exploited more directly by using the notion of
treewidth. An obstacle to using treewidth in practice was the difficulty of finding tree
decompositions. PACE 2016 and 2017 [9, 10] called for the development of practical treewidth
solvers. Tamaki’s work (see e.g., [27, 28]) has been particularly influential in this area and
has resulted in the availability of excellent solvers.

The first use of treewidth in solving the LPP is due to Heinrich et al. [17]. They observe
that the treewidth of graphs underlying transportation networks is often small. Instead of
using column generation, their algorithm, TW-LINES, constructs an integer linear program
(ILP) that exploits the bounded treewidth of the network, allowing it to be solved in FPT
time. However, the dependence on the parameter treewidth is bad, and they can only solve
instances with a relatively small treewidth of at most 5. Moreover, they consider a more
restricted version of the problem named “Line planning on all paths” (LPAL), in which the
passenger paths are fixed in advance, and the only question is the routing and the integer
frequency of the lines. Another simplification is their exclusion of a frequency-independent
cost. This simplification is necessary since, otherwise, the problem is NP-hard even on
paths and stars [16], thus excluding (unless P=NP) also the possibility of an FPT algorithm
parameterized by treewidth. However, they can solve the ILP to optimality, whereas column
generation only solves the LP relaxation to optimality and may yield a suboptimal solution
after rounding.



M. Niebisch and T. C. van der Zanden

We propose an alternative way to exploit treewidth to solve the LPP. We combine the
column generation approach of Borndorfer et al. [5] with dynamic programming on tree
decompositions to find the longest weighted path. Unlike the color coding approach used
by Borndorfer et al. [5] to solve the (line) pricing problem, our approach can find lines of
arbitrary length, which usually allows us to use fewer lines. This also allows us to generate
columus for larger graphs without applying aggressive preprocessing. Borndorfer et al. [5]
preprocess the network by iteratively removing leaves as well as degree-2 vertices, which is
necessary to keep the length of the paths required reasonable. However, this simplification
can make the model unrealistic. In the case of the Munich S-Bahn and subway network, this
preprocessing would collapse the entire graph into only a few core vertices, making it difficult
to apply the solution to the original graph.

To convert a solution to the LP relaxation to a solution for the original MILP, it is
necessary to round the solution. Since the LP relaxation may contain many low-frequency
lines, naively rounding it can result in a bad solution to the original MILP. We consider
two complementary approaches: For small enough networks, it may be feasible to solve the

original MILP restricted to the line set obtained by column generation for the LP relaxation.

For larger networks, it may be necessary to use heuristics, as Borndorfer et al. [5] do.

We compare two different heuristic methods for rounding a solution of the LP relaxation to
an MILP solution. Borndorfer et al. [5] used a method which we refer to as “Frequency-Based
Greedy Rounding” (FB). We suggest an alternative method, “Generation-Order Greedy

Rounding” (GO), which typically yields better results while reducing runtime by about 90%.
We similarly compare two methods to round the LP relaxation by solving an MILP.

Following similar logic, the columns which are used in the final solution are usually generated
early on during the column generation. Therefore, we compare an “early-stopping” variant
of MILP rounding (that uses the same restricted line set as GO rounding) to MILP rounding
using the full line set from the LP relaxation.

We experimentally evaluate our algorithm by solving the line-planning problem for
concentric ring graphs, the Munich S-Bahn and subway network, and the Japanese national
network, using both our method and color coding. We compare runtime, costs, and rounding

methods. Furthermore, we adapt our method to the restricted problem of Heinrich et al. [17].

As Heinrich’s method solves LPAL to optimality, our result can only be worse. The main
purpose of the comparison is to get insights into the quality of our algorithm with instances
that TW-LINES can solve. This allows us to gauge the quality of our algorithm on larger
instances that TW-LINES cannot solve.

Heinrich et al’s [16, 17, 1] ILP-based approach, TW-LINES, is able to (within a time limit
of 1 hour) solve instances with up to 90 vertices and treewidth 4, and graphs with up to 40
vertices and treewidth 5 (Intel Xeon Gold 6126 CPU). In some of their experiments, they
stop the LP solver when it gets to within 2% of the optimal solution. In this setting, they
are able to solve instances with up to 770 vertices and treewidth 3, up to 170 vertices and
treewidth 4, and up to 41 vertices on graphs of treewidth 5. Compared to TW-LINES, our
approach (with a more restrictive time limit of 30 minutes) can handle instances with up
to ~ 700 vertices and treewidth 7, and instances with up to 82 vertices and treewidth 9
(Intel Core i7-11800H). Of course, our results are for solving an LP relaxation (albeit of a
more complex problem) and cannot be directly compared to Heinrich et al’s results, but
they extend the set of networks for which some advantage of low treewidth can be taken.

This paper is organized as follows: we first discuss the Line Planning problem and
Borndorfer et al’s [5] column generation approach for it. We then discuss both the color
coding and treewidth-based approaches for solving the longest path pricing problem. We
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then discuss various approaches to rounding the LP relaxation to an integer solution. In our
experiments section, we first compare against Heinrich et al’s TW-LINES [17] (as a benchmark
for another treewidth-based method) and against Borndorfer et al’s [5] original method
using color coding. Both comparisons are on artificial networks. We then investigate the
performance of the different rounding methods. Finally, we present an evaluation of our
method on two real-life networks: the train network of Japan and the public transport
network of Munich.

2 Preliminaries

2.1 The Line Planning Problem

In this section, we introduce the variant of the line planning problem (LPP) that we consider,
which is largely equivalent to that of Borndorfer et al. [5]. For simplicity, we do not consider
multiple modes of transportation, though this can easily be added back into the model.

A public transportation network (PTN) is a graph G = (V, E), where vertices represent
stations and edges represent possible direct connections. Let n := |V| denote the number of
stations. In addition, we are given a demand matrix D = (ds,t) € R™*", where ds ¢ gives the
number of travelers wanting to travel from station s to station ¢. Our objective is to find
a set of lines (specifying routes and frequencies with which vehicles run on them) together
with routes for passengers to travel (using the transportation capacity of the lines) so that
the travel demand is met, while minimizing a weighted combination of operational cost and
passenger travel time.

Formally, a line ¢ is a simple path £ = (v1,...,vx), where v; € V. The lines are undirected
because we assume each transportation line will have vehicles running in both directions
at the same frequency. We denote by x, the maximum number of passengers that can be
transported by a vehicle of a line in a single run. Each edge has a maximum frequency of
vehicles that can run on it, which we denote by fi"**. We denote by F' the maximum of the
maximum edge frequencies of the entire network, i.e., F' = max.cg fi***. We denote by L
the set of all lines (i.e., the set of all simple paths in G).

In contrast, the passenger flows may be asymmetric. We define the passenger travel
graph as Gp = (V, A), with two antiparallel arcs a5 and a; s for every edge es; in E. For
simplicity, we denote the two arcs of an edge e by a(e) and a(e). The associated edge e (in
the PTN) for arc a is represented by e(a).

A travel path from v to v is a simple path (vs,...,v;) using arcs in A. Each arc has a
travel time 7,, which leads to the travel time of a path p being 7, = Eaep 7,. The set of all
travel paths connecting s and ¢ is denoted as P, and the set of all travel paths as P.

The fixed operating cost of a line is cf*, and the variable operating cost of a line is the
sum of the variable costs of its edges cj*" = > ., cy*".

Finally, to balance the total line operating cost with the travel cost, we multiply c?x and
¢ by A € [0,1]. Similarly, we use (1 — A) x 7, to adjust the travel cost. For notational
convenience, we omit the scaling factor from our expressions and assume it has already been
incorporated into the respective variables.

In the mixed-integer linear programming (MILP) formulation, we define a continuous
variable gy, for each travel path p € P, giving the number of travelers using that path.

We define a binary variable zy, giving for each line ¢ whether that line is used in the
solution, and a continuous variable f,, giving the frequency of vehicle runs on that line.
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The total number of passengers using each arc for travel must be able to be transported
by the lines that run along that arc. To this end, we define the line frequency of a single
edge f. = Zzeﬁ(e) fe, where the set of lines which share a single edge e € F is denoted as
L(e)={{l e L:eel} Analogously, the passenger flow of a single arc is y, = ZpGP(a) Yps
where P(a) = {p € P :a € p} denotes the paths that use arc a.

Finally, to later be able to guarantee feasibility during the initial phases of column
generation, we introduce continuous artificial variables u;, denoting the unfulfilled travel
demand between s, t, and introduce a big-M penalty M for unfulfilled demand. This then
leads to the following MILP formulation:

(MILP) min Z TpYp + Z X, + Z M fo+ Z Mug 4

peP teL teL s,teD
s.t. Z Yp + Usy = dsy V(s,t) € D (1)
PEPs ¢
Yo — Z kefe <0 Va e A (i)
teL(e(a))
fo < fimax Vee B (#41)
fe < Fay Ve L (1v)
xe € {0,1} Vee Ll (v)
Je=0 Vee Ll (vi)
yp >0 Vp e P (vid)
ust >0 Y(s,t) € D (viid)

The objective function contains four elements:

Zpep TpYp: the total travel time across all passenger paths,

> rer c¥xy: the total fixed costs of all active lines,

> ver € for the variable costs times the line frequencies,

Zs,te p Mu,: finally, a big-M penalty for unfulfilled travel demands.

ol o A

The constraints are:

(i) assigned passenger flow plus unfulfilled demand equals travel demand,
(ii) the available capacity on each arc is at least the total travel demand y, on that arc,
(iii) the frequency of vehicles running on an edge does not exceed its maximum frequency,
(iv,v) decide whether a line is part of the line plan or not,

(vi, vii, viii) non-negativity of passenger flow, line frequencies, and unfulfilled travel

demands.

2.2 Column generation for Line Planning

We use column generation to solve the LP relaxation of the MILP formulation introduced in
the previous section. Borndorfer et al. [5] observe that the LP relaxation can be simplified
because, in the LP relaxation, constraint (iv) will always be fulfilled with equality. We can
therefore remove the x, variables and incorporate the fixed costs of the lines into the variable

costs by setting c%oml = cg‘x /F + ¢;**. This leads to the following LP relaxation:

13:5

ATMOS 2026



13:6 Column Generation Pricing Using Treewidth for Non-Pool-Based Line Planning

(LP) min Z TpYp + Z chotal £, 4 Z Mug

peEP el s,teD
s.t. Z Yp + Usy =dsy Y(s,t) € D (4)
PEPs,t
Ya — Z kefe <0 Va e A (i1)
te(a)el
Je < [ Ve € E (i)
Je=0 Vle L (vi)
yp =0 Vp € P (vii)
Us,t > 0 V(s,t) € D (viig)

To solve this LP, we use column generation to generate columns corresponding to the
lines £ and passenger paths P. For an introduction to column generation, we refer to [11].
The dual of the above LP is:

(dual) max Z dst Tst — Z frex o,

s,teD eckE
ste msr —p(p) <7p VpePsy, (s,6) €D (a)
Rep(£) = () < it veeL ()
Tep <M V(s,t) €D (c)
fta >0 VacA (d)
Ne = 0 Vee E (6)
where
:u(é) = Z (,ua(e) + ,Ua(e))

ec/t

For the derivation of the dual formulation, we refer to [5]. The only difference between
our LP and that of [5] is that we use a big-M formulation to deal with unfulfilled demand,
which leads to an additional constraint m; < M in the dual.

Again, following [5], the reduced cost of the variable relating to a passenger path p is

Tp=Tp— Tsr + u(p) =Tp — Tst + qu‘l = Tt Z(M“ +7a)
aEp acp

Thus, to solve the pricing problem, we need to solve a weighted shortest path problem in
the passenger travel graph, with arc weights p, + 7,. This can easily be done using, e.g.,
Dijkstra’s algorithm, since all weights are non-negative.

For the lines, the reduced cost is

7= ™ = kon(l) + (1)
= cf¥/F + ¢ — kep(l) +n(0)

= C?X/F + Z (Czar - ’%f(ua(e) + ,U/Tz(e)) + 77(6))
eel
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Thus, to find a line with a negative reduced cost, we need to find a line ¢ with:

Z (Ke(tage) + Bage)) — nle) — ) > X/ F

ect

As K‘l(,ua(e) + u’t_z(e)) - 77(6) - c\éar
the lines is equivalent to solving a maximum weighted path problem, with edge weights

HE(,LLa(e) + ,u&(e)) - 7](6) —Ce -

is not restricted in sign, solving the pricing problem for

2.3 Color Coding

Borndérfer et al. [5] solve the longest weighted path problem with a randomized algorithm,
color coding. In every iteration, a random color is assigned to every vertex, and, using
dynamic programming, the longest weighted path without a color repeating is found for a
given start vertex. By repeating this process with different random colorings, we can boost
the probability of finding the longest path. A single iteration has a complexity of m x 20,
where m is the number of edges and k is the number of colors. This algorithm would need

@, For example, this would mean that

a x e* iterations to achieve a success rate of 1 — e~

for a = 2 and k = 10, we would require ~44,000 iterations to have a success rate of ~86%.

Finally, this process must then be repeated for every vertex as a starting point.

This algorithm has several downsides; for one, we cannot find a path longer than the
number of colors k. Furthermore, if a larger number of colors is selected, the runtime increases
exponentially, as we need an exponentially larger number of iterations to achieve the same
success rate, and the runtime of a single iteration also grows exponentially. Borndorfer et
al. [5] use only 15 iterations in their implementation, suppress stations with degrees 1 or 2,
and use a subset of V' as terminal vertices for lines to make this approach feasible. In our
experiments, we also increase the number of colors rather than the number of iterations, as
suggested by [18].

In comparison, our treewidth-based dynamic programming can find paths of arbitrary
length, provided the graph has bounded treewidth. Furthermore, we would generally not
need to remove a node of degree 1 or 2, since subdividing edges does not increase treewidth;
therefore, we can consider the original network.

3  Our approach

The main algorithm first constructs the initial linear-programming (LP) relaxation, as
described in Section 2.2. Afterward, it conducts column generation, i.e., alternates between
solving the pricing problem for the transport paths and for the transport lines, and modifies
the LP using the edge weights as described in the same section. To solve the former, we use
Dijkstra’s algorithm; for the latter, we use dynamic programming on tree decompositions,
as described in Section 3.1. This process of adding paths and lines is repeated until no
improvement can be found after adding a path. After that, the solution is rounded to an
MILP solution, and low-frequency lines are removed, as described in Section 3.2.

3.1 Treewidth-based dynamic programming for Longest Path

In this section, we briefly describe the algorithm for solving the weighted longest path
problem by dynamic programming on tree decompositions and recall the basic definitions.
For a thorough introduction to treewidth and dynamic programming, we refer to [8].
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A tree decomposition of a graph G is a tuple (T,B) where T is a tree and B = {b; |
i € V(T)} is a set of bags. Each bag b; € B is a subset of V. Additionally, the following
properties must be satisfied:
1. Upegb =1V, ie., every vertex is contained in some bag,
2. For all (u,v) € E, there exists b € B such that {u,v} C b, i.e., for each edge in F, there
is a bag which contains both its endpoints,
3. For all vertices u € V, the bags b € B containing vertex u must form a connected
subgraph.

The width of a tree decomposition is maxpcg |b] — 1, and the treewidth of a graph is the
minimum width of a tree decomposition of it.

An important property of tree decompositions is that the bags are separators of G (see
e.g., [8, Lemma 7.3]). This property is what enables dynamic programming. If we view the
tree decomposition as a rooted tree, then every bag b; € B separates the vertices in the
subgraph of G induced by the vertices contained in (the bags of) the subtree of T rooted at
t from the rest of G. We denote this subgraph by G[t]. For clarity, G[t] can be viewed as by
plus a union of connected components of G \ b;; which components exactly depends on the
choice of root.

We define a partial solution for t € V(T') as a union of vertex-disjoint (including endpoints)
paths of G[t], such that at most two endpoints of the union of paths are not contained in by
and every path has at least one endpoint in G[t], unless the partial solution consists of a
single path.

Note that if p is a path in G, then the intersection of p with G[t] is a partial solution for ¢.
Thus, we can solve the longest path problem by enumerating all partial solutions. Dynamic
programming on tree decompositions speeds up this enumeration by taking advantage of the
fact that some partial solutions are in some sense “equivalent”, and we only need to keep a
partial solution of maximum weight per equivalence class.

Two partial solutions for ¢t € V(T') are equivalent if (1) all vertices in b; have the same
degree in the partial solution (which can be either 1 or 2, or, if the vertex is not contained in
the partial solution, 0), (2) both partial solutions connect the same degree-1 vertices of b; and
(3) the number of path endpoints not contained in b; is equal. For a graph of treewidth tw,
the characteristic of a partial solution can thus be defined as a (2]b;| + 1)-tuple, with the
first |b¢| elements giving the degree of each vertex of b; in relation to the partial solution, the
second |b;| giving which vertex each degree-1 vertex is connected with (if any) and the last
value giving the number of endpoints not contained in b;.

Our algorithm is standard dynamic programming on tree decompositions: we process the
tree in a bottom-up fashion, and for each node ¢ € V(T) compute — using the values previously
computed for the node’s children — a list of partial solutions, grouped by characteristic,
storing only the maximum weight partial solution for each. To simplify our algorithm, we
preprocess the tree decomposition into a nice tree decomposition [4]. We also implemented the
rank-based approach [3] to further reduce the number of equivalence classes by recognizing
that certain connectivity partitions of degree-1 vertices are equivalent.

This is very similar to the algorithm for Hamiltonian Cycle evaluated in [29] (to which
we refer for more details), though modified slightly since we do not need to visit all vertices
or connect the endpoints of a path into a cycle.
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3.2 Rounding

As a final step, the LP solution needs to be rounded to a solution for the MILP. Since the
binary decision variables x, for all £ € £ were removed during relaxation, they must now be
set to obtain a feasible solution to the MILP. Hereby, the solution frequencies for the lines f,
and paths y, of the LP are substituted into the objective function for the MILP. If f, > 0
then x; is set to 1, otherwise x; is set to 0. As the cost per line changes from Z%L cZOtalfg
10 Y yep @+ Y e p €87 fo, it is likely that the solution can be improved by omitting some
low-frequency lines.

We use two approaches for heuristic rounding. First, we follow the greedy process of
Borndérfer et al. [5], which starts with the full line pool and removes lines one by one to
obtain a new solution. This is achieved by setting the capacity coefficient k; of the line
with the lowest non-zero frequency to 0, and solving the pricing problem for the passenger
paths again. This is repeated as long as the MILP cost is not increasing. The last result is
then the final solution. We will refer to this rounding method as “Frequency-Based Greedy
Rounding” (FB).

The number of lines generated when solving the LP relaxation is usually far larger than
the number of lines that end up in the final solution (generated by FB rounding). However, a
lot of time is consumed by re-solving the LP each time a line is removed during FB rounding.
We observed that, in practice, the lines which end up being used in the solutions are usually
generated fairly early on during the column generation process.

This observation leads to an alternative approach. Here, we start with an empty line
pool, i.e., set the capacity kg of all lines £ to zero, and add them one by one in the order they
were created during the column generation, i.e., set k¢ to the original value, as long as the
respective MILP cost is decreasing. We will refer to this rounding method as “Generation-
Order Greedy Rounding” (GO). This method has the advantage that no additional runtime
is needed when executed in parallel to the regular column generation.

Finally, we compare the results of the two heuristic rounding methods with those obtained
by solving the MILP restricted to the line pool £ produced by column generation for the LP
relaxation. We distinguish between two different line pools: “Converged MILP” (CO MILP)
uses all lines of the optimal solution to the LP relaxation. The second method, “Early Stop
MILP” (ES MILP) uses a line pool containing only those lines that would have been used by
“Generation-Order Greedy Rounding” (GO). For the biggest instances, running the column
generation to completion is not possible within a reasonable amount of time. Similarly to the
situation with GO vs. FB rounding, lines generated late are usually not used in the solution.
Therefore, ES MILP rounding allows us to save significant computation time without a large
decrease in solution quality.

4 Experiments

We run experiments on two types of graphs, concentric ring graphs and real-world examples,
and investigate three different topics in our experiments. First, we compare the runtime and
costs of our approach, which we refer to as TREEWIDTH COLUMN GENERATION (TWCG),
against TW-LINES by Heinrich et al. [17, 1]. Second, we compare the runtime and solution
quality of TWCG against CoLOR CODING (CC) (as used by Borndorfer et al. [5]) for
the pricing problem in line planning. Finally, we compare the quality of the four different
rounding methods.
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4.1 Experiment parameters

If not stated otherwise, we use the following parameter values: fixed costs per line cg‘x = 10,000,

var

operational costs for an edge cY

transport demand M = 10%, travel demand between ds; = 50 for all vertex pairs (s,t).
We use a time limit of 30 minutes wall time, after which rounding is started and we allow
the MILP solver to run for an additional 15 minutes. The time limit was only reached for
instances with treewidth 9 or instances with very many vertices. Since the final line used
is typically found within the first few minutes, the time limit primarily affects how many
ultimately disused columns were generated, without affecting the final solution quality.
The transport capacity k¢ and the maximum edge frequency F' are instance-dependent
and are created similarly to [17] to help comparability: We set x, = (|V| — 1)? for all lines £.
To set F', we compute first the shortest paths between each pair of vertices s,f. We then
count the number of passengers who would traverse each edge, assuming each passenger

= 100, transport time 7, = 1, penalty value for unfulfilled

travels from their origin to their destination over the shortest path. The maximum edge
frequency F'is then the maximum resulting value divided by kg, i.e., let sp, ; be the shortest
path between v, and v, and let d, = Z{(S7t):a63pw} ds,¢, then F' = max,ca :e(a)ee i—‘z. The
line cost estimation in the LP relaxation will be closer to the MILP cost if the frequency
of a line f; is close to the maximum frequency F', as in the LP relaxation, the line cost is
estimated as c}"tal = C?X J/F + ¢;**. In practice, to solve the LPP using a relaxation-based
approach, one would have to come up with reasonable estimates of the maximum frequency
per line so that the integrality gap does not become too large. Our choice of F' guarantees a
demand-fulfilling solution while keeping the gap reasonably small.

To determine the value of A for different instances, we let the experiment run twice: Once
with A = 0.5, after which we calculate the A\ value that would equalize travel and operating
costs of the LP solution and we run the experiment with that .

All experiments were conducted using an Intel Core i7-11800H processor at 2.30 GHz,
12 GiB RAM running Windows 11. Our implementation was written in Java and executed
using OpenJDK Runtime Environment 22.0.1 [21]. We used OR-Tools version 9.8.3296 [22]
together with Gurobi version 10.0.2 [15]. Although Gurobi 12.0.1 was available, OR-~Tools
did not yet support it when the experiments were conducted. For comparison, we used the
authors’ original C++ implementation of Heinrich’s algorithm Tw-LINES [1], which we ran
with Gurobi 12.0.1. In order to speed up our experiments, we parallelized the COLOR CODING
algorithm over the possible different starting points. Furthermore, we also parallelized the
join operator of TWCG over the entries of one of the tables being joined. Every tree
decomposition was created using Jdrasil 0.4dev [2], which is the same solver Heinrich et
al. [17] use. We do not report the time of computing a tree decomposition separately, as even
for the largest instances this only takes a few seconds. For this reason, we did not explore
other solvers.

4.2 Instances

Next, we introduce the two types of graphs on which we conduct our experiments: concentric
ring graphs and two real-world examples.

The first type of graph in our experiments is concentric ring graphs, as used in the
experiments of Heinrich et al. [17]. The concentric ring graph consists of r concentric cycle
graphs Cjs, each with s vertices, and one extra “hub” vertex. All vertices of the first cycle
graph are connected to the central hub and form a wheel graph with s spokes. Each vertex
in each cycle graph is then connected to the corresponding vertex in the previous and next
cycle graph. In total, we solve 32 instances with between 3 and 9 spokes and treewidth
ranging from 3 to 9.
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We also experiment on two graphs modeling real-world examples, namely the Munich
S-Bahn and subway network and the Japanese national rail network.
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Figure 1 Munich S-Bahn and subway net- Figure 2 Train network of Japan.
work. |V| =251, |E| = 249, tw = 4. Transfer V| =694, |E| =830, tw =T1.

edges in red.

The Munich network consists of 251 vertices, 249 regular edges, 14 transfer edges, and
has treewidth 4, as shown in Figure 1. We obtained the network by tracing publicly available
maps [20]. As it utilizes two transportation modes, we employ a disconnected graph for
line planning and additionally use 14 special transfer edges for path planning, an approach
also used by [5]. These edges have infinite capacity and zero cost. We chose Munich as a
medium-sized case to show that several transportation modes are possible. Furthermore, the
Munich graph cannot be handled by the original simplification step proposed by Borndorfer
et al. [5], which iteratively removes degree-2 vertices and leaves. In the case of the Munich
S-Bahn without the subway, the resulting graph would no longer be a realistic model of the
network, as the simplification would remove substantial portions of the network.

The final case is the Japanese rail network, which consists of 995 vertices and 1,131
edges [23]. We are using ds; € {1,2,3,4,5} chosen uniformly at random for all (s,t) €
V x V. To reduce computation time, we contract the common edge between neighboring
vertices of degree 2 and adjust the demand matrix accordingly (this is a slightly less aggressive
preprocessing than the one used by Borndérfer et al. [5]). The contracted graph (see Figure 2)
has 694 vertices and 830 edges, and treewidth 7.

For the Japanese network, the bottleneck is not solving the pricing problem but rather
solving the LP relaxation. Using the full demand matrix results in a large number of
constraints, since its size is quadratic in the number of vertices. Therefore, we reduce the size
of the demand matrix and zero out all the columns except for 30. This could be interpreted
as a rush hour where passengers commute into several key cities from all over the country,
which may be a more realistic scenario than one in which we have equal demand between all
pairs of stations. Additionally, we set x;, = 1,320, the approximate transport capacity of a
Shinkansen train, and F' = 18. This happens to equal the actual maximum frequency of the
Shinkansen, but the fact that this yields a feasible solution with our demand matrix (which
does not include realistic demands) is a coincidence. To account for the larger instance
size, we increase the running time before rounding starts to 60 minutes and use “Early Stop
MILP”, as explained in Section 3.2, as the rounding method.
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4.3 Comparison against TW-LINES

We compare TWCG against Heinrich et al’s TW-LINES [17] treewidth-based algorithm on
concentric ring graphs. The problem (LPAL) solved by TW-LINES is substantially different
from the LPP problem: It does not concern itself with passenger paths (and instead, takes
as input a travel demand per edge) and it does not incorporate a per-line fixed cost, which
makes it a much simpler problem than LPP, but it does constrain line frequencies to be
integer rather than continuous (which makes this aspect harder than LPP). This makes
it difficult to compare TW-LINES and our TWCG, but since TW-LINES is the only other
approach to a line planning problem using treewidth, we decided to include this benchmark.

Due to these differences, we have to adjust our LP formulation. Since passenger paths
are no longer part of the problem, we add, for each OD-pair, the shortest path to the LP
as a column and prohibit adding additional paths. Furthermore, we set A = 1 (to take
travel costs out of the equation). Instead of a per-line fixed cost, LPAL uses a frequency-
dependent fixed cost. Since in the LP relaxation of LPP, the per-line fixed cost turns into a
frequency-dependent cost, we can make these parameters equal.

After the LP relaxation is solved and no further line columns can be added, we solve an
ILP version of the LP, i.e., all line variables are set to integer instead of continuous. Note
that LPAL also features a maximum frequency per line, which would make solving this ILP
infeasible, but our F' is large enough to avoid this scenario.

The results of these experiments are shown in Table 1. As expected, their solution (as
they solve to optimality instead of dealing with an ILP relaxation), is better in almost every
case — with the exception of some cases (the two cases with treewidth 5 and 8 or 10 rings)
where their ILP solver runs out of time before finding an optimal solution.

In the worst case, our solution was 23.6% more expensive for 5 spokes and 5 rings, while
in the best case, we achieved 12.79% lower cost for 5 spokes and 8 rings. On average, our
solutions were 8.3% worse, with a median of 8.0%.

When comparing runtimes, we observe that our algorithm runs faster on every ring graph
instance except the smallest. The largest instances took TWCG 40 seconds, with many
being below 10 seconds. For example, TWCG solves 3 spokes and 20 rings in 35.1 seconds,
4 spokes and 7 rings in 4.3 seconds, and 5 spokes and 5 rings in 2.6 seconds, while TW-LINES
uses the full 30 minutes for each of these instances and finishes with IP gaps of 2%, 0.5%,
and 0.6%, respectively.

The most complex instances where TW-LINES managed to provide a solution were for 5
spokes and 8 rings, and for 5 spokes and 10 rings. However, those had larger IP gaps of
12.8% and 16.6%, respectively. TW-LINES did not manage to solve the smallest treewidth
6 instance with 5 rings. In contrast, our approach can handle (within the 30-minute time
limit) instances with treewidth up to 9.

Heinrich et al. [17] report average improvements of 36% over heuristic line pool generation
n [14]. Considering that our solutions were only on average 8.3% worse than Heinrich et
al’s, TWCG appears to perform decently as a heuristic for LPAL (a problem it was not
initially designed for).

4.4 Comparison against COLOR CODING on ring graphs

Next, we compare the solution quality of TWCG and COLOR CODING on concentric ring
graphs. We solve instances with treewidth up to 9, up to 9 rings, and spokes ranging from 3
to 9. For CoLOR CODING, we consider two parameter settings and report the one that yields
better results for each instance: k = 20 with 50 iterations and k = 25 with 20 iterations.
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Table 1 Comparing TW-LINES by Heinrich et al. and TREEWIDTH COLUMN GENERATION (TWCG)
on ring graphs. Left: description of the instances where s, r, tw, and n denote the number of spokes,
rings, treewidth, and number of stations. Middle: the TWCG solution — number of lines, total
cost, average frequency, average line length, and runtime. Right: the same metrics for the TW-LINES
solution, and the IP gap.

Input TWCG TW-LINES
s r tw n no.l cost avg. freq avg. len. time (s) mo. ! cost avg. freq avg. len. time (s) IP gap
3 5 3 16 7 17,560 1 12.286 0.849 7 17,060 1 11.571 0.382 0
3 10 3 31 6 23,180 1 25.833 2.818 6 21,680 1 23.333 58.872 0
3 15 3 46 6 29,980 1 37.167 8.680 6 28,280 1 34.333 964.664 0
3 20 3 61 6 37,780 1 50.167 35.109 6 35,180 1 45.833  1,803.808 0.020
4 5 4 21 7 19,760 1 15.429 1.230 6 17,280 1 16 44.413 0
4 7 4 29 6 21,680 1 23.333 4.333 6 19,380 1 19.500 1,801.615 0.005
4 10 4 41 6 27,380 1 32.833 7.619 6 24,280 1 27.667 1,802.223 0.043
4 12 4 49 6 30,180 1 37.500 18.093 5 25,300 1 37.800 1,803.261 0.040
5 3 5 16 8 18,140 1 9.875 0.483 8 17,240 1 8.750 19.606 0
5 4 5 21 8 20,340 1 12.625 1.598 8 18,740 1 10.625 133.323 0
5 5 5 26 6 19,780 1 20.167 2.593 5 16,000 1 19.200 1,816.643 0.006
5 6 5 31 6 21,780 1 23.500 4.742 5 18,000 1 23.200 1,820.557 0.006
5 8 5 41 6 34,060 1 31.167 22.952 6 39,057 1 27  1,828.562 0.128
5 10 5 51 5 34,900 1 44.200 39.919 5 38,831 1 39.200 1,837.041 0.166
6 5 6 31 7 23,560 1 20.857 15.864 - - 1,830 -

As shown in Table 2, TWCG outperforms the COLOR CODING pricing method on ring
graphs in 17 of the 21 examples. This is primarily because longer lines are possible. For
example, on an instance with 65 vertices and treewidth of 8, TWCG has an LP cost of 45,248
with 96 active lines and a MILP cost of 90,747 with 4 active lines, while COLOR CODING

has an LP cost of 58,441 with 8 active lines and a MILP cost of 112,762 with 6 active lines.

For the most complex instance with 9 rings and 9 spokes and treewidth 9, TWCG has an
LP cost of 53,045 with 21 active lines and a MILP cost of 105,208 with 5 active lines, while
CoLOR CODING has an LP cost of 61,460 with 15 active lines and a MILP cost of 141,501
with 8 active lines.

As expected, the difference increases as the graph grows. Since the maximum line length
for COLOR CODING is limited to 20 or 25, respectively, it incurs higher fixed costs because it
must cover long paths with many short lines. Furthermore, in larger instances, relatively

few lines are generated for COLOR CODING, as the runtime for generating them increases.

CoLoR CODING works better with more colors k£ on the smaller instances, but on the largest
instances with 73 and 82 stations, the setting with & = 20 outperformed k& = 25 because
more lines could be generated.

4.5 Running times

Next, we investigate the runtime of TWCG and COLOR CODING on the same concentric
ring graphs, with treewidth up to 9 and at most 82 stations. Table 3 shows the comparison
of runtime between the different instances. In all instances, it took less than 1 second to
price the transportation paths, which is negligible.

For treewidth up to 6, pricing the lines with TWCG is practically instantaneous: 11
seconds for treewidth 6 and 37 vertices. For instances with treewidth 7, the runtime still
remained reasonable at below 2 minutes. For treewidth 8 and 57 stations, TWCG took 19
minutes to price all lines. For all instances with higher treewidth, it was no longer possible
to generate all columns and solve the LP relaxation to optimality within our time limit.
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Table 2 Ring graph comparison between TWCG and CoLOR CODING (CC). The left block
describes the instances, where s, r, tw, n are the number of spokes, rings, treewidth, and number
of vertices. The middle block compares the number of lines and cost between TWCG and COLOR
CoODING in the LP relaxation. The right block compares the MILP solution. Additionally, the
number of colors k and the number of iterations iter. are stated.

Input LP MILP
s r tw n TWCG no.l cost CC no. ! cost TWCG no. [ cost CC no. ! cost k  dter.
3 1 3 4 2 1,160 2 1,160 2 1,351 2 1,351 25 20
3 2 37 8 4,418 5 4,418 3 6,219 2 6,195 25 20
3 3 3 10 8 9,612 7 9,612 2 15,450 2 15,702 25 20
4 2 4 9 6 7,906 6 7,906 3 12,166 2 12,206 20 50
4 3 4 13 11 13,646 14 13,646 3 22,625 2 22,302 25 20
4 4 4 17 23 19,487 26 19,344 2 31,389 2 31,821 20 50
5 3 5 16 25 16,390 20 16,425 4 29,733 2 28,323 25 20
5 4 5 21 33 22,395 34 22,355 2 37,964 2 38,493 25 20
5 5 5 26 37 27,003 35 27,061 2 46,290 2 49,874 25 20
6 4 6 25 40 23,874 41 24,117 2 44,152 3 48,651 25 20
6 5 6 31 49 27,778 43 28,403 3 53,758 3 59,476 25 20
6 6 6 37 66 34,174 40 34,625 4 65,071 4 70,300 25 20
75 7 36 54 30,619 38 31,100 3 55,827 4 66,072 25 20
7 6 7 43 72 34,354 30 35,671 3 63,850 4 78,186 25 20
T 7 7 50 84 39,559 19 43,685 4 75,337 4 88973 25 20
8 6 8 49 90 36,820 19 38,058 3 75,883 5 89,969 25 20
8 7 8 57 97 42,094 12 46,469 4 85,276 5 101,027 25 20
8 8 8 65 96 45,248 8 58,441 4 90,747 6 112,762 25 20
9 7 9 64 62 44,084 8 53,577 5 90,570 6 111,923 25 20
9 8 9 73 20 46,995 19 51,361 3 92,354 7 124,643 20 50
9 9 9 82 21 53,045 15 61,460 5 105,208 8 141,501 20 50

CoLOR CODING already reaches the 30-minute limit with treewidth 6 and 31 stations.
All instances larger than that reached the threshold of 30 minutes, due to the time it takes
to generate the lines. It would be possible to run the same experiments with fewer colors.
We tried k£ = 12 colors as well, but then the solution quality is worse. It is better to have
fewer high-quality lines in the pool than many small ones.

However, recall that COLOR CODING is not guaranteed to find the optimal solution for the
longest paths, and the quality of the solution depends on the number of colors and number
of iterations (relative to the instance size). However, since we keep these parameters fixed,
this means that the quality of the solution found by COLOR CODING is decreasing — if we
wanted to keep the quality of the solution comparable, we should increase both parameters
of CoLOR CODING with the size of the graph, but doing so is infeasible. As CoLOR CODING
generated fewer lines, the time for solving the MILP was less than 2 minutes, even in the
worst instance with treewidth 6 and 31 stations.

A treewidth of 9 is the maximum treewidth the algorithm can solve within the 30-minute
time limit. The join operator becomes the bottleneck, since it may have to combine every
subsolution of the first solution set with many of the second solution set. Depending on the
structure of the tree decomposition, the running time can change drastically (affected by,
e.g., whether a join node is at the root of the tree decomposition). Unfortunately, the Jdrasil
solver is nondeterministic and generates a new decomposition each run. For the treewidth-9
instances, we selected a decomposition for our experiments that gave a fast running time.

We observed that generating many lines is not necessarily advantageous for the MILP
rounding due to time constraints. Furthermore, we often noticed that the final lines were
generated early in the algorithm. If we stop early and use “Generation-Order Greedy
Rounding” or “Early Stop MILP” as explained in Section 3.2, we can still solve the biggest
instance within 6 minutes.
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Table 3 Comparison of the runtime on ring graphs of the different algorithmic components. The
left block describes the instances, where s, r, tw, n are the number of spokes, rings, treewidth, and

number of vertices. The middle block gives the results for TWCG, the right block those for CC.

Shown are the number of iterations, the cumulative time for pricing the paths and lines, for solving
the linear program (LP), and for solving the mixed integer linear program (MILP).

Input TWCG ccC
s r tw n iterations tlines ¢ paths ¢ Ipsolve ¢ MILP solve ¢ total iterations tlines ¢ paths tlpsolve ¢ MILP solve ¢ total
3 1 3 4 14 0.037 0.009 0.048 0.005 0 16 0.119 0.003 0.046 0.006 0
3 2 37 26 0.022 0.007 0.093 0.024 0 30 0.203 0.004 0.093 0.033 0
3 3 3 10 40 0.071 0.012 0.139 0.162 0 38 0.763 0.005 0.222 0.177 1
4 2 4 9 20 0.016 0.003 0.106 0.032 0 16 0.219 0.002 0.089 0.022 0
4 3 4 13 36 0.129 0.008 0.275 0.338 1 48 2.859 0.007 0.274 0.494 4
4 4 4 17 72 0.147 0.012 0.523 1.492 2 108 16.699 0.009 0.539 1.607 19
5 3 5 16 82 0.345 0.011 0.492 1.102 2 140 20.327 0.007 0.657 1.198 22
5 4 5 21 86 1.134 0.019 0.734 1.756 4 118 86.846 0.020 0.963 2.303 90
5 5 5 26 116 1.334 0.030 1.438 18.922 22 282 676.806 0.090 3.552 10.600 691
6 4 6 25 98 4.914 0.027 1.329 9.308 16 224 463.672 0.064 2.663 76.640 543
6 5 6 31 130 5.827 0.058 2.761 18.910 28 252 1,808.483 0.122 5.158 105.383 1,920
6 6 6 37 180 11.212 0.138 4.556 257.973 274 120 1,805.300 0.100 4.689 10.331 1,821
7 5 7 36 146 44.331 0.093 3.999 64.125 113 124 1,815.915 0.092 4.871 27.963 1,849
76 743 208 100.625 0.189 7.839 403.585 513 64 1,843.678 0.084 4.449 5.225 1,854
77 7 50 252 110.525 0.349 19.354 900.100 1,031 38  1,852.437 0.099 8.412 40.648 1,902
8 6 8 49 294 1,023.991 0.396 11.819 267.337 1,304 38 1,821.465 0.078 4.385 14.908 1,841
8 7 8 57 368 1,142.769 0.719 22.448 900.098 2,067 24 1,883.243 0.094 6.436 4.662 1,895
8 8 8 65 324 1,788.235 0.888 36.869 900.150 2,728 16 1,843.733 0.096 3.007 0.827 1,848
9 7 9 64 184 1,790.911 0.550 27.985 115.887 1,936 16 1,856.004 0.091 5.362 1.607 1,863
9 8 9 73 40 1,824.380 0.227 18.971 2.308 1,849 38 1,841.109 0.223 21.888 7.818 1,872
9 9 9 82 42 1,882.879 0.419 12.164 3.809 1,901 30 1,929.489 0.273 17.502 13.083 1,961

4.6 Rounding analysis

Next, we compare the four rounding methods and investigate the effect of the line pool size
on the quality of the MILP solution. We observed that the lines that are used in the final
MILP solution are usually generated very early on in the solving process, and that most of
the time towards the end is spent generating lines that do not end up being used.

In this comparison, we examine how often it is preferable to use Generation-Order Greedy
Rounding rather than Frequency-Based Greedy Rounding. Furthermore, we compare the
effect of a limited line pool of “Early Stop MILP” against the fully generated line pool of
“Converged MILP”. In total, we run the problem set on the ring graphs three times: once for
GO and ES MILP, once for FB, and once for CO MILP.

Table 4 compares the line selection criteria and the total runtime. When using TWCG,
Generation-Order Greedy Rounding yields a better solution in 15 out of 21 instances. This
provides evidence that, if processing time is a factor, it is possible to stop early. If the
objective value of the MILP solution increases after adding a line and path set, we can
remove the last line and stop.

Comparing GO against ES MILP, they appear to yield very similar solution values. The
biggest difference has been observed with 9 spokes and 7 rings, resulting in a cost of 0.944
using GO, compared to 0.943 with ES MILP. This is surprising, given that GO naively rounds
the LP relaxation, whereas ES MILP recalculates the MILP. However, since the runtime
barely increases when moving from GO to ES MILP — at most 4 seconds on the instance
with 9 spokes and 9 rings — it is always sensible to run ES MILP as well.

Using GO instead of FB, we have an average improvement of 13.7%, with the biggest
improvement being 44% for 8 spokes and 7 rings, with a cost reduction from 1.501 to 0.838.
The biggest worsening of 9.4% for 6 spokes and 4 rings would lead to a cost increase from
0.449 to 0.491. This, combined with a runtime speed-up by a factor of 10 to 20, makes GO
the preferable method over FB.
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The cost of the two MILP rounding methods is usually very close to each other. In some
cases, the ES MILP actually finds a very slightly better solution. This is (again) due to
nondeterminism in the tree decomposition generation. Even though the CO MILP solves the
LP relaxation to optimality, it may end up with a different set of lines that behave differently
during the rounding phase.

Furthermore, the larger line pool will sometimes cause the CO MILP to run out of time,
as is the case with 8 spokes and 7 or 8 rings. If running CO MILP instead of ES MILP, the
biggest improvement is 13.3%, with 9 spokes and 9 rings, from 1.021 to 0.886, while the
lowest “improvement” is -20%, with an average improvement of 0.5%. For instances with
more than 5 rings, we achieve, on average, about 20x faster runtime when using ES MILP.
In the largest instances, this is no longer visible because the CO MILP runs out of time
during column generation.

Overall, CO MILP gives the best solutions at the cost of a significantly increased runtime.
As the average gap is only 0.5%, this experiment justifies the decision to use ES MILP for
the Japan network and to stop early.

Table 4 Comparison of heuristic and MILP rounding. The left block describes the instances
in which s and r denote the number of spokes and rings of the circular city. The second block
shows “Generation-Order Greedy Rounding” (GO) with its runtime in seconds, number of lines,
and cost. The following blocks show the respective values for “Early Stop MILP” (ES MILP),
“Frequency-Based Greedy Rounding” (FB), and “Converged MILP” (CO MILP).

Input GO ES MILP FB CO MILP

s T t | costx10® t 1 costx10° t I costx10° t | costx10®
3 1 0.1 2 0.014 0.1 2 0.014 0.8 2 0.014 1.5 2 0.014
3 2 0.1 2 0.065 0.2 2 0.065 0.2 3 0.076 02 3 0.075
3 3 0.1 2 0.166 0.2 2 0.166 0.3 3 0.195 0.5 3 0.186
4 2 0.1 2 0.125 0.1 2 0.125 0.2 2 0.123 02 3 0.150
4 3 0.1 2 0.250 02 2 0.249 0.5 2 0.244 05 2 0.231
4 4 0.1 2 0.358 0.3 2 0.358 0.8 2 0.345 09 2 0.325
5 3 0.1 2 0.318 0.3 2 0.318 0.9 3 0.339 1.5 2 0.301
5 4 04 2 0.373 0.7 2 0.373 2.0 2 0.426 1.5 2 0.378
5 5 0.3 2 0.514 0.7 2 0.514 2.9 3 0.525 2.8 2 0.448
6 4 06 2 0.491 07 2 0.491 6.4 2 0.449 82 2 0.440
6 5 04 2 0.502 0.8 2 0.502 8.8 4 0.654 125 3 0.550
6 6 1.0 3 0.639 1.7 3 0.639 16.2 4 0.737 8.0 3 0.633
7 5 44 3 0.617 50 3 0.617 48.6 4 0.713 474 3 0.613
7 6 58 4 0.747 6.3 4 0.746 109.0 3 0.708 126.7 3 0.708
77 85 3 0.779 9.2 3 0.779 130.7 7 1.093 1048.1 3 0.817
8 6 46.2 3 0.756 472 3 0.756  1037.0 8 1.168 1231.0 3 0.690
8 7 484 4 0.838 50.2 4 0.838 1166.9 11 1.501 2701.5 3 0.847
8 8 68.0 4 0.896 69.6 4 0.895 1827.5 8 1.340 27059 4 0.905
9 7 84.6 4 0.944 871 4 0.943 1820.3 9 1.390 1839.2 4 0.906
9 8 4871 4 0.938 489.8 4 0.937 1846.3 7 1.426 1850.6 5 0.960
9 9 3542 4 1.021 358.1 4 1.021 1897.3 4 1.053 1917.1 3 0.886

4.7 Comparison against COLOR CODING on Real-life networks

Next, we discuss the real-world examples: the Munich S-Bahn and subway network and the
Japanese railway network. Table 5 shows details on the solution quality for both locations.



M. Niebisch and T. C. van der Zanden

Table 5 Comparisons of the solutions of Munich and Japan with CC and TWCG. Top-left: the
network size (|V|, |E|) and the transport demand (3 ds). Top-right: LP cost, MILP cost, travel
cost, and operating cost. Bottom left: the number of active lines, the average frequency, and the
average length of the lines. Bottom right: the cumulative time to price the lines and paths, the
cumulative time to solve the LPs, and the time to solve the MILP.

Instance Network Costs
Place Method |V| |E| Ydst LP MILP  costiraver coStyar
Japan CC 694 830 74,672 366,327 1,467,452 97,540 1,369,913
Japan TWCG 694 830 74,672 338,468 776,061 96,705 679,356
Munich CC 251 249 3,137,500 184,819 361,748 137,564 224,183

Munich TWCG 251 249 3,137,500 184,840 333,373 139,013 194,360

Instance Solution Structure Time (s)
Place Method act. Lines f avg. len. lines paths LP solve MILP solve
Japan CcC 116  1.643 12.103 1,852 715 1,405 900
Japan TWCG 46 0.349 121.370 16 206 2,331 18
Munich CcC 16 1.885 20.688 644 T 1,767 900
Munich TWCG 13 1.543 27.231 1 61 1,310 197

In the Munich case, we use k = 70 colors and 20 iterations for COLOR CODING. In theory,
using such a large number of colors should be infeasible; however, as our implementation is
“positive-instance driven” (i.e., we do not enumerate infeasible entries of the DP table), it
turns out to be feasible to use a large number of colors, as the very simple structure of the
Munich network keeps the number of feasible solutions bounded.

The algorithm achieved an LP cost of 184,819; the travel cost is 137,564 and the operating
cost is 224,183, yielding an MILP cost of 361,748. The solution has 16 active lines with an
average frequency of 1.885 and an average length of 20.688. The time spent on finding the
lines and paths, and on solving the LP relaxation and the MILP, is 644, 77, 1,767, and 900
seconds, respectively. The MILP timed out after 15 minutes; the MILP gap is 2.3%.

Using TWCG, we get an LP cost of 184,840; the travel cost is 139,013, and the operating
cost is 194,360, yielding an MILP cost of 333,373. This results in a 7.8% reduction in MILP
cost compared to COLOR CODING. The solution has 13 active lines with an average frequency
of 1.543 and an average length of 27.231. The time spent on finding the lines and paths, and
on solving the LP relaxation and the MILP, is 1, 61, 1,310, and 197 seconds, respectively.

Next, we compare the solutions for the Japanese network. Using COLOR CODING with
k = 20 colors and 20 iterations, an LP cost of 366,327 is achieved. The travel cost is 97,540
and the operating cost is 1,369,913, yielding an MILP cost of 1,467,452. The solution has
116 active lines with average frequency 1.643 and average length 12.103. Time spent on
pricing the lines, paths, and solving the LP relaxation and MILP is 1,852, 715, 1,405, and
900 seconds, respectively. The MILP timed out after 15 minutes; the MILP gap is 2.0%.

Using TWCG, the LP cost is 338,468; the travel cost is 96,705, and the operating cost is
679,356, yielding an MILP cost of 776,061. This results in a 47.1% reduction in MILP cost
compared to COLOR CODING. The solution has 46 active lines with an average frequency of
0.349 and an average length of 121.370. The time spent on finding the lines and paths, and
on solving the LP relaxation and the MILP, is 16, 206, 2,331, and 18 seconds, respectively.
We observe that the bottleneck is the LP solver, as we spend only 16 seconds solving the
pricing problem in the Japan case, but 39 minutes solving the LP relaxation with Gurobi.
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The large difference between LP and MILP costs is because the average frequency is
smaller than F', and consequently, the fixed costs are underestimated in the LP relaxation.
In practice, this could be improved by tightening the estimate of F'.

Using TWCG, we obtain average line lengths of 27.2 and 121.4 for Munich and Japan,
respectively. Even if one were to use more colors for COLOR CODING, it is (due to its
exponential behavior) impractical to use anywhere near that many colors. Munich allowed us
to use many colors, but this is due to the very low average degree. We also see the advantage
of TWCG in finding the lines. In the Japan case, with 694 stations, COLOR CODING accounts
for over a third of the time spent searching for the lines, whereas using TWCG reduces
the time to 16 seconds in total. Also, the solution quality showed the largest differences
in real-world scenarios, with a 47.1% improvement in Japan and a 7.8% improvement in
Munich. It is also notable that the LP costs in Munich are nearly identical; in the Japan
case, however, there is a difference of 7.6%. The latter is due to early termination.

5 Conclusion

We have shown that column generation for the Line Planning Problem can be performed
effectively by using treewidth-based dynamic programming for the pricing problem. We
compared runtime, costs, and rounding methods for concentric ring graphs, the Munich
S-Bahn and subway network, and the Japanese railway network. We improve on existing
methods by solving bigger instances with higher treewidth and by improving solution quality.
Furthermore, we improve on greedy rounding by introducing an alternative selection criterion,
which also reduces runtime.

We can solve instances with treewidth up to 9. For treewidth up to 7, the time required
to price lines is comparably negligible, as shown by the example of Japan. The computational
bottleneck for networks with a large number of vertices is the LP solver. The bottleneck for
solving instances with larger treewidth is the join operator. Switching to path decompositions,
or using tree decompositions which have been optimized for a measure of DP “cost” rather
than width, could be beneficial. However, unlike for treewidth, there is currently a lack of
good pathwidth (or treecost) solvers.

Interestingly, Ziobro and Pilipczuk [29] report in their experimental evaluation of
treewidth-based dynamic programming for Hamiltonian Cycle that they are able to solve some
instances with treewidth up to 29 (even with the “naive” algorithm without the rank-based
approach). This may seem like a large gap compared to our results, which are for a very
similar algorithm. However, it is likely that these instances have a structure that limits
the number of partial solutions considered to far below the worst-case bound. Even though
Longest Path and Hamiltonian Cycle may seem like similar problems, in Hamiltonian Cycle,
many partial solutions can likely be discarded early, since failing to visit even one vertex
renders the solution infeasible immediately. In contrast, a partial solution for Longest Path
cannot be excluded just because it skips one vertex.

TREEWIDTH COLUMN GENERATION outperforms COLOR CODING because it selects
longer, more effective lines while using fewer lines. This is particularly evident in real-world
examples. TWCG is faster for Munich and Japan. Depending on the parameter choices,
CoLoR CODING can still be faster, but this results in shorter lines and a worse solution.
Both heuristic and MILP-based rounding achieve significant time savings by terminating the
column generation early. Our experiments show that this generally still results in good-quality
solutions.
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Compared to Heinrich et al’s TW-LINES [17], we are able to handle larger networks with
higher treewidth. However, it is difficult to fairly compare the two methods: Heinrich et
al. solve a different problem without fixed costs per line and without passenger routing,

but with integer frequencies, and solve to optimality rather than rounding an LP relaxation.

Although directly using treewidth-based FPT algorithms to holistically solve line planning
problems as Heinrich et al. do can provide superior (i.e., provably optimal) solutions, this
is limited to cases which happen to admit FPT algorithms. Even then, the complexity of
the resulting treewidth DP formulation can severely limit the values of treewidth for which
such an approach is feasible. In contrast, our approach, which uses treewidth techniques
combined with column generation, allows us to exploit bounded treewidth where it is most
advantageous and use it to solve more complicated problems.
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Algorithmics for Safe Bicycle Network Design with
Bounded Detours in Rural Areas

Till Fluschnik &=

Department of Computer Science, Algorithm Engineering Group, Humboldt-Universitat zu Berlin,
Germany

—— Abstract

We introduce the Safe Bicycle Network with Bounded Detours (SBNBD) problem, a network-design
problem motivated by the upgrade of rural road networks for bicycle traffic. Given an undirected
graph whose edges have length and are classified as safe or unsafe with unsafe edges carrying upgrade
costs, a set of terminal pairs, an upgrade budget, and a detour factor «, the task is to upgrade
unsafe edges so that every terminal pair is connected by a safe path whose length is at most o times
its shortest-path distance in the original network.

We study the computational complexity of SBNBD from a parameterized perspective. We prove
strong NP-hardness even on highly restricted graph classes, including planar graphs of treewidth two,
graphs with feedback vertex set number one, and graphs of maximum degree three. We complement
these lower bounds with polynomial-time algorithms for trees and graphs of maximum degree two.
For parameterized complexity, we show fixed-parameter tractability for the number of unsafe edges
and prove matching lower bounds under SETH, a polynomial-kernel lower bound, and W-hardness
for natural parameters. Our main positive structural result is an algorithm that maps any instance
to an equivalent instance with O(fes + p) vertices and edges, where fes is the feedback edge number
and p is the number of terminal pairs; this yields fixed-parameter tractability for the combined
parameter fes + p.

Finally, we construct and evaluate exact ILP-based algorithms on road networks derived from
OpenStreetMap data for small German municipalities and their surrounding rural regions. The
experiments show that these networks have small treewidth upper bounds and moderate feedback
edge structure. We introduce a preprocessing routine based on the reduction algorithm for the
parameter fes + p and a heuristic cut generation based on tree decompositions. Both improve
exact solving performance, in particular for harder instances. Our results for different detour-factor
bounds show that a moderate increase in a can substantially reduce the total length of the upgraded
network, revealing practical trade-offs between upgrade budget and the maximum allowed relative
detour. Our results indicate that structural graph parameters provide a useful algorithmic lens for
safe bicycle-network design in rural areas.
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1 Introduction

Improving bicycle networks for urban and rural areas can help to reduce pollution [35], pro-
mote physical activity [37], and mitigate transport poverty [45]. Compared with urban areas,
both public transport and bicycle infrastructure are often insufficient in rural regions [46].
Since improving public transport in rural areas is often economically challenging [17] and
people use cars even for short-distance rides [2, 23], cost-effective improvement of bicycle
networks becomes a central planning task. In Germany, 54% of respondents living in rural
areas with less than 20,000 inhabitants report that they would like to use bicycles more
frequently in the future [42]. High-quality, connected cycling infrastructure could roughly
triple cycling use by 2035 (up to 45% modal share on short trips), with significant untapped
potential also in rural areas [12]. Other mobility solutions like bike-sharing for rural areas [38]
benefit from such infrastructure. Safety and bounded detour length [20, 40] are key criteria
for a network’s quality.

This paper treats the problem of cost-optimal infrastructure upgrades in a given network
to enable safe bicycle trips for specified terminal pairs with only small detours. Herein, the
network’s edges are classified either as safe or unsafe, corresponding to low- and high-stress
segments [21]. Our model is based on the bicycle network improvement problem due to
Lim et al. [32]. They optimize an aggregate objective over weighted origin-destination pairs,
while we impose hard relative detour constraints. They study the problem from an OR
perspective, while we study the problem from a computational and parameterized complexity
perspective, with a focus on graph-theoretical properties derived from the applications on
rural areas. Several models similar to ours are already studied in the scientific literature, yet
a fine-grained computational and parameterized complexity analysis seems to be missing to
date. We complement our complexity analysis with experimental algorithmics.

1.1 Our Model and Decision Problem

We model the street network as an undirected graph G with a set V' of vertices (representing
junctions or points of interest like schools) and a set E C (‘2/) of edges (representing street
segments), where the edge set E is partitioned into two sets Es and F, of safe and unsafe
edges. Each edge is equipped with a (travel) length : F — N, representing the length of or
the time needed to traverse the street segment. Moreover, each unsafe edge is equipped with
a cost ¢: B, — N, representing the cost to make it safe (e.g, by constructing a bike lane on
this street segment). For an edge subset F' C E,,, we denote by G(F') the graph G with edge
set partitioned into E, = E;U F and E], = E, \ F.

A terminal pair consists of two distinct vertices from V', representing the endpoints
of a requested bicycle trip. For two distinct vertices s,t € V, an s-t path P is a se-
quence (vg, v1, ..., ve) of distinct vertices from V' with vy = s and vy = ¢ such that {v;_1,v;} €
E for all ¢ € [¢]. The length len(P) of P is Zle O0({vi—1,v;}). With distg(s,t) we denote
the smallest length of an s-t path in G. We call path P safe if {v;_1,v;} € E; for all i € [¢],
and unsafe otherwise. We often drop the graph from the notation when it is clear from the
context. The detour factor of an s-t path P in G is len(P)/ dist(s,t) € Q>1.

» Problem 1 (Safe Bicycle Network with Bounded Detours (SBNBD)). Given a network
G = (V,E,c,0) with E = E; W E,, a set of p € N terminal pairs P = {{s;,%;} | ¢ € [p|}
from V, a budget & € Ny, and a number o € Q>1, the question is whether there is a
solution F' C E, with ¢(F) =} . c(e) <k such that for each i € [p], there is a safe s;-t;
path in G(F) of detour factor at most «.
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Figure 1 (a) Hasse diagram of our studied parameters with their complexity classification
assuming unary encoding. Number n of vertices and number m of edges are parameterized equivalent
when there are no isolated vertices. A parameter x points to another parameter y if there is a
function f such that z < f(y) holds for every instance. Thus, fixed-parameter tractability for x
transfers to y, while hardness for y transfers to z. (b) Overview of the polynomial-time solvability
(green) versus NP-hardness (red) borders for para-NP-hard parameters. (m,: number of unsafe
edges; ccy: number of components in the graph induced by all unsafe edges; mcc,: size of the largest
component in the graph induced by all unsafe edges.)

1.2 OQOur Contributions

Our contributions are two-fold. First, we provide a computational and parameterized
complexity analysis for SBNBD. Second, we study exact ILP-based algorithms experimentally,
focusing on the impact of reduction rules and treewidth-based cut generation.

Computational and parameterized complexity. Figure 1 arranges our complexity-theoretic
results. We prove that SBNBD is NP-hard in very restricted settings, such as vertex cover
number two, or treewidth two and maximum degree three. Each of our para-NP-hardness
results is tight in the sense that the next smaller parameter value leads to polynomial-time
solvability. We prove W[1]-hardness when parameterized by the number of terminal pairs
combined with the budget. For binary-encoded edge lengths and costs, we prove NP-hardness
already for one terminal pair. Finally, we show several reduction rules that transform any
instance to an equivalent instance whose combinatorial size is linear in the number of terminal
pairs and the feedback edge number, i.e., the size of a minimum feedback edge set. These
reduction rules are also effective as preprocessing in our experiments.

Experimental algorithmics. Using OpenStreetMap data, we extracted undirected road
networks for 30 German villages and their 3 km surrounding rural areas. These villages were
selected from a ranking of over 400 German villages according to their perceived bicycle
friendliness. For these networks, we then computed the maximum degree, the size of a
minimum feedback edge set, small upper bounds on the treewidth, and checked for planarity.
Our main findings are that these networks have small maximum degree < 5, small treewidth
upper bound < 14, and roughly 20% of the edges suffice on average as a feedback edge set.
We tested a plain ILP against the ILP with preprocessing via reduction rules, with
additional cuts derived from a tree decomposition (TD), and with both. Our results are:
1. Most instances obtained for villages are solvable within seconds by each of the solvers.
2. For the larger instances, preprocessing combined with cut generation performed best.
3. The total length of upgraded unsafe edges decreases by 7.87% on average when « increases
from 1.2 to 1.3, illustrating the trade-off between allowed detours and required upgrades.
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2 Related Work

Improving bicycle networks. One line of research develops computational optimization
models for bicycle-network design and improvement. Lim et al. [32] consider weighted terminal
pairs and optimize the weighted detour penalty aggregated over each trip. They formulate
their problem as mixed integer program (MIP) and solve it via Benders decomposition on a
case-study instance. Duthie and Unnikrishnan [15] study “retrofitting” segments at minimum
cost to ensure a minimum safety level with a given bounded detour. Compared to our model,
their segments can have several safety levels and they express their length-bound through a
function of the shortest path. While structurally, their focus is on roadway quality, ours is on
parameters observed in rural areas. Mauttone et al. [34] model user route choices in a multi-
commodity-flow MIP solved heuristically, allowing routes to use segments without bicycle
infrastructure at higher cost. In contrast, we require each terminal pair to have a safe route
of bounded relative detour. Natera et al. [36] use a greedy strategy to compute missing links
to interconnect components of the bicycle network. Steinacker et al. [43] use greedy network
sparsification to design efficient urban bicycle networks, incorporating cycling demand and
route choices based on safety preferences. To the best of our knowledge, computational or
parameterized complexity analyses are missing for bicycle-network improvement problems
with infrastructure upgrades under hard detour constraints. Another line of research analyzes
existing bicycle networks and their growth. Szell et al. [44] argue that uncoordinated
enhancement of bicycle networks can lead to higher cost and outline the need for careful
planning. Schoner and Levinson [40] analyzed 74 bicycle networks from the US and found
that connectivity and directness are important factors. Finally, Furth et al. [21] developed a
framework to classify street segments as low- to high-stress segments.

Algorithmics of related problems. By assigning zero cost to safe edges and positive cost to
unsafe edges, our problem can be viewed as an undirected pairwise weighted spanner or as a
distance-constrained Steiner-type problem. Cygan et al. [11] study sparse pairwise spanners in
unweighted undirected graphs where the possible increase of a pairwise distance is controlled
by a stretch function. They study existential bounds and give a polynomial-time construction
for additive stretch functions. Approximation algorithms and hardness results for spanner-
type problems have been studied on unweighted graphs [8] and weighted directed graphs [24].
Kobayashi [30] studies the all-pairs ¢-spanners in unweighted undirected graphs, where each
pair’s distance is allowed to increase within a factor of t. They prove NP-hardness even in
planar bounded-degree graphs. Moreover, they show an FPT algorithm when parameterized
by the number of discarded edges (Kobayashi [31] proved such an algorithm to exist also for
additive spanners). Regarding parameterized complexity, Feldmann and Lampis [18] study
the related problem STEINER FOREST with terminal pairs (which has no detour constraints).
They focus on structural parameters and prove an EPAS with running time depending on
treewidth (the problem is para-NP-hard already for tw = 3 [22]). They also prove an FPT
algorithm when parameterized by the size of a feedback edge set. Simonov [41] study the
problem of computing pairwise distance preservers in undirected unweighted graphs, where
no increase in path length is allowed between any terminal pair. They prove W[1]-hardness
when parameterized by the number of terminal pairs and NP-hardness for vertex cover
number ven = 3. Thus, we can view our problem as an undirected common-stretch pairwise
weighted spanner problem with designated safe edges of zero cost and unsafe edges of positive
cost; to the best of our knowledge, a systematic parameterized complexity study is missing
for this variant.
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Structural parameters of real-world graphs. Maniu et al. [33] study the treewidth of
25 networks from eight different domains, including infrastructure. They find that many
of these networks have treewidth too large for a direct application of treewidth-based
algorithms. In contrast, we show that the street networks derived from rural areas admit
small treewidth upper bounds. Analyzing large-scale street networks using OSM data has
become common [4, 5, 16]. Related to the feedback edge number, the meshedness coefficient
of planar real-world street networks is studied [7], which relates the numbers of bounded
faces of the network and of a maximally connected planar graph with the same number of
vertices. In connected planar graphs, the number of bounded faces equals the feedback edge
number. To the best of our knowledge, classic FPT parameters such as treewidth or feedback
edge number have not been measured for larger datasets of rural street networks.

3 Preliminaries

We denote by N and Ny the natural numbers excluding and including zero, respectively. We

denote by Q and Q> the rational numbers and the rational numbers at least one, respectively.

We use basic notation from parameterized complexity [10]. We use common graph-theoretic
notation and explain only notation that may be non-standard. For an undirected graph G =
(V, E), we denote the vertex and edge set of G by V(G) and E(G), respectively. For an edge
subset B/ C F, we denote by G[E'] = (V/,E') with V' ={v €V | Je € E' : v € e} the

edge-induced graph G induced on the edge set E’. We write G — E’ for the graph (V, E'\ E’).

For a vertex subset U C V, we denote by 0¢(U) = {{v,w} € E | |{v,w} NU| = 1} the cut
for U in G, i.e., all edges in G with exactly one endpoint in U.

4 Tight Strong NP-hardness on Simple Graph Classes

» Theorem 1. SBNBD is NP-hard even on planar graphs with treewidth tw = 2, and
(a) feedback vertex set size fvs = 1, mcc, = 1, and the graph is bipartite.

(b) feedback vertex set size fvs = 1, vertex cover number ven = 2, and cc, = 1.

(c) mazimum degree A = 3, mcc, = 1, and the graph is bipartite.

Moreover, unless the ETH breaks, there is no 2°"+™) . poly(|I|)-time algorithm.

We give three polynomial-time many-one reductions, each from the NP-hard [28] VERTEX
COVER problem, where, given an undirected graph G = (V, E') and an integer r, the question is
whether there is a subset W C V with |W| < r such that eN'W # () for every e € E. VERTEX
CoVER admits no 2°UVIFIED . poly(|I])-time algorithm unless the ETH breaks [26, 27].

» Construction 1. Let I = (G = (V, E),r) be an instance of VERTEX COVER with 7 = |V
vertices. In each construction, we construct a graph G’ that contains a vertex v* for each

vertex v € V, the set of terminal pairs is P = {{v*, w*} | e = {v,w} € E}, and we have k = r.

See Figure 2 for an illustration to each of the three constructions.

(a) Add a central vertex C. For each vertex v € V, add two vertices v, vs, and add
unsafe edge {v,,v*} of length 1 and cost 1, and safe edge {v*,vs} of length 4. Make C
adjacent to each of v,,vs for each v € V via a safe edge of length 1. Let v := 2.

(b) There are two central vertices Cys, C,, (which form the vertex cover of the constructed
graph) connected by a safe edge of length 1. For each vertex v € V, connect v* with C; via
a safe edge of length 4, and with C, via an unsafe edge of length 1 and cost 1. Let o := 3.

(c) We can assume that 7 := |V| = 29 for some q € N and 2log(n) + 4 < n (by padding

isolated vertices). Let G’ be initially a binary tree T with set {£, | v € V'} of 7 leaves.

14:5
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Figure 2 Illustrations for Construction 1(a), (b), and (c). An unsafe edge e is drawn red and
marked with its length and cost as 6(e)|c(e). Frames depict terminal pairs, i.e., two vertices with
the same frame (size and color) form a terminal pair.

For each vertex v € V, add two vertices v,, vs, and add unsafe edge {v,,v*} of length n
and cost 1, and safe edge {v*,vs} of length 3n. Make ¢, adjacent with each of v,,vs for
each v € V via a safe edge of length 1. Let o := 2. a

Each constructed network has treewidth at most two. For (a) and (b), removing C
and O, respectively, leaves a forest. For (c¢), start with a tree decomposition of width 1
for T;,. For every v € V, choose a node whose bag contains £, and append a node with
bag {{,, vy, vs}. To this new node, append another node with bag {v,, vs,v*}.

Proof of Theorem 1. Let I' = (G' = (V',FE',¢,0),P,k,«) be the instance of SBNBD
obtained in polynomial time from an instance I = (G = (V, E),r) of VERTEX COVER via
Construction 1(a), (b), or (c). By construction, for each terminal pair {s,t}, every s-t path
with detour factor at most « must contain an unsafe edge. For (a), the shortest path is of
length 4, and the shortest safe path is of length 10 > 8 = a - 4. For (b), the shortest path is
of length 2, and the shortest safe path is of length 8 > 6 = a - 2. For (c), the shortest path
is of length 21 + 2 + =, where x is the length of the shortest path through the binary tree,
and the shortest safe path is of length 6+ 2+ > 4n+ 442z = o - (2n + 2+ z), using
x < 2log(n) and our assumption 2log(n) + 4 < 7. Consequently, for any solution F, every
feasible safe s-t path in G'(F) must contain an edge of F.

Define the following convention for a subset F' of unsafe edges and a set W C V: the unsafe
edge incident with v* is in F' if and only if v € W. Since in each of the three constructions
(a), (b), and (c), each unsafe edge has cost one, the convention implies that F' is of cost at
most k = r if and only if W is of size at most r. Now, for every terminal pair {v*, w*} € P,
let {v,w} € E be the corresponding edge in the input graph. The following equivalences
hold. There is a safe v*-w* path of detour factor at most o in G'(F’) if and only if at least
one of the two unsafe edges incident with v* or w* is in F'. By our convention, we have that
at least one of the two unsafe edges incident with v* or w* is in F' if and only if at least
one of v,w is in W. Finally, at least one of v, w is in W if and only if the edge {v,w} € E
is covered by W. Thus, all terminal pairs admit a feasible safe path in G’(F) if and only
if W is a vertex cover of G. Together with the cost correspondence, this proves that I is a
yes-instance if and only if I’ is a yes-instance.

Finally, note that in construction (b), G’ contains |V| + 2 vertices and 2|V| + 1 edges.
Hence, the ETH-based lower bound follows. <
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» Remark 2. The graph from Construction 1(b) also has neighborhood-diversity two: C,, Cs
form one type, and V' \ {C,, Cs} forms the other type. In fact, adding sufficiently long safe
edges between any two non-adjacent vertices turns the graph into clique while preserving
correctness, which results in neighborhood diversity one (but unbounded vertex cover number).

» Remark 3. None of the reductions has unit lengths. Yet, (a) and (c) can be turned via
subdivisions into unit length; this is false for (b) as it would increase the vertex cover number.

In the remainder, we show that decreasing any of the bounds ven = 2, fvs = 1, tw = 2,
or A = 3 by one leads to graph classes on which SBNBD is polynomial-time solvable.

» Proposition 4. For every instance of SBNBD where the input graph is a tree, we can
compute a minimum-cost solution in polynomial time. Thus, SBNBD is polynomial-time
solvable on trees.

The proof of Proposition 4, deferred to Appendix A.1, uses the following two reduction rules.

» Reduction Rule 1 (lrrelevant pair). If a terminal pair is connected by a safe path of detour
factor at most «, delete the terminal pair.

» Reduction Rule 2 (Mandatory edge). Let terminal pair {s,,¢,.} be not connected by a safe
path of detour factor at most «. If an unsafe edge e lies on all s,-t, paths of detour factor
at most «, then make e safe. If ¢(e) exceeds the budget, then return a trivial no-instance,
otherwise decrease the budget by c(e).

Using Proposition 4, we also handle graphs of maximum degree at most two: path
components are immediate, and for each cycle component we either upgrade all unsafe edges
or delete one unsafe edge that remains unsafe, reducing the component to a path. The full
proof is deferred to Appendix A.1.

» Observation 5. SBNBD is polynomial-time solvable on graphs of mazimum degree at
most two.
5 Number of Unsafe Edges

» Observation 6. SBNBD can be solved in 2™ - poly(|I]) time and hence is in FPT when
parameterized by the number my of unsafe edges.

Observation 6 corresponds to testing all possible solutions in polynomial-time for feasibility.

We show next that, assuming the SETH to hold, we cannot do better than this.

» Theorem 7. SBNBD, even if all unsafe edges induce one component (cc, = 1) and
the input graph has diameter at most four, admits no 25™ - poly(|I|)-time algorithm for
any € < 1 unless the SETH breaks and no problem kernel of size polynomial in m, unless
NP C coNP/poly. Moreover, it is W[2]-hard when parameterized by the budget k.

We reduce from the HITTING SET problem, where we are given a set X of elements, a set S
of nonempty subsets of X, and an integer r € N, and ask whether there is a subset Y C X
with |Y| < r such that SNY # 0 for every S € S. HITTING SET is W[2]-hard when
parameterized by the solution size r [14] and admits no problem kernel of size polynomial
in |X| unless NP C coNP/poly [13]. Moreover, unless the SETH breaks, HITTING SET
admits no 25" 1X1 . poly(|I|)-time algorithm for any & < 1 [9].
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» Construction 2. Let I = (X, S,r) be an instance of HITTING SET. Construct the graph G
with vertex set V i={uv, | x € X} U{wg | § € S} U{v*}, safe-edge set E,; = {{vy,ws} |z €
X,S € §:z e S}, and unsafe-edge set E,, = {{v,,v*} | z € X}. The length of each edge
is one and the cost of each unsafe edge is one. Let P := {{v*,wg} | S € S} be the set of
terminal pairs. Let o :=1 and k :=r. a

Since every unsafe edge is incident with v*, the subgraph induced by E, is connected
(ccy = 1). For every S € S, since S is nonempty, wg and v* have a common neighbor v,
with € S. Thus, every two vertices are connected by a path of length at most four, and so G
has diameter at most four. The correctness proof of Theorem 7 is deferred to Appendix A.1.

6 Number of Terminal Pairs

» Theorem 8. SBNBD is weakly NP-hard even if the input graph is planar, of mazximum
degree at most four, and of treewidth two, all unsafe edges are pairwise disjoint (mcc, = 1),
and there is only one terminal pair.

We reduce from the weakly NP-hard PARTITION problem, where, given a multiset
X ={x1,...,on} of at least two positive integers with sum )y z; = 2T, the question is
whether there is a partition (X1, X3) of X such that >_ v zi=>, cx,zi=T.

» Construction 3. Let [ = (X = {z1,...,2n5}) be an instance of PARTITION with sum 27".
Construct the vertex set V = {v; | i € [0, N]} U {a;,b; | i € [N]} and the edge set as follows:
For each i € [N], add the safe edges {v;_1,a;} of length T" and {v;_1,b;} of length 2T, the
safe edge {b;,v;} of length 2Nz;, and the unsafe edge {a;,v;} of length T and cost z;. The
set P of terminal pairs consists only of one terminal pair {vo,vny}. Let k=T and a :=2.

The graph is outerplanar: an outerplanar embedding is obtained by placing vy at (0,0)
and, for each i € [N], placing v; at (2¢,0), a; at (2é — 1,1), and b; at (2é — 1, —1). Since the
graph is outerplanar and contains a cycle, it has treewidth two. It has maximum degree four:
as N > 2, each vertex v; with ¢ € [N — 1] has degree four, whereas each vertex a; and b;
with ¢ € [N], as well as vy and vy, has degree two. Finally, the set {{a;,v;} | i € [N]} of
unsafe edges consists of pairwise vertex-disjoint edges, and hence mcc, = 1. The correctness
proof of Theorem 8 is deferred to Appendix A.1.

» Remark 9. Note that fvs, and hence fes, is unbounded in the constructed graph. Yet,
the graph has cutwidth two, witnessed by an ordering such as (..., v;—1, a;, b;, v;, ... ), with
exactly two edges between any two consecutive vertices.

Note that in the previous reduction there is only one terminal pair. For unary encodings,
the reduction no longer applies; however, we obtain W[1]-hardness in this case.

» Theorem 10. SBNBD is W[1]-hard when parameterized by the number p of terminal pairs
combined with the budget k, even if ccy = 1, all edges are unsafe, and all shortest terminal
paths are of length three.

We reduce from the MULTICOLORED CLIQUE problem, which asks, given a graph G =
(V,E) where V = Vi W --- WV, is partitioned into r color classes and at least one vertex
from V; is adjacent to a vertex from V; for every distinct 4, j € [r], whether there is a vertex
set W such that W forms a clique in G and |W N V;| =1 for every i € [r]. MULTICOLORED
CLIQUE is W/[1]-hard when parameterized by r [19].
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» Construction 4. Let [ = (G=(V =V W--- WV, E)) be an instance of MULTICOLORED
CLIQUE. Let G’ be initially a copy of G. Make each edge in G’ unsafe with cost 1 and length
1. For each color class add a verifier vertex w; and make it adjacent by unsafe edges of cost
r3 and length 1 with all vertices from V;. Let P = {{w;,w;} | 1 <i < j <r} be the set of
terminal pairs. Let o ;=1 and k :=1r -3 + (;) 1

The correctness proof of Theorem 10 is deferred to Appendix A.1.

7 Feedback Edge Number

» Theorem 11. Any instance of SBNBD can be mapped in polynomial time to an equivalent
instance of SBNBD with O(fes + p) vertices and edges.

Note that together with Observation 6, it follows that SBNBD is FPT when parameterized
by fes+p. Theorem 11 consists of carefully deleting leaves and compressing long paths in the
tree G — X, where X denotes a minimum feedback edge set. Such an approach has already
proved useful (see, e.g., [18, 29]). We call a vertex in G = (V, E) with terminal pairs P and
a feedback edge set X C E important if it is contained in a terminal pair, incident with an
edge of X, or is of degree at least three in G — X, and unimportant otherwise.

» Reduction Rule 3 (Leaf). If a leaf in G — X is unimportant, delete it.

For terminal pairs P and a feedback edge set X C FE, we call a path Pin G — X a
corridor if it contains at least three vertices, each of its endpoints is important, and all its
inner vertices are unimportant and of degree two in G — X. We exploit that any s-t path
connecting a terminal pair {s,t} contains either all edges of such a corridor or none. Hence,
we can replace such a corridor by a path with at most two edges thereby preserving all
relevant information (lengths and costs) for the instance. However, we need to carefully
distinguish the type of the corridor in terms of contained safe and unsafe edges and whether
its endpoints are connected by a feedback edge. Note that since P is a subgraph of G — X if
the endpoints of P are adjacent in G, then the edge belongs to X. Let v, w be the endpoints
of corridor P. We call P unsafe if it contains at least one unsafe edge, and safe otherwise.

We call a safe corridor P contractible if (i) {v,w} € E, (ii) e = {v,w} € X N E,, or
(iii) e = {v,w} € X N E, and len(P) < 6(e), and compressible if it contains at least four
vertices, e = {v,w} € X N E,, and len(P) > 6(e). A safe corridor can be neither contractible
nor compressible, that is, when it has three vertices, e = {v,w} € X N E,, and len(P) > 6(e).

» Reduction Rule 4 (Safe Corridor Contraction). Let P be a contractible safe corridor with

endpoints v, w.

1. If {v,w} & E, then remove all edges and inner vertices from P and add the edge e = {v, w}
to Es and set 6(e) = len(P).

2. If e = {v,w} € X N E;, then remove e and all edges and inner vertices from P, add a
new safe edge €’ and set 6(e’) = min{6(e),len(P)}.

3. fe={v,w} € XNE, and len(P) < §(e), then remove e and all edges and inner vertices
from P and add the edge ¢/ = {v,w} to Es and set 0(e’) = len(P).

Reduction Rule 4 is correct since an unsafe alternative not shorter than the safe corridor is
irrelevant, and among two safe options, the longer is irrelevant. The next rule treats a shorter
unsafe alternative to the safe corridor. In this case, we have to keep both, but can compress
the safe corridor into a path with two edges that preserves the length of the corridor.

14:9
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» Reduction Rule 5 (Safe Corridor Compression). Let P be a compressible safe corridor
with endpoints v, w and let e = {v,w} € X N E,. Then remove all edges and inner vertices
from P, add a new vertex x,, and the edges ¢/ = {v,2y w}, € = {zyw,w} to E, and
set 6(e’) =len(P) — 1 and 0(e”) = 1.

Let P be an unsafe corridor with total cost M = ZeGE(P)ﬁEu c(e). We call P contractible
if (i) {v,w} ¢ E, (ii) e = {v,w} € XNE;, and len(P) > 0(e), or (iii) e = {v,w} € XNE, and

(len(P) < 0(e) A M < c(e)) V (len(P) > 0(e) AN M > c(e)). (1)

We call P compressible if it contains at least four vertices and either (i) e = {v,w} € X N E;
and len(P) < f(e), or (ii) e = {v,w} € X N E,, and (1) does not hold. An unsafe corridor
can be neither contractible nor compressible, that is, when it has three vertices and the
conditions (i) or (ii) for compressible corridors hold.

» Reduction Rule 6 (Unsafe Corridor Contraction). Let P be a contractible unsafe corridor

with endpoints v, w. Let M := 3" ¢ pyp, c(e) be the total cost of P.

1. If {v,w} & E, then remove all edges and inner vertices from P and add the edge e = {v, w}
to F, and set #(e) = len(P) and c(e) = M.

2. Ife={v,w} € XN E; and len(P) > 6(e), then remove e and all edges and inner vertices
from P, add the safe edge ¢/ = {v,w} and set (e’) = (e).

3. Ife = {v,w} € XNE, and (1) holds, then remove e and all edges and inner vertices from P,
add a new unsafe edge ¢’ and let ¢(e’) := min{M, c¢(e)} and 6(e’) := min{f(e),len(P)}.

Reduction Rule 6 is correct since when one unsafe connection weakly dominates the other
(neither longer nor more costly), the dominated one is irrelevant for both shortest paths and
upgrade costs. The next rule treats two incomparable unsafe paths with the same endpoints.
In this case, we have to keep both, but can compress the unsafe corridor into a path with two
edges that preserves the length of the corridor and the cost to upgrade all of its unsafe edges.

» Reduction Rule 7 (Unsafe Corridor Compression). Let P be a compressible unsafe corridor
with endpoints v,w. Let M =} .z p)np, c(e) be the total cost of P. Then remove all
edges and inner vertices from P, add a new vertex z, ,, and the edges ¢ = {v,z, .} to E,
and €’ = {zyw,w} to Es. Set §(¢’) =len(P) — 1, c(e’) = M, and §(¢") = 1.

» Reduction Rule 8 (Corridor). Let P be a corridor. If P is safe, then apply Reduction
Rule 4 if it is contractible and Reduction Rule 5 if it is compressible. If P is unsafe, then
apply Reduction Rule 6 if it is contractible and Reduction Rule 7 if it is compressible.

Each corridor replacement preserves the relevant v-w connections. Safe and unsafe
corridors represent length-len(P) connections that are already safe and that can be made
safe at upgrade cost M, respectively. If the endpoints are joined by a feedback edge e, then
e contributes a length-6(e) connection that is either already safe or that can be made safe at
upgrade cost ¢(e). The contraction rules delete dominated connections, while the compression
rules keep two incomparable connections by representing the corridor as a two-edge path.
Since every s-t path for terminal pair {s,¢} uses either the whole corridor or none of it, these
replacements preserve feasibility and optimum cost.

Proof of Theorem 11. Let X be a minimum feedback edge set of G with |X| = fes and
let T denote the forest obtained from G — X when Reduction Rule 3 is applied exhaustively.
We mark all important vertices and keep these marks fixed throughout the reduction. Now,
apply Reduction Rule 8 exhaustively. Whenever a rule deletes an edge of X, we remove
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it from the current feedback edge set. New edges replacing subpaths of T are treated
as forest edges. Let T’ denote the forest obtained from T by the above replacements,
X’ C X the remaining feedback edges (recall that applying corridor contractions can delete
feedback edges as well), and let G’ denote the graph T” together with the edges from X'.
Let V(T") = V; UV," UV, U Va3, where we denote by Vi the set of leaves, by V," the set of
important degree-2 vertices, by V5 the set of unimportant degree-2 vertices, and by V>3
the set of vertices of degree at least three. We know that |Vi| + V57| < 2fes + 2p, and
it is well known that |V>3| < [V3|. Next we show that |V | < fes. After the execution,
every remaining unimportant degree-two vertex is the unique inner vertex of a corridor
with three vertices whose endpoints are important and adjacent by a remaining feedback
edge. Since 7" is a forest, for each feedback edge {v,w} € X’ there is at most one v-w
path in T”. Hence, this defines an injective mapping from unimportant degree-two vertices
to feedback edges in X', and thus |V | < |X’| < fes. Hence, we get that |V(G')| =
V(T = VAl + (V5] + Vi | + [Vasl < Vil + Vi | + V5| + Vi < 5tes + dp. Finally,
[E(G")| = [E(T")| + | X'| < 6fes + 4p. <

8 ILP, Preprocessing, and Cut Generation

For every r € [p], we denote by A% the set of all a-admissible arcs, where, for an edge e =
{v,w} and terminal pair {s,,t.}, arc (v,w) is a-admissible for terminal pair {s,,t.} if
dist(sy,v) + 0(e) + dist(w, t,) < o - dist(s,, t,). For a vertex v € V, we denote by out&(v)
and in%(v) the sets of outgoing and incoming arcs at v in A%, respectively. We say that
an edge is a-admissible for terminal pair {s,, .} if at least one of its two associated arcs is
a-admissible for terminal pair {s,,t.}. Let E® denote the set of all a-admissible edges for
terminal pair {s,,t,}. Finally, let G := G[E%] denote the a-admissible graph for terminal

pair {s;,t.}. We use the following ILP as our baseline exact formulation.

min Z cle) - x, (2a)

c€E,
1, if v=s,,
st > fi= > fi=9-1, ifu=t, Vr € [p, Yo €V, (2b)
a€out? (v) a€in (v) 0, otherwise,
Z fr <., Vr € [p], Y{v,w} € E,, (2¢)
acAxN{(v,w),(w,v)}
Z O(a) - fI < a-distg(sr, tr), vr € [p)], (2d)
a€Ag
0< fa <1, Vr € [p], Ya € A. (2e)
z. € {0,1}, Ve € E,, (2f)

Constraints (2b)—(2e) ensure that for each terminal pair {s,,t,}, a safe s,-t, path exists,
that can use upgraded unsafe edges (2c), but must have detour factor at most o (2d).

8.1 FES-based Preprocessing

We apply the reduction rules that we described before together with the following two, where
the second is a direct combination of Reduction Rules 1 and 2:

» Reduction Rule 9 (Irrelevant edge). If an edge is not a-admissible for any terminal pair,
delete it.
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/j’st,pjj,,,_» RR. 2
» RR. 1 — RR. 3 — RR. 10 - RR. 3 — RR. 8 (Mandatory edge)
(Irrelevant pair) (Leaf) (Unique path) (Leaf) (Corridor)%& RR. 9

(Irrelevant edge)

Figure 3 Flow chart of our shrink heuristic.

» Reduction Rule 10 (Unique path). If a terminal pair is not connected by a safe path of
detour factor at most o but connected by a unique path of detour factor at most « containing
at least one unsafe edge, then let C' denote the sum of costs of all unsafe edges on this path.
If C exceeds the budget, return a trivial no-instance, otherwise make all unsafe edges on the
path safe, decrease the budget by C, and delete the terminal pair.

We apply each reduction rule exhaustively before moving to the next one. Since one
reduction rule can make another rule applicable, their ordering matters. Figure 3 shows
how we arrange our reduction rules. Empirically, this two-round execution provides a good
trade-off between running time and preprocessing effectiveness compared to an exhaustive
application until every reduction rule becomes inapplicable. Before each of Reduction Rules 3
and 8, we recompute a minimum feedback edge set. Notably, after applying the shrink
heuristic, the treewidth of the obtained graph is not larger than the treewidth of the input
graph, since deletion and edge contraction and compression do not increase the treewidth.

8.2 TD-separator Cuts

Let (T,{B;}icr) with tree T = (I,Y) be a tree decomposition of G. Our cut generation is
based on the following, simple insight about cuts consisting only of unsafe edges.

» Observation 12. Let {s,,t.} € P be a terminal pair and U C V(GY) such that [{s.,t,} N
Ul=1. If0 # 0ga(U) C Ey, then |F N 0ga(U)| > 1 for every solution F.

Proof. Since dga(U) forms an s,-t, cut in Gy, it intersects all s,-t,. paths of detour factor at
most « in G. Thus, every feasible s,-t, path must traverse an edge from dga (U). Since dga (U)
contains only unsafe edges, every solution must upgrade at least one edge from dg«(U). <«

It is well known that every edge {,j} € Y of T corresponds to a separator Sy; ;3 = B;NB;
in the following sense. Let Ii{i’j Fand I ]{” b denote all nodes of the connected component
of T — {{i,7}} containing i and j, respectively. Let Bi = UyeIa{:i,j} B, denote the
corresponding set of vertices in G for each x € {¢,j}. Then Bfi’j} \ S(;,51 is disconnected
from B}i’j} \ S{ijy in G — Sqi 5. Now assume that T is rooted at some node. For an
edge {i,j} € Y, let miny({é,j}) denote the endpoint of larger depth. Every X C S; j
defines a candidate side V{i{j} = (Bg;ﬁi({i,j}) \S{m-}) U X. Altogether, we consider the
set V = {V{)Z.‘:j} | {i,j} € Y, X C Sy; 3} of all candidate sides.

For each terminal pair {s,,t,} and candidate side V{)ﬁj} eV, let V{i.(_’j}yr = V{{j} NV(GY)
be the candidate side when restricted to the vertices of the a-admissible graph for {s,,t,}.
If |{sr,t,} N V{fj}’r| =1 and 0 # Oga (V{)zsj},r) C E,, then, due to Observation 12, every
feasible solution upgrades at least one edge of this cut. Hence, for this terminal pair and

candidate side, we add the valid inequality Z €O (VX )xe > 1 to the ILP.
el Wiy,
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Table 1 Structural statistics for our village and region networks, reported as means with median,
minimum (lower), and maximum (upper) in parentheses. tw denotes the width of a TD computed
via minimum fill-in.

Type Vertices Edges m fes/m tw A Planar

Village 355.43 [34183%]  443.67 [412.5055'] 0.2 [0.20%3]  6.00 [53'] 4.17 [4§]  27/30
Region  738.63 [604.50135°]  934.97 [755155°] 0.2 [0.200:33] 7.97 [74*] 4.43 [4]]  20/30

9 Experiments

Our experiments ran on Intel® Xeon® Silver 4310 CPU at 2.10GHz (12 cores), 125 GB RAM,
Ubuntu 24.04.4 LTS (x86_64), using Gurobi(py) 13.0 for the ILPs.

9.1 Instances

We considered 30 village networks and 30 region networks. For each network, we combined
three safety models, three terminal-pair fractions, two random samples, and three detour
factors. In total, we constructed 1620 village instances and 1620 region instances.

Networks. We select municipalities based on the ADFC Bicycle Climate Test [1], a na-
tionwide online cyclist satisfaction survey in which participants rate the perceived bicycle-
friendliness of their municipality. From the ranking for towns of at most 20000 inhabitants,
we took the subranking when filtered for towns of at most 10000 inhabitants. From this,
we selected the top ten, bottom ten, and ten randomly sampled from the remaining towns.
From OSM, we extracted the road network using type “drive”, made it undirected, kept only
the largest connected component, and assigned the length in accordance with the OSM data.
Herein, when two vertices are connected by two arcs, we only represent them separately (via
paths with two edges) if they differ significantly in length or type. We set the cost of an
unsafe edge to its length, assuming the cost to scale with length, thereby neglecting the type
of the street segment and any further details. This abstracts from realistic costs, for which
we did not find reliable comparable data. Analogously, for each of the selected towns, we
computed the network corresponding to the 3 km radius region around the associated town’s
center, mimicking inter-village networks. Table 1 gives an overview of selected statistics
relevant to us for the derived networks. Remarkably, on average, 20% of the edges suffice as
a feedback edge set, and the maximum observed treewidth upper bound is 11 for villages
and 14 for regions. We also point out that only two thirds of our region networks are planar.

Safety models. For classifying edges as unsafe, we developed three models A, B, and C
that are nested in spirit. Model A is an accommodating local-access model where local roads
are generally considered bicycle-suitable. Model B is a balanced speed-aware model where
local roads require low-speed evidence. Finally, model C is a conservative low-stress model
where only clearly low-stress roads are considered safe. See Table 2 for further details.

Terminal pairs and detour-factors. For each network, we randomly sampled x - n many
(distinct) terminal pairs for z € {0.25,0.5,0.75} for villages and for x € {0.15,0.3,0.45}
for regions, where n denotes the number of vertices. For each network and such setup, we
constructed two instances. Finally, for each of those, we chose detour factors « € {1.2,1.3,1.5},
where v = 1.2 [20, p. 10] and o = 1.3 [6] are used in bicycle-network design as target bounds.
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Table 2 Summary of the three edge safety models. The first row gives rules that make an edge
safe in all models; subsequent rows list additional rules specific to road classes. Last two rows report
average unsafe-edge fractions, with median, minimum, and maximum in parentheses, for villages
(top row) and regions (bottom row).

Model A Model B Model C

Living streets, traffic-calmed roads, and extracted road segments

Safe in all models ) 1 .
with explicit bicycle infrastructure

Safe if speed is missing or

Residential roads Safe if speed is at most 30 km /h

) Safe missing or at ) )
Service / most 30 km/h Safe only if speed is at
unclassified roads most 20 km/h
Tertiary roads Safe only if speed is at most 30km/h  Unsafe by default
Paths / pedestrian  Safe unless bicycles are explicitly Safe only if bicycles are
streets, if present forbidden explicitly allowed
Average unsafe 0.22 [0.218:73] 0.29 [0.283 73] 0.37 [0.360:75]
fraction 0.22 [0.228-39] 0.30 [0.289-9¢] 0.36 [0.359-37]

9.2 Algorithmic Setup

We compare ILP (cf. (2)) against ILPy,c, which is ILP with TD-separator cuts, ILPP" which
is ILP where preprocessing is applied, and ILPE,;, the combination of both. To compute a
tree decomposition, we use NetworkX’s implementation treewidth_min_fill_in [25] of the
minimum fill-in heuristic [3, 39]. On a high level, the heuristic greedily turns neighborhoods
into cliques, thereby creating for the resulting graph a so-called perfect elimination ordering,
which yields a tree decomposition. The number of candidate sides for each TD-separator

2%+l Each such candidate can be considered for every terminal pair,

can be as large as

leading to many candidate cuts. Thus, our implementation limits the process of generating

TD-separator cuts as part of the ILP building time in the following three ways.

1. We skip TD-separators of size larger than s*, since enumerating all 2° candidate sets
can be expensive. We set s* = 14; recall that the maximum tw in our experiments is at
most 14, implying that the limit applies only to boundary cases in our experiments.

2. We only consider the best N* candidate sides for cut generation according to the following
ranking. Let U € V be a candidate side with dg(U) # 0. Define the (negative)
fraction pg(U) = —|0c(U) N Ey|/|0c(U)| of unsafe edges in the cut. The score of U in G
is defined as score(U) = (|0g(U)|, pc(U), |U|). Each dimension of the score is to minimize,
and scores are compared lexicographically. That is, firstly we seek small cuts, secondly
high fractions of unsafe edges, and thirdly small sides. Ties are broken arbitrarily (by their
time of appearance) for any two candidate sides with the same score. We set N* = 5000.

3. For each terminal pair {s;,t;}, we only consider cuts with at most m* edges. From these,
we only add at most ¢* cuts to the ILP. We set m* = 10 and ¢* = 20.

These limits affect only which valid cuts are generated; every added inequality is valid.

9.3 Results

Solver performance. Overall, from our experiments, we can conclude the following regarding
the solver performance in terms of runtimes; Figure 4 and Figure 5 accompany our conclusions.
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1.

Preprocessing significantly decreases the solver runtime; see Figure 4 (middle) and Figure 5.

Due to the short runtimes of the preprocessing, both solvers using preprocessing [LPP™
and ILPE.: score best versus ILP; see Figure 5.

The runtime for building the ILP with the TD-separator cuts but without preprocessing

is 3.53 s on average and never exceeded 25.64 s; see Figure 4 (left). This indicates that the
heuristic makes use of small treewidth, small degree, and sparsity. Preprocessing reduced
the building times for both with and without TD-separator cut generation, to roughly
65% for the average time and 90% of the maximum observed time.

For harder instances, however, ILP

pre
twc

pre
twc

For instances solved within roughly 100s, TD-separator cuts do not appear to pay off.
dominates; see Figure 4 (right) and Figure 5.

While ILPy, performs worse than ILP in total, its solver runtime is mostly shorter; see
Figure 5 (left). While preprocessing also decreases the solver runtime, finally ILP

scores

best against all other solvers, even against ILPP™® when it comes to solver runtime.

Effect of the preprocessing. Our preprocessing routine (cf. Section 8.1) is fast and effective.

Over all of our instances, the routine takes 1.15 seconds on average (median 0.67 second),

where the maximum observed time is 12.46 seconds. Yet, the routine significantly reduces

the number of unsafe edges and of terminal pairs to 63% and 73% on average, respectively.

See Figure 6 for a detailed overview. For our three different safety models A, B, and C, we
find only a correlation regarding the reduction of terminal pairs. Comparing safety models A
and C, the reduction changes from 50% to 70% for villages, and 62% to 79% for regions.

14:15

ATMOS 2026



14:16

Safe Bicycle Network Design with Bounded Detours

Vertices Edges Unsafe edges

100 -

=]

80

[

T ,
71—9 7%77‘6 7 T BlEs A 7§7 92 "k” wo 1 T:I: 'I'-I- T-I- T:I:

7-71—5 ‘
— 735 g
S 694 k
IS — -
g [}
= ) 8 6
S w0 © g 6 © i l J J l
g
~ o o o o 8 8 o
20t TS S
ob 1 Villages Regions
A B q Overall A B C Overall A B § Overall
Unsafe upgrade cost Total length Terminal pairs‘

100 -

83.

P F 3R [ 0T 1] I 1]

A 1A—7 Ay | 79 1
é é é | 73.9 :
25 oy knd
1 re | 0.
44.6 o é g g 5%0 J

40 B 4

8o ° 8
20+ J J J T ° T 8 g g

A B C Overall A B C Overall A B C Overall

-_ o T
80F ]' ]V T
60 T
70

467

Remaining (%)

oo

Figure 6 Statistics for the preprocessing routine.

Table 3 Overview of the average relative cost reduction when increasing the detour factor «,
with median, minimum (bottom), and maximum (top) in parentheses.

1.2 =13 1.3 =15 1.2 =15

Cost reduction (in %)  7.87 [6.595G6¢]  10.76 [8.975%3"]  17.63 [15.4257%2°]

Cost of detours. Table 3 gives an overview of the costs when the detour factor is increased.
Recall that we set the cost of an unsafe edge to its length; hence, our results display the
savings of the total upgraded length. We highlight that when moving from oo = 1.2 to o = 1.3,
on average 7.87% of the costs are reduced, ranging from no reduction even up to 37.86% in
the maximum case. For decision makers, we can often assume that the upper bound on the
detour factor lies within a reasonable interval, say o € [1.2,1.3]. Our results hence indicate
that it is worth computing solutions for several upper bounds on the detour factor in the
given interval and compare the trade-offs between detour length and budget.

10 Discussion

On the experimental-modeling side, we randomly sample terminal pairs, whereas real-world
demand is likely more structured around hotspots such as schools, supermarkets, or public-
transport stops. Similarly, we set the upgrade cost of each street segment to its length.
Besides length, however, other factors such as road type or local regulations may affect the
construction costs. Incorporating such data would make the experiments more realistic.
On the algorithmic side, our experiments show that preprocessing substantially reduces
solver runtimes, making further and improved reduction rules a promising direction. For
TD-separator cuts, their effectiveness may depend strongly on the generated candidate sides.
Larger heuristic parameters increase model-building time, and adding too many cuts can
even slow down the ILP solver (see Appendix A.2 for details). A better understanding of how
to select strong cuts and which candidate sides yield them is an important future direction.
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On the theoretical side, it remains open which structural parameters beyond m, and

fes + p lead to fixed-parameter tractability, in particular whether fvs + p or the feedback
edge number alone is sufficient.
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A Appendix

A.1 Deferred Proofs

Proof of Proposition 4. Let I be an instance of SBNBD with G being a tree, budget k, and
let  be the sum of costs of all unsafe edges. Let I’ be the instance obtained from I by setting

the budget to k. Apply Reduction Rules 1 and 2 exhaustively to I’. Since each terminal pair
has a unique path, each unsafe edge on this path is mandatory and is made safe by Reduction
Rule 2. Hence, every edge made safe by Reduction Rule 2 is contained in every feasible
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solution. Consequently, once all unsafe edges on the unique path of a terminal pair have been
made safe, this terminal pair is deleted by Reduction Rule 1. It follows that no terminal pair
is left. Let F* denote the set of all unsafe edges made safe by Reduction Rule 2 during the
exhaustive application, and let ' denote the remaining budget in the final instance. Note
that ¢(F*) = k — k’. Since every edge in F* is mandatory and upgrading F* satisfies all
terminal pairs, ¢(F*) is the minimum cost of any solution. Return yes if ¢(F*) < k, and no
otherwise. |

Proof of Observation 5. Let I be an instance of SBNBD with detour factor o where G
has maximum degree at most two. Then, graph G decomposes into paths and cycles. If a
terminal pair is not contained in the same connected component, then return no. Otherwise,
solve each connected component independently. If a connected component is a path, compute
a minimum-cost solution using Proposition 4. Now consider a connected component C' that
is a cycle. First, consider the solution that upgrades all unsafe edges of C'. This is feasible
for all terminal pairs contained in C'. We compare this solution with possible solutions where
at least one unsafe edge is not upgraded. Thus, for each unsafe edge e of C, consider the
case where e remains unsafe and hence no feasible safe path can use e. Then, every terminal
pair {s,t} contained in C' must be connected along the unique s-t path in C — {e}. This is
feasible only if distc_ ¢} (s,t) < a-distg(s, t) for every terminal pair {s,¢} contained in C. If
this condition holds, we delete e and compute a minimum-cost solution on the path C' — {e}
using Proposition 4. Among the solution upgrading all unsafe edges and all solutions obtained
by deleting one unsafe edge, we keep one of minimum cost. This enumeration is exhaustive
since every solution either upgrades all unsafe edges of C or leaves at least one unsafe edge e
not upgraded. Finally, the optimal solution for I is composed of the optimal solutions for
each of its connected components. If the total cost exceeds the budget, return no, otherwise
return yes. |

Proof of Theorem 7. Let I' = (G = (V, E,¢,0), P, k,«) be the instance of SBNBD obtained
in polynomial time from an instance I = (X, S,r) of HITTING SET via Construction 2. For
every S € S, we have distg(wg, v*) = 2. Moreover, wg is adjacent to v, if and only if x € S.
Since a« = 1, for every F C FE,, any safe wg-v* path of detour factor 1 in G(F) must
have length exactly 2. Hence, it contains exactly one inner vertex v, with z € S, and the
edge {vy,v*} must be made safe by F. We make the following convention for a set Y C X
and a set F C E,: €Y if and only if {v*,v,} € F. Since every unsafe edge has cost one,
the convention implies that |Y| < r if and only if ¢(F') < k. The following equivalences
hold. Set S € S is hit by Y if and only if there exists x € SNY. By our convention, for
every z € S, x € Y if and only if {v*,v,} € F. Moreover, {v*,v,} € F for some z € S if and
only if there is a safe wg-v* path of detour factor 1 in G(F'). It follows that every set S € §
is hit by Y if and only if every terminal pair admits a safe path of detour factor 1 in G(F').
Together with the cost correspondence, this proves that I is a yes-instance if and only if I’ is
a yes-instance.

Finally, note that m, = |X|. Hence, both the SETH-based lower bound and the kerneliza-
tion lower bound follow. W[2]-hardness transfers since k = r. |

Proof of Theorem 8. Let I' = (G = (V, E,¢,0), P, k,«) be the instance of SBNBD obtained
in polynomial time from an instance I = (X = {z1,...,2n}) of PARTITION with sum 27
via Construction 3. The shortest vy-vx path is of length 2NT by using the unsafe branch
when traversing from v;_; to v; via a; for each i € [N]. Hence, since a = 2, every feasible
path in a solution must be of length at most 4NT. We show that I is a yes-instance if and
only if I’ is a yes-instance.
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For the forward direction, let (X7, X5) be a solution to I. We claim that F := {{a;,v;} |
r; € X1} is a solution to I'. We have that c(F) =Y, cx, c{ai,vi}) =2, cx, i =T < k.
Moreover, consider the shortest safe vg-vy path in G(F). For each z; € X1, it uses the
branch traversing from v;_1 to v; via a;, since the unsafe edge {a;, v;} is upgraded by F'; this
branch has length 27". For each x; € Xo, it uses the branch traversing from v;_1 to v; via b;,
which has length 27 + 2Nz;. Altogether, the path has length 2NT + 2N ) x; =4NT.
Thus, F is a solution to I’.

For the backward direction, let F' be a solution to I’. We claim that (X7, X5), where
X1 = {a; | {as,v;} € F} and Xy := X \ Xy, is a solution to I. Since F' is a solution, the
shortest safe vo-uy path in G(F) is of length 2NT + 2N >\ x; <4NT. It follows that
> zex, Ti < T. Moreover, we know that -, v @i = > 4. yier c({ai,vi}) = c(F) <k =
T'. Finally, since »_, v, @i+, cx, Ti = 2T, (X1, X2) is a solution to I. <

r;€X2

Proof of Theorem 10. Let I' = (G' = (V',E',¢,0),P,k,«a) be the instance of SBNBD
obtained in polynomial time from an instance I = (G= (V=W W---yV,, E)) of MULTI-
COLORED CLIQUE via Construction 4. We show that I is a yes-instance if and only if I’ is a
yes-instance.

For the forward direction, let W = {v},..., v’} be a solution to I with v} € V; for
each i € [r]. We claim that F':= {{w;,v]'} | i € [r]}U{{v],v}} | i,7 € [r], i < j} is a solution
to I'. We have that c¢(F) = 3, c({wi, v }) + 325 jep ey ({07, 07} = 1 i+ (5) =k
Moreover, for each i,j € [r], i < j, there is a safe w;-w; path in G'(F') from w; to v} to v}
to w; of length 3 = distgs (w;, w;). Hence, F is a solution to I'.

For the backward direction, let F' be a solution to I’. By construction, for each color
class i € [r], V; separates w; in G’ from the rest of the graph. Since w; appears in at least
one terminal pair, at least one edge incident with w; must be upgraded by F at cost r3.
As there are r color classes, at least 7 - r3 budget is spent on these upgrades. Thus, the
remaining budget is at most (;) < 73, and hence no further edge incident with any w; can be
upgraded. Hence, for every i € [r], there is exactly one upgraded edge incident with w; in F'.
Let this edge be {w;,v}} with v} € V;. We claim that W = {v],...,v}} is a solution to I.
Consider distinct ¢,j € [r]. By the assumption on the input instance, at least one vertex
from V; neighbors a vertex from V}, and hence diste (w;, w;) = 3. Since a = 1, every feasible
safe w;-w; path in G'(F) must have exactly three edges. Since {w;, v}} is the only upgraded
edge incident with w; and {wj, v;} is the only upgraded edge incident with w;, the middle
edge of such a path must be {v},v}}. Thus, {v],v;} € E. Since this holds for every pair of
distinct color classes, it follows that W induces a clique. Hence, W is a solution to I.

Since [P| = (3) and k =773 + (}) depend only on r, W[1]-hardness for the combined
parameter p + k follows. |

A.2 Further Experimental Results

Recall that for parameters (s*, N*, m*, ¢*) of the TD-separator cut heuristic, we selected the
setup x1 = (14, 5000, 10, 20) (cf. Section 9.2). We also compared this setup with two other
setups x1/2 = %'Xl and x2 = 2-x1, that is, when halving and doubling the parameters. Denote
the corresponding ILP-based algorithms by ILPyc1/2 and ILPwce without preprocessing, and
by ILPP™ /o and ILPP, when preprocessing is applied. Figure 7 and Figure 8 show their
performance and scores on region instances, respectively. Larger parameters lead to larger
model-building times, but do not improve performance overall. Concretely, ILPy, has
the largest average model-building time (almost twice the average model-building time of

ILPyyc1/2), but the smallest average and median solver runtime (marginally, e.g. regarding the
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Figure 7 Cactus plots for all region instances solved by each of the three solvers based on
different parameters with respect to the TD-separator cut heuristic with and without preprocessing.
Presented are building time (left), solver runtime (middle), and total runtime (right). Each inset
zooms into the tail of the corresponding cactus plot, i.e., the slowest 3% of the common solved
region instances.
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Figure 8 Scores (cf. Figure 5) of all TD-separator cut heuristics for all commonly solved region
instances, where the largest setup competes against both the lower two setups, with and without
preprocessing. Presented are building time (left), solver runtime (middle), and total runtime (right).

average solver runtime, 28.99 s compared to 29.60s for ILPyc1/2) among the commonly solved

instances. In particular, larger candidate sets interact nontrivially with preprocessing and
can even degrade performance. Concretely, the average total runtime of ILPpy. is the smallest

with 28.92s, yet ILP?®, J» achieves the smallest median (2.79s compared to second place

3.07s by ILP,) and maximum (3373.82s compared to second place 4780.89s by ILPP«<,)

twe2
total runtime among the commonly solved instances.
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—— Abstract

E-commerce competition has intensified in recent years, further raising the delivery speed and cost
efficiency standards that companies must meet. The middle mile network that connects fulfillment
centers to local distribution centers plays a decisive role in achieving these standards. In this paper,
we study the Middle Mile Network Design Problem, which determines optimal network investments
that balance the trade-off between fastest delivery speed and minimal operational costs. The problem
requires computing truck schedules, shipment routes, and parcel flows through intermediate facilities
subject to complex capacity constraints. Two key challenges make this problem computationally hard
to solve for standard exact and heuristic approaches: (i) the use of complex black-box evaluations to
predict operational outcomes, and (ii) problem instances involving over 200,000 commodities that
must be solved within hours for operational planning. We propose a metaheuristic based on variable
neighborhood search with specialized local search operators alongside lazy neighborhood evaluation
that enable efficient exploration of the high-dimensional solution space. Our algorithm achieves up
to 7.6% solution improvement over an incumbent heuristic while reducing runtime by up to 44%.
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1 Introduction

Worldwide e-commerce transported 110 billion parcels in 2024 [19], generating six trillion
dollars in sales - a figure projected to reach eight trillion by 2028 [7]. This explosive growth
has further intensified pressure in an already highly competitive market, requiring carriers
to simultaneously improve delivery speed and reduce operational costs to maintain market
share and sustain growth.

Recent studies show customers prefer delivery promises of two days or less [8]. It is
not surprising then that the average delivery times in the United States fell from 6.5 days
in October 2020 to 4.4 days by July 2022, with Amazon leading in delivery speed with
1.9 days [18]. However, post-COVID consumers have grown equally attentive to shipping
costs [11]. Even if reducing delivery promises by one day can increase sales by 13%, the
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operational costs to achieve such speed improvements may be prohibitively expensive and
defeat the purpose [10]. This raises the fundamental question for carriers of whether the
investments are worth it, and more specifically, which investments are the right ones.

This paper addresses the core challenge in e-commerce of designing a middle mile
transportation network that is both fast and cost-efficient. The middle mile network refers
to moving parcels from fulfillment centers (FCs), where items are stored, to delivery centers
(DCs), where last mile delivery begins to the final customer. The speed of the middle mile
network directly impacts both customer delivery promises and operational costs. A theoretical
network connecting all FCs directly to all DCs could maximize speed, but prove prohibitively
expensive to operate. Instead, companies consolidate shipments through intermediate sort
centers (SCs) to reduce costs, while maintaining some direct connections for speed.

Designing such a network requires determining truck departures between sites, which legs
of the network are available for shipment and how parcels travel through intermediate SCs.
All of this while respecting the resouce limits of the network such as site’s physical and labor
capacities. We call this the Middle Mile Network Design Problem (MMNDP), which has
been first studied by [4]. The MMNDP seeks to maximize speed while minimizing cost. We
focus on Amazon’s context, where a black-box evaluation function maps a given network
design to a speed metric that can be translated into expected financial gain, enabling direct
tradeoff against the operational cost of achieving that speed [4]. Cost encompasses two
components: linehaul transportation (trucks) and sorting operations at SCs. The MMNDP’s
high-dimensional decision space, black-box objective function, and large-scale real-world
instances make exact methods computationally intractable. The networks we consider involve
up to 200,000 commodity flows, whereas exact approaches in the literature typically handle
only a few thousand commodities. Moreover, even simpler variants of the MMNDP, such as
capacitated multi-commodity network flow, are NP-Hard [15].

Our work extends Benidis et al. [2] and Brubaker et al. [4] by addressing real-world prob-
lem complexity at industrial scale. We handle instances at least ten times larger than those
in prior academic literature while incorporating the full complexity of operational constraints
and black-box objective functions. To achieve this scale, we design a metaheuristic based on
variable neighborhood descent with specialized local search operators, lazy neighborhood
evaluation, and move caching mechanisms that enable the algorithm to quickly produce
high-quality solutions. Our work also addresses a recognized gap in network design research,
where proper metaheuristic approaches remain underdeveloped [20]. Moreover, because many
real-world optimization problems share similar characteristics (high-dimensional search space,
large-scale instances, and black-box objectives), our algorithmic contributions are broadly
applicable beyond the scope of middle mile network design.

The remainder of the paper is structured as follows. Section 2 describes the problem
and provides illustrative examples to help understand the decision space. We then review
the literature of network design problems in Section 3. Section 4 presents our algorithmic
approach, including local search moves and computational techniques employed to speed up
runtime. We discuss experiments and results in Section 5. Finally, we conclude the paper
and provide future work directions in Section 6.

2 Problem

The Middle Mile Network Design Problem (MMNDP) is defined on a directed graph G =
(V, A) where V represents network sites and A represents arcs connecting these sites, each
with an associated transit time. Sites are partitioned into fulfillment centers F' C V, sort
centers S C V, and delivery centers D C V.
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Volume flow through the network is represented by a set of commodities K. Each
commodity k € K has an origin o, € F, a destination dj, € D, and a volume v (number of
packages) expected to reach dj. Each delivery center dj has a critical injection time, defining
the latest arrival time for packages to be delivered on the same day via last mile operations
(e.g., 10:00 AM). While planning spans a week, we describe a single day for simplicity. Time
is discretized into 15-minute intervals (buckets), with T'= {1,...,96} denoting the 96 daily
buckets.

Decisions

The MMNDP then consists of making four simultaneous decisions to optimize the network
for transporting these commodities

1. Schedule Fixed Truck Departures (FTDs): An FTD represents a guaranteed
truck departure from site 7 to site j at a specific time on arc (¢,7) € A. FTDs depart
regardless of volume, even if empty. When total volume exceeds truck capacity, additional
ad-hoc trucks are scheduled to transport excess volume earlier. These ad-hoc trucks
are not decision variables, but rather operational responses simulated during network
evaluation based on historical information about volume availability for each point in
time. The ad-hoc trucks also define the profile of volume arrival at a site (SC or DC)
which directly impacts labor capacity constraints. An arc may have multiple FTDs,
subject to operational constraints limiting their number per arc. Formally, we define a
binary variable xgj that takes value 1 when an F'TD is placed at time bucket ¢t € T' on
arc (i,j5) € A.

2. Select active arcs: An arc is active if at least one commodity uses it and it contains
at least one FTD - alternatively, a commodity can only use an active arc and an FTD
can only be placed on an active arc. We denote with binary variable y;; = 1 whether arc
(i,7) € A is active.

3. Determine sort center operations: For paths containing at least one sort center, we
decide whether packages are sorted or cross-docked at each intermediate facility. Sorting
allows consolidation: packages from multiple commodities originating at o can be placed
on shared pallets for transportation, then separated at the sort center. This increases
processing time and costs at the sort center but improves consolidation. Cross-docking
transfers packages directly without sortation, reducing processing time but requiring
origin facilities to presort packages into destination-specific containers. This consumes
additional resources at fulfillment centers and may reduce truck fill rates. We denote
with binary variable z;; = 1 whether the (pre)sort between facilities ¢ € V and j € V' is
used (note that ¢ and j are not necessarily an arc in case of cross-docking).

4. Route commodities through the network: Each commodity £ is assigned a path py
from origin oy to destination dj using active arcs in A. Paths are classified by the number of
intermediate sort centers: direct paths connect origin to destination without intermediate
stops (pr, = (o, dk)), one-touch paths use a single sort center (py = (og, s,dy) for s € S),
and multi-touch paths use two or more sort centers. Furthermore, each commodity path
must use ezactly one FTD per arc in p; as well as define sort center operations. To that
end, we denote with binary variables wfj < y;; whether commodity k& € K uses arc y;;
in its path py, for (i,j) € A; with variable x}7 < z{; whether k uses FTD z};; and with
variable ¢ < z;; whether k uses sort z;;.

15:3
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Constraints

All four decisions have to be made while accounting for the following constraints.

C1 Shift opening hours: Each site has operating hours defining when trucks may depart
(FCs and SCs) or arrive (SCs and DCs).

C2 Minimum time difference between two FTDs on the same arc: Multiple FTDs on the
same arc must be separated by a minimum time interval (e.g., 1 hour).

C3 Mazimum FTDs departure and arrival per hour: Sites can accommodate only a limited
number of truck arrivals or departures per hour due to yard, dock door, and labor
constraints. This is enforced by limiting inbound and outbound FTDs within any
one-hour window.

C4 Labor capacity at SCs and DCs: Each site can process a limited volume per time
bucket (15-minute interval), constraining when and how much volume can arrive due
to labor limitations. This prevents scheduling all FTDs late in the shift, which would
create arrival peaks exceeding processing capacity before outbound connections. At SCs,
outbound connections are downstream FTDs continuing middle mile transportation; at
DCs, outbound connections represent last mile delivery. This is one of the most complex
constraints because it requires simulating, via another black-box evaluation, how ad-hoc
trucks are scheduled for each FTD to bring volume earlier for each intermediate site
(more information in Appendix A).

C5 Sort capacity at FCs: FCs must reserve physical space for outbound pallets. Sorted
volume destined for a SC typically requires one space regardless of how many commodities
share the pallet. However, cross-docked volume requires separate spaces for each final
destination, as packages must be pre-sorted at the FC rather than consolidated at the
SC. This increases FC resource consumption.

The actual set of constraints in our real problem is much broader than (C1)-(C5). However,
we define this subset with the main constraints for brevity. Beyond constraints (C1)-(C5),
we also require mathematical constraints to ensure solution validity. Each commodity k uses
exactly one FTD per arc: ), Xf’f =1 for all (4,7) € pg. Similarly, sort operations cannot
overlap on sub-paths: for any i, 7,1 € V where [ appears between ¢ and j in py, if f] =1,
then (% = 0 and Clkj = 0. We omit the full mathematical formulation for brevity; appendix A
provides a mathematical description of constraints (C1)-(C5). Interested readers are referred
to [4] for a more detailed model.

We denote by o a solution to the MMNDP and by & the set of all feasible solutions
to the problem, for which the assignment of decision variables comply with constraints
(C1)-(C5). Unlike typical academic studies that assume empty initial networks, we assume
an initial solution o representing the current operational network. This reflects the practical
setting where planners incrementally improve the existing network design. Solution quality
is assessed via the objective function defined next.

Objective function

The MMNDP maximizes the expected entitlement f(o) of the designed network o

max f(o) = S(0) — L(o) = C(0) (1)
oeX
where S(o) represents the monetary value of network speed, L£(o) represents linehaul trans-
portation costs, and C(o) represents sort center processing costs. Let us now turn to each
component individually.
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Speed evaluation S(c): We use the same black-box evaluation function from [4], trained
on historical data to predict customer order coverage. The function simulates customer
orders associated with a particular DC and their assignment to the FC providing fastest
delivery and with inventory available.

Let TI(k, o) denote the promise (delivery days) for commodity k& € K under solution o,
which depends on the FTD placements x used by path pg. For promises 7w € [0,7] (from
same-day delivery up to a full week), the order coverage of commodity k is:

(I)(k} ) 0 ifH(k,O‘)>7'r
70"77' =
Gblack-box (k, o, ) if H(k,0) <

where @plack-box 18 the black-box coverage function. When 7 = TI(k, o), coverage depends
on the order cutoff time determined by which FTD Xlé,i ; is used departing from origin oy.
This is because with early departure, fewer customer orders can be attained by the FTD
and will depart only later or next day - hence, later FTDs cutoffs enable higher coverage.
When 7 > II(k, o), we assume all orders are covered, regardless of cutoff. Order coverage
is converted to monetary value using promise-dependent weights w, (lower 7 yields higher
value). The total speed evaluation is:

Z Z wy - O(k,o,7)

k€K 7€l0,7]

Linehaul costs L(c): For an FTD x!
v!: computed by:

ij
kt
= E Xij * v

keK

ij» we first define the volume it needs to transport as

For a truck capacity ¢ and fixed cost 7 per truck, the linehaul cost is then:

2= 3 [%] -

teT (i,j)€A

The ceiling operator ensures we always count full truck departures, even when volume is low,
reflecting the guaranteed departure property of FTDs.

Sort costs C(a): Sort centers incur per-package costs that depend on the operation type.
Sorted volume costs agory per package, while cross-docked volume costs axq per package -
typically axq < agort- We denote for a sort center s the total number of sorted packages

processed as vg, . and total cross-docked packages as v3;. The total sort cost then is:

sor

§ : s s
0) = Qlsort * Ugory T Oixd * Uxq
seS

Let us now turn to a brief example that will help illustrate the key concepts of our problem.

Example

To illustrate the MMNDP, consider the example network in Figure 1. We assume six
commodities (F1-D1, F1-D2, F1-D3, F1-D4, F2-D3, F2-D4), each with a volume of 1000
packages. Trucks have a capacity of 1000 packages and cost 7 = $500 per trip. All paths
through sort centers (SCs) require a 3-hour processing time at agory = $1 per package. Each
arc has a 1-hour travel time. Commodities follow shortest-path routes: F1-D1 is a direct
connection, F1-D2 is a one-touch path through S1, and F1-D4 is a two-touch path via S2
and S3.

15:5
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Figure 1 Example of an MMNDP network.

Timing and customer promises. The FTDs, shown as black squares with departure times,
create time connections through the network. For example, F1-D1 has one FTD at 02:00.
Between F1 and S1, there are two FTD waves at 20:00 and 23:00. Volume for F1-D2 flows
via the 23:00 FTD in the first leg and 03:00 in the second leg. The 23:00 departure arrives
at S1 by midnight, completes the 3-hour processing, and connects to the 03:00 departure to
D2. This yields a 23:00 order cutoff for D2 customers with TI(F1-D2,0) = 1 day promise
delivery. In contrast, F1-D3 must use the 20:00 and 01:00 FTDs because the 23:00 departure
arrives too late for the 01:00 downstream connection. This forces a much earlier 20:00 cutoff
for D3, despite maintaining the same 1-day promise. The earlier cutoff likely reduces order
volume significantly, as customers ordering after 20:00 see a 2-day promise instead. While
both paths offer 1-day delivery, the monetary value of a 23:00 is likely to exceed that of a
20:00 cutoff due to captured demand. Meanwhile, F2-D3 has connections 22:00, 15:00 (+1
day) and 04:00 (42 days), translating into II(F2-D3,0) = 2 days of promise with a cutoff
of 22:00. This information is what constitutes the main input to S(o).

Cost. The FTD in F1-D1 requires only one truck since all 1000 packages fit within capacity.
However, the S2-S3 FTD requires three trucks since it carries volume for three commodities
(F1-D4, F2-D3 and F2-D4), for a total of $1500. In terms of sort costs, S2 processes 3000
packages across these flows, incurring $3000 in sortation costs. Similar computations can be
performed for all other components of the network to obtain the total linehaul and sortation
costs.

3 Related work

The Middle Mile Network Design Problem belongs to the Service Network Design (SND)
family of problems [5]. For a complete view over this rich literature, readers are referred
to [6, 20]. The SND determines shipment paths for commodities and the required resources
for transportation while consolidating flows to minimize network operating costs.

Early SND research considered basic capacity constraints [9, 20], but only recently has
the literature incorporated more realistic operational constraints such as maximum inbound
and outbound truck limits at sort centers [21, 14], which make the problem significantly more
difficult to solve. Most SNDs ignore labor efficiency for sorting operations at intermediate
facilities [4]. When labor capacity is taken into account, the volume arrival profile at a sort
center directly impacts network speed and feasibility, as insufficient capacity can prevent
appropriate processing for downstream connections. Moreover, the time required to move
volume through a sort center may depend on how commodities were packed at upstream
nodes, introducing interdependent capacity and routing decisions rarely addressed in prior
work. To our knowledge, only Brubaker et al. [4] incorporates these constraints.
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When modeling the time dimension in SNDs, most research opted for time discretiz-
ation [21, 3]. While effective, this technique can quickly produce mathematical models
that are too large to solve or even store in memory [3], something that can lead to several
computational challenges. This in turn may force practitioners to use time granularities
unsuitable for real applications. For example, we are unaware of exact models that can
handle the 15-minute granularity and network scale we solve.

Regarding delivery speed, most SNDs specify the time when a commodity is available
and its delivery deadlines, but lack any notion of network speed, as faster delivery provides
no objective gain. The SND literature focuses mostly on cost minimization rather than
speed maximization [6, 20]. Only two recent works consider speed optimization [2, 4], though
Benidis et al. [2] examine networks with only FCs and DCs, eliminating the consolidation
decisions central to typical SNDs. Even in this simplified setting, they show that the problem
of scheduling FTDs to maximize network speed is NP-Hard.

In fact, most practical SNDs are NP-Hard, yet research has predominantly focused on
exact methods [20], leaving a significant gap in scalable heuristic approaches for large-scale
instances. This gap is significant for problems like the MMNDP, where high dimensionality
and black-box evaluations for both objective function and constraints eliminate classical
mathematical programming entirely. Brubaker et al. [4] showed that constraint programming
required multiple hours on instances ten times smaller than ours, while a generic random
key heuristic needed multiple days to obtain high-quality solutions. To our knowledge, no
existing heuristic approach has been successfully demonstrated at the scale of our problem.

This motivates our adoption of Variable Neighborhood Search (VNS) [12], a metaheuristic
successfully applied to diverse combinatorial problems including vehicle routing [17], graph
coloring [1], and network design with relay operations [22]. Xiao and Konak [22] tackled
an entirely different type of network design problem but still faced the challenge of having
interdependent decision variables, much like us. In this context, they were able to achieve
high-quality solutions by applying multiple search procedures within the VNS framework.
Similarly, we employ Variable Neighborhood Descent (VND), a greedier VNS variant well-
suited to the MMNDP’s need for short runtimes while exploring high-dimensional decision
spaces. Embedding several specialized neighborhoods within VND enables significant solution
improvements, as we will discuss in the next section.

4 Algorithmic approach

The MMNDP’s high dimensionality makes neighborhood-based local search particularly
challenging. With over a hundred thousand commodities, hundreds of sites, and multiple
decision types (FTDs, paths, sorting), the search space is enormous. Our heuristic defines
multiple neighborhood structures, each containing a large number of candidate moves. Two
challenges arise: first, fully enumerating and evaluating a neighborhood from scratch after
every accepted move is prohibitively expensive - the black-box simulations incur several
milliseconds per candidate, which can add up to an hour of computation time for a single
exploration. Second, searching all neighborhoods jointly as one combined structure would
yield an impractically large candidate set, making move selection too expensive within
practical time budgets.

We address these challenges through two key design decisions. For the first, we compute
neighborhoods once and cache them in priority queues, selectively updating them when the
incumbent solution changes rather than regenerating from scratch. This amortizes the high
cost of candidate generation across multiple iterations of the search. For the second, we
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partition the search into smaller, carefully composed neighborhoods that define our VND
structure. Each neighborhood groups moves that compete for similar resources and could
block each other, whereas neighborhoods are ordered in such a way that earlier moves can
enable better moves in later waves.

The metaheuristic approach we propose is described by Algorithm 1. We assume that
an initial solution is already provided representing the current network in operation, which
should be improved. The algorithm runs for up to ITER iterations. In each of these, we loop
over the neighborhood sets defined in N = (N1, N3, N3, ...) and pick the best solution from
all those which are reachable with the current neighborhood N,, € N (line 6). We denote by
Q@ the set of priority queues holding the ordered list of candidate moves available - i.e., the
neighborhood (see Section 4.2 for more details). Following the basic principle in VND, we
explore neighborhood N,, until full exhaustion, always updating the best solution found with
the new improving solution (lines 8-9). Once no improvement can be found, we move to the
next neighborhood (lines 11-12).

Algorithm 1 Variable Neighborhood Descent.

Input: Initial solution og, set of neighborhoods N, max iterations ITER
Output: Improved solution opest

1 Opest < 00;

2 for i < 1 to ITER do

3 n <+ 1;

4 Q + initNeighborhood(opest, N1);

5 while n < |N| do

6 04 < bestImproving(Q);

7 if 0, # 0 then

8 Obest = Ox;

9 () <+ updateNeighborhood(opest, Q);
10 else

11 n <+ n+1;

12 Q@ + initNeighborhood(ohest, Ny );
13 end
14 end
15 end

16 return opes

Note that here we apply the pipe neighborhood change [13], in which we keep exploring the
current neighborhood instead of resetting n = 1 as in standard VND. The rationale behind
this decision is runtime, given how time consuming it can be to initialize a neighborhood
exploration in our case - some neighborhoods can take up to one hour to initialize.

In what follows, we will describe the move types we designed for local search in Section 4.1.
We define our neighborhoods formed by these moves in Section 4.2, while discuss some of
our main contributions towards algorithmic techniques enabling Algorithm 1 to scale in
Section 4.3. The reasoning behind multiple iterations is explained in the final Section 4.4.

4.1 Move types

Let us now turn our attention to the moves used by our local search to explore the large
search space.
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Direct FTD optimization

Given a direct path p;, this move tries to reoptimize the FTD by pushing it later in time
and therefore gaining speed. When this is not possible because, e.g., there is too much
volume already inbound late at the DC (recall constraint C4), another direct path pa may be
considered to pull its FTD earlier. This leads to speed loss of orders in ps, but may enable
the push of p;’s FTD. The move then tries to tradeoff different coverages of FCs. If the FC
for p; has a dominating coverage, we may even be able to gain most (if not all) of the speed
lost from pulling pe. The overall idea of this move is depicted in Figure 2(a).

Indirect FTD optimization

Indirect FTD optimization differs from direct FTD due to the concept of waves. While
in direct FTD a single placement is sufficient (because a single commodity is shipped), in
the indirect network multiple commodities are shipped, potentially with largely different
downstream connections and arrival dates. To maximize speed in this context, it may be
worth to spend extra linehaul by adding a second (or more) FTD on the same leg, potentially
reducing the promise of some commodities by an entire day. Indirect optimization can
also have the reverse effect and remowve extra waves which may not be needed given other
optimizations done to the network. Figure 2(b) shows the idea behind this move type, where
one FTD is converted into two waves.

Direct path addition and removal

This type of move selects one commodity k € K and converts its path from (or to) a direct

path to (or from) a one-touch path. Figure 2(c) depicts the basic process behind the move.

When converting to a direct path, the move also includes design of FTDs, since we always
need at least one FTD per active leg to move volume between sites. When removing a direct
path, FTDs are already available since we use existing active legs. The removal of a direct
path may, however, re-design existing FC-SC FTDs to make the move feasible.

Adding a direct path contributes speed to the network at the expense of less consolidation.

Meanwhile, removing the direct offers benefits of consolidation while losing speed - the typical
tradeoff of the MMNDP. Note that we have specialized moves for direct and one-touch paths
because they contribute the most speed to the network and carry the most volume.

Indirect path addition and removal

Similar to the direct path addition and removal, this move is responsible for changing legs
between FCs and SCs - we currently do not consider changes between SCs and other SCs or
DCs. Adding a leg always involves designing new FTDs with the goal of increasing network
speed, whereas removing an indirect leg will often reduce speed, but also reduce cost via
consolidation. When an indirect leg is added or removed, a large number of commodities will

be impacted, making this one of the most computationally expensive moves in our selection.

Figure 2(d) depicts the general idea behind this type of move.

Sort optimization

As discussed in Section 2, one of the decisions in the MMNDP is also how individual
commodities flow through SCs. They have essentially two modes: sorted and cross-docked
(xdock). This move is responsible for looking at opportunities of optimizing this decision by
either converting a sorted one-touch path into a xdock one-touch path, or by swapping two
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paths (one sorted, one xdock). Note that FCs have a maximum capacity to send presorted
(xdock) volume to SCs, which is why in some cases a swap may be needed. Sorted paths
are slower at the SC and typically cost more, but given the limited capacity at the FCs, the
decision of which path to xdock needs to be considered carefully. Figure 2(e) shows the idea
behind this move.

(a) Direct FTD optimization. (b) Indirect FTD optimization. (c) Direct addition and removal.

'
@@
' 1
Gt

(d) Indirect addition and removal. (e) Sort optimization.

Figure 2 Move types available during local search.

4.2 Neighborhood definition

In our VND, each neighborhood is comprised of multiple move types. We have a total of five
neighborhoods defined as follows:

N; - direct path addition and direct FTD optimization
Ny - direct path removal and indirect FTD optimization
N3 - direct path addition and direct FTD optimization
Ny - indirect path addition and removal

N5 - sort optimization

The idea is that a neighborhood is then formed by the union of the neighborhoods defined
by each move. The selection of move combinations to create a neighborhood is largely based
on experimentation, experience and how synergies work across moves. For example, direct
path removal can directly impact indirect FTD optimization since it adds more volume to
an FC-SC leg. Hence, it makes sense to have both in the same neighborhood to compete for
the best solution in a given iteration, rather than having them in separate neighborhoods
when one could block the other move.

Note that neighborhoods N; and N3 are the same. This is on purpose and comes from
the fact that some opportunity may open after Ny and we would like to capture these moves
quickly to help ensure the speed of the network is maximized.
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4.3 Neighborhood exploration, evaluation and caching

Our local search scales through several speedup techniques. Each neighborhood maintains a
priority queue of candidate moves ordered by potential objective gain, initialized in lines 4
and 12 of Algorithm 1.

Neighborhood initialization. We enumerate all possible moves and add them to the priority
queue. Full evaluation of the move feasibility and its objective value is computationally
expensive. To reduce initialization cost, for three move types (direct path addition/removal
and direct FTD optimization) we check only a subset of the feasibility constraints and order
the priority queue by the upper bound estimate of the objective gain instead of the exact
value of the objective. For example, direct path addition assigns the latest possible FTD,
which injects at the critical time at the destination, regardless of labor capacity, providing an
upper bound on potential gain without expensive computation. The remaining move types
generate fully feasible candidates, as their complexity makes it more difficult to design simple
upper bounds. These queues also serve as move caches to avoid redundant computations
and candidate generation in our large search space.

Move selection. We employ lazy evaluation when selecting moves (line 6, Algorithm 1),
illustrated in Figure 3. Here we start with a priority queue filled with candidate moves pu.
Recall that these candidate moves may be only partially feasible (due to our initialization).
The first step (1) is to take the top candidate ug and optimize it. Optimizing a candidate
means that we create a (new) fully feasible move over the current network state opest. Note
that even fully feasible moves over a previous network state may need to be re-created at this
stage. For example, if the move is to add a direct path, we will perform this path addition
alongside a proper FTD design - and not the FTD design done during initialization. This
process produces a new move uj (step 2). Optimization typically reduces the gain (here to
$800), as constraints are enforced or the network changes. We then compare g against the
next-best candidate uy (step 3). If ug dominates, we select it; otherwise, we reinsert pg into
the queue and repeat for uo (step 4). This continues until finding a move with no superior
alternative. Infeasible moves after optimization are always discarded.

- (2) === (1)
16 - {614 - - -| e[z | pa {5 - [ 15|
f(us) =$800  f(ue) =$1000 AN

Y
(3) X
o Y
V214 = = 2 [ 1 5 - 1 A3
| . | Le—L__L_-L__L__L__L_-1

Figure 3 Move selection process to extract a move from its queue during neighborhood exploration.

Neighborhood update. Full queue update is computationally prohibitive and therefore,
we update the queue only partially. When a move m is accepted (line 8, Algorithm 1), the
priority queues are partially updated to include newly available moves (line 9), as illustrated
in Figure 4. In step (1), we enumerate new moves enabled by the acceptance of m, shown
as blue moves p1, p3, and p4. The remaining gray moves ps and ps represent opportunities
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the algorithm does not detect, as full enumeration would be prohibitively expensive. For
example, blue candidates may be those sharing the same leg as m, while gray ones are
candidates on other legs which we have decided not to explore (see below for a more detailed
example). This partial update increases search myopia but maintains scalability - we discuss
a mitigation strategy in Section 4.4. Detected moves are added to the queue in step (2)
ordered by objective gain. Note that these moves may include candidates with a structure
similar to those already in the queue. This choice is by design because iterating over existing
moves and updating the estimate one by one is time consuming; therefore we add the new
move to the queue without removing an old move. Because the move selection process fully
reevaluates a move, this prevents accepting infeasible or suboptimal moves, even if it may
create duplicates of moves in the queue.

For example, when updating the queue for indirect FTD optimization, we look at the new
paths created by the accepted move m (if any) and try to reoptimize all indirect legs in this
new path. However, there may still be other indirect FTD moves that had their objective
function reduced or increased because of the accepted move, but which will not be updated
and reordered in the queue, leading the search to potentially miss some candidates.

Figure 4 Process to update a move queue after a move has been accepted and the incumbent
solution has changed.

Variable neighborhoods. Full queue updates or regeneration after each move acceptance
are impractical. However, neighborhoods are fully initialized based on the current opest
when starting exploration (lines 4 and 12 in Algorithm 1), allowing later neighborhoods
to exploit information from earlier ones. For instance, Ny generates all candidates from
the opest modified by Ny, not from the initial og. In contrast, placing all moves in a single
neighborhood would only generate candidates once from oy, substantially limiting move
discovery. The other extreme, placing a single move per neighborhood causes the search to
be too greedy and myopic due to the pipe search process [13] - yet, using the typical VNS
process of always resetting to the first neighborhood upon solution improvement proved too
time consuming.

4.4 Multiple iterations

Algorithm 1 can perform multiple iterations. The idea is to enable an easy trade-off between
runtime and solution quality. While a single iteration is the most commonly setup we use in
planning cycles, we have observed that up to three iterations can further provide significant
benefits, particularly cost savings while maintaining the same network speed. This comes
mainly from the fact that new iterations reset the candidates of each neighborhood, by-passing
to some extent the limitations of our myopic queue update described in Section 4.3.
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5 Experiments

To confirm the effectiveness of our algorithmic approach we perform a series of computational

experiments using real world instances from previous network planning periods at Amazon.

We first consider the specific characteristics of each instance, then compare results of VND
against a previous algorithmic approach and finally consider the benefit brought by the
multiple iterations. All of our experiments were performed in a computer equipped with
Intel(R) Xeon(R) Gold 6455B running at 3GHz and equipped with 32 GB of RAM.

5.1 Instances

We consider six real-world instances in our experiments spanning different regions where
Amazon operates. Table 1 shows their key characteristics, such as number of FCs, SCs, DCs
and commodities.

Table 1 Real-world instances used in the experiments and their key characteristics.

Instance |F| |S| | D] |K|
RW1 650 38 1297 121,098
RW2 602 27 1254 110,251
RW3 692 41 1080 180,982
RW4 570 36 1101 173,346
RW5 82 29 170 11,071
RW6 675 110 908 219,796

From this table, we note that the magnitude of the number of commodities | K|, one of
the main drivers of instance complexity in SNDs, is approximately 10x larger than in the
closely related work from Brubaker et al. [4], but is also almost 100x larger than instances in
other network design studies that often include at most a few thousand commodities.

5.2 Comparison with a previous algorithmic approach

We compare the VND performance against the previous algorithmic approach used in
planning and the same one used as baseline in [4]. This algorithm can be seen as our VND
approach, but one where there is a single neighborhood N7 with all move types in this
single neighborhood N;. We refer to this as baseline. Note that both Baseline and VND are
completely deterministic and therefore we report results for a single run per instance.

Table 2 presents the comparison of the two approaches. We report the relative difference
between the final solution found by Baseline and the one found by VND. We do not provide
absolute values to protect business financial values. Additionally, we report the total number
of moves accepted by each approach, as well the absolute difference and the runtime, in
hours, required by each algorithm as well as their relative difference.

It becomes clear from the results in Table 2 that VND dominates Baseline in essentially
all instances except RW2. In this case, the entitlement drop is somewhat significant, reaching
7.5%. Despite that, we see that the runtime of VND is almost half that of Baseline for this
same instance and we could likely achieve better solutions by fine tuning the neighborhood
exploration further. However, VND provides an average improvement over these instances of
2.9% with an average runtime decrease of 24%. It is also important to note that the number
of moves always increases, clearly demonstrating the additional ability of VND of exploring
the search space further than the simple greedy Baseline approach.
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Table 2 Comparison of Baseline and VND.

Objective function Moves Time (h)
Instance A (%) Baseline VND A Baseline VND A (%)
RwW1 +1.7 338 381 +43 7.02 4.48 -36.1
RW2 -7.5 424 433 +9 8.36 4.68 -44.0
RW3 +4.4 278 314 +36 3.02 2.29 -24.1
RwW4 +5.5 256 311 +55 1.99 1.84 -7.5
RW5 +5.3 387 407 +20 0.73 0.55 -24.1
RW6 +3.9 1414 1621 4207 1.70 1.49 -12.4

5.3 Improvement over multiple iterations and search progress

Let us now turn our attention to the tradeoff between runtime and solution quality when
we increase the number of iterations of VND. Table 3 presents results for VND with one
iteration and VND with three iterations. We present the objective function relative difference
against both Baseline (Ap) and VND with one iteration (Ay). The number of moves and
time are all comparing VND with one iteration against three iterations.

Table 3 Comparison of VND runs with one iteration and three iterations.

Objective function Moves Time (h)
Instance Ap (%) Av (%)  l-iter 3-iter A lter  3-iter A (%)
RW1 +3.6 +1.9 381 455 +74 4.48 10.00 41229
RW2 -2.7 +5.3 433 484 +51 4.68 10.83 +131.4
RW3 +7.7 +3.2 314 346 +32 2.29 4.59 +4100.3
RW4 +7.5 +1.9 311 324 +13 1.84 3.36 +82.6
RW5 +9.4 +3.9 407 440 +33 0.55 1.07 +93.9
RW6 +5.7 +1.7 1621 1734 +113 1.49 4.06 +172.4

It becomes clear that increasing the number of iterations does bring significant extra
improvements compared to the single-iteration run - and even more so compared to Baseline.
However, while the average gain on top of VND with one iteration is of almost 3% (and 5%
for Baseline), the runtime explodes up to almost 11h in some cases. The number of moves
performed also increases significantly, clearly demonstrating the capability of the algorithm
in finding further new improving moves, albeit with ever increasing diminishing returns.

However, the table does not show the whole picture. Figure 5 depicts the evolution of
moves performed for dataset RW4 for VND with three iterations. The x-axis shows the move
acceptance index (0 is the first accepted move), while the y-axis shows the relative objective
function gain of the move over the whole search (100% is the move with highest gain).

The local search progresses in the typical way: quick progression and improvement at the
early stages and then quickly converging towards diminishing returns for moves. The key
difference happens when we see the spikes after move index 150. This spike marks the change
of neighborhood from N; to Ny. Meanwhile, the transition from iteration one to iteration
two happens at around move 270, at which point a new group of moves is found, with some
occasional new spikes bringing additional gain, though not as high as at the beginning of the
search. It becomes clear from this graph that iteration three brings little value. Indeed, a
closer inspection shows that the third iteration produces only a single accepted move. Hence,
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Figure 5 Progress of accepted moves for RW4 and their relative objective function gain.

we could have stopped at the second iteration to save runtime without any significant loss for
RW4. Nevertheless, the key message here is that re-initializing the search does bring benefits
even if the precise number of iterations is instance-dependent.

6 Conclusion

In this work we have tackled a large scale middle mile network design problem, pushing
the boundaries of what has been previously explored in the literature in terms of instance
size, including cases with 100,000-200,000 commodities. The problem we solved seeks to
maximize network speed at minimum cost, while respecting many realistic constraints with a
high-dimensional decision space.

To tackle this Middle Mile Network Design Problem at scale, we design a specialized
metaheuristic able to provide average improvements of 2.9% to solution quality, and a runtime
up to 44% shorter when compared to a previous algorithm. We achieve these significant
improvements by using a highly specialized neighborhood exploration to navigate the large
search space combined with caching mechanisms, lazy evaluation and partial neighborhood
updates. Furthermore, the algorithm explores different neighborhoods in a combined and
sequential approach to ensure short runtimes at minimal solution quality loss. The techniques
presented here are applicable beyond network design, as many real-world optimization
problems share similar characteristics with the MMNDP, namely high-dimensional search
spaces and expensive black-box evaluations.

Looking forward, we value the diversification of the search process. Initial experiments
with perturbation mechanism to escape local minima demonstrated that we could gain further
improvements of up to 5%. Unfortunately, this comes with prohibitively long computational
times, which brings additional questions on how can we better explore the search space
to shorten these runtimes. It may be worth exploring ways of decomposing the search, or
identifying specific parts of the network which are worth (or not worth) exploring. Finally,
we recognize that the order of neighborhood and move combinations in our algorithmic
approach have a big impact in solution quality. Hence, it is also worth exploring approaches
for automatic algorithm selection [16], where instance characteristics could be learned to
automatically identify the best orders and moves to use to maximize solution quality while
keeping runtimes controlled for practical use.
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A  Constraints

We provide a formal description of our constraints below. These are not intended as a
mathematical programming formulation, but rather as a precise definition of what each
constraint enforces. Constraints C4 and C5 depend on other network factors (truck scheduling
simulation, path definitions) not described here. Constraints relating variables are also out
of scope. In what follows, we assume that operations over the time buckets t € T work in a
rolling horizon. In other words, if t* denotes the last bucket in T', t =t*+1 =1 € T denotes
the first period.

Constraint C1 - Shift opening hours

Let Oi+ C T be the set of buckets when site ¢ € V' is open for inbound and O;" C T the set
of buckets when it is open for outbound. The shift constraint can then be written as:

zl; =0, V(i,j)eA teT, t' =t+ay;eT\Of
at; =0, v (i,j) € A, t € T\O;

where a;; denotes the travel time (as a multiple of 15 minutes) in arc (4, j) € A.

Constraint C2 - Minimum time difference between two FTDs on the same arc

Let L;; denote the minimum time difference, in 15-minutes buckets, required between two
FTDs placed on arc (i,5) € A. The constraint then is written as:

af+a; <1,V (i,j) €A teTt e t+1,t+ Lyl t # 1

Constraint C3 - Maximum FTDs departure and arrival per hour

Let Hj denote the maximum FTD inbound per hour at site ¢ € V' and H, the maximum
FTD outbound per hour at i.

t+4
o N e <H, VieV, teT
(i,j)eAt/'=t

t—a;;+4
>y af < Hf VieV, teT

(4i)EAt =t—a;

where here we look into windows of 4 buckets (1 hour).
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Constraint C4 - Labor capacity at SCs and DCs

Labor capacity at SCs and DCs is our most complex constraint, requiring two simulations: (1)
simulating truck schedules based on volume assigned to an FTD under the current network
state o (since ad-hoc trucks are scheduled before FTDs to spread volume arrivals over time);
and (2) simulating sortation at each site for the inbound truck volume, which depends on
how much labor capacity is available.

Building the ad-hoc truck schedule is out of scope for this paper and is done so using a
black-box simulation that maps an FTD to a complete truck schedule based on the amount
of volume assigned to the FTD. Briefly, we use historical volume accumulation curves to
estimate how many packages are available for ad-hoc trucks departing before the FTD truck.

Let u! denote total inbound volume at time ¢ at site i € S U D (summed over all truck
arrivals), b! the backlog of unprocessed packages at site ¢ and time ¢, ¢! the maximum
processing capacity at site i and time ¢, and [t§1%7¢ £¢7d] the sortation window within which
all packages must be sorted. We assume that u! > 0, ¢ € [t5t7 t7d] and u! = 0 otherwise.
Volume that arrives earlier is aggregated at 5" and volume should not be injected later
than "4, We then define our labor constraints as:

start start
t3 t3

4 =u; ’ Vie SUD
b = max{0,b;"" — ¢ +ufl, Vie SUD,te [ttt 4 1,4

end

¢=0, VieSuD

i
Constraint C5 - Sort capacity at FCs

Let P; denote the maximum number of sorts that FC i € F' can process. We count each
destination connected via a sort or presort as one resource consumption for simplicity.

Zzijga, VZGF
JEV
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—— Abstract

Periodic railway timetables require stability in operation, but the cost of increasing stability in
terms of total travel time remains unclear. We study this cost of stability in microscopic periodic
timetabling using the realisable cycle time as a stability measure. To implement stability, we
compress the timetable to a shorter realisable cycle time that remains feasible at the microscopic
level, and then rescale it back to the nominal period used in regular operation. The difference
between this nominal period and the realisable cycle time becomes the time supplement available
for absorbing delays. We formulate an optimization problem that jointly considers realisable cycle
time and total travel time, and solve it with Logic-Based Benders Decomposition. The master
problem optimizes commercial timing variables, while the subproblem verifies microscopic feasibility
with routing, periodicity, and resource-conflict constraints. Infeasible subproblems yield activity
cuts that constrain the master. Experiments on two Swiss railway case studies show that the
proposed decomposition substantially improves computational performance on the larger instance
and reveals nonlinear cost-of-stability frontiers with topology-dependent infeasible cycle-time regions
and exceptionally high marginal costs at certain stability levels.
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1 Introduction

Periodic timetables are a central planning instrument in passenger railways because they
provide a regular and memorable public service offer and are widely used in European
passenger railway planning [2]. Their operational value, however, depends not only on
feasibility in the nominal plan but also on stability: the ability of delayed trains to return to
their scheduled train paths by using the available time supplement [5].

A useful stability proxy for periodic timetables is the minimum realisable cycle time.
Given a nominal period T, a timetable whose minimum realisable cycle time w satisfies
w < T has positive cycle-time slack which implies finite delay settling under realisability
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assumptions [8]. A stable periodic timetable can be generated conceptually in two steps:
compression and rescaling. In the compression step, one searches for a timetable structure
that can be operated with a realisable cycle time w < T'. In the rescaling step, this compressed
timetable is rescaled back to the nominal period T for regular operation. The time difference
T — w is then available as time supplement [8]. Supplement could in principle be allocated in
different ways, and this paper follows the established uniform rescaling construction, which
guarantees the supplement in all the critical cycles after rescaling [8]. Fuchs et al. [4] extend
the stability implementation method to single-track railway networks and prove the necessity
of microscopic infrastructure modelling where resource conflicts dominate.

Figure 1 demonstrates an example of stability implementation and delay absorption. In
an original timetable (Figure 1a) with no stability consideration, trains run at maximum
speed between station A and C. In the compression step (Figure 1b), we alter the timetable
structure by allowing trains to cross at B and optimize the realisable cycle time. The
timetable is uniformly rescaled in Figure 1c. When a delay event occurs (Figure 1d), the
timetable can adjust to absorb delay in the following train run and return to the normal
schedule without intervention.

Station Station Station Station Station Station Station Station Station Station Station Station
A Space A B c Space A Space A B Space

| | b | |

Delay
T ! VEol N { T

! ! v l !

—> Vehicle 1 —> Vehicle 1 —> Vehicle 1 —> Vehicle 1
—> Vehicle 2 —> Vehicle 2| —> Vehicle 2
Time| } Time, Time, Time|

(a) Original Timetable. (b) Compression. (c) Rescaling. (d) Delay Absorption.

Figure 1 An example of implementing timetable stability.

Increasing stability does not come for free. Existing approaches show that obtaining
stability may require relaxing service frequencies, regularity requirements, or running-time
bounds [1]. Here, we focus on the travel-time cost induced by the compression and rescaling.
We define travel time as the sum of time durations of travel activities, including running
between stations and dwelling at stations. When the compressed timetable is uniformly
rescaled from cycle time w to the nominal period T, each duration At is multiplied by the
factor T'/w. With A®™ denoting the set of commercial activities a in the timetable that
contribute to the travel time, the total travel time of the rescaled timetable TT" is

T
T = = . At,, 1
Ty o

a€ Acom

The realisable cycle time w can affect the total travel time in two aspects: Reducing w
increases the rescaling factor 7'/w, which increases the rescaled travel time if the sum of
At, is the same. The effect can be observed between Figure 1c and Figure 1la where trains
have longer running times after rescaling. At the same time, the combination and duration
of At, depend on the timetable structure solved under the chosen cycle time w, including
crossings, waiting-time allocations, route choices, and resource-conflict resolutions. The
second effect can only be observed in a more complex network. The net effect of w on travel
time is therefore not evident a priori. This motivates the research question: For a periodic
timetable solved with the stable timetable generation process, including compression and
uniform rescaling, how much more travel time must be paid as costs for additional stability?
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The paper makes three contributions. First, we propose a microscopic periodic timetabling
model that jointly optimizes the stability and total travel time and quantifies the trade-off.
Second, we extend an LBBD approach with activity cuts that exploit the timetable’s periodic
structure and accelerate the solution process in the larger case study. Third, we conduct
experiments on Swiss railway networks and reveal nontrivial properties of the trade-off
frontier between stability and travel time.

2 Problem Setting and Stability Measure

We consider a given line plan, fixed train frequencies, and a microscopic infrastructure model.
The underlying feasibility model follows the periodic microscopic timetabling framework
of Fuchs et al. [4]. It combines a train-flow representation for route choices with an event-
activity network for timing decisions. Events e € E have continuous times t., activities
a = (i,j) € A impose lower and upper duration bounds (adjusted consistently for the
compressed and rescaled timetables), and selected train movements occupy microscopic
resource paths. Resource conflicts require a precedence decision and a minimum separation
time. Periodic constraints impose that each event repeats after a cycle time w.

We quantify the trade-off between two objectives: stability and travel time. Stability is
represented by the realisable cycle time w. Lower w indicates more time supplement.

The total travel time is defined as the sum of durations of all commercial activities
including running between stations and dwelling at stations. Let A°™ C A be the set of
commercial activities in the timetable, whose durations contribute to the total travel time.
Following the generation steps of timetable compression with realisable cycle time w and
rescaling, the total travel time of the generated stable timetable is

=L S (it (2)

w
a:(ivj)eAcom

For design purposes, the two objectives can be combined in the weighted scalarization

min A-c, - w+(1—=N)-cpp - TT" (3)

where A € [0, 1] is the weight, and ¢,,, cpr > 0 normalize the two terms. In the computational
evaluation below, we use an alternative fixed-stability formulation. For each sampled cycle
time w, we fix w = w and solve f(w) = minTT" subject to the same microscopic feasibility
constraints. This measures the travel-time cost required for a prescribed stability level.

3 Logic-Based Benders Decomposition with Activity Cuts

3.1 Decomposition Structure

The microscopic stability model is a mixed-integer programming (MIP) model with continuous
event times and binary decisions for routing, resource activation, and train precedence on
conflicting resource paths [4]. Solving the full MIP directly is computationally challenging
because microscopic feasibility is governed by a large set of routing and resource-conflict
decisions, while the objective depends only on a smaller set of commercial timing variables.
This structure motivates a decomposition.

We extend the microscopic-timetabling LBBD framework of Leutwiler and Corman [7]
with the activity cuts introduced below. The original problem is decomposed into a master
problem, which contains only commercial event times, cycle time w and accumulated cuts,
and a subproblem, which verifies routing and resource-conflict feasibility.

16:3
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For a candidate master solution (w*,¢*), the subproblem fixes the variables from the
master and verifies all the routing, periodicity, and resource-separation constraints. The
subproblem is a pure feasibility problem that can be solved with high efficiency [7]. If the
subproblem is feasible, the candidate solution is optimal for the original problem. If the
subproblem is infeasible, a cut is generated and added to the master for the next iteration.

3.2 Positive-Cycle Certificates and Activity Cuts

The subproblem can be represented as a graph of difference constraints. A difference
constraint ¢; —¢; > d;; is represented by a directed arc from 7 to j with a weight d;;. A set of
selected routing and precedence decisions therefore induces a weighted directed graph. The
subproblem is infeasible if the corresponding graph contains a positive cycle. Let a cycle
be decomposed into master-induced arcs S and activated subproblem arcs SP, where D
denotes a routing and precedence decision pattern that induces the cycle. Summing the
difference constraints around the cycle cancels the event times and requires

0> Z 035 + Z Okl (4)

(i.5)eSP (k,1)esp

A positive right-hand side violates inequality (4) and therefore certifies infeasibility. To avoid
this infeasibility, the following activity cut derived from inequality (4) is added to the master:

VI Y &-t)<-ap (5)

Dec \ (i.j)esE

where Ap = Z(k,l) esp 0 is the constant aggregate contribution of the subproblem arcs for
a fixed decision pattern D and C is the set of cycle-inducing decision patterns.

The activity cut is particularly effective in periodic timetabling, where infeasibility
often arises from aggregation of multiple periodicity links. If the master-induced arcs in
a certificate contain only periodicity links, each such link can be written in the form of
t; —t; = kijw, ki; € Z. The aggregate master term in the cut (5) then collapses to a direct
period cut. With Kp = Z(i,j)es,ﬁ kij, the cut becomes

KDOJ S —AD (6)

The cut allows the LBBD scheme to use periodic infeasibility certificates to constrain w
directly, rather than only excluding local timing patterns.

3.3 Algorithmic Outline

The LBBD scheme applies to both formulations. For the weighted formulation in Equation (3),

the master jointly minimizes w and TT". For the fixed-stability instances used in the

experiments, the same scheme is applied with the additional master constraint w = @ and

the single objective min T7T".

1. Solve the master problem with commercial constraints, w, and accumulated cuts.

2. Fix the resulting commercial event times and w in the microscopic subproblem.

3. If the subproblem is feasible, store (w,T7T") and the corresponding timetable.

4. If the subproblem is infeasible, extract a positive-cycle certificate and add the correspond-
ing activity cut to the master.

5. Repeat until the current instance is solved or proved infeasible.
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4 Computational Experiments

4.1 Case Studies

We study two cases on the Swiss Rhaetian Railway: CHUR-AROSA, a single-track corridor
with passing loops, and CHUR-CORE, a mostly double-track network. For each sampled cycle
time w, we solve a fixed-stability instance with w = w, nominal cycle time T" = 3600 s, and
the objective of minimizing TI". We compare the benchmark MIP and the LBBD method
on these instances; Table 1 reports the instance characteristics and runtime statistics. All
experiments ran on an AMD Ryzen 7 PRO 8840U with 32 GB RAM, using OpenBus [3] in
Python and gurobipy 13.0.1 [6], and terminated at a 0.5% optimality gap or after 1800 s.

Table 1 Case-study statistics.

Case Topology # of # of # 9f Avg. # Avg. MIP Avg. [jBBD
Nodes Links Conflicts of cuts runtime runtime

CHUR__ AROSA Single-track 3169 5032 21640 10.79 1.45s 2.93s

CHUR_CORE Double-track 58945 83635 607338 3.6 * 148.36s

* The MIP did not converge within the time limit.

4.2 Trade-Off Frontiers

Figure 2 shows the cost-of-stability frontier and the marginal costs of stability for both case
studies. The plotted frontier uses cycle-time intervals of 36 seconds, equal to 1% of the
nominal 3600-second period. Infeasible grid points are shown as dotted segments. For a
solution at cycle time w, the marginal cost is computed as the increase in rescaled total travel
time when moving from the neighboring sampled solution at w + 36 s to w.
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Figure 2 Trade-off between realisable cycle time w and rescaled total travel time for CHUR-AROSA
(left) and CHUR-CORE (right). Solutions with high marginal costs are highlighted.

The frontier shows that within some cycle-time ranges, the realisable cycle time can be
reduced with moderate increases in rescaled total travel time, indicating moderate marginal
costs. The costs reflect the combined effect of reducing cycle time: the rescaling increases
travel time, while travel-time optimization can alleviate the marginal costs. Marginal costs
at certain cycle times are exceptionally high, e.g., at 3024 s in CHUR-AROSA and 3204 s
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in CHUR-CORE. This shows that stability should not be optimized only toward a single
prescribed level: for operational planning, selecting a stability level without inspecting the
frontier may therefore lead to unnecessarily high travel-time costs.

The two cases differ mainly in the infeasible cycle-time regions. The single-track infrastruc-
ture in CHUR-AROSA excludes certain sampled cycle-time levels and creates discontinuous
feasible regions, whereas the mostly double-track infrastructure in CHUR-CORE allows a
smoother adjustment of the timetable structure. The benefit of LBBD is most visible in the
larger CHUR-CORE instance: the benchmark MIP does not converge within the 1800 s time
limit, whereas LBBD solves the instances in 148.36 s on average.

5 Conclusion

We quantified the travel-time cost of periodic stability in microscopic railway timetabling
through the trade-off between realisable cycle time and total travel time. We used Logic-
Based Benders Decomposition, where commercial timing decisions are handled in the master
problem and detailed routing, periodicity, and resource conflicts are checked in the sub-
problem. Infeasible subproblems with positive-cycle certificates yield activity cuts for the
master. Experiments on two Swiss networks show that the frontier is topology-dependent:
moderate stability gains can often be obtained at low travel-time cost, while certain stability
requirements can be increasingly expensive or infeasible. Further work should extend the
analysis to other networks, interpret infeasibility certificates in physical infrastructure terms,
and develop stronger cut aggregation for LBBD.
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—— Abstract

Mobile parcel lockers can reposition delivery capacity during the day, but this flexibility requires
decisions that are tightly linked: where lockers stop, which customers are assigned to each stop, how
lockers move, and when service takes place. We introduce the multi-trip mobile parcel locker problem
with time windows (MT-MPLP-TW), which integrates locker deployment, customer assignment,
parking selection, routing, scheduling, parking capacity, walking limits, and depot replenishment. We
present a compact mixed-integer programming formulation and a logic-based Benders decomposition
(LBBD) that separates route-and-assignment decisions from detailed time-expanded certification.
Computational results on generated instances and on the single-trip mobile parcel locker benchmark
show that the compact formulation is effective on small and medium instances, while LBBD gives
stronger performance on larger and more constrained cases.
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1 Introduction

Parcel lockers reduce failed deliveries and consolidate last-mile demand, but fixed lockers
require permanent infrastructure and cannot easily adapt to demand that varies over space
and time. This limitation has motivated mobile-locker concepts, in which locker capacity
can be repositioned during the day [4]. Mobile parcel lockers (MPLs) can be temporarily
parked close to customers, replenished at the depot, and reused over multiple trips.

This paper introduces the multi-trip mobile parcel locker problem with time windows
(MT-MPLP-TW). The problem extends single-trip mobile parcel locker planning by allowing
each deployed locker to perform several depot-to-depot trips during the planning horizon.
It asks which MPLs should be deployed, which parking locations they should visit, which
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customers should be assigned to those visits, and how the resulting trips should be scheduled.
These decisions must respect customer availability, parking availability, parking capacity,
locker capacity, walking limits, travel times, and depot replenishment. The problem fills
a modeling gap because it treats locker location as an operational routing and scheduling
decision rather than as a fixed network-design decision.

We make three contributions. First, we propose a compact mixed-integer programming
formulation for MT-MPLP-TW. Second, we develop an LBBD algorithm in which the master
problem selects a route-and-assignment structure and a certification subproblem checks the
detailed schedule. Third, we compare the compact formulation and LBBD on generated
instances and on the public ST-MPLP benchmark, showing that the decomposition is more
scalable when assignment, routing, and timing are strongly coupled.

2 Problem Description and Formulation

We consider customers C, parking locations P, and a fleet M of MPLs. Each locker may
perform several trips r € R from a depot 0, where a trip is a depot-to-depot tour that can
visit several parking locations before returning for possible replenishment. Thus, the index r
denotes the trip position of locker m during the planning horizon; trips are not generated in
advance. Let N = {0} UP and A = {(4,j) € N x N :i # j}. Each customer ¢ has demand
Ne, a maximum walking distance e, possible pickup locations L., and service durations
f.;. The service duration is the time during which the locker must remain available at the
selected parking location so that customer ¢ can complete pickup from location {. Customer
availability windows are associated with customer locations, while parking windows describe
when a parking location can host an MPL. For each feasible triple (c,l,p), the set W,
contains service windows obtained by intersecting customer and parking availability. Triples
without a feasible service window, or violating the walking limit, are removed from F. Here,
B is a sufficiently large constant used to deactivate timing constraints when the associated
binary decisions are not selected.

The binary variables are @;j,, for arc use, yym, for parking visits, zc,, for assigning
customer c to locker m and trip 7, we, for customer-location-parking assignment, ocjp,, for
service-window selection, ¥pim, for parking-window selection, and w,,, for active trips. The
variable u,,o indicates whether MPL m is deployed. Continuous variables are departure
times t,,,, parking arrival times ¢y, stay durations s,.,,, and service start times Yeim-

min Cg Z Z Zdijxijmr + Cw Z ed werp + Cr Z Um0 (1)

(i,j)EAmeM reR (c,l,p)EF meM
s.t. prjm'r = Ypmr Vp < F’7 m e J\l7 reR (2)
JEN
J#p
inpm'r = Ypmr \V/p (S P, m & ]\47 reR (3)
iEN
i#p
Z Tojmr = Umr YmeM, reR (4)
JjEP
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ieP
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Z chmr =1 Yee C (8)

meM reR
Ypmr = Zemr + Z wclp_l VcEC,pGP,meM,re (9)
I€EL,: R
(c,l,p)eF
Zemr < Umr VCGC,mEM,TER (10)
Z Oclpw = Welp V(C,l,p) cF (11)
wewclp
Yelmr > aZsz - B(2 — Oclpw — Zcm'r) V(C,l,p) € F, w e Wclp, m € (12)
M, reR
Yelmr < chl;p — 0 + B(2 — Oclpw — Zcmr) v(c7l7p) € F7 w e WCl;m m e (13)
M, reR
prkmr:ypmr VpEP,mGM,TGR (14)
keEK,
Gpmr > ay — B(1 = Yprmr) VpeP ke Ky, meM, re (15
R
¢p7n'f + Spmr S b]; + B(l - 1/)pkmr) Vp S P, ke Kp, m € ]\47 re (16)
R
dij . .
¢jm7' > ¢im7' + Simr + TJ - B(l - ngm'r) vl,j € P7 2 # 7, m € ]\47 r e (17)
R
Yelmr Z ¢me - B(2 — Welp — Zcmr) V(C, l,p) S F, m & ]\47 reR (18)
Yelmr + 06l S ¢pmr + Spmr + B(2 — Welp — Zcmr) V(C, l,p) S F, m € ]\47 reR (19)
Umr Sum,r—l Ym € Ma T:27"'7|R| (20)
d
tmr > ¢p,m,r71 + Sp,m,r—1 + =0 (1 - -Tp(),m,rfl) Vp S P7 m € M7 T = (21)
v
2,...,|R|
Z elglwclp S €c VC S C (22)
(I,p):(c,l,p)EF
chzcm'r < qmUmsr VYm € M, re R (23)
ceC
Spmr 2 ecl(wclp + Zemr — 1) V(C,l,p) ceF, meM, reR (24)
Z prkmrgbp VpEP, k‘GKP (25)
meM reR d
¢pmr§tmr+%+3(1_l’0pm7‘) VPGP,mEM7T€R (26)
d
(z)pmrztmr"'%_B(l_wOpm'r) VpGP,mGM,TGR (27)
d
Qspmrztmr‘i’%*B(l*ypmr) VpEP,mEM,rER (28)
‘rijm'mypmryumr,Zcmr7wclpaoclpw7¢pkm7‘ S {07 1} V(Zm?) € A7 p € P’ c € (29)
C,meM, reR
tm'r,"/clm'ryaspmry Spmr 2 0 V(C,l,p) c F, m € M, reR (30)

The objective balances locker travel, customer walking, and deployment costs. Con-
straints (2)—(5) define the trip routes. Constraints (6)—(10) assign customers, link them
to visited parking locations, and activate trips. Constraints (11)—(16) select compatible
customer and parking windows. Constraints (17)—(19) propagate route timing and synchro-
nize customer service with locker presence. Constraints (20) and (21) impose the multi-trip
structure. The remaining constraints enforce walking limits, locker capacity, parking capacity,
stay duration, first-arrival timing, and variable domains. In the compact formulation, trips
are optimized through the arc variables x;jy,; the index r only limits the maximum number
of depot-to-depot tours each MPL may perform.
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The formulation is strengthened with standard inequalities that remove weak or symmetric
solutions: active trips must serve at least one customer, service-window variables can be
selected only when the corresponding assignment is selected, homogeneous MPLs are ordered,
trips of the same MPL are ordered, and the first departure is fixed to break symmetry.
The model specializes to the ST-MPLP of [4] by imposing a single trip, full-day parking
availability, and the corresponding benchmark cost structure.

3 Logic-Based Benders Decomposition

Benders decomposition separates a problem into a master problem and a subproblem [1].
Logic-based Benders decomposition extends this idea to settings where the subproblem
has discrete or logical structure and cuts are derived from inference rather than linear
duality [3, 2]. We use this principle to separate route-and-assignment decisions from detailed
time-expanded scheduling.

The compact formulation becomes difficult because routing, assignment, and continuous
timing are optimized together. The LBBD master problem keeps the structural part of the
model: active trips, deployed lockers, parking visits, routing arcs, customer-to-trip assign-
ments, customer-location-parking assignments, and coarse window choices. It contains the
flow, assignment, linking, walking, locker-capacity, parking-capacity, and symmetry-breaking
constraints of the compact formulation, together with static compatibility inequalities. The
detailed continuous timing constraints are not fully enforced in the master. They are checked
only after the master proposes an integer route-and-assignment structure.

For a master solution €, the certification subproblem fixes the selected discrete structure.
It extracts the selected trips, the ordered parking visits of each trip, the customers assigned
to each trip, the selected customer-location-parking choices, and the parking and service
windows selected by the master. The subproblem then searches for feasible departure times,
parking arrival times, stay durations, customer service times, and trip-to-locker assignments.
It verifies travel-time propagation along each trip, parking-window feasibility, customer-
window feasibility, synchronization between customer service and locker presence, depot
return, and replenishment between consecutive trips of the same MPL.

If the subproblem is feasible, the candidate solution is certified. The resulting objective
value is compared with the incumbent, and the incumbent is updated if the certified solution
is better. If the subproblem is infeasible, the selected structure cannot appear in any feasible
solution of the original compact model, and a lazy feasibility cut is added to the master.

Let £ be the vector of binary master decisions defining a candidate structure. For an
infeasible structure &, define S'(¢£) = {a : & = 1} and S°(€) = {a : &, = 0}. The fallback
no-good cut is

Z (1_€a)+ Z fazl- (31)
aeS1(¢) a€S0(&)
This cut removes the exact infeasible master structure. It is always valid, but it is weak
because it forbids only one binary pattern.

The implementation therefore tries to identify smaller infeasible explanations. When
the certification model proves that only a subset of selected decisions is responsible for
infeasibility, the cut is written on that subset instead of on the full master solution. For
example, if a subset C' C C of customers cannot be scheduled together on trip (m,r), the
following customer-core cut is added:

> zemr <|C| = 1. (32)

ceC”’
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Similarly, if a subset P’ C P of parking visits cannot be jointly scheduled on trip (m,r), we
add

S Yomr < [P 1. (33)
pEP’

If infeasibility is caused by a selected route order, represented by a set of arcs A’ C A, the
route-core cut is

(i,§)€A’

These cuts are generated from the infeasibility information returned by the certification
subproblem. When an irreducible infeasible subsystem is available, its constraints are mapped
back to the master decisions that activated them. Otherwise, a deletion-filtering procedure
removes selected customers, parking visits, or arcs one at a time and keeps only the decisions
that are necessary to preserve infeasibility.

The algorithm is implemented in a branch-and-cut framework. Integer master solutions
are intercepted through callbacks, certified by the subproblem, and either accepted as
incumbents or cut off. A cache stores previously evaluated route-and-assignment structures,
avoiding repeated certification of identical candidates. This is important because the master
may rediscover the same structure through different fractional paths in the branch-and-bound
tree. The overall scheme remains exact because every accepted incumbent is certified by the
time-expanded subproblem, and every infeasible cut excludes only structures that cannot be
scheduled.

4 Computational Results

All experiments were conducted on a workstation equipped with an Intel Core Ultra 9 285K
processor with 24 cores and 62 GB of RAM, running Ubuntu 24.04.3 LTS. Unless stated
otherwise, each run used five solver threads. The time limits were 3600 seconds for generated
MT-MPLP-TW instances and 1800 seconds for the ST-MPLP benchmark.

Generated instances. The generated set contains small, medium, and large instances with
different operational structures. Table 1 focuses on the large instances, where scalability
differences are clearest. LBBD improves the average gap in all three families and is especially
effective on the multi-trip-tight family.

Table 1 Average performance on large generated MT-MPLP-TW instances.

Family Method  Incumbent Lower bound Gap (%) Time (s)
Homogeneous Compact 6069.57 5816.04 4.69 2955.79
Homogeneous LBBD 6011.80 5952.00 0.94 1952.74
Capacity buffer Compact 5846.67 5725.35 1.91 2007.94
Capacity buffer LBBD 5824.32 5824.25 0.00 855.38
Multi-trip tight ~Compact 7444.87 6761.89 9.66  3282.85
Multi-trip tight LBBD 7144.27 7010.33 1.99  2796.34

ST-MPLP benchmark. For the ST-MPLP benchmark, we use the public benchmark
instances of [4] and implement the formulation described in their paper. We compare this
implementation with our compact formulation and LBBD under the same computational
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setting. Table 2 shows that the compact model is competitive on small instances, but its gap
grows with the number of customers. LBBD gives the best average gaps on the two largest
groups.

Table 2 Average results for ST-MPLP instance groups.

ST-MPLP Compact MIP LBBD
Group Gap (%) Time (s) Gap (%) Time (s) Gap (%) Time (s)
5 customers 0.000 9.44 0.000 0.83 0.000 0.36
15 customers 4.803 467.80 4.808 405.28 0.000 17.21
30 customers 43.992 1801.20 39.487 1800.28 5.284 1139.05
50 customers 11.382 1800.57 27.200 1800.41 1.508 1650.77

5 Conclusion

We introduced the MT-MPLP-TW, an integrated model for multi-trip mobile parcel locker
planning with time windows. The compact formulation captures locker deployment, as-
signment, parking selection, routing, scheduling, parking capacity, walking limits, and
replenishment. The same formulation can be specialized to the single-trip mobile parcel
locker benchmark by limiting each deployed locker to one trip.

The experiments show that the compact formulation is effective for small and medium
instances, while LBBD improves performance on large and more constrained cases. The
main computational difficulty is the coupling between customer assignment, route structure,
and time feasibility. Future work should strengthen the master problem with sharper
incompatibility cuts and extend the model to stochastic or dynamic demand.
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