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— Abstract

Over a decade, numerous Knowledge Graph Em-
bedding (KGE) models have been designed and
evaluated on reference datasets, always with in-
creasing performance. In this paper, we re-evaluate
these models with respect to their computational
efficiency during training, by estimating the compu-
tational cost of the procedure expressed in floating-
point operations. We design a cost model based on
analytical expressions and apply it on a collection
of 20 KGE models, representative of the state-of-
the-art.

We show that dimensionality or parameter ef-
ficiency, used in the literature to compare models
with each other, are not suitable to evaluate the true
cost of models. Through fixed-budget experiments,

a novel approach to evaluate KGE models based on
cost estimates, we re-assess the relative performance
of model families compared to the state-of-the-art.
Bilinear models such as ComplEx underperform
with a low computational budget while hyperbolic
linear models appear to offer no particular benefit
compared to simpler Euclidian models, especially
the MuRE model. Neural models, such as ConvE
or CompGCN, achieve reasonable performance in
the literature but their high computational cost
appears unnecessary when compared with other
models. The trade-off between efficiency and ex-
pressivity of both linear and neural models is to be
further explored.
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1 Introduction

In 2018, OpenAl researchers released a meta-analysis suggesting that the amount of compute to
train state-of-the-art deep learning models had grown exponentially since 2012 [4]. This trend
was confirmed a few years later by the coming of large language models such as GPT-3 [17],
BLOOM [36] or LLaMa [43], which achieved unprecedented performance in natural language
processing tasks.

This exponential trend has raised concerns about the sustainability of Artificial Intelligence (AI)
research. It was estimated that training GPT-3 emitted as much COs as 100 humans for their
food, material goods, travel, etc. over a year (502 tCOqe vs. 5 tCOqe/capita/yeart) [27]. Given
that humanity’s high carbon emissions are themselves not sustainable, the carbon intensity of
GPT-3’s training is clearly too high. BLOOM, an open-source model of comparable size, is
20 times less carbon intensive according to the same estimate (25 tCOgze). LLaMa, following
the same design principles as GPT-3 and BLOOM, has been shown to perform better with less
trainable parameters. However, training LLaMa (65B parameters) required as much energy as
training BLOOM (176B parameters), partly because of additional normalization layers and more
complex activation functions, and emitted significantly more COq (173 tCOxe).

In the emerging field of Green AI, researchers aim to study the non-trivial relationship
between the performance, parameter efficiency, computational cost and environmental impact of
AT models [38]. Green AI models must not only be accurate at the task at hand, they must also
be efficient: models must minimize compute to lower their environmental impact. As illustrated
with BLOOM and LLaMa, parameter efficiency is not a good proxy to estimate the environmental
impact of training a model. On the other hand, CO2 emissions may greatly vary for the same
training procedure depending on external conditions: for example, if BLOOM had been trained
in the USA instead of France (whose energy mix includes 70% of nuclear energy), it would have
emitted as much CO, as LLaMa. As a consequence, Green Al advocates encourage to report
computational costs measured in floating-point operations (FLOPs?) instead. The objective of
this paper is to study the computational cost of a specific class of models: Knowledge Graph
Embedding (KGE) models.

KGE models are to Knowledge Graphs (KGs) what language models are to text corpora. They
consist in vector representations of KG entities and relations that are meant to capture latent
structures of an input KG (such as soft rules or implicit classes of entities). Through operations
on vectors, models can generalize beyond what is explicitly stated in the KG and detect missing
or erroneous information.

KGE models generally have a significantly lower cost than language models, even for large
KGs. However, they seem to follow the same pattern of achieving better performance through
more parameters and higher computational costs. TransE, one of the first KGE models published
in 2013, was evaluated with 20 to 50 latent dimensions [11]. Six years later, the RotatE model
was compared to TransE with 1,000 dimensions — with substantial absolute improvements for
both models [40]. As we will see later in the paper, we estimate that to train RotatE in 20 times
more dimensions required 3,000 times more compute than the original TransE model.

Morever, non-parametric models such as AnyBURL [28] and its successor, SAFRAN [32], meet
the performance of embedding-based models with far less compute. Their approach consists in
mining composition rules from the KG instead of learning latent embeddings. The authors of
AnyBURL give the following comparison: after 1,000 s of mining on a single CPU, AnyBURL
yields good results while the best performing KGE model on the same dataset, ComplEx-N3 [22],

! The estimate for human emissions is taken from Strubell et al. [39].
2 Note that 1 FLOP is not the same as 1 FLOPS, which measures floating-point operations per second.
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requires between 10,000s and 50,000s of training on a GPU. The major drawback of AnyBURL
and SAFRAN, however, is that a considerable amount of compute is necessary in the inference
phase, while operations in the TransE, RotatE or ComplEx-N3 latent spaces are relatively cheap
once trained.

More recent publications question the need for high dimensions to train KGE models [6, 13].
The AttH model has been shown to perform well with as few as 32 dimensions [13]. However, if
one goes beyond dimensionality, as encouraged in Green Al, it can be shown that AttH requires
significantly more FLOPs than RotatE, itself requiring more FLOPs than TransE with the same
number of dimensions. In this paper, we review and compare the efficiency of representative
KGE models in order to identify those able to improve performance with minimal computational
overhead and to guide future work towards KGE training procedures with the lowest possible
computational cost. Several large-scale studies have already compared the efficiency of KGE
models under various constraints, such as dimensionality [35, 2] and execution time [34], but to
the best of our knowledge, no comparison with respect to computational cost, measured in FLOPs,
has ever been done. We aim to fill this gap in the paper.

We start our study with an overview of state-of-the-art KGE models in Section 2. We then
compare models with respect to their size (number of trainable parameters) in Section 3, to
highlight the limitations of this measure. To evaluate the computational cost of KGE models in
FLOPs, the preferred Green Al metric, we proceed in two steps: we provide estimates for inference
cost in Section 4.2 and build up on these results to provide estimates for full training cost in
Section 4.3. Training is indeed roughly equivalent to a sequence of inferences on positive and
negative examples of KG statements. Finally, in Section 5, we consider fixed-budget performance
obtained by setting an upper bound to the number of FLOPs allowed for training. Fixed-budget
performance is not only relevant in contexts where the computing platform has low power supply,
they also provide a fairer comparison point as we will see towards the end of the paper.

2 State-of-the-Art Models

KGE models have been designed for various inductive learning tasks: link prediction, entity
classification, triple classification, query answering, entity similarity measure, etc [21, Sec. 5.2].
In this paper, we restrict ourselves to the most common task, link prediction in a transductive
setting. Given a KG defined as a set of (h,r,t) triples, where h,t € E are referred to as (head
and tail) entities and r € R as a relation, link prediction consists in evaluating the plausibility of
an unknown triple (h,r,t') or (h',r,t), in which h’,t' are known to be in E. What a model must
learn is then a scoring function f : F x R X E — R such that f(h,r,t) encodes the plausibility
of triple (h,r,t). Note that f(h,r,¢) is not necessarily a probability, as it is not restricted to the
interval [0, 1]. In practice, scoring is only used to rank triples.

Early KGE models were being evaluated on two datasets, FB15k and WN18, respectively
derived from Freebase and WordNet [11]. FB15k includes about 15,000 entities and more than
1,000 relations. WN18 has more entites (~40,000) but less relations (18). It has later been found
that naive models, that look for pairs of inverse relations (r,r~ such that (h,r t) and {¢t,r~, h)
are in the dataset), perform well on both datasets [42, 18]. For a more challenging evaluation, the
FB15k-237 and WN18RR variants were introduced, in which one of r or r~ was filtered out. A
leaderboard reports results for at least 68 KGE models on FB15k-2373 and on WN18RR*. Some of
these models were also evaluated on larger datasets such as YAGO3-10 but to be able to compare
all models with each other, we choose to focus on FB15k-237 and WN18RR only in this paper.

3 https://paperswithcode.com/sota/link-prediction-on-fb15k-237
1 https://paperswithcode.com/sota/link-prediction-on-wni8rr
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Table 1 Knowledge Graph Embedding models selected for this study.

Linear Bilinear Neural
Euclidian Hyperbolic
TransE [11] MuRP [8] DistMult [49] R-GCN [37]
RotatE [40] AttH [13] ComplEx [44] ConvE [18]
BoxE [1] ConE [6] ComplEx-N3 [22]  ConvKB [29]
ExpressivE [33] TuckER [9] CompGCN [45]

MuRE [8] QuatE [50] NBFNet [52]
AttE [13] DualE [12]

Most recent models, including LP-BERT [23], MoCoSA [20], Relphormer [10] and KERMIT [24],
rely on pre-trained language models for learning. The computational cost of training language
models is an order of magnitude higher than that of KGE models. The base version of BERT, for
instance, has 110M trainable parameters [19] whereas the KGE models we consider here have up
to 40M parameters. Its FLOP count is also significantly higher. For inference, BERT requires
131M FLOPs to output a single token (see calculation details in Appendix A). This estimate is a
lower bound, given that a triple is represented at least with three tokens. In comparison, the two
most expensive models in our study require 83M and 16M FLOPs to score the entire triple. In
this paper, we choose to focus on KGE models that take a KG as the only input to training. Such
models can only learn structural features of the KG (as opposed to textual features, in the case of
pre-trained language models).

Out of the numerous KGE models available in the literature, we made a selection of 20 models®.
These models are listed in Table 1. KGE models have traditionally been classified in three main
categories: linear or distance-based models, bilinear or tensor factorization models and neural
models [30, 47, 21]. Linear models can be subdivided into Euclidian models and hyperbolic models.
TransE and RotatE are Euclidian models while AttH (which performs well in low dimensions
but requires more FLOPs than RotatE) is a hyperbolic model, for instance. As the distinction
between the two may be important in a computational cost analysis, we selected models such that
both Euclidian and hyperbolic categories, as well as bilinear and neural categories, are evenly
represented. We selected up to 5 models in each category: 4 Euclidian models, 3 hyperbolic
models, 5 bilinear models and 5 neural models. Two out of the 3 hyperbolic models have Euclidian
variants that have also been evaluated on FB15k-237 and WIN18RR. One of the bilinear models,
ComplEx [44], also has a variant that shows better performance. For comparison purposes, we
included these 4 additional models, leading to a total of 20 KGE models. We describe each
category of models in the remainder of the section.

2.1 Euclidian Models

Linear (Euclidian and hyperbolic) models have in common that their scoring function is defined
in terms of a distance between head and tail entity embeddings. Most linear scoring functions
have the following generic form:

f(hyrt) = =llgr(en) — el 1)

5 These models were published between 2013 and 2021. Best-performing models published after 2021, from
KG-BERT to KERMIT, were excluded due to the fact they rely on pre-trained language models.
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where e, is a vector embedding of term = in R?, C? and ||-| is the L1-norm or L2-norm. Embedding
ey, is first transformed by a function specific to relation r, then compared to e;. The closer the
two embeddings are, the more likely it is that triple (h,r,t) belongs to the KG.

The simplest model, TransE, represents relations as a single vector w,. € R? used as a translation
offset to transform ej,. Scoring is done by calculating frvansg(h, 7, t) = —|/(en + W, ) — e¢]|. RotatE
and AttE replace translation with rotation, defined by the following block-diagonal matrix:

Ry, 0 0
W.=|¢9 . o (2)
0 0 Ry,

where Ry, is a 2D rotation matrix:

R, — C?S(ei) —sin(6;) 3)
t |sin(0;)  cos(6;)

Relation embeddings can be concisely represented as a rotation vector # € R¢ but they can also
be represented as a complex vector w,. € Cce. 1f every member w,; of w, is normalized such that
wy; = cos(B,;) + isin(f,;), the two representations are equivalent. RotatE uses the complex
representation and defines scoring as frotate(h, 7, t) = —||€en © W, — €|, where ® is the Hadamard
product. AttE uses the former representation.

Along with translation and/or rotation, some models introduce scaling. For instance, MuRE

combines scaling and translation, giving the scoring function fyrurg(h,7,t) = —||(enOW,.+W..)—eq]|.

Contrary to RotatE, MuRE embeddings are defined over R%. AttE distinguishes itself from other
linear models by introducing a further geometric transformation: reflection. However, as rotation
and reflection are not entirely independent, AttE also introduces an attention mechanism across

rotation and reflection with more parameters to train, i.e. with a higher computational cost.

BoxE and ExpressivE are both translational but they have another distinguishing feature: they
introduce a width parameter in each dimension in order to view relation embeddings as regions

instead of points in the latent space. This also comes at the price of a higher computational cost.

A number of other linear models, such as TransR [26] and HAKE [51], also apply geometric
transformations to the head entity before scoring. These models are not included in our study.

2.2 Hyperbolic Models

Hyperbolic linear models — MuRP, AttH and ConE in our study — redefine rotation, translation,
scaling and reflection. Contrary to classical Euclidian space, distance in a hyperbolic space of
curvature c is given by the following formula:

de{x.y) = —arctanh(yelx & y]) (1)

where @°¢ is the Mobius addition (the hyperbolic translation operator), defined as follows:

(1 +2exTy + cf|x||*)x + (1 — cf|x[|*)y
14 2exTy + ¢|[x|]?[ly|]?

XPy = (5)
Scoring in hyperbolic KGE models is performed by calculating —d.(g-(er), e¢) instead of —||g,-(ep,)—
e

MuRP and AttH are equivalent to MuRE and AttE, up to a redefinition of operators in
hyperbolic space. MuRP is a combination of translation and scaling while AttH uses rotation and
reflection (with some attention weight). ConE combines rotation and scaling but, to the best of
our knowledge, no Euclidian counterpart to ConE exists in the literature.

1:5
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Among other properties, geometries in hyperbolic spaces are known to efficiently capture
hierarchies of entities: a tree of entities can be embedded in a 2D hyperbolic space such that all
entities at level ¢ are equally distant to their parent at level ¢ — 1, without constraing the respective
distance between same-level entities. The distance between embeddings of entities e; and es can
then represent the depth of e; in the hierarchy relative to e; while the distance between e; and eg,
at the same level, may represent their similarity for some non-hierarchical relation.

Other non-Euclidian, non-linear models also adapt the idea of defining a distance between
head and tail entity representations. Bayesian models, for instance, measure a distance between
probability distributions [46]. Such models are not included in our study.

2.3 Bilinear Models

Bilinear models define scoring in terms of a dot product instead of a distance, as follows:

f(h’ T, t) = Re(gr(eh) eit) (6)

where Re(x) is the real part of complex number x and X is the conjungate of complex vector x. If
x € R?, then x and X are identical.

DistMult and ComplEx both define g, as the Hadamard product with some relation embedding
w,- but ComplEx gains expressivity compared to DistMult by simply going from real-valued to
complex-valued embedding. The scoring function of ComplEx is fcompiex(h,r,t) = Re((er ©
w,) - €). QuatE and DualE look for more generality by extending further to quaternion-valued
and dual quaternion-valued embeddings. Members of quaternion space H are generalizations of
complex numbers of the form a + ib + jc + kd, where i, j and k are imaginary numbers. Members
of the dual quaternion space have twice as many components. Both spaces redefine addition and
multiplication, requiring more FLOPs than their scalar counterpart.

TuckER is an attempt to redefine and generalize ComplEx in R?. It is based on the idea that
KGs, if seen as tensors of order 3, can be factorized into entity- and relation-specific embeddings,
respectively in R% and R%. To recover the full tensor, these factors can be multiplied to a core
Rdexdrxde  This generalization involves significantly more computation than
ComplEx, which might explain why ComplEx and ComplEx-N3 have remained the most popular

tensor defined in

KGE models so far. MetaSD [25], for instance, derives from ComplEx. It performs distillation
on a pre-trained ComplEx model, intending both to reduce the size of the original model and to
improve its performance. Model distillation goes beyond the scope of our study, though.

Other bilinear models include RESCAL [31], the very first wide-spread KGE model, and
HypER [7], which was inspired by ConvE (see next section) and led to the design of TuckER.

2.4 Neural Models

The last category is slightly more heterogeneous. It includes various neural models whose
architecture features 1D convolution (ConvKB), 2D convolution (ConvE) or graph convolution
(R-GCN) and other message passing operations. A distinctive feature of these models is the
introduction of non-linearities, such as the ReLU function, to latent vectors before calculating
a score.

R-GCN, CompGCN and NBFNet follow the general architecture of Graph Neural Networks
(GNNs), which consists in a sequence of combine-aggregate operations that follow the structure of
the KG: the embedding of an input entity is calculated from the embeddings of its neighbors, in
2 steps. In the combine step, the embeddings of all neighbors are transformed by a relation-specific
function. In the aggregate step, those intermediary embeddings are aggregated into a single vector
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that can be used as a representation for the input entity. Several combine-aggregate operations
can be computed on top of each other, forming GNN layers. The formulation for R-GCN is the
following:

1
BTV = ReLU | 30 37 5 Wik (7)
rERhEB,, 0T

where B, , is the set of neighbors of t (h € By, if (h,r,t) is in the KG), h{" is the embedding of

@

entity e at layer [ and W is a trainable matrix for relation r at layer I. To reduce the number

of trainable parameters per relation, WEf) is defined as a block-diagonal matrix, which makes
R-GCN close to bilinear models in spirit. CompGCN uses cross-correlation instead of matrix
multiplication while NBFNet uses scaling and translation operators, and extends the calculation
to all entities in the KG (as opposed to neighbors only).

Note that GNNs only produce embeddings. When training GNNs for link prediction, the
obtained embeddings must still be compared to calculate a final score. R-GCN applies DistMult
(with an additional relation embedding), CompGCN uses a pre-trained ConvE model and NBFNet
appends a dedicated multilayer perceptron to the network to reduce embeddings to a scalar. GNNs
thus necessarily require more FLOPs than the simpler models they may rely on.

Neural models also include models based on the Transformer architecture, which has recently
found many applications. LP-BERT, MoCoSA, Relphormer and KERMIT all fall into this
category because they rely on BERT, a bidirectional Transformer encoder. Other models, including
HittER [16], adapt the Transformer architecture to KG structures instead of turning triples into
text. However, at the time of writing, such Transformer-based models are still outperformed by
NBFNet on FB15k-237 and WN18RR, despite significant FLOP counts. We decided to leave them

for future work.

2.5 Training Procedure

All scoring functions mentioned above are to be trained by stochastic gradient descent, an iterative
process. At each step, the score of each KG triple is compared to the score of one or more triples
not stated in the KG, yielding a loss value that is to be minimized. Various loss functions have
been introduced to optimize scoring functions. The most common loss is binary cross-entropy,
treating the task of link prediction as binary classification. However, several studies suggest that
loss functions are not tightly coupled with scoring functions [2, 35]: several models have been
shown to perform better if trained with loss functions not originally designed for these models.

Several of the losses found in the KGE literature, including cross-entropy loss, are subsumed
by the following formula:

L(r) = —log(o(A + f())) = Y wrlog(l—a(A+ (7)) (8)

T'€EN,

)

where 7 = (h,r,t), 7" = (b, r', ') are triples, o is the sigmoid function and N is a set of “negative’
triples, assumed to be false statements. The standard practice for choosing N, is to construct it
from (h,r,t), setting r = 7’ and either h = A’ or t = ¢/ but not both.

The formula for £ has two hyperparameters: A and w, (for each 7/ € N, ). The X value is a
margin that intuitively captures that above a certain score (the margin), triples may be considered
true and false otherwise. This margin hyperparameter is especially important to train linear
models: since they can only output negative scores, the sigmoid function would only output values
below 0.5 without a margin, with small gradients. Bilinear models more commonly use standard
cross-entropy and set A = 0. The other hyperparameter, w,, is either set to w,» = 1/|N,| or to

1:7
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some attention weight that depends on f(7'). It was indeed observed that applying a variable
attention weight to negative triples, to focus on non-trivial triples with high classification error,
yielded significantly better results on linear models [40]. In this setting, weight w, is defined as
the i-the element of vector softmax([f(71);...; f(7|y,)]), given 7} = 7".

The loss formula we give here is defined for a single positive triple. Dettmers et al. first noted
that the loss may also be defined for several positive triples at once, e.g. all triples of the form
(e,ryt1), ..., {e,r ty) [18]. We do not consider this case in our study. Some KGE models also add
regularization terms to £. The most common example is L2 regularization, which encourages
embeddings to be small by adding a squared norm to the loss, as follows:

L'(r) = L(7) + o0 (9)

where « is a hyperparameter and 6 is the concatenation of all trainable parameters involved in the
computation of £(7). N3 regularization is a variant specifically designed for KGEs, involving cubic
norms. ComplEx and ComplEx-N3 only differ in the regularization they apply during training:
ComplEx applies L2 regularization by default whereas ComplEx-N3 applies N3 regularization.

3 Parameter Efficiency

It is difficult to uniformly calculate the computational cost of KGE models. As our state-of-the-art
review shows, scoring functions rely on different embedding spaces (R?, C?, or H¢, the quaternion
vector space), different geometric operators (translation, rotation, scaling, reflection or more
general matrix operations) and different distance functions (Euclidian or hyperbolic). Atomic
operations underlying these components have no agreed-upon FLOP estimates. The only measure
that is consistently reported across publications is d, the number of dimensions per entity or
relation embedding. Yet, this number hides important details of the computation of plausibility
scores. For instance, for the same hyperparameter d, RotatE and ComplEx would have twice
as many parameters as TransE or DistMult, because they are defined in a complex embedding
space, and thus require at least twice as many multiply-add operations. Because dimensionality is
a poor proxy for computational cost overall, some publications also report parameter efficiency,
defined as the minimum number of trainable parameters required for a model to reach a given
performance. ConvE was shown to be 17 times more parameter-efficient than R-GCN and 8 times
more parameter-efficient than DistMult for a given performance [18]. Before trying to express
computational cost estimates with respect to FLOPs, we first study the parameter efficiency of
KGE models.

3.1 Approach

Our objective in this preliminary study is to compare the performance of models with respect
to their size. For each model, we expressed their size as an analytical expression counting their
total number of parameters, as shown in Table 2. This expression depends on variables such as
d (number of latent dimensions of the model) and |E|, |R| (number of entities and relations in
the KG). For instance, a TransE or DistMult model has d parameters for each entity and for
each relation, giving a size of d(|E| + |R]|). Most non-neural KGE models only depend on these
variables. The only exception is TuckER, which can have distinct embedding sizes for entities
and relations: d becomes d. for entities and d, for relations. Neural models have more variability.
Convolutional architectures (ConvKB, ConvE) also have a variable number of convolution filters
denoted ¢ and a filter size s;. GNNs architectures typically have more than one layer. Their
total number of layers is denoted L while their number of hidden layers (often with a different
structure than input and output layers) is denoted m. Hidden layers have dj, dimensions. R-GCN
additionally depends on b, the size of each block in block-diagonal aggregation matrices.
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Table 2 Size of Knowledge Graph Embedding models (|E|: nb. of entities, |R|: nb. of relations,
d,de,d,: size of (entity/relation) embeddings, b: block size, dp: size of hidden layer, ¢: nb. of convolution
filters, si: size of convolutional filter, L: nb. of layers, 0,: parameters of model z).

Model Nb. parameters

TransE d(|E| + |R|)

RotatE 2d(|E| + |R|)

BoxE d(2|E| + 4|R])

ExpressivE d(|E| + 6|R|)

MuRE d(|E| +2|R|) + |E|

AttE d(|E| + 3|R|) + | E]

MuRP d(|E| + 2|R|) + |E|

AttH d(|E|+ 3|R|) + |E| + |R|
ConE 2(d + 1)|E| + 3d|R|

DistMult d(|E| + |R|)

ComplEx 2d(|E| + |R])

ComplEx-N3  2d(|E| + |R|)

TuckER &2d, + d|E| + d,|R)|

QuatE 4d(|E| + |R|)

DualE 8d(|E| + |R|)

R-GCN d(|E| + bL(|R| + 1)) + d|R|
ConvE d(|E| + |R|) + 2cd(d + 3) + csg, + Td
ConvKB d(|E|+ |R|) + (4 +d)c
CompGON  d(|E| + |RI) + 4ddp + |0cons|
NBFNet dIR|(Ld+ L+ 1)+ Ld(13d+3) + dp(2d + 1) + dp, + 1

Only few KGE models have several possible formalizations, hence possibly ambiguous parameter
counts: R-GCN, RotatE, DualE and ConE. R-GCN has two variants, one that has been tested on
entity classification, the other on link prediction. We only consider the link prediction variant
(the one involving block-diagonal matrices) in this paper. In addition, for brevity, the R-GCN
formula covers in fact a special case in which all layers have the same size, which is not mandatory
in GNN architectures. The parameter counts we give here intend to mirror concrete model
implementations, which are not necessarily optimal counts. RotatE and DualE respectively have
2d and 8d parameters per relation embedding but these parameters are in fact constrained, such
that there are only d and 6d independent parameters per embedding. In the case of RotatE,
the real and imaginary parts of each complex number could be reduce to a single rotation
angle. The concrete implementation of RotatE still uses 2d parameters for each relation because
rotation defined as a Hadamard product is more numerically stable (and faster) than trigonometric
calculation. The same applies to DualE, in dual quaternion space. Finally, ConE may also have
less parameters if KG relations were labeled as hierarchical or non-hierarchical (by an external
source). Scoring indeed differs for the two types of relations. For fair comparison with other
models, which are supposed to capture properties of relations through training, we chose the most
general form for ConE involving a weighted sum of the two scoring functions.

Previous work already inspected the parameter efficiency of some of the models. Pavlovié
and Sallinger [33], and Zhu et al. [52] provide formulas for some of the models, which we report
without changes. Other authors sometimes provide space complexity formulas [1, 13, 45]. These
formulas are not accurate estimates, as they ignore constant factors. BoxE, for instance, has the
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same space complexity as TransE or ExpressivE but it actually has twice as many parameters
for entity embeddings. Some other authors also report parameter counts for given d, d. and d,
values on FB15k-237 and WN18RR [18, 50, 9]. We made sure that our formulas are consistent
with these counts for the two datasets.

Analytical expressions given in Table 2 are only the first step towards an evaluation of
parameter efficiency. In a second step, we collected performance evalations for all models in
the literature. That is, we collected hyperparameter values for d, b, ¢ and other variables that
authors chose in their experiments, together with the reported performance for their models. With
this information, we can compare performance and size of a model for each experiment, where
the size of the model is calculated from the corresponding analytical expression. For instance,
Nguyen et al. evaluated TransE on FB15k-237 with d = 100 and reported a performance of
hits@10 = 0.465 [29]. For FB15k-237, we have |E| = 14,541 and |R| = 237. The size of the
TransE model in this case is |Orvanse| = d(|E| + |R|) = 100 x (14, 541 4 237) = 1,477,800. In
another experiment, Sun et al. evaluated RotatE with d = 500 on WN18RR and reported a
performance of hits@10 = 0.571 [40]. For WN18RR, we have |E| = 40,943 and |R| = 11, such
that |Orotate| = 2d(|E| + |R|) = 2 x 500 x (40,943 + 11) = 40, 954, 000.

We found 26 distinct link prediction experiments for FB15k-237 and 23 experiments for
WN18RR. There were two different settings for TransE and ComplEx on FB15k-237 and none
for R-GCN on WN18RR. Hyperbolic models had two different settings on both datasets except
ConE. All other models have a single experimental setup for each dataset. ConvKB is an special
case: initial evaluation results were invalidated by later third-party experiments that uncovered
an issue in the link prediction experimental protocol [41]. We consider the latter only, with lower
performance for the same number of parameters. The complete list of experiments we selected,
with performance and hyperparameter values, is available in Appendix B.

Across experiments, the reported performance metrics are not always identical. Some papers
report Mean Reciprocal Rank (MRR) while others report Mean Rank (MR), rarely both. Hits@QF,
which gives the ratio of test triples whose score rank is lower than k, are commonly used as a
metric as well but £ may vary across papers. We found hits@10 to be the most consistently
used metric for link prediction. We limit our study, as well as subsequent cost studies, to this
metric. It is also worth noting that |R| is not always the same across experiments. In some papers,
results are given for models with 2| R| relation embeddings, as per a common data augmentation
technique [18, 22]: for every embedding capturing a latent representation of some relation r, there
is a second embedding capturing a representation of its inverse relation r~, artificially added to
the input KG.

3.2 Performance-Size Comparison

Parameter counts vs. hits@10 of all found experiments are synthesized in Figure 1. At first sight,
it appears that numerous models outperformed baselines at the expense of significantly more
parameters. More than half of the models have 2 to 8 times more parameters than DistMult,
ComplEx, ConvKB or TransE, for both FB15k-237 and WN18RR. The only exception is NBFNet,
which performs significantly better than any other model with the same number of parameters.
MuRE and MuRP improve over TransE but on WN18RR, both models have 3 times more
parameters. These numbers are not necessarily optimal® but we assume that authors have put
effort in finding reasonably good hyperparameters, which allows us to compare models with a
given performance. For equal performance, AttE has 1.5 times less parameters than TuckER,

6 Authors of MuRE/MuRP report results for 200-dimensional embeddings but they do not guarantee that smaller
embeddings cannot reach the same performance (with longer training cycles or different hyperparameters).
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Figure 1 Model size with respect to hits@10 score (purple: linear models, orange: bilinear models,
green: neural models).

2 times less than ConE and 4 times less than BoxE, for example. All these models indeed reach
hits@10 close to 0.54 on FB15k-237 — the models rank the correct target entity among top 10
candidates for 54% of test triples.

This also allows us to hypothesize that there exist more parameter-efficient, non-neural models
than ComplEx-N3, which performs well but is among the largest models for both datasets. It
is however unlikely that any linear or bilinear can reach the performance of NBFNet with a
comparable number of parameters. Both TransE and ComplEx were evaluated twice on FB15k-
237, with 10 times more dimensions in the second experiment than in the first but with an absolute
increase in hits@10 of only 6.6% and 8.1%. NBFNet outperforms the largest TransE and ComplEx
models by another margin of 6.8% and 9.0%. On WN18RR, ExpressivE obtains good results but
requires more parameters than half of the models.

By adding model size as another comparison point, Figure 1 highlights the high heterogeneity
of state-of-the-art KGE models. For comparable hits@10, differences in parameter counts can
be as high as 1 to 4 (between AttE and BoxE). What the figure hides, however, is that under
heterogeneous model architectures, spatial complexity is a poor proxy for computational cost.
GPT-3, BLOOM and LLaMa could be more legitimately compared against their size because
they all rely on the Transformer architecture. The size of latent embeddings and the number of
attention heads in a Transformer, which yield a given parameter count, strongly influence the
number of FLOPs necessary for inference with these models. This is not true for KGE models,
especially when comparing Euclidian and hyperbolic models. MuRE and MuRP, on the one
hand, and AttE and AttH, on the other hand, have the same number of parameters for a similar
performance but hyperbolic operators (Mébius addition, hyperbolic distance) are computationally
more intensive than their Euclidian counterpart. Euclidian models could therefore have more
parameters and still be more efficient than hyperbolic models. In 32 dimensions, AttH was shown
to outperform AttE (by a 2.5%-5% margin on FB15k-237 and WN18RR) but no comparison was
made with a higher-dimensional AttE model, with equal computational cost. The same holds for
MuRE and MuRP. In the following, we go beyond parameter efficiency and compare models with
respect to their computational cost.
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4 Computational Cost

As already mentioned, FLOPs are a relevant intermediary between easy-to-calculate but inaccurate
model sizes and environmental impact criteria such as COs emissions, which typically depend
on external conditions. Estimating a number of FLOPs from a mathematical expression such as
frranse(h, 7, t) should be independent of the underlying computing platform (CPU, GPU) and
concrete implementations of higher-level operations (PyTorch, TensorFlow, etc.), in such a way
that the resulting number can be compared with fcompirx (R, r,t) and other expressions for the
same KG. This requirement imposes some constraints on what 1 FLOP is but it does not alleviate
all ambiguities.

Software utilities such as thop’ or ptflops® can automatically count FLOPs from model
implementations in PyTorch. These utilities mostly provide coarse-grained estimates for widely
used Neural Network layers (convolution, ReLU, max pooling, etc.) but not for finer-grained
linear or bilinear operations in use in KGE models. They also ignore transcendental functions
such as square root or exponential, as did OpenAl researchers in their 2018 study of deep learning
models [4]. These functions often occur in the formalization of KGE models. Furthermore, their
estimates may depend on implementation details. As an example, the following PyTorch statement,
often encountered:

(a - b).norm(dim=-1) **2
induces more computation but is mathematically equivalent to:
((a = b)**2) .sum(dim=-1)

where the first statement computes the squared L2-norm (||a — b||)? while the second statement
directly computes ) ,(a; — b;)?. Ideally, the same number of FLOPs should be derived from the 2
statements — a requirement that existing utilities do not meet. In our study, we define analytical
expressions in a semi-manual fashion instead. Our methodology is explained next.

4.1 Approach

In their 2018 study, OpenAl researchers restrict the definition of a FLOP to add and multiply
operations — a common practice. Expressions a + b and a x b, where a,b € R both have a cost of 1
FLOP. On that basis, they apply the following formula to calculate the cost of training neural
model z [4]:

Kk, = number of add-multiplies per forward pass
x 2 FLOPs per add-multiply
x 3 (for forward and backward pass) (10)
x number of examples in dataset
x number of epochs

Add and multiply operations are commonly implemented in a single sequence of low-level instruc-
tions, referred to as a Multiply-Accumulate (MAC) operation, to limit rounding errors. However,
a single MAC counts as 2 FLOPs. The FLOP count for a single inference step (or forward pass)
is then multiplied by the number of examples on which the model is trained and a number of
epochs. In our notation, the number of training examples is given by |T|(1 + |N|), where T is
the set of training triples in the KG.

" https://github.com/Lyken17/pytorch-0pCounter/
8 https://github.com/sovrasov/flops-counter.pytorch
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We take Definition 10 as a starting point, though ignoring the factor 3 accounting for back-
propagation. This factor is indeed important when correlating FLOP count with training time on
a CPU or GPU platform but in our case, we only intend to compare FLOP counts with each other.
We then develop design principles to overcome the limitations of existing FLOP counting utilities:
count of operations beyond MAC operations, especially transcendental function evaluation, on the
one hand and algebraic reduction of equivalent operations on the other hand.

We adopt a compositional approach to FLOP counting, according to the following principles:
1. every mathematical operation on real values, including transcendental function application,

costs 1 FLOP;

2. the cost of non-transcendental functions and functions on non-real values, is evaluated on their

simplest analytical expression (the one with the lowest cost);

3. if a sub-expression appears in several places in the evaluated formula, it is counted only once.
From these principles, we define a FLOP count for basic expressions on scalars, vectors and
matrices. The FLOP count of a given scoring function is then obtained by summing the count of
all sub-expressions. It is important to keep in mind that resulting FLOP counts should not be
taken as a basis to estimate execution times, which heavily depend on implementation details and
on the available hardware. For instance, the function arctanh, rarely used in practice, has a slow
PyTorch implementation on CPU. On the contrary, recurrent expressions such as log(1 4 z) have
a dedicated, faster function in PyTorch (1loglp). The correspondance between FLOP count and
execution time is further explored in Appendix C.

We illustrate our approach with the sigmoid function. Its analytical expression, o(z) =
e”/(e” 4 1), can be represented as a graph G ,(,) whose vertices are sub-expressions labeled either
with an operator or an atomic operand. If a sub-expression appears n times in the expression,
it has n outgoing edges to other vertices. Each vertex is given a FLOP count, depending on its
operator and the dimension of its operands. The total cost ks () is the sum of FLOP counts of all
vertices in G, (y), as illustrated below:

(+)
GU(I) = ’ VU(JL’) = {®,@,®,®, @}7 Ro(z) = Z Ry (11)
c e VEV, ()

®

The cost of each operation (e, +,/) is 1 FLOP and the cost of operands (1, z) is 0 FLOP, which
gives k() = 3. The sigmoid function can equivalently be expressed as o(z) = 1/(1 4 e~"), which
however would give a cost of 4. In this work, we aim to provide a lower bound for FLOPs and
thus keep the minimal value £4(,) = 3. In addition, if the input is a d-dimensional vector instead
of a scalar, the sigmoid function is mapped to each dimension, giving k,(x) = 3d.

Table 3 summarizes FLOP counts of common KGE scoring expressions. The cost of vector
operations is derived from costs on real values, accounting for the fact that sum reduction is fused
with multiplication into MAC operations. For instance, the dot product of two vectors x,y € R¢
requires d multiplications (z;y; for 1 <4 < d) and d — 1 additions but we count instead d MAC
operations, i.e. 2d FLOPs. Instead of making MACs explicit in cost calculation, we define that
sum reduction of vector x € R? costs d FLOPs. As a consequence, calculating the L1-norm of
vector x has the same cost as a dot product: it requires d absolute value calculations and a sum
reduction of d FLOPs. The L2-norm requires one more operation (square root). If a mathematical
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Table 3 Computational cost of common operations.

Operation Cost
x+y,xy,x—y,x/y, \x|,max(:c,y) 1
v eR Vv, log(z),e*, tanh(z), arc*(x) 1
Y o(z) = e /(e” + 1) 3
T 1
T+y 2
z,y e C 2| 4
Ty 6
||X||1,Xy 2d
|Ix]|2 2d+1
o'y 16d + 11
R x
Xy € X Py, c#£1 16d + 15
de(x,y) 19d + 22
4d+1
e Il
[1x[1 5d
A cRUxd 2 cRY y e R xA, Ay 2d1ds

expression includes ||x||3, instead of giving it a cost of 2d + 2 FLOPs (cost of L2-norm plus cost
of multiplication), we first reduce it to >, 2? and obtain a cost of 2d FLOPs. Note that in our
cost model, comparison operators also cost 1 FLOP. |z| and max(z,y) both cost 1 FLOP and
since they are equivalent to the ternary operations x >07? z: —x and x >y 7 x : y, we consider
the comparison to also have a cost of 1 FLOP for consistency. This further extends the usual
definition of FLOP (which only considers add and multiply operations).

Operations on complex numbers are derived from operations on their real and imaginary parts.
The addition of z = a + ib and y = @’ + i’ is the complex number z +y = (a +a’) +i(b+ V'),
requiring 2 additions (a + o’ and b+ b'). Their multiplication is zy = (aa’ — bb') + i(ab’ + ba’),
requiring 4 multiplications (aa’, bb’, ab’ and ba’), 1 addition (ab’+ba’) and 1 substraction (aa’ —bb’),
for a total cost of 6 FLOPs. Similarly, addition and multiplication in H have a cost in FLOPs of
4 (4 additions) and 28 (4 x 4 multiplications and 3 x 4 additions). In complex and quaternion
spaces, the absolute value — or norm — of a single number is defined as the Euclidian norm of their
components, with a cost of 4 and 8 FLOPs respectively. When computing the Euclidian norm of
a complex vector x € C%, it is not necessary to compute the full absolute value of its elements x;
(1 <i < d). The entire computation reduces to summing the square of the real and imaginary
components of all elements (2d FLOPs for squares, 2d FLOPs for sum reduction), followed by
computing a square root, for a total cost of 4d + 1 FLOPs.

Following the principles detailed above, we are able to obtain an analytical formula for the
total cost of scoring for each KGE model. The result is in Table 4. In the scoring function of
ComplEx, we considered the lowest possible amount of compute: since only the real part of the
bilinear product is considered, scoring requires to compute the sum of four operands of the form
X @Yy -z, where x,y,z € R¥2. The total cost of ComplEx scoring is then 4 x 3d per operand
plus 3 FLOPs for the final sum. The scoring function of BoxE and ExpressivE includes a choice
operator b 7 x : y, such that the output vector at index i is x; if boolean value b; is true or y;
otherwise. We consider that evaluating this operator costs as much as computing the values of
b, x and y, which matches GPU implementations (based on vectorization), though typical CPU
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Table 4 Computational cost of Knowledge Graph Embedding models (d, d., d.: size of (entity/relation)
embeddings, b: block size, dj,: size of hidden layer, ¢: nb. of convolution filters, si: size of convolutional
filter, L: nb. of layers, B: avg. nb. of neighbors, S: batch size, k;: computational cost of model ).

Model Nb. operations (score)

TransE 4d +1

RotatE 10d + 1

BoxE 44d + 2

ExpressivE 34d +1

MuRE 5d+ 3

AttE 29d + 13

MuRP 46d + 42

AttH 59d + 42

ConE 188d + 113

DistMult 3d

ComplEx 12d 4+ 3

ComplEx-N3  12d + 3

TuckER 2(d?d, + d.d, + d.)

QuatE 48d + 3

DualE 128d

R-GCN d(2bL(B 4+ 1) 4+ 2L + 3)

ConvE 2¢d(2s +2d + 4S5 + 7) + d(125 + 22)
ConvKB Tde

CompGCN dp(2d(B+2)+4S+7)+d(d+ 1) + KconvE
NBFNet L(Bd(2d +7) + d(26d + 4S +19) +4) + dj,(4d + 3) + 2

implementations would require less FLOPs. Neural models have ReLLU operators, which have
a cost of 1 per dimension, given that ReLU(z) = max(0,2). To finish, it is worth noting that
variable B, in Table 4, is not consistent across GNNs: for R-GCN and CompGCN, it represents
the average number of neighbors, regardless of link direction whereas for NBFNet, only neighbors
with incoming links are counted.

It is easy to see in the table that dimensionality alone is not a good proxy for the computational
cost of KGE models. If one fixes d across models as is done in other large-scale studies [35, 2],
there still is a high disparity in terms of FLOPs. In particular, the FLOP count of TuckER and
all neural models grows quadratically with d.

4.2 Cost of Inference

Following the same procedure as for model size, we assign hyperparameter values to variables of
Table 4 for all 49 experiments found in the literature, in order to compare performance and FLOP
count estimates. Our overall objective is to compare models on the entire training procedure,
which does not only depend on the computational cost of scoring but also on the size of the input
KG and a number of epochs. However, we first study the cost of scoring alone. As mentioned
in introduction, some models may be relatively cheap to train but expensive to use at inference
time, i.e. when scoring arbitrary triples. Once an AI model is deployed in real-world systems,
its inference cost is likely to outweigh training cost, even if the model is retrained on a regular
basis [48]. This observation motivates a separate evaluation of KGE models on the cost of scoring.
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Figure 2 Computational cost of inference with respect to hits@10 score (purple: linear models, orange:
bilinear models, green: neural models).

FLOP counts for scoring are shown in Figure 2, for FB15k-237 and WN18RR. These results
allow to draw conclusions on the relative cost of neural models, on the efficiency of simple models
(TransE, ComplEx) and on the cost of hyperbolic models. We comment each aspect in turn.

The figure highlights again the heterogeneity of KGE models, as does Figure 1 on parameter
counts. However, we see significant differences across model families. All neural models are in the
upper half of the figure (above 50k FLOPs), for both datasets and conversely, all linear or bilinear
models but one are in the lower half. The high inference cost of neural models seems not to bring
particular benefits: besides NBFNet (which outperforms all other models), neural models have
competitors that are both more accurate and more efficient. The same applies to TuckER, the
only non-neural model having an inference cost above 50k FLOPs. The main difference between
neural models and TuckER is that the high cost of TuckER is highly correlated with its number
of parameters, having a spatial complexity in O(d?d,), whereas neural models generate many
FLOPs from few parameters. The computational overhead of GNNs in particular may be the
price to pay for higher inductive abilities, as proven empirically on the inductive link prediction
task [52]. The case of NBFNet is also interesting as it improves performance at the expense of
a significantly higher inference cost compared to ComplEx-N3 and ExpressivE, the second best
performing models on FB15k-237 and WN18RR. We come back to this observation in the next
section about training cost.

TransE and MuRE, the simplest linear models, appear to be near-optimal: they reach a slightly
lower performance than other linear models but with a much lower inference cost. Interestingly,
TransE remains efficient in high dimensions, reaching a hits@10 of 0.53 for a cost of 4k FLOPs on
FB15k-237°. MuRE appears even closer to optimality, although available data is too sparse to
come to conclusions. A similar comment can be made with the bilinear ComplEx model, which
also remains efficient in high dimensions, though to a lesser extent. What is worth noting about
ComplEx is that its N3 variant, with the same number of parameters and the same inference cost,
is able to outperform ComplEx by a large margin (again on FB15k-237). In the next section, we
show that it is at the expense of a higher training cost.

9 The lower-dimensional TransE model for FB15k-237 was not trained with self-adversarial sampling, which
could have further improved performance.
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Once we add the computation criterion to link prediction, hyperbolic models do not seem to
stand out. ConE has a clearly higher inference cost than any other linear model, despite good
results. Other hyperbolic models are also an order of magniture more costly than their Euclidian
couterpart. The inference cost of MuRP, in particular, is 9 times higher than the inference cost of
MuRE. What the figure also shows is the domination of MuRE over hyperbolic models: the high-
dimensional MuRE (200 dimensions) beats the lower-dimensional AttH and MuRP (32 dimensions)
both in performance and efficiency. Balazevi¢ et al. and Chami et al. independently give evidence
that beyond 100 dimensions, the superiority of hyperbolic operators vanishes [8, 13]. That is, for a
given computational budget, it may generally hold that Euclidian models are more accurate than
hyperbolic models. We further evaluate KGE models in fixed-budget experiments in Section 5, to
answer this question.

4.3 Cost of Training

The observations we have made so far are on the computational cost of inference. They may not
necessarily hold for training. For instance, a high-dimensional Euclidian model may be harder
to train than low-dimensional hyperbolic models. That is why we now look at training cost, by
considering a further variable in Formula 10: the number of examples in the training dataset.
Across experiments, this value varies greatly because of the N, hyperparameter, in the definition
of £(7) (Formula 8). Early experiments set |N;| = 1, others set it to 10, 50 or even 1,024 for
RotatE [40]. Moreover, some models are trained with a slightly different loss formulation that
takes all entities into account in a single pass, starting with Dettmers et al. [18, 22, 9, 45]. Instead
of calculating the loss term from |N.| 4+ 1 triples (|N.| negative triples for one positive triple),
the alternative is to calculate it from |E| triples and consider the link prediction problem as
multi-class classification. We approximate this configuration by setting |N,| = |E| — B. Knowing
that |E| = 14,541 for FB15k-237 and |E| = 40,943 for WN18RR, the way negative triples are
generated has a significant impact on the total number of FLOPs for training.

To have a cost for the entire training procedure, the number of epochs must also be taken
into account (Formula 10, p. 12). In this paper, we consider the cost of a single epoch. Most
papers do not report an exact number of epochs for their experiments. Some papers report a
maximum number of epochs but it is common to train with early stopping: every x epochs, the
model is evaluated on a validation set and if some metric reaches a predefined threshold, training
stops immediately. The actual number of training epochs could be much lower than the reported
maximum. ComplEx-N3, for instance, was “trained for 100 epochs to ensure convergence” but
“reported performances were reached within the first 25 epochs” [22]. In the absence of any more
precise data, we calculate the cost of computing £(7) for a single triple 7. When we compare
KGE models on such a cost, we implicitly assume that stochastic gradient descent has the same
convergence rate across models, which is often not true in practice. However, if the single-triple
training cost of two models differs by several orders of magnitude, we can safely consider that
their true training cost also differs significantly.

Moreover, our estimates ignore entirely any fine-tuning that has taken place to ensure optimality.
In the domain of language models for instance, systematic architecture search on a Transformer
model required more than 3,000 repeated training phases to improve results [39]. We exclude
these considerations here.

The cost of computing £(7), as defined on p. 7 (Formula 8), is (|N;| + 1)(k¢(r) + 5) in the
case w,s is a constant, where ky(;) is the cost of scoring a single triple. Computing softmax in
the self-adversarial setting costs 3| V.| FLOPs. We can see in Figure 2 that k() > 3 (TransE
and MuRE have the lowest inference cost at 200 FLOPs), which makes the computation of
softmax rather cheap compared to standard cross-entropy loss. We choose to ignore softmax in
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Figure 3 Computational cost of training (per triple) with respect to hits@10 score (purple: linear
models, orange: bilinear models, green: neural models).

our calculation. The L2 and N3 regularizers of ComplEx, introduced on p. 8 (Formula 9), can be
ignored with a similar argument. Their cost is respectively of 12d and 15d FLOPs, of the same
order of magnitude as Kcompiex = 12d + 3, but ComplEx has only been trained in configurations
generating a high number of negative triples. These two observations allow us to reduce the
calculation of training cost to k. (r), with marginal estimation error.

Once we define the per-experiment hyperparameter |N.|, we have an estimate of the total
number of FLOPs for training, which we can then put in perspective with the performance of a
model. Results are given in Figure 3, which we can compare to the previous figure on inference
cost. As an example, it seems that R-GCN and NBFNet can be efficiently trained despite high
inference cost. R-GCN is at the level of AttE (700-800k FLOPs) and NBFNet requires no more
than twice as many FLOPs as ConE, the closest linear model. However, no experiment in the
literature indicates whether NBFNet can beat linear models at a given training cost. The cost
reported here is already for low 32-dimensional embeddings, with few negative triples (|N,| = 32).
Overall, the training cost of GNN models (R-GCN, NBFNet and CompGCN, in our study) seem
not to follow any clear pattern. R-GCN and NBFNet have respectively the lowest and highest
hits@10 for a moderate increase in computational cost (x22 increase for FB15k-237, to compare
with the x1,000 increase between the two TransE experiments on this dataset) while CompGCN
has the highest training cost but a rather low performance. GNNs deserve further evaluations on
the link prediction task.

The general behavior of bilinear models is also unclear. DualE, for instance, seems relatively
efficient when looking at training cost: it requires more FLOPs for scoring than most linear models
but its overall training procedure was more effective than those same linear models. QuatE, on
WN18RR, is already more efficient at inference time but the gap with linear models similarly
increases for training. In contrast to these two models, most experiments on ComplEx and
ComplEx-N3 give high training costs for a relatively low inference cost. One exception, published
by Sun et al. [40], gives good results for ComplEx with 3M FLOPs for training, comparable to
the cost of RotatE and ExpressivE. At first sight, it might suggest that other ComplEx and
ComplEx-N3 experiments sampled an unnecessarily large number of negative triples. However,
comparing the two models at equal dimensions gives a more contrasted picture. On FB15k-237,
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ComplEx and ComplEx-N3 were both evaluated with 1,000 dimensions. Given our formalization
and simplifications, the only difference between their cost estimates is the number of negative
triples they use. For ComplEx, |N;| = 256 while for ComplEx-N3, which uses the multi-class
classification setting, |N;| = 14540. If performance gains come solely from more negative triples,
these are not superfluous and ComplEx necessarily comes with a high computational cost. If
instead, performance gains come from N3 regularization, further experiments with self-adversarial
sampling should be performed to quantify the optimal cost of ComplEx-N3.

5 Fixed-Budget Performance

Evaluations of KGE models found in the literature leave many questions open, including: can the
training cost of NBFNet be reduced, is MuRE on the Pareto front of performance/cost criteria, are
hyperbolic model intrinsically more expressive than higher-dimensional Euclidian model and what
is the true impact of N3 regularization? Some models have already been compared with equal
dimensions or equal parameter count but to answer this type of questions, they should be compared
with equal computational budget. We now provide experiments where model hyperparameters are
being set in such a way that all models have the same training cost (as per our approach).

5.1 Approach

According to Figure 3, only two models have a cost below 10k FLOPs (TransE, QuatE). We take
this value as the maximum computational budget in our experiments, which gives an upper bound

to d, |N;| and other variables of Table 4. Let us first set | V| = 1 and take the example of TransE.

We have rigr) = (|Nr| 4+ 1) (K fpunm(r) +5) = 2((4d + 1) + 5) = 8d + 12. Setting s, () = 10,000,
the maximum number of dimensions for TransE is d = [(10,000 — 12)/8| = 1248. If instead, we

take ComplEx, we have ;) = 2((12d + 3) 4 5) = 24d + 16 and d = [ (10,000 — 16)/24| = 416.

Of course, instead of limiting the number of negative triples, we can also set an arbitrary
number of dimensions, e.g. d = 100, and adjust |N;| so that a smaller model is trained on
more data. For a 100-dimensional TransE, the maximum number of negative triples would be

|N;| = [(10,000/406) — 1| = 23. For ComplEx, it would be |N.| = |(10,000/1208) — 1] = 7.

We consider both configurations in our experiments, as they play different roles. When setting
the same number of negative triples across models, we can compare models with each other and
assess their efficiency — up to inherent limitations in expressivity of each model. When setting
a fixed, arbitrary number of dimensions, we can compare a model with itself, showing how the
dimensionality of the KG (through negative sampling) also influences training.

The cost estimate of neural models involves other free variables: b, dy,, ¢, s, L and S. We

aim to assign them to the lowest possible values, such as b =2, L =2,c=2orc=4, 5 = 128.

It happens that CompGCN, NBFNet and ConvE have no satisfactory variable assignment that
keeps the cost of training under 10k FLOPs. CompGCN and NBFNet have hidden layers with
dimensions dj but in practice, all experiments set d; = 2d for these models. The convolutional
filter of ConvE must have a minimal size s; = 3 x 3. With these two values, even with a single
negative triple, scoring is too costly. The only neural models that can be evaluated with a budget
of 10k FLOPs are R-GCN and ConvKB. ConvKB embeddings depend on a number of convolution
filters, c. If ¢ = 1, the formalization of the model is analogous to a TransE-like linear model, which
encourages to find instead a value above 1. We set ¢ = 4, which is the largest value such that
d > 100 in the configuration where |N;| > 1. In the original experiments, ConvKB models have 50
to 500 filters [29]. R-GCN experiments, on the other hand, have set b = 5 and L = 2. With such
a configuration, R-GCN would also be over the 10k computational budget. We decided to reduce
cand let L € {1,2}. In fact, already if ¢ = 1, R-GCN must have low-dimensional embeddings to
remain under 10k FLOPs (d < 32). We therefore take ¢ = 1 in all R-GCN experiments.

1:19

TGDK



1:20

On the Computational Cost of KGEs

For each model, we have at least two configurations: one has |N,| = 1, the others have |[N,| > 1.
R-GCN has 4 configurations per dataset, as we also evaluate the influence of L. MuRP and AttH
have 3 configurations, to better evaluate the impact of negative triples on hyperbolic models. All
configurations are summarized in Table 5. For configurations with multiple negative triples, d has
a maximum value of 100. If there can be no configuration, for a given model, such that d = 100
and |N.| > 1, we set |[N.| =2 or |N,;| = 4 and find the highest possible value for d € [32,100]. If
no assignment for d exists in this interval, we discard the model (which applies to ConE, TuckER
and DualE).

In total, we obtain 64 distinct fixed-budget experiments. We set S = 128, a common value
across experiments from the literature (43% of experiments listed in Tables 6 and 7). Linear
models were trained with A = 3, also common for small dimensions; other models with A = 0.
Any other hyperparameter was set manually. In particular, we set a learning rate of 102 and
run training for 50 epochs. Note that despite our effort to find suitable values for model-specific
hyperparameters, we do not strictly guarantee that the reported performance is the best possible
performance with a 10k computational budget.

For our evaluation, we used different KGE libraries, all based on PyTorch. The PyKEEN
library!®, the most up-to-date KGE library [3], implements 11 of the 20 models we review in
this paper (8 included in this section’s experiments). To evaluate AttE, AttH and ComplEx-N3,
we used the KGEmb library!'!, which specifically targets hyperbolic KGE models [13]. For the
remaining models, ExpressivE and MuRP, we used original implementations provided respectively
by Pavlovié!? and Balazevié'®. We have made configuration scripts available to install these
libraries and reproduce our fixed-budget experiments'.

5.2 Model Performance

Table 5 gives the performance of KGE models along two metrics: hits@10 and Mean Rank
(MR, lower is better). On both metrics, results show a clear advantage for linear models. With
few exceptions, all linear models outperform any of the bilinear or neural models, by a large
margin. Among linear models, the only exceptions are TransE, which performs poorly with a
single negative triple, and RotatE, which is beaten by R-GCN on a single metric (hits@10 on
FB15k-237). Conversely, QuatE performs relatively well on WN18RR, even if its MR is worse
than the average MR among linear models. ComplEx-N3 and DistMult are the worst performing
models, regardless of the configuration. Our results suggest that the N3 regularization scheme
imposes a high computational cost, contrary to the classical L2 regularization used on ComplEx.
It might however also be that better-suited hyperparameters yield good results for ComplEx-N3.

If we focus on linear models only, we can make two observations. First, despite a certain
diversity in their parameterization, linear models have relatively close results. Hits@10 has a
standard deviation below 0.05 on both datasets, if we exclude the first TransE configuration.
Notably, MuRE and AttE have very close results despite 6 times more parameters for MuRE
(with |N;| = 1). Second, hyperbolic models (MuRP, AttH) are consistently outperformed by
their Euclidian counterpart, even though the margin reduces as the training set includes more
negative triples. In other words, simple linear models, such as MuRE or RotatE (on WN18RR
only), appear to be able to compensate the richer geometric operations of other models simply
with more dimensions — up to a certain number of dimensions.

Onttps://github. com/pykeen/pykeen

Uhttps://github. com/HazyResearch/KGEmb/

2nttps://github. com/AleksVap/ExpressivE

13 https://github.com/ibalazevic/multirelational-poincare
Mhttps://gitlab.emse.fr/victor.charpenayl/kge-cost-experiments
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Chami et al. report that MuRP and AttH achieve 0.544 and 0.551 hits@10 on WN18RR in their
32-dimensional version (ConE achieves 0.537 hits@10 under the same conditions). These results
are well above those we find with more dimensions but they hold for | N | = 50. The computational
cost of training the 2 models in this setting is 77,469 and 98,685 FLOPs — well beyond the 10k
budget. We may find comparable results if we further reduce d to increase |N,|, though. Going
from 1 negative triple to 2 and 4 negative triples does indeed improve the performance of MuRP
and AttH on FB15k-237 but not on WN18RR. Only BoxE follows the same pattern. ConvKB has
a lower performance on both datasets; R-GCN has contrasted results if we compare |N,| = 1 and
|N-| = 2. All other models improve if they are trained with more negative triples. MuRE, for
instance, improves its hits@10 by 5.8% with more than 10 negative triples. This configuration
is in fact the best overall: it is only beaten by RotatE with respect to hits@10 on WN18RR. A
recent re-evaluation of MuRE, although with a different objective, arrives at a similar conclusion:
with equal training conditions, MuRE are RotatE are among the best-performing models [15].

In the light of fixed-budget experiments, we can identify strengths and weaknesses of each of
the KGE model families:

Euclidian models are the most efficient models: they achieve good results with a low compu-

tational budget. MuRE appears to be the most efficient model overall. It deserves further

experiments in high dimensions to better understand its potential limitations in terms of
expressivity.

Hyperbolic models display no performance gain for a fixed low budget. As the literature points

that the hyperbolic operators offer no advantages in high dimensions, these models are likely

to have a limited impact in downstream tasks. In contrast though, there is no theoretical work
on how high-dimensional Euclidian models can efficiently capture hierarchies (as in WN18RR).

Our results encourage further work in this area.

Bilinear models require more computation than linear models, with no obvious gain in ex-

pressivity. This result questions the relevance of using ComplEx in other KGE learning tasks,

such as query answering [5]; high-dimensional linear models might prove better suited. The
performance of QuatE on FB15k-237 could still be further studied, in case hyperparameter
tuning alone would improve its performance. The same applies to N3 regularization.

Non-linearities, as introduced in ConvKB, R-GCN and other neural models, appear to be

ineffective for low computational budgets. It is however still unclear whether they are necessary

to increase the expressivity of KGEs. Interestingly, to match the (high) inference cost of

NBFNet, MuRE could have more than 50,000 dimensions, i.e. more than the number of entities

in the input KG. With such a large embedding space, it would most likely be more efficient to

consider non-parametric approaches instead, along the same line as AnyBURL.

6 Conclusion

The main motivation of this paper was to quantify the computational cost of the numerous KGE
models already published and to identify research directions that would take into account the
efficiency of learning on KGs. To this end, we designed a simple cost model that estimates
the number of FLOPs each KGE model would require for scoring and training, and compared
the resulting estimates over 49 experiments. The first conclusion to draw from this analysis is
that the efficiency of KGE models greatly varies across experiments. Most bilinear and neural
models meet the performance of linear models only at the expense of a higher computational
cost. In particular, state-of-the-art results for ComplEx and ConvE have only been given in a
setting exposing much more data to the model than linear models — because of negative sampling.
Fixed-budget experiments suggest that, when given an equal number of negative triples, bilinear
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and neural models do not compete with linear models. Future research should either focus on
expanding linear models or finding an equivalent formulation of ComplEx and QuatE scoring as a
linear fonction.

On the other hand, linear models (TransE, RotatE, BoxE, etc.) have known limitations with
respect to their ability to embed ontological knowledge and rules, regardless of their dimensionality.
The exceptional performance of NBFNet suggest that GNN architectures may have richer inductive
abilities, despite higher computational costs. It is however a still open question whether message
passing and non-linearities are necessary. For instance, MuRE, which stands out as both accurate
and efficient for transductive link prediction, has not been tested on other KG learning tasks
such as inductive link prediction, complex query answering or ontology embedding. Interestingly,
MuRE itself was not the main subject of its original publication (MuRP was) but fixed-budget
experiments highlight its superior efficiency for low computational budgets. A higher-dimensional
MuRE model (beyond 200 dimensions) might as well surpass GNNs if properly trained.

Analyzing the computational cost of KGE models, as we do in this paper, is an important
research objective as we anticipate that large KGs will be commonly used through pre-trained
embeddings. Training embeddings for the 100M+ entities of Wikidata, for example, would have
a significant cost; minimizing this cost then becomes crucial. It is worth noting, still, that our
cost model and experiments have several limitations. First, FLOP estimates are only loosely
correlated with execution time and energy consumption. Typically, this means that ComplEx and
MuRE can be trained on similar computing platforms, despite significant differences in FLOPs. If
the two models were compared on a more elaborate cost model, also taking spatial complexity
into account, results might be more contrasted than what we expose in the paper. In addition,
the fixed-budget experiments we conducted only explore sparse configurations. A more thorough
study to find scaling laws, relating dataset size and cost or cost and hits@10, would provide more
insights as to what models are most efficient. We aim to cover such scaling experiments in future
work.
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A Cost of Pre-Trained Language Models

We use the calculation method first elaborated by OpenAl researchers and then applied on the
Transformer architecture by EpochAl researchers'®. A Transformer layer is mainly composed of
two elements: a multi-head attention network (MHA) and a feed-forward network (FFN). The
number of FLOPs of MHA, for a single token, is given by EpochAlI as:

kvuA = 2H(di(2dy, + dp) + (di + di) + dnd,) (12)

where H is the number of heads and d;, di, dy, d, are respectively the dimension of the input token
embedding, of the key embedding, of the hidden vector and of the output vector of the MHA unit.
The number of FLOPs of a FFN with two layers, as is typical in Transformers, is:

krpN = 2dod), + 2d}d, (13)

where dj}, is the dimension of the network’s hidden vector.

The hyperparameters given by Devlin et al. for BERT base are the following [19]: H =
12,d, = 768,d;, = 4 x 768 = 3,072. Values for other dimensions are not explicitly given
but we assume d; = dr = dj = 64, as in the original Transformer. As a result, we have
Karaa = 1.5 x 10 and kyrma = 9.4 x 100 for a single BERT layer. BERT base having 12 layers,
we have KBERT = 12 x (15 + 94) X 106 =13 x 108.

B Experiment Hyperparameters

We list all experiments with known hits@10 and hyperparameters in Tables 6 (for FB15k-237)
and 7 (for WN18RR). We used these values to produce Figures 1, 2 and 3.

C Execution Time of Atomic Operations

We use execution time as a proxy for the number of FLOPs of atomic operations to evaluate
the practical relevance of our estimates (Section 4.2). We report values for computation on a
CPU and on a GPU, respectively on Figure 4 and Figure 5. Times have been measured for 100
iterations over 1,000-dimensional random vectors in both cases.
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[ Table 5 Model performance for a 10k computational budget (d: dimension of embeddings, |N-|: nb.
of negative triples per KG triple, L: nb. of GNN layers).

FB15k-237 WN18RR
Model d IN,] L MR hits@l0 MR hits@10

TransE 1248 1 - 0.173 11379 0.044
100 23 -

RotatE 499 1

100 8

BoxE 113 1
75 2 -

1

2

1

ExpressivE 146
97
MuRE 998
100 18 -
MuRP 107
71
42
AttE 170
100
AttH 82
54
33

DistMult 1665
100
ComplEx 416
100
ComplEx-N3 416
100
QuatE 104
69

R-GCN 53
27

35

18

293

161

100

100

ConvKB 178
100

— =N = N~ RN
|

0.188 15825 0.073
0.179 18251 0.029
0.181 11359 0.323
0.252 7631
- 6979 0.001 13828 0.003
- 3305 0.042 14541 0.013
0.267
0.272

w
=
|

N = NN~ N

11226 0.135
10635 0.112

N = DN = = NN = N = = = = =
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Table 6 Hyperparameters found in the literature for experiments on FB15k-237 (d,d.,d,: size of

(entity /relation) embeddings, b: block size, di: size of hidden layer, ¢: nb. of convolution filters, sj: size
of convolutional filter, L: nb. of layers, B: avg. nb. of neighbors, |[N;|: nb. of negative triples per KG
triple, S: batch size) with indication whether inverse relations are explicitly modeled.

Model hits@10 d N | S Inverse Other HPs
R-GCN [37] 0.417 500 1 30000 ? b=5L=2B=43
DistMult [18] 0419 100 14540 128 0
ConvKB [41] 0.421 100 1 256 0 c=150
ComplEx [18] 0.428 100 14540 128 0
TransE [29] 0465 100 1 256 0
AttE [13] 0488 32 50 500 1
MuRE [8] 0493 40 50 128 1
QuatE [50] 0.495 100 10 27211 0
ConvE [18] 0.501 200 14540 128 0 c=32,8, =3 x3
AttH [13] 0501 32 100 500 1
- MuRP [8] 0.506 40 50 128 1
? ComplEx [40] 0.509 1000 256 1024 0
& ExpressivE [33] 0.513 1000 150 1024 0
2 DualE [12] 0518 100 10 27211 0
B2 MuRP [§] 0518 200 50 128 1
MuRE 8] 0521 200 50 128 1
TransE [40] 0531 1000 256 1024 0
RotatE [40] 0.533 1000 256 1024 0
CompGCN [45] 0.535 100 14540 128 1 dp, =200,c =
200, s, = 7X 7, B = 43
BoxE [1] 0.538 1000 100 1024 0
ConE 6] 0.54 500 100 1024 0
AttH [13] 0.54 500 50 500 1
AttE [13] 0.543 500 50 500 1
TuckER [9] 0544 200 1 128 1 de=d, =d
ComplEx-N3 [22] 0.56 1000 1 1000 1
NBFNet [52] 0.599 32 32 256 1 L=6,d,=64,B=
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Table 7 Hyperparameters found in the literature for experiments on WN18RR (d,d.,d,: size of
(entity /relation) embeddings, b: block size, dj: size of hidden layer, ¢: nb. of convolution filters, sj: size
of convolutional filter, L: nb. of layers, B: avg. nb. of neighbors, |[N;|: nb. of negative triples per KG
triple, S: batch size) with indication whether inverse relations are explicitly modeled.

Model hits@10 d N S  Inverse Other HPs
DistMult [18] 0.49 100 40942 128 0
TransE [29] 0501 50 1 256 0
ComplEx [18] 0.51 100 40942 128 0
ConvE [18] 0.52 200 40942 128 0 c=32,5,=3%x3
ConvKB [41] 0524 50 1 256 0 ¢ = 500
TuckER [9] 0.526 200 1 128 1 de =d,d, =30
AttE [13] 0526 32 250 100 1
MuRE [§] 0528 40 50 128 1
BoxE [1] 0541 500 100 512 0
= CompGCN [45] 0.546 100 40942 128 1 dp, = 200, c = 200, s, =
% TxT7,B=5
= AttH [13] 0551 32 50 500 1
§ MuRE [§] 0.554 200 50 128 1
MuRP [§] 0.555 40 50 128 1
DualE [12] 0561 100 2 8683 0
QuatE [50] 0.564 100 1 8683 0
MuRP [§] 0.566 200 50 128 1
RotatE [40] 0.571 500 1024 512 0
AttH [13] 0.573 500 50 1000 1
ConE [6] 0579 500 50 1024 ?
ComplEx-N3 [22] 0.58 500 1 100 1
AttE [13] 0.581 500 50 1000 1
ExpressivE [33] 0.601 500 100 512 0
NBFNet [52] 0.666 32 32 128 1 L=6,d,=64,B=3
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