The de Groot dual for
general collections of sets

Martin Maria Kovar*

University of Technology, Faculty of Electrical Engineering
and Communication, Department of Mathematics,
Technickd 8, Brno, 616 69, Czech Republic

kovar@feec.vutbr.cz

Abstract. A topology is de Groot dual of another topology, if it has
a closed base consisting of all its compact saturated sets. Until 2001
it was an unsolved problem of J. Lawson and M. Mislove whether the
sequence of iterated dualizations of a topological space is finite. In this
paper we generalize the author’s original construction to an arbitrary
family instead of a topology. Among other results we prove that for any
family ¢ C 2% it holds €% = ¢99?_ We also show similar identities for
some other similar and topology-related structures.
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1 Preliminaries and Introduction

J. Lawson and M. Mislove stated a problem [7], which topologies can arise as
de Groot dual topologies and whether the process of taking duals terminates by
two topologies which are dual to each other. The partial solutions were given by
G. E. Strecker, J. de Groot and E. Wattel (1966, [2]) — about 30 years before
the question was stated — for T; spaces, and in 2000 by B. Burdick for certain
topologies on hyperspaces. The final and general solution of the second part of
the question was given by the author in 2001 [5]. The first part of the problem,
that is, which topologies can arise as de Groot duals, still seems to be unsolved.

The author experimented with various topology-related structures to obtain
analogous results as for topological spaces in [5]. Some mathematicians com-
mented the proof presented in [5] as a very technical one, and still it is not
completely clear, whether there exists some more illuminating theory behind.
However, surprisingly it seems that the topology is not essential for the main
results. Certainly, any family of sets can be used as a closed subbase for a topol-
ogy which one can dualize by taking the compact saturated sets as the closed
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subbase for the new, dual topology. But the topological link of that chain can
be skipped if one can, in some alternative and proper way, define or replace the
notions of compactness and saturation. This approach is new in this paper in
the comparison with [5] or [6] although the main results can also be found in [6].
The author believes that the initial step for solving also the remaining part of
the problem of J. Lawson and M. Mislove, that is, finding out which topologies
can arise as duals, is understanding the process of creating the dual in detail. In
this paper we reduce the process of constructing the dual by skipping topology.
The iteration properties of the dual now are consequences of some algebra and
combinatorics of infinite sets, while the topology need not be mentioned during
the proof at all. This is the main difference from the approach of the previous
papers [5] and [6].

Secondly, if the properties of the topological dual are consequences derived
from something more general, there is no essential reason why not mention also
some other, topology-related structures, like the closure spaces, the nearness
spaces or the topological systems. All of them are, less or more, in relationships
with some topologies in their background. If we want to define properly the
corresponding de Groot dual for these structures, the construction should respect
these topologies. Hence, the iteration properties could not differ too much from
the topological case and of course, these results could not be very deep. However,
we mention them in this paper because of completeness. But first, let us make
some denotations and recall some notions.

Let X be a set. We say that a binary relation < on X is a preorder if it is
reflexive and transitive. Let A C X. Wedenote 1 A = {z|z € X,Ja € A:a <z}
and | A = {z|z € X,Ja € A:x <a}. Let ¢ be a family of sets. We say that
1 has the finite intersection property, or briefly, that ¢ has f.i.p., if for every
P, Py, ..., P, €it follows PLN Py N---NP, #@. Let € C 2%, We say that a
set K C X is compact with respect to € if for every ( C € such that the family
{K}UC( has fi.p. it follows K N (N ¢) # @. Let cl : 2%X — 2% We say that cl is a
closure operator and (X, cl) is a closure space if cl @ = @ and for every A, B C X
it holds A C cl A and cl(AU B) = cl AUcl B. The closure cl is topological iff for
every A C X, cl A = clcl A. The family € C 22" is called a nearness and (X,
is said to be a nearness space [4] if the following five conditions are satisfied:

(Ny) If 2,98 C 2% such that for every A € 2 there is B € % such that
B C Aand B €, then A € €.

(N2) If J2A # @, then 2 € &.

(N3) @ #&#2%.

(Ny) F{AUB|AecA,BeB} clthenAecorBek.

(Ns) If {{z|z e X,{A,{z}} €&} |AcUA} €&, then A €&

Note that in the literature one can also find some other, slightly modified axioms
for the nearness structure. A poset (A, <) is a frame if every subset has a join,
every finite subset has a meet and for every a € A, B C A it holds a A (\/ B) =
Vienla Ab). A topological system is a triple (X, A,F), where X is a set, 4 a
frame and FC X x A a binary relation such that for every B C A, finite C C A



The de Groot dual for general collections of sets 3

and z € X it holds (z - \/ B) & (z F b) for some b € Band (- AC) < (z F ¢)
for each ¢ € C. Let (X, 7) be a topological space. The preorder < on X given by
x < y<x € cl{y} is called the preorder of specialization on X. A set A C X is
saturated if A is upper-closed in the specialization preorder. The topology 7¢ is
said to be (de Groot) dualto T or cocompact if 7% has a closed subbase consisting
of all compact saturated sets in (X, 7). A topological space (X, 7) is said to be
symmetric or Ry if the specialization preorder is a symmetric binary relation.
All topological spaces and other topology-related structures are assumed without
any additional separation axioms.

2 Main Results

Given a family ¢ C 2%, we need to construct an analogue of the specialization
preorder on X. We put <¢= {(z,y)|VC € €:y € C = z € C}. Obviously, <¢
is a preorder on X and for every C € € it follows C' =|¢ C. The family € is
called down-complete if {|¢ {z} |z € X} C €. We say that € is a up-compact if
every C € € is compact with respect to the family {Te¢ {2} |2 € X}. We denote
¢ = U {le {z} |z € X}. Obviously, €* is a down-complete family. We also
denote €4 = {P|P C X,P =1¢ P, P is compact with respect to €}. One of
the most important properties of the dual is that it switches the corresponding
(specialization) preorder similarly as in topological spaces.

Proposition 2.1. Let € C 2%, Then <ga 1S an inverse preorder relation to <g.

Proof. Suppose that for some z,y € X we have x <¢ y. Let x € P for some
P c? Then y €l¢ P = P and so y <ga . Conversely, suppose y <ga . Then
Te {z} is compact with respect to € and so y €7¢ {z}. Hence z <¢ y.

Let us give several examples of duals in various structures which have some
topology in their background. The construction of the dual is possible either
because the topological space is simply a special case of that structure (e.g. the
closure spaces) or because the topology generated by that structure is special in
some sense as well as its dual topology, which allows us to return back to the
original structure (e.g. the nearness spaces and the symmetry of the generated

topology).

Example 2.1. Let (X,7) be a topological space, € C 2% the family of all closed
sets or some closed base for 7. Then |¢ {z} = cl{z} and <¢ is a preorder
of specialization on X. The family € is down-complete, €¢ is the family of all
compact saturated sets, which generates the dual topology 7¢ on X as its closed
subbase.

Ezample 2.2. Let (X,cl) be a closure space whose closure is not necessarily
topological. We put ¢ = {cl A| A C X}. As the dual closure cI” we take the
(topological) closure in the topological space (X, 7¢), where 7% is generated by
its closed subbase €<,
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Example 2.3. Let (X, §) be a nearness space. We put € = {cl¢ A| A C X'}, where
cle A ={z|z € X,{A, {z}} € &}. The closure cl¢ is symmetric and topological.
Hence |¢ {z} = cl¢ {z} for every € X. Then the relation <¢ is symmetric
as well as <g« by Proposition 2.1. Therefore, the dual topological space (X, 7%)
is symmetric or Ry and so it generates a (topological) nearness structure ¢4 =
{Q(|Ql c2X N {cldA|A € Q(} # @}, where cl? is the closure in (X, 7%), such
that clea = cl?.

Ezample 2.4. Let (X, A,F) be a topological system. As a dual topological system
to (X, A,F) we can take any topological system (X, B, |=), such that the topology
7x(B) on X induced by the frame B is dual to the topology 7x (A4) induced by
the frame A. Note that for a frame B such a topological system exists iff there
is a frame epimorphism e : B — (7x(A))%. Indeed, if (7x(A))? = 7x(B), then
the spatialization mapping e : B — (7x(A4))? is the desired frame epimorphism.
Conversely, if such epimorphism e exists, one can put = = b iff © € e(b) for
every b € B and z € X. In this case we say that B represents a dualization of
(X, AF).

In the several following propositions and lemmas, in fact we will follow the
author’s construction presented already in [5] for topological spaces. However,
now we are in a situation which is more complicated and so some steps of the
original proof cannot be repeated so straightforwardly. It comes out that it is
more easy and convenient to work with down-complete families. If we do not
have such a family, we can complete it. However, we have to check that the
completion behaves well with respect to the dual.

Proposition 2.2. Let € C 2%, Then ¢d = gxd,

Proof. Firstly, let us notice that <g« is the same binary relation, as <g. Indeed,
since € C €*, it follows that <g+ C<q. Conversely, suppose that for some z,y € X
we have x <g y. Suppose that y € C for some C € €*. If C' € €, we immediately
have z € C. Let C' € €*\ €. There exists some z € X such that C =|¢ {z}. Then
y <¢ 2,80 ¢ <¢ z and again z € C, which gives x <¢» y. Therefore, <¢ and <g«
are the same relations. Since € C €*, any set that is compact with respect to €*,
obviously is compact with respect to €. Involving the previous observation, we get
¢*? C ¢4, Suppose that K € €% and take any ¢ C €* such that the family { K }U¢
has f.i.p. There exist some £ C € and S C X such that ( = U {le {s}|s € S}.
Put ¢ = U{C|C € €,C NS # @} C €. We will show that { K} U1 has f.i.p. Let
k C 1 be finite. Then kK = k1 UKo, where k1 C € and CNS # & for every C' € ka.
Take some s¢ € C NS for every C' € ko. Observe that |¢ {sc} C C. It follows
n = k1 U{le {sc}|C € ka} is a finite subset of { and so @ # K N ((\n) C
K N (k). Hence, {K} U has fip. Since K is compact with respect to €,
it follows that @ # KN (Ny) = KN (N N (N{C|Cee¢,CNS +#0o}) =
KN(NON(N,esN{CIC € €5 € C}) = KNNONN,es Le {s) = KN(NQ).
It follows that K € ¢*¢ and hence ¢ = ¢*9,

The dual already is down-complete, as the next proposition shows.
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Proposition 2.3. Let € C 2X. Then €% is down-complete and up-compact.

Proof. One can easily check that the set T¢ {z} is compact with respect to €
for every € X. Then {]¢ {z}|z € X} C €. Hence, €¢ is down-complete.
Suppose firstly, that ¢ is down-complete. Then every element of €¢ is compact
with respect to {|¢ {2} |z € X}, which gives that €¢ is an up-compact family.
But ¢¢ = ¢*? by Proposition 2.2 and ¢* is down-complete. Hence, ¢? is up-
compact in any case.

Another important point of our construction it is that the compactness of a
set is, as we can expect, preserved by saturation.

Proposition 2.4. Let K C X be compact with respect to € C 2X. Then T¢ K
is compact with respect to €.

Proof. Let £ C € be a family such that the family £ U {T¢ K} has f.i.p. Then,
for every C1,Cy,...Cy € &, it follows (e K)NC1NCyN---NCy # &. There
exists an element t € (¢ K)NC1NCyN---NCk (depending on the choice of
C1,C4,...Ck). Hence, there is some s € K, such that s <¢ t. But, for every
i =1,2,...,k it follows C; =|¢ C; and so s € KNCi; NCyN---NCp. Then
the family £ U {K} has fi.p. Since K is compact with respect to €, we have
g#KN(NE C (Te K)N(NE). It follows that T¢ K is compact with respect
to €.

We also need to verify some intersection properties of compact sets with
respect to the original family € as well as with its second dual.

Proposition 2.5. Let C € € C 2% and K C X be compact with respect to €.
Then C' N K is compact with respect to €.

Proof. Let ¢ C € be a family such that the family £ U {C'N K} has f.i.p. Then
also family (U {C}U{K} has fi.p. But ( = {U{C} C € and K is compact with
respect to €, so (CNK)N(NE) = KN (¢ # @. Hence, C N K is compact
with respect to €.

The following result is a modification of a lemma due to B. Burdick [1].

Proposition 2.6. Let € C 2% be down-complete, K be compact with respect to
¢ and P € €%, Then K N P is compact with respect to €.

Proof. Let ¢ C € be a family such that the family ¢ U {K N P} has f.i.p. Let
n={le (KNDyNDyN---NDy)| D1,Do,...,D, € (}. It follows from Propo-
sition 2.4 and Proposition 2.5 that 7 C €Z and {P} Un has f.i.p. Since P € €%,
it follows that there exists some z € PN ((\n) # &. Hence, z € PN T¢
(KNDiNDoN- - -NDy,) for every Dy, Do, ..., Dy, € (. It follows that there is some
t € KNDiNDyN---ND,, (depending on the choice of Dy, Do, ..., D,,) such that
t <¢ x. Then ¢ {z}NKND1NDyN---ND,, # & for every Dy, D, ..., Dy, € (, s0
the collection { K} U ({le {}}U() has f.i.p. Since € is down-complete, it follows
that {|¢ {z}} U¢ C €. Since K is compact with respect to ¢ and €% is down-
complete by Proposition 2.3, it follows @ # KN |¢ {z}N(N¢) S KNPN(N]).
Hence, K N P is compact with respect to €.
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Now, we can start the main part of the proof. We need the following two
lemmas for the proof of the main theorem.

Lemma 2.1. Let € C 2% be down-complete, K € ¢¢, ¢y C ¢uU e, M ¢
YN € and let {K} U has fi.p. Then there exists (M) € M such that

{K} Uy U{le {£(M)}} has fip.

Proof. Let ¢ = {Te (KNPLNPyN---NP)| Py, Pa,..., P, €} From Propo-
sition 2.4, Proposition 2.5 and Proposition 2.6 it follows that ¢ C €% and
{M} U ¢ has f.i.p. Hence, since M € €9 is compact with respect to €¢, there
exists E(M) € M N (). Then for every Py, Ps,..., P, € 1 it follows that
EM) ele (KNP, NPyN---N Pg) so there exists t €« KNP NPyN---N Py
(depending on the choice of Py, Py, ..., Py) with t <¢ {(M). Thent €| {{(M)}
which implies that |¢ {{(M)}N KNP NPN---NP, # @. It follows that

{K} Uy U{le {€(M)}} has fip.

Lemma 2.2. Let ¢ C 2% be down-complete, K € €%, ¢ C €U €% and let
{K}U1 has f.i.p. Then for every M € 1N € there exists E(M) € M such that

{K}u{vnetu{le {&(M)}| M € pN€¥} has fip.

Proof. We put ¢ = ¥ N &, 1o = ¥ NC¥, Let vy = {M,|a < u} where u is
an ordinal number. From Lemma 2.1 it follows that there exists £(My) € My
such that {K} U ¢ U {]e {{(Mo)}} has fi.p. Suppose that for some 3 < pu
and every a < ( there exists £(M,) € M, such that, in the notation y, =
Y U {le {£(M;)} |y < o}, the family {K} U xq has fip. Let x = U, Xa-
Obviously, the family {K} U x has fi.p. and since €% is down-complete by
Proposition 2.3, it follows that x € ¢ U €% and Mg €y CxN ¢ Then, by
Lemma 2.1, there exists £(Mg) € Mg such that {K} U x U {le {£(Mg)}} has
fip. But xg = x U {le {{(Mp)}}, which implies that the family {K} U xg has
fi.p. By induction, we have defined {(Mpg) € Mg for every 5 < p. Obviously,
the family {K} U (Ug., x8) = {K}UY U{lec {{(Mp)}|B < p} has f.ip which
implies that also its subfamily {K} U1 U {le {£(M)} | M € )2} has f.i.p.

Theorem 2.1. Let € C 2%, Then ¢4 = (¢ U ¢d)d,

Proof. Firstly, suppose that € is down-complete. Since ¢ C € U €%, it follows
that ¢4 D (cu Qdd)d. Let K € ¢% and let ¥ C ¢ U €% be a family such that
{C} U has fip. Denote ¢ = ¢y N € and 1, = ¥ N €%, From Lemma 2.2.
it follows that for every M € 1y there exists {(M) € M such that {K} U
1 U{le {&(M)} | M € 4o} has f.i.p. But K is compact with respect to € which
is down-complete. Since 1 U {|e {E(M)} | M € 12} C €, it follows @ # K N
NN (N{le {E&M)}| M €}) C KN (9). Therefore, K is compact with
respect to €UC, But K =1¢ K :T‘éd K by Proposition 2.1 and so K =Tg_¢dd
K. Hence, K € (€U %) and so ¢4 = (¢ U ¢9)?. If ¢ is not down-complete,
by Proposition 2.2 we have ¢¢ = ¢*¢ = (¢* U g*dd)d = (¢*ygdd)d = (¢yedd)d,

Corollary 2.1. Let ¢ C 2X. Then ¢3¢ = gdddd,
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Proof. Since €44 C ¢ U €94 by Theorem 2.1 it follows ¢¢ = (¢ U ¢4)d C ¢ddd,
Applying Theorem 2.1 again we have ¢ = (¢4 U ¢dd)d — gdddd,

Corollary 2.2. Let (X,7) be a topological space. Then 7¢ = (7 v 799),

Proof. Let € be the family of all closed sets in (X, 7). Then € is a closed subbase
for 7¢ and (€UE94)? is a closed subbase for (7V 794)4, which gives the assertion.

Corollary 2.3. Let (X,7) be a topological space. Then 744 = 7dddd

Proof. One can use formally a similar approach as in the proof of Corollary 2.1.

Corollary 2.4. Let (X,cl) be a closure space. Then cldd = ¢pdddd

Proof. Let € = {clA| A C X}. Then €44 = ¢dddd Ly Corollary 2.1. But the
closures cl% and 1?99 are topological and their topologies coincide since they
are generated by the same closed subbase.

Corollary 2.5. Let (X,&) be a nearness space. Then £94 = ¢dddd,

Proof. Let T be the topology generated by the nearness . Then 794 = 7dddd apd
so cl% = (19494 for the corresponding closures. As we mentioned in Example 2.3,
both of the topological spaces (X,7%) and (X,7944) are Ry and so both of
them generate the same nearness structure £ = ¢dddd,

Corollary 2.6. A frame B represents the 2-nd iterated dualization of a topo-
logical system (X, A, &) iff B represents its 4-th iterated dualization.

Proof. The assertion follows directly from the definition of a dual of a topological
system and from Corollary 2.3.

In connection with the previous results it should be noted that there exist
spaces whose four iterated de Groot duals, including the original space, are
different. One simple example of such a space was given by B. Burdick [1]. We
repeat it briefly because of completeness.

Ezample 2.5. Let (X, 7) be the first uncountable ordinal X = w; with the topol-
ogy 7 = {[0,a) \ F|0 < a < wy,F is finite}. Then 7¢ is cocountable, 794 is cofi-
nite and 799 is discrete. Hence 7V 7% = 7 and one can easily check that in
consistency with Corollary 2.2 it follows (7 Vv 74)4 = 74

Let us close the paper by reviving a problem that the author already men-
tioned several times in some occasions. Taking the space (X, 7) of the previous
example, it can be easily observed that it also holds 794 = (7 A799)? | as well as
in other examples that were given during the years by J. de Groot, H. Herrlich,
G. E. Strecker and E. Wattel (e.g. see [3]). Hence, the following open question
has its own place here.

Problem 2.1. Ts it true that 7994 = (7 A799)? for every topological space (X, 7)?
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