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Abstract

In this paper we derive a generic form of structural decomposition for the constraint satisfaction problem, which
we call a guarded decomposition. We show that many existing decomposition methods can be characterised in terms
of finding guarded decompositions satisfying certain specified additional conditions.

Using the guarded decomposition framework we are also able to define a new form of decomposition, which we
call a spread cut. We show that the discovery of width k spread-cut decompositions is tractable for each k, and that
spread-cut decompositions strongly generalise many existing decomposition methods. Finally we exhibit a family
of hypergraphs H,, forn = 1,2,3 ..., where the minimum width of any hypertree decomposition of each H,, is
3n, but the width of the best spread-cut decomposition is only 2n + 1.

1 Introduction

A constraint satisfaction problem consists of a set of variables that must be assigned values subject to certain con-
straints. These constraints restrict the simultaneous assignments to certain specified subsets of the variables. Many
real-world problems can be represented very naturally in this framework [6, 17, 18]

Similar problems arise in the field of relational databases, where they are referred to as conjunctive query evalu-
ation problems [15]. Many of the techniques developed in this paper can also be applied directly to the conjunctive
query evaluation problem, but we shall not pursue this application here.

The decision problem for the general constraint satisfaction problem is NP-hard [16]. This motivates the search
for more restricted subproblems which are tractable, that is, solvable in polynomial-time.

This paper considers subproblems of the constraint satisfaction problem which can be shown to be tractable using
so-called structural methods or decomposition methods. These methods rely exclusively on using the structural
properties of instances, in other words the way in which the constraints overlap each other.

A variety of such decomposition methods have been developed and applied in both the constraint satisfaction
community, and the database community. Examples include methods based on the use of treewidth [9], cycle cut-
sets [7], tree-clustering [8], hinges [14], cycle hypercutsets and hypertrees [10, 11]. All of these methods rely on
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reducing a given problem instance to an equivalent instance with a simpler structure, which can then be solved ef-
ficiently. The maximum number of edges of the original structure which are combined to form a single element of
this equivalent simpler structure is called the width of the decomposition.

In this paper we present a generic, abstract form of decomposition, which we call a guarded decomposition, and
we describe a generic algorithm to compute guarded decompositions. We show that many of the earlier decomposi-
tion methods can be viewed as special cases of guarded decomposition, each characterised by some simple additional
conditions.

One existing decomposition method, based on the use of hypertrees [10, 11, 12], is of particular importance as
it is has been shown to be strictly more general than many other decomposition methods. It has also been shown
that it is tractable to discover hypertree decompositions of width at most &, for each fixed choice of k. Our work
draws heavily on the ideas introduced by Gottlob, Leone and Scarcello in their work on hypertrees [10, 11, 12],
including the notion of a guarded block, the recursive decomposition strategy, and the tools for comparison of
different methods.

The general framework presented here allows us to identify a new decomposition method, which we call spread-
cut decomposition. We show that spread-cut decomposition generalises many of the methods previously shown to be
generalised by hypertree decomposition. We also show that it is tractable to discover spread-cut decompositions of
width at most k, for each fixed choice of k. Finally we exhibit a family of hypergraphs H,,, forn = 1,2,3..., where
the width of the best hypertree decomposition of each H,, is 3n, but the width of the best spread-cut decomposition
is only 2n + 1.

2 Constraint Satisfaction Problems and Hypergraphs

A constraint satisfaction problem (CSP) consists of a collection of variables that must be assigned values from some
given domain. The values that the variables can take are not independent; they are restricted by constraints. Each
constraint restricts the allowed simultaneous assignments to a certain subset of the variables.

Definition 2.1 A CSP instance is a triple P = (V, D, C) where:
o V is a finite set of variables;
e D is a set called the domain of P;

e Cis a set of constraints. Each constraint ¢ € C is a pair ¢ = {x, p) where x C V is a set of variables, called
the scope of ¢, and p C DX is a set of functions from the scope of c to the domain of P, called the relation of
C.

A solution to the CSP instance P = (V, D, C) is a function from V to D whose restriction' to the scope of any
constraint ¢ € C is one of the functions in the relation of c.

Example 2.2 Consider the CSP instance Pag = (V,D,C) where V. = {1,2,...,10}, D = {0,1}, and C =
{Cla Coy .-y 68}'

This instance has ten variables which must each be assigned the value O or 1, subject to 8 constraints. The
constraints in C' are defined as follows:

o = ({1,2}, D12 co = ({2,3,9}, D1239})
cs = ({3,4,10}, D340} ¢y = ({4,5}, D{#5}) |

cs = ({5,6,9}, D109 - ¢ = ({6,7,10}, DIGT101)
cr = ({7,8,9}, DIT89%)

g = <{1,8, 10}, {f € DS} | £(1) = £(8) = 0 = £(10) = 1}>.

Note that each constraint except cg allows every assignment to the variables of its scope. The constraint cg does not
allow the three variables of its scope all to take the value O simultaneously, but does allow all other assignments.
A straightforward calculation shows that this instance has exactly 7 * 27 = 896 solutions. O

ITo simplify the presentation we assume, throughout this paper, that every variable of a CSP instance is constrained; that is, every variable
occurs in the scope of some constraint.



Figure 1: The hypergraph H 4, which is the structure of the CSP instance P4, defined in Example 2.2.

In order to study the structural properties of CSP instances, that is, the way in which the constraint scopes overlap
each other, we need the standard notion of a hypergraph.

Definition 2.3 A hypergraph is a pair H = (V, E), where V is an arbitrary set, called the vertices of H, and E is
a set of subsets of V, called the hyperedges of H.

Definition 2.4 For any CSP instance P = (V, D, C), the structure of P, denoted o (P), is the hypergraph (V, {x | {x, p) € C}).

Example 2.5 Recall the CSP instance P4 defined in Example 2.2. The structure of P4 is the hypergraph H 4
illustrated in Figure 1.

The set of vertices of H 4 is the set {1,2,...,10}, and the eight hyperedges of H 4¢ are the following subsets
of these vertices: e; = {1,2}, e2 = {2,3,9}, e3 = {3,4,10}, es = {4,5}, e5 = {5,6,9}, es = {6,7,10},
er = {7,8,9}, es = {1,8,10}. O

3 Guarded Decompositions

Two CSP instances with the same set of variables are called solution-equivalent if they have the same set of solutions.
As we will argue in Section 5, all known structural decomposition methods take CSP instances and transform them
into solution-equivalent instances with simpler structure. The constraints of these transformed instances are obtained
by calculating the relational joins of certain constraint relations in the original instances, and then projecting these
onto new scopes. To describe this general transformation scheme we introduce the following terminology.

Definition 3.1 A guarded block of a hypergraph H is a pair (\, x) where the guard, )\, is a subset of the hyperedges
of H, and the block, Y, is a subset of the vertices of the guard.

For any guarded block b, the guard of b will be denoted A(b) and the block of b will be denoted x (). For any set of
hyperedges A, we will write (U)) to refer to the set of all vertices contained in edges of A; that is, (UX) = [, ¢, e.

Definition 3.2 For any CSP instance P, and any guarded block b of o(P), the constraint generated by P on b is
the constraint {x(b), p), where p is the projection onto x(b) of the relational join of all the constraints of P whose
scopes are elements of \(b).

Given a CSP instance P, with structure H, and a collection of guarded blocks of H, we can generate constraints on
each of these guarded blocks to obtain a new collection of constraints, and hence a new CSP instance. In some cases,



if the guarded blocks are carefully chosen, this new instance will be solution-equivalent to P, and so can be used to
solve P. If this property holds for any CSP instance with structure H, then the collection of guarded blocks will be
called a guarded decomposition of H, which is formally defined as follows:

Definition 3.3 A set of guarded blocks = of a hypergraph H is called a guarded decomposition of H if for every
CSP instance P = (V, D, C) with structure H, the instance P’ = (V, D,C"), where C' is the set of constraints
generated by P on the members of =, is solution-equivalent to P.

Example 3.4 For any hypergraph H = (V, E)) there are two trivial guarded decompositions.

The set {({e},e) | e € E} is a guarded decomposition. For every instance P with structure H, the generated
instance is P itself, where constraints over the same scope are merged by taking the intersection of their relations.
Thus, the generated instance is clearly solution-equivalent to the original one.

The set {(E,V)} is also a guarded decomposition. For every instance P with structure H, the tuples of the
generated instance are exactly the solutions to the instance P. O

Theorem 3.6 below gives a simple and efficient way to determine whether a given collection of guarded blocks is in
fact a guarded decomposition, based on the following properties.

Definition 3.5 A guarded block (X, x) of a hypergraph H covers a hyperedge e of H if e C x.

A set of guarded blocks = of a hypergraph H is called a guarded cover for H if each hyperedge of H is covered
by some guarded block of =.

A set of guarded blocks = of a hypergraph H is called a complete guarded cover for H if each hyperedge e of
H occurs in the guard of some guarded block of = which covers e.

Theorem 3.6 A set of guarded blocks = of a hypergraph H is a guarded decomposition of H if and only if it is a
complete guarded cover for H.

Proof: Let = be a set of guarded blocks of a hypergraph H = (V| E).

Suppose that = is not a complete guarded cover for H. Choose e € E such that there is no guarded block
(A, x) € E for which e € X and e C x. We will construct an instance P, with structure H which will witness the
fact that = is not a guarded decomposition of H.

Let the domain of P, be D = {0, 1}. Foreachedge f € E, f # e, let the constraint of P, with scope f allow all
mappings from f to D. Finally let the constraint of P, with scope e, ¢, allow all mappings from e to D except for
the mapping that assigns the value O to all the vertices of e simultaneously.

Now let (A, x) be any guarded block in the set Z. If e ¢ \ then the constraint generated by P, on (), x) allows
every assignment. On the other hand, if e € A, then, by the choice of e, we know that e Z x. However, any projection
of c. onto any proper subset of e allows all assignments, so again the constraint generated by P, on (), x) allows
every assignment.

Since all constraints generated by P, on all elements of = allow every assignment, the resulting CSP instance is
not solution-equivalent to P., and hence = is not a guarded decomposition of H.

For the converse, suppose that = is a complete guarded cover for 1. Let P be an arbitrary CSP instance with
structure H. We have to show that the CSP instance P= obtained by taking the constraints generated by P on each
element of = is solution-equivalent to P.

Clearly, any solution to P is a solution to P=. On the other hand, by the completeness of =, and the construction
of P=, the projection of any solution to P= onto any edge e € F must be allowed by the constraint of P with scope
e. Hence any solution to Ps is also a solution to P. O

4 Tractability

The classes of CSP instances that we shall be identifying in this paper are classes which are defined purely in terms
of the structure of their instances, without imposing any restrictions on the constraint relations.

Definition 4.1 A class I of CSP instances is called structural if there is some class of hypergraphs H for which
I={P|o(P)eH}.



We have shown in the previous section that a guarded decomposition for a hypergraph H can be used to associate
any CSP instance whose structure is H with a solution-equivalent instance having a different structure, which may
be easier to solve.

We shall now consider structural classes of CSP instances which are defined as the class of all instances whose
structure has a guarded decomposition of a certain kind. The most important structural classes of this kind are those
which are tractable, in the following sense.

Definition 4.2 A class I of CSP instances is called tractable if there exists
e a polynomial-time algorithm to decide membership in I; and
e a polynomial-time algorithm to solve all members of I.

To ensure that the structural classes defined using a class of guarded decompositions is tractable, it is sufficient to
ensure that the class of guarded decompositions used in the definition has the following properties.

Tractable discovery For any given hypergraph it must be possible to decide in polynomial time whether there exists
a guarded decomposition of the type we are considering, and, in the process, obtain such a decomposition if it
exists.

Tractable construction Given such a guarded decomposition, it must be possible to generate each of the new con-
straints in the corresponding solution-equivalent instance in polynomial time.

Tractable solution Given such a solution-equivalent instance, it must be possible to solve the resulting instance in
polynomial time.

We will now examine what conditions can be imposed on a class of guarded decompositions to ensure that it has
each of these properties, starting with the most straightforward property.

4.1 Tractable construction

The time complexity of a relational join operation is O(r*), where k is the number of relations being joined, and
is the maximum number of tuples in any of these relations. Hence to ensure that we have the tractable-construction
property, it is sufficient to bound the number of constraint relations that need to be combined using the relational
join operation. This can be done by bounding the number of hyperedges in the guard of any guarded block used in
the decomposition.

Definition 4.3 The width of a set of guarded blocks is the maximum number of hyperedges in any of its guards.

For any fixed value of k, the class of guarded decompositions of width at most k£ has the tractable-construction
property.

4.2 Tractable solution

For a class of guarded decompositions to have the tractable-solution property we require that the new instance
obtained by using any guarded decomposition in the class can be solved in polynomial time. One way to achieve
this is to ensure that the structure of these new instances is acyclic [3]. The property of being acyclic can be defined
as follows:

Definition 4.4 A join tree of a hypergraph H is a tree, T, whose nodes are the hyperedges of H, such that, whenever
the vertex x of H occurs in two hyperedges ey and eo of H, then x occurs in each node of the unique path connecting
e1 and es inT. In other words, the set of nodes of T' in which x occurs induces a (connected) subtree of T

A hypergraph is called acyclic if it has a join tree.

Theorem 4.5 ([14]) Any CSP instance whose structure is acyclic can be solved in polynomial time.



Definition 4.6 A join tree of a set of guarded blocks = of H is a tree, T, whose nodes are the elements of =, such
that, whenever the vertex x of H occurs in the blocks of two elements of =, then x occurs in the block of each node of
the unique path connecting them in T'. In other words, the set of nodes of T' for which x occurs in the block induces
a (connected) subtree of T

A set of guarded blocks is acyclic if it has a join tree.

By Theorem 4.5, any class of acyclic guarded decompositions has the tractable-solution property.

Using Theorem 3.6 and Definition 4.6 we now show that an acyclic guarded decomposition can be obtained from
any acyclic guarded cover without increasing the width, or significantly increasing the number of guarded blocks, by
simply adding appropriate additional guarded blocks to make a complete guarded cover.

Theorem 4.7 If the set of guarded blocks = is an acyclic guarded cover for H then the set =U {({e},e) | e € E}
is an acyclic guarded decomposition of H.

Proof: The set ZU {({e},e) | e € E} is clearly a complete guarded cover of H, by Definition 3.5, and hence a
guarded decomposition of H, by Theorem 3.6. It only remains to show that it is acyclic.

Since = is a cover of H, for each hyperedge e of H there is some b, € = which covers e. Now consider any join
tree for =. For each guarded block ({e}, e) which is not in =, add it to this tree as an additional node, and connect it
to the existing node b.. The resulting graph is a join tree for = U {({e},e) | e € E}. ad

In view of this result, we shall focus in the rest of the paper on methods to find acyclic guarded covers.

4.3 Tractable discovery

It follows from the results above that, for any fixed choice of k, any CSP instance whose structure has an acyclic
guarded cover with width at most k& can be solved in polynomial time by generating an associated solution-equivalent
instance whose structure is acyclic.

However, to define a tractable structural class we still need some way to determine in polynomial time whether
a given instance has such a guarded cover or not. We now introduce a very general algorithmic approach to this
problem and identify conditions which are sufficient to ensure that this approach is effective.

Before describing our algorithmic approach we need some further definitions.

Definition 4.8 Let H = (V, E) be a hypergraph and x C V be any subset of vertices.

A pair of vertices x,y is x-connected if there is a sequence of hyperedges eg, ..., e, such that x € ey — X,
Yy€en—xande;Nejp1 L x, fori=0,...,m—1.

A x-component of H is a maximal non-empty set of vertices C' such that each pair of vertices in C is x-
connected.

Example 4.9 Consider again the hypergraph H 4 defined in Example 2.5 and illustrated in Figure 1.

If we set x = {3, 7,10}, then there is just one y-component: {1,2,4,5,6,8,9}. If we set x = {3,6,7,9,10},
then there are two x-components: {4,5} and {1,2,8}. If we set x = {2,3,6,7,9,10}, then there are again two
Xx-components: {4,5} and {1, 8}. ad

Definition 4.10 Let H be a hypergraph and let T be a tree whose nodes N are guarded blocks of H. For any pair
of adjacent nodes n and n’ of T, we define the n’-branch of T with respect to n, denoted br,,(n’), to be the set of
nodes of T whose (unique) path to n includes n'.
We define the vertices of br,,(n’), denoted x(br,,(n')), to be the vertices in the blocks of the elements of br, (n’)
which are not in x(n). That is,
x(bra () = x(®) — x(n) -

bEbr, (n/)

Proposition 4.11 Let H be a hypergraph, and let T be a join tree of a guarded cover of H. Then T satisfies the
following conditions:

JT1 For every arc (n,n’) of T, and every edge e of H, if e N x(br,(n')) # 0, then e is covered by some node of
br, (n');



Types:
H = (V, E) is a hypergraph;
b is a guarded block of H;;
C'is a x(b)-component of H;
(3 is a predicate on pairs of guarded blocks of H.

B-DECOMPOSE(H, b, C) :=
There exists a guarded block ¥, such that
1. B(b,b") holds;
2. x(') € x(b) U Cs
3. Forevery edge e of H,ifeNC # (), thene C C' U x(¥)
4. For every x(b')-component C’, if C’ N C # (), then
(@ C'Nx(b) = 0;and
(b) B-DECOMPOSE(H, b, C").

Figure 2: Definition of the predicate 5-DECOMPOSE

JT2 For every arc (n,n’) of T, x(br,(n')) is a union of x(n)-components of H.

Proof: To see that JT1 holds, choose an arbitrary v € e x(br,(n')) # 0. By Definition 4.10, v ¢ x(n). Hence, by
the join-tree property, v does not belong to the block of any node in any other branch of 1" with respect to n. Since
T is a join tree of a guarded cover, there must be a node b of T such that e C x(b). In particular, v € x(b), whence

b € br,,(n').
To see that JT2 holds, let v € x(br,,(n’)). It suffices to show that x (br,,(n")) contains the entire x(n)-component
to which v belongs. Thereto, let w be another vertex in this x(n)-component. Hence, there exist edges eq, . . ., em

for which v € eg — x(n), w € e,, — x(n) and, fori = 1,...,m, e;_1 Ne;  x(n). We show that, fori = 0,...,m,
(e;—x(n)) C x(bry(n')). Fori = 0, this follows from JT1. Now let¢ > 0. As inductive hypothesis, assume that our
claimholdsforj = 0,...,i—1. Since (e;—1—x(n)) C x(br,(n’)) and e;_1Ne; Z x(n), (e;—x(n))Nx(br,(n')) #
(. Hence, by JT1, (e; — x(n)) C x(br,(n’)). We may thus conclude that (e,, — x(n)) € x(br,(n')), whence
w € x(bra(n)). 0

For our present purpose of ensuring the tractable discovery property, condition JT2 is not strong enough. There-
fore, we now define a rooted variation of a join tree for a set of guarded blocks, which we call a decomposition tree.
For a decomposition tree, we require that x (br,,(n’)) is a single x(n)-component whenever n’ is a child of n.

Definition 4.12 A decomposition tree, T, of a hypergraph H is a rooted join tree of a set of guarded blocks of H
satisfying the following conditions:

DT1 For every arc {n,n’) of T, and every edge e of H, if e N x(br,,(n')) # 0, then e is covered by some node of
br, (n');
DT2 Foreveryarc (n,n') of T, there exists a single x(n)-component, C,, »+y, of H such that x(br, (n')) = Cy, nry.

We are now ready to state and prove the main result of this section.

Theorem 4.13 Let H be a hypergraph, and let 3 be a binary predicate on pairs of guarded blocks of H.

For any guarded block b of H, and any x(b)-component C' of H, the predicate 3-DECOMPOSE(H, b, C) defined
in Figure 2 holds if and only if H has a decomposition tree T with root b such that C = x(bry,(b")) for the unique
child b of b in T and every arc {n,n’) of T satisfies 3.

Proof: (=) First assume that 5-DECOMPOSE(H, b, C') holds. We will prove that there exists a corresponding de-
composition tree T, ¢ with root b such that C' = x(br, (b)) for the unique child b of bin T}, ¢ and every arc (n,n’) of



T satisfies 3. The proof is by induction on the depth of recursion required to establish that 5-DECOMPOSE(H, b, C)
holds.
If this depth is 0, then by the definition of 5-DECOMPOSE, there exists a guarded block b’ of H such that:

1. B(b,b") holds;

2. x(0") S x(b) U Cs

3. Forevery edge e of H,ifeNC # 0, thene C C U x(b'); and
4. For every x(b')-component C’ of H, C' N C = (.

The tree T}, o = ({b,0'}, {(b, V') }) clearly is a join tree of {b, b'}. We next show that T}, ¢ satisfies DT1, DT2, and
x(bry(b')) = C. We start with the last condition. First notice that x (br;(b')) = x(b") — x(b). By condition 2 above,
x(brp(t')) C C. Now assume there exists v € C' — x(b'), and let C’ be the x(b')-component containing v. Then
C'NC" # ), contradicting condition 4 above. Thus, C' — x(b') = @), whence x(br(b')) = C.This also settles DT2.
Finally, to show DT1, let e be an edge such that e N x(bry(b') = eNC # §. By condition 3, e C C' U x (V') = x (V).

Now assume that the depth of recursion required to establish that 3-DECOMPOSE(H, b, C') holds is greater than
0, and that the result holds in all cases where this depth is smaller. In this case we construct the rooted tree Tj, ¢ by
linking all the trees T3/ ¢ corresponding to recursive calls at their common root b’, and then adding the node b as a
parent of . It remains to show that 7}, ¢ is a join tree satisfying DT1 and DT2, that every arc (n,n’) of T satisfies
B, and that C' = x(brp(b)).

To establish that T}, ¢ is a join tree, note that, by the inductive hypothesis, each of the trees Tjs ¢/ used in the
construction is a decomposition tree. Hence it only remains to show that

e Any vertex v occurring in the block of a node in two distinct subtrees T3/ o7 and T} ¢; must also occur in
x(b'). To see this, assume that v occurs in some node of 7 ¢/ but does not occur in x(b'). Then, for some
child " of ¥’, it must occur in x(br (")), which equals C7, by the inductive hypotheses. The same applies
to Ty ¢y . However, C1 and Cj are distinct x (b')-components chosen in the recursive step of the algorithm, so
C] N CY% = 0, and the result follows.

e Any vertex v occurring in the block of a node in some subtree T} ¢ and in x(b) must also occur in x(b'). By
the same argument as in the previous case, if v occurs in some node of T} ¢ but does not occur in x ('), then
v € C’. However, by the definition of 5-DECOMPOSE, we have that C’ N x(b) = ), and the result follows.

To establish conditions DT1 and DT2, note that, by the inductive hypothesis, these conditions hold for every
subtree used in the construction. Therefore, it suffices to show that

1. Every edge e of H with e N C # () is covered by some node of br(b');
2. x(brp(d)) = C.

To show that every edge e of H with e N C' # () is covered by some node of bry,(b') we note that if e N C' # (),
then, by the definition of 3-DECOMPOSE, we have two cases: either e C x(b') ore N C N C’ # () for some x(b')-
component C’. By the inductive hypothesis, if e N C’ # () for some x(b')-component C’ with C' N C' # (, then e
is covered by some node of T} ¢, and hence in some node of br, ('), by the construction of T}, . Hence, in either
case, we have the result.

To show that x(br(b')) = C we note that x(br(b')) U x(b) is the set of all vertices in the blocks of all trees
Ty o used in the construction of T ¢, together with the vertices of x(b). By the inductive hypothesis, this set
consists of all vertices in all x(b’)-components C” for which C' N C # (), together with the vertices of x(b) and
x(b'). However, every vertex of C' must either lie in x ('), or in some x/(b')-component, because, together, these
include all vertices of H. Hence x(br;(b")) U x(b) 2 C U x(b), so x(brp(d')) 2 C.

For the reverse inclusion we first note that x (b") € C'Ux/(b), by the definition of 3-DECOMPOSE. It only remains
to show that, for any x(b’)-components C” for which C’ N C' # 0, we have that C’ C C'. Assume for contradiction
that C" Z C for some x(b')-component C’ with C' N C # (). By the definition of x(b’)-connectedness, this implies
that there exists some edge e of H such thate N C’' N C # @ but e  C. In other words, there are vertices v, w € e
such thatv € ¢’ N C and w ¢ C. Since C is a x(b)-component, this implies that w € x(b), but then w € x(¥'),



because we have already established that Tj, ¢ is a join-tree. However, by the inductive hypothesis, any such e is
covered by some node of bry (b'), so w & x(b'), which yields the required contradiction.

Finally, to establish that every arc (n,n’) of T satisfies /3, note that by the inductive hypothesis 5(n,n’) holds for
every arc (n,n’) in every subtree T}/ ¢ used in the construction. Hence it only remains to show that 3(b, d’) holds,
and this follows immediately from the definition of 5-DECOMPOSE.

(<=) For the converse result, assume that H has a decomposition tree T},  with root b such that C' = x(bry(b'))
for the unique child b’ of b in T}, ¢ and every arc of T satisfies 3. We will prove by induction on the depth of T},
that 3-DECOMPOSE(H, b, C) holds.

Since the root of T, ¢ has exactly one child, ¢', the depth of T, - is at least 1.

If this depth is exactly 1, then T, ¢ = ({b,b'}, {(b,V’)}). By our assumptions about T}, -, we know that 3(b, b’)
holds. From C' = x(bry(t')) = x(b') — x(b), it follows that x(b') = x(b) U C. By condition DT1, every edge
of e which meets C' = x(bry (b)) is contained in x(b') = C U x(b'). Finally, since C C x(’), there are no
x(b')-components of H which meet C'. Hence 3-DECOMPOSE(H, b, C') holds.

Now assume that the depth of T} ¢ is greater than 1, and that the result holds in all cases where this depth is
smaller. In this case, we consider the sub-trees of T}, ¢ rooted at b’ and containing a unique child of b’ together with
all its descendants (if any).

By the definition of a decomposition tree, each of these sub-trees is itself a decomposition tree Tjs ¢ with
root b" such that x(bry (b)) for the unique child " of ¥’ is a distinct x(b')-component, C’, of H. Also, every
arc of each Ty ¢ satisfies 3. Moreover, by condition DT2 applied to the branch bry(b') of T}, ¢, we have that
the union of all these x(b')-components, together with x(b") contains C. Hence, by the inductive hypothesis, (-
DECOMPOSE(H, b/, C") holds for each x(b')-component C’ such that C' N C # (.

Now consider any x(b')-component C” such that C’ N C' # (). We will show that C’ C C, and so C' N x(b) =
(), because C' is a x(b)-component. Assume for contradiction that C’ ¢ C for some x(’)-components C’ with
C'"' N C # . By the definition of x(b’)-connectedness, this implies that there exists some edge e of H such that
eNC'NC # (bute € C. In other words, there are vertices v, w € e such thatv € C'NC and w ¢ C. Since C'is a
X (b)-component, this implies that w € x/(b), but then w € x(’), because T ¢ is a join-tree. However, by condition
DT1 any such e is covered by some node of a branch out of ¥’, so w ¢ x(b'), which gives the required contradiction.

By condition DT1, every edge e of H which meets C' is covered in some node of bry(b'), so either e C x(b'), or
else e is covered by some node of bry (b”) for some child b” of ¥'. In the latter case, by condition DT2, e C x(b")UC’
for some x (b')-component C’" = C'r prry.

By condition DT2 applied to the branch bry, (') of T}, ¢, we have that x(b") — x(b) C C, so x(b') C x(b) U C.

Finally, by our assumptions about 7}, ¢, we know that 3(b, b’) holds.

Putting all these observations together, we have established that 3-DECOMPOSE(H, b, C') holds. O

In Theorem 4.13, we considered trees where the root b has a unique child, corresponding to a particular x(b)-
component. The final construction step consists of considering all x (b)-components, and merging the corresponding
trees into a single tree at their common root. This then yields the following corollary.

Corollary 4.14 A hypergraph H has an acyclic guarded cover = which has a decomposition tree in which every
arc satisfies 3 if and only if there is some guarded block b € = such that 3-DECOMPOSE(H, b, C) holds for each
x(b)-component C.

Proof: (=) First assume that a hypergraph H has an acyclic guarded cover = which has a decomposition tree 7" in
which every arc satisfies 5. Let b be the root of T', and let C' be a x(b)-component. Then, by DT2, C' = x(bry())
for some child b’ of b. Clearly, the tree T;, ¢ obtained by deleting all other children of b from T satisfies the conditions
of Theorem 4.13. Hence, 5-DECOMPOSE(H, b, C) holds.

(«<=) Now assume that there is some guarded block b € = such that 5-DECOMPOSE(H, b, C') holds for each
X (b)-component C'. If there are no such components, then the single block b is already an acyclic guarded cover for
H. Otherwise, by Theorem 4.13, there exists a decomposition tree T}, ¢ with root b such that C' = x(br,(b’)) for the
unique child &’ of bin T}, ¢ and every arc of T}, ¢ satisfies 3. We construct T by linking all trees T}, ¢ at their common
root b. By DT1, the nodes of 7" form a guarded cover. As in the proof of Theorem 4.13, it is straightforward to show
that 7" is a join tree, whence acyclicity. It follows that 7" is a decomposition tree in which every arc satisfies 3. 0O



The time required to establish that 5-DECOMPOSE(H, b, C') holds, and hence compute a decomposition tree if
one exists, depends on the time required to enumerate the elements of 3, which will be denoted |(].

Theorem 4.15 Let H = (V. E) be a hypergraph, and let (3 be a binary predicate on pairs of guarded blocks of H.
In O(|B||E||V|?) time it is possible to decide whether H has an acyclic guarded cover = which has a decomposition
tree where every arc satisfies 3, and to construct such a cover if it exists.

Proof: By Corollary 4.14, to decide whether H has an acyclic guarded cover with a decomposition tree where every
arc satisfies it is sufficient to determine whether the predicate 5-DECOMPOSE(H, b, C') holds for some guarded
block b of H, and every x(b)-component C' of H. Moreover, by the proofs of Theorem 4.13 and Corollary 4.14, if
all such 5-DECOMPOSE(H, b, C) hold, then we can construct such a guarded cover by considering all the guarded
blocks b’ chosen in all the trees of recursive calls.

By storing the results, we can ensure that 5-DECOMPOSE(H, b, C') only needs to be evaluated once for each
choice of b and C. Furthermore, we only need to consider guarded blocks b for which (b, ') holds for some &', and
in the evaluation of 5-DECOMPOSE(H, b, C') we only need to consider b’ for which 3(b,b’) holds. For each such
pair b, b’, we can pre-compute all the x(b)-components and x (b')-components in O(| E||V|log |[V'|) time, and there
are at most O(|V|) such components. Taking into account that set operators and comparisons take O(|V|) time, all
of the necessary evaluations of 3-DECOMPOSE can be carried out in O(|3|| E||V'|?) time. O

In view of this result, we shall focus in the rest of the paper on methods to find acyclic guarded covers with a
decomposition tree where every arc satisfies 3, for some binary predicate 3 such that the time required to enumerate
the elements of 3 is polynomial in the size of H. We have shown that these conditions are sufficient to ensure that
the decompositions we consider have the tractable-discovery property.

S Existing Decomposition Methods

We will now show that many existing decomposition methods for the CSP can be defined in terms of finding acyclic
guarded covers using specified sets of guarded blocks.

In the examples below we explicitly show, by finding a suitable predicate § in each case, how we can use the
algorithm of the previous section to tractably discover (sometimes slight generalisations of) many of these known
decompositions.

We first note that, for historical reasons, some existing decomposition methods for the CSP make use of extended
guards that contain both vertices and hyperedges. To be able to present all of these methods in a uniform way we
introduce the idea of transforming a CSP instance by adding a unary constraint c,, for each variable v, where
Cy = <{v}, {v}P > This corresponds to extending the structure of the instance to ensure that it includes a hyperedge
for each variable.

Definition 5.1 Let H = (V, E) be any hypergraph. A guarded cover for the hypergraph (V, E U {{v} |v € V'})is
called an extended cover for H.

The following result shows that the existence of an extended cover of width k is equivalent to the existence of a
standard guarded cover of width k. This means that extended covers are simply a notational convenience and do not
allow better decompositions.

Proposition 5.2 If a hypergraph H has an acyclic extended cover of width k, then H also has an acyclic guarded
cover of width at most k with at most the same number of guarded blocks.

Proof: Let = be an acyclic extended cover for a hypergraph H. Now replace every hyperedge in every guard with
some hyperedge of [ that includes it.

Since this process preserves all of the existing blocks, it is clear that the new set of guarded blocks obtained
in this way is an acyclic guarded cover of the same or lower width, with the same number of guarded blocks (or
possibly fewer). 0

Also for historical reasons, the width of some decompositions has been defined to be the maximum number of
vertices occurring in any block of any guarded block. However, this measure hides the fact that, in order to compute
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the generated constraints, we have to compute the relational join of the edges in the guard. In fact, whenever we have
an acyclic guarded cover with vertex-width & we can easily construct an acyclic guarded cover with (hyperedge)
width bounded by £, as the next result makes clear.

Proposition 5.3 If a hypergraph H has an acyclic guarded cover with at most k vertices in any block, then H also
has an acyclic guarded cover of width at most k with at most the same number of guarded blocks.

Proof: Let = be an acyclic guarded cover of H with at most k vertices in any block. For each guarded block (), x)
of =, and for each vertex v in x, choose some hyperedge e,, € H such that v € e,,. Now replace each guarded block
(A, x) with the guarded block ({e, | v € x}, x). It is clear that the width of this new guarded block is bounded by
X[

Since we are keeping all of the existing blocks it is clear that the new set of guarded blocks is still an acyclic
guarded cover. 0

We also note that many existing decomposition methods are based on guarded covers in which every block is
exactly the union of the edges of its guard.

Definition 5.4 A guarded block b is edge-defined if its block is exactly the set of vertices contained in the hyperedges
of its guard, i.e., if x(b) = (UA(D)). A set of guarded blocks is edge-defined if all of its guarded blocks are edge-
defined.

Unfortunately it has been shown that the class of edge-defined acyclic guarded covers” does not have tractable
discovery.

Theorem 5.5 [12] Forany k > 3 it is NP-hard to discover whether a hypertree has an edge-defined acyclic guarded
cover of width at most k.

However we can easily show that those edge-defined acyclic guarded covers with tree decompositions do give us
a tractable decomposition method.

Proposition 5.6 For any fixed k, the class of CSP instances whose structure has an edge-defined acyclic guarded
cover of width k with a decomposition tree is a tractable structural class.

Proof: The number of edge-defined guarded blocks of width & for a hypergraph H = (V, E) is simply the number
of distinct subsets of & edges, C,LEl, which for any fixed k is polynomial in the size of H, and this collection of
subsets can be enumerated in polynomial time.

Hence, if we define 3 to be the predicate that holds for all pairs of edge-defined guarded blocks of H of width at
most k, then the result follows from Theorem 4.15. O

We now characterise many known structural decomposition methods in terms of a corresponding class of acyclic
guarded covers where the elements are chosen from a specified set (see [10] for traditional definitions of the known
decomposition methods).

For each of the examples except hypertrees we show that if H has a decomposition of width k, then this it has a
decomposition of width k& with a decomposition tree. In order to do this we use the following simple proposition.

Proposition 5.7 Let = be any acyclic guarded cover of H. If, for any p,p’ € Z, the set of vertices (x(p) — x(p')) is
X(p')-connected, then = has a decomposition tree.

Proof: Let T be any rooted join tree of =. Suppose that 7" has a node p with child s where x(br,(s)) is more than
one x(p) component, say C1, ..., C,. We modify T by replacing this branch with a collection of branches.

Fori=1,...,r, the ith new branch 7; has nodes {r € br,(s) | x(r) N C; # 0}.

The last new branch Tj has nodes {r € br,(s) | x(r) € x(p)}.

The parent of r in any 7; is the first element of 7; on the path from 7 to sin 7T'.

Clearly we still have an acyclic cover as we have not changed the set of guarded blocks. To see that the new tree
is a join tree observe that the blocks from any two nodes from distinct 7; must intersect inside x(p).

We perform this process once for each non-leaf node of 7" and we obtain a decomposition tree for =. O

2In the literature edge-defined acyclic guarded covers have been called pure query decompositions [12].

11



Example 5.8 A biconnected-component [9] decomposition of a hypergraph is an edge-defined acyclic complete
guarded cover, =, satisfying the following articulation condition:

Vbi,ba € E, (b1 # b2) = [x(b1) N x(b2)] < 1.

It is trivial that any biconnected-component decomposition of H satisfies the conditions for Proposition 5.7, and so
has a decomposition tree.

It follows from this that biconnected-component decompositions can be tractably discovered using the algorithm
described in Section 4 by choosing the predicate [ that allows all pairs by, b of edge-defined guarded blocks of
width at most & such that |x(b1) N x(b2)] < 1. O

Example 5.9 A cycle-hypercutset [10] decomposition of a hypergraph H = (V, E) is an edge-defined acyclic
complete guarded cover, =, satisfying the following simplicity condition:

ICCE, YY) EE, (CCA A (A=C|<1).

We first show that the existence of a cycle-hypercutset decomposition of this kind is equivalent to the existence of
a cycle-hypercutset, where a cycle-hypercutset of a hypergraph H = (V, E) is defined to be a set C' C E such that
He = (V- (UC),{e — (UC) | e € E}) is acyclic.

To see this equivalence, assume that C' is a cycle-hypercutset of H and let 7" be a join tree of Ho. Label each
node e — (UC) of T with the edge-defined guarded block whose guard is {e} U C. This defines a rooted tree of
guarded blocks which satisfies the join-tree condition and is a complete guarded cover of H.

Conversely, suppose that there is some C' such that the set of edge-defined guarded blocks with guards {{e}UC |
e € E} is an acyclic cover of H. Let T be a join tree for this set. It is clear that replacing the guarded block defined
for e by the set of vertices e — (UC') defines a join tree of He, so He is acyclic and C' is a cycle-hypercutset.

It is trivial that any cycle-hypercutset decomposition satisfies the conditions for Proposition 5.7, and so has a
decomposition tree.

However, it is not completely straightforward to discover cycle-hypercutset decompositions using the algorithm
in Section 4, because the simplicity condition defined above becomes local only once we fix C. One possible
approach is to run this algorithm for each C' C E with |C| < k (which is at most polynomially often) and, in each
run, define a predicate B¢ which holds for all pairs of edge-defined guarded blocks, b, of width at most & such that
C C A(b) and [A(b) — C| < 1.

Another approach is to note that cycle-hypercutset decompositions can be extended to a more general tractable
class of decompositions, by defining a single predicate (3 which holds for all pairs of edge-defined guarded blocks,
b1, ba, of width at most &, such that [A(b;) — A\(bg)| < 1. O

Example 5.10 A cycle-cutset [7] decomposition of a hypergraph H is an edge-defined acyclic extended guarded
cover, =, satisfying the following simplicity condition:

ICCV, VIux) €, ({{z}lzeCCAN A (N-{{z}|zecC} <)

An analogous proof to that for cycle-hypercutsets (Example 5.9) shows that the existence of a cycle-cutset decom-
position of this kind is equivalent to the existence of a cycle-cutset, where a cycle-cutset of a hypergraph H = (V| E)
is defined to be a set C' C V such that Ho = (V — C,{e — C' | e € E}) is acyclic.

It is trivial that any cycle-cutset decomposition satisfies the conditions for Proposition 5.7, and so has a decom-
position tree.

As with cycle-hypercutsets (Example 5.9), we can obtain a cycle-cutset decomposition in polynomial time using
the algorithm defined in Section 4 by running the algorithm for each C' C V with |C| < k, and in each run,
defining a predicate Jc which holds for all pairs of edge-defined guarded blocks, b, of width at most k£ such that
{{z} |z € C} C A(b) and |A(b) — {{z} |z € C}| < 1.

We note that cycle-cutset decompositions can also be extended to a more general tractable class of decomposi-
tions, by defining a single predicate 3 which holds for all pairs of extended edge-defined guarded blocks, by, b, of
width at most &, such that all but at most one of the elements of A(b1) and of A\(b3) consist of single vertices and
|A(b1) — A(b2)] < 1. O
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Example 5.11 A hinge-tree [14] decomposition of a hypergraph H is an edge-defined acyclic complete guarded
cover, =, satisfying the following separation condition:

Vbi,by € E, (b1 7& bg) = (36 S )\(bl), X(bl) N X(bg) - 6).

The standard definition of a hinge-tree [14] is an acyclic cover of edge-defined guarded blocks with a join tree T’
which satisfies, for each arc (b1, by) of T,

de € )\(bl) N )\(bQ), X(bl) N X(bg) Ce. (1)

We will first establish that the existence of a hinge-tree 1" implies the existence of a hinge-tree decomposition
as defined here. Since T is a join tree, it follows that, for every pair b; and bs of distinct nodes, we have that there
exists e € A(by) such that x(b1) N x(b2) C e, so the set of nodes of T satisfies the separation condition above and so
forms a hinge-tree decomposition.

On the other hand, if we have a hinge-tree decomposition = with join tree 7', not all arcs need satisfy Equation 1.
However, we will now show that by adding certain additional guarded blocks to 7', we can transform it to a new join
tree 7" with the same width' that does satisfy Equation 1.

For any arc (b1, bo) of T' which does not have Property 1 we use the separation condition twice to obtain edges
e1 € A(b1) and ez € A(b2) such that x(b1) N x(b2) C e and x(b1) N x(b2) C e2. Then we simply add the
edge-defined guarded block with guard {e1, e} and insert it into the join tree T between by and bs.

Hence we have shown that for any k£ > 2 the existence of a hinge-tree decomposition of width % as defined here
is equivalent to the existence of a standard hinge-tree whose largest guard contains k edges.

We now show that we can transform any hinge-tree decomposition of width % to a hinge-tree decomposition of
width at most k with a tree decomposition.

It was shown [14] that we can transform the decomposition so that each hinge is minimal without increasing
the width. This means that each hinge p of the transformed decomposition has no separating edge. We reformulate
this as the fact that for every hyperedge ¢ € A(p), the set x(p) — e is e-connected. Let p and p’ be two hinges
of the decomposition. From the separation condition we know that there exists a hyperedge ¢ € A(p) such that
x(@) Nx(p') Ce. Sox(p) — x(p') is indeed connected with respect to x(p').

So, if we have a hinge-tree decomposition of width £ we also have a hinge-tree decomposition of width at most
k which has a decomposition tree.

It follows from this that hinge-tree decompositions can be discovered using the algorithm described in Section 4
by choosing the predicate 3 on pairs of edge-defined guarded blocks which is defined as follows:

ﬁ(bhbg) déf 361 € )\(bl),eg € )\(bg)7 X(bl) ﬂx(bg) CerNes.

We remark that the width of a hinge-tree composed of minimal hinges (with respect to inclusion) is an invariant of a
hypergraph called the degree of cyclicity [14]. 0

Example 5.12 A query decomposition [4] of a hypergraph H = (V, E) is a pair (=, T) where = is a complete
edge-defined acyclic extended cover of H, and T is a join tree of = that satisfies the following connectedness
condition on the guards:

Vee E, {(\x) €E|ee€ A}isconnectedin T.

Unlike the decomposition methods discussed earlier, this is not a local condition that can be captured by choosing a
suitable binary predicate (. Indeed, determining whether H has a query decomposition of width 3 is known to be
NP-hard [12]. O

Example 5.13 A hypertree decomposition [11, 12] of a hypergraph H is a pair (=, T), where Z is an acyclic
guarded cover and T' = (NN, A) is a rooted join tree of Z, which satisfies the following descendant condition:

V(b,b') € A, ((UA(D)) N x(bry (b)) = 0.

Note that any edge-defined acyclic guarded cover satisfies this condition, but the guarded blocks of a hypertree
decomposition are not required to be edge-defined.

It was shown in [12] that hypertree decompositions can be tractably discovered using a recursive algorithm
similar to the one defined in Section 4 above. The minimum width of any hypertree decomposition of a hypergraph
H is called the hypertree width of H. 0

!Provided the width of the original decomposition is at least 2.
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In view of Example 5.13, a rooted join tree for an arbitrary acyclic guarded cover is often called a generalised
hypertree [13, 1, 2]. We have avoided this terminology here, and instead used the term “acyclic guarded cover”, for
two reasons: in order to emphasise the set of guarded blocks itself (rather than a particular choice of rooted join tree
for it) and in order to indicate that a hypertree decomposition is just one of several possible specialisations of the
general concept of acyclic guarded cover.

6 Comparing Decompositions

The relative strengths of different decomposition techniques derived from acyclic guarded covers can be compared
using the measures developed by Gottlob et al [10].

The class of hypergraphs having a guarded cover with width at most &k in some fixed class A, will be denoted
C(AK).

Definition 6.1 Let Ay and As be any two classes of guarded covers. We say that A, generalises A\, if there exists
a nonnegative constant ¢ > 0 such that, for every k, C(Aq, k) C C(Aq1,k + ¢).

We say that /A1 strongly generalises A5 if A, generalises Ao, and there exists k for which there does not exist |
with C(Al, k‘) - C(AQ, l)

In Section 5 we discussed the class of all edge-defined acyclic guarded covers. It is clear that this class generalises
all the earlier edge-defined decompositions with additional conditions described in Section 5. Since any edge-defined
acyclic guarded cover has an associated hypertree, this yields a direct proof of the fact (see Theorem 23 of Gottlob
et al. [10]) that hypertrees generalise each of these earlier decompositions, including query decompositions. (This is
perhaps surprising, since hypertree decompositions are tractable to discover for any bound k on the width, whereas
it is intractable to determine whether a hypergraph has a query decomposition, or an edge-defined acyclic guarded
cover, of width at most 3, as has been shown by Gottlob et al. [12].)

To the best of our knowledge, however, it is still an open problem whether hypertrees strongly generalise the
entire class of edge-defined acyclic guarded covers.

In Section 7, we will introduce a new class of decompositions which we call spread-cut decompositions. As
with hypertree decompositions, spread-cut decompositions are not edge-defined, they rely on the existence of a par-
ticular rooted tree. Spread-cut decompositions strongly generalise the biconnected-component, cycle-cutset, cycle-
hypercutset and hinge-tree decompositions described in Section 5. They also generalise the class of edge-defined
acyclic guarded covers which have tree decompositions.

It has recently been shown that the hypertree width of any hypergraph is at most three times the minimal pos-
sible width of any acyclic guarded cover [2]. It follows that hypertrees cannot be strongly generalised by any class
of acyclic guarded covers. Notwithstanding this result, we will show in Section 7 that, for some families of hyper-
graphs, the minimal width of a spread-cut decomposition is smaller than the hypertree width by some constant factor.
Such an improvement allows the corresponding instances to be solved exponentially faster than by using hypertree
decompositions.

7 Spread Cuts

Definition 7.1 A guarded block b of a hypergraph H has unbroken components if each x (b)-component of H meets
(has non-empty intersection with) at most one (UA(b))-component of H.

Example 7.2 Consider again the hypergraph H 4 defined in Example 2.5 and illustrated in Figure 1.

Now consider the guarded block b = (A, x) with A = {eq,e6} and x = {3,6,7,9,10}. It was shown in
Example 4.9 that H has two x-components, {4,5} and {1, 2,8}, and two (UMX)-components, {4,5} and {1,8}.
Since each x-component meets (has non-empty intersection with) exactly one (U))-component, it follows that b has
unbroken components.

This special property of b relies on x being “large enough”. If we instead set x = {3, 7,10}, then it was shown
in Example 4.9 that H has just one x-component, {1,2,4,5,6,8,9}, and this meets both (U\)-components, so in
this case the guarded block would not have unbroken components. O
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In general, the number of guarded blocks of a given hypergraph which have unbroken components is not polyno-
mially bounded. For example, any guarded block (), x), where A contains all of the edges of the hypergraph (V, E),
has no (UX)-components, and so has unbroken components, whatever choice is made for x (and in this case there
are 2!V'I choices for y).

Hence, if we are to use the algorithm 3-DECOMPOSE, defined in Section 4, to discover decompositions into
guarded blocks with unbroken components, then it will necessary to impose further conditions on the guarded blocks
that we allow in these decompositions in order to ensure tractability. To describe these additional conditions we will
now define the notion of a label for the vertices in a set of edges.

Definition 7.3 Let A be any set of hyperedges of a hypergraph H = (V, E).

We define the label, Ly (v), of any vertex v € (UX) to be a pair, where the first component is the set of (U))-
components which meet (have non-empty intersection with) a hyperedge containing v, and the second component is
the the set of hyperedges of X which meet v.

That is,

La(w)[1] ={C | C is a (UN)-component,Je € E;e N C # D, v € e},
Ly(w)[2] ={ee€A|veEe}

Example 7.4 Consider again the hypergraph H 45 defined in Example 2.5 and illustrated in Figure 1. If we set
A = {ez, €6}, then (UN) = {2,3,6,7,9, 10}, and we have:

Lx2) = {{1,8}}{e2});

Lx@3) = ({{4,5}} {e2});

Lx(6) = ({{4,5}}.{es});

La(7) = {{1,8}}{es});

Ly(9) = <{{178}7{475}}7{62}>;
Lx(10) = ({{1,8},{4,5}},{ec}) -

Definition 7.5 We say that a guarded block (), x) b respects labels if
Yo,w € (UN), (v € xand Ly(w) = Ly(v)) = w € x.

Proposition 7.6 For any fixed k and any hypergraph H = (V, E), the set of guarded blocks of H with width k which
have unbroken components and respect labels can be enumerated in polynomial time in the size of H.

Proof: If a guarded block (A, x) respects labels, then no vertex in x has the same label as a vertex in (UX) — x.
Hence, the vertices in (U\) — x are precisely the set of all vertices which have labels in some fixed set £ (which may
be empty).

Moreover, if (), x) also has unbroken components, then £ only contains labels whose first component contains
at most one element. In fact, for each edge e € A we can choose a (UX)-component, C., such that

L - {<@7l2> | 12 - )\}U {<C€7l2> | 12 - )\,6 S l2}

There are at most |V| choices for each of the k sets C,, so all possible choices for £ can be enumerated in

O(|[V|F22*+%2")) time. Furthermore, each possible £ has size at most 2+,

Hence to enumerate all such guarded blocks of width k£ we can simply run through all the subsets A of F with
at most & edges, and all possible choices for £, set x = {v € (UX) | Lx(v) & L}, and output all those pairs (X, x)
which have unbroken components. An algorithm to do this is shown in Figure 3.

To analyse the time complexity of this algorithm we make the following observations:

e There are (| E| + 1)* choices for \ in the outer loop.

e Step 2 (calculating (U))-components) can be completed in O(|V|3) time.
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e Step 3 (labelling the vertices) can be completed in O(| E||V|?) time.

e There are O(|V[F2(2"+k2")) choices for £ in the inner loop.

e Step 5 (choosing vertices of x) can be completed in O(2%|V|?) time.

e Step 6 (checking for unbroken components) can be completed in O(|V']3) time.

Hence this algorithm can be completed in O((|E| + 1)¥|V|¥+22(2*+k2") (2% 1 |V/|)) time, which is polynomial in
the size of H (for fixed k). O

Definition 7.7 A spread-cut decomposition of H is an acyclic guarded cover = with a decomposition tree, where
every guarded block in Z has unbroken components and respects labels®.

Combining Theorem 4.15 and Proposition 7.6 gives the following corollary.

Corollary 7.8 For any fixed k, the class of CSP instances whose structure has a spread cut decomposition of width
at most k is a tractable structural class.

Example 7.9 Consider again the hypergraph H 4 defined in Example 2.5 and illustrated in Figure 1.
It is straightforward to verify that the following set of guarded blocks is a spread-cut decomposition of H 44 of
width two, as illustrated in Figure 4:

{ ({es,es}.{3,4,5,6,9,10}),
{{ea,€6},{3,6,7,9,10}),
({es,er},{3,7,8,9,10}),
({ea,e8},{1,2,3,8,9,10}) }.

However, the minimal width of any hypertree decomposition of H 4 is three*. 0
Proposition 7.10 Any edge-defined guarded block has unbroken components and respects labels.

Proof: Let p be an edge-defined guarded block of some hypergraph H. Since x = (UA), the set of x-components is
equal to the set of (U\)-components, and each of these components is disjoint, so each y-component meets exactly
one (UX)-component, and p has unbroken components.

Furthermore, there is no vertex in (UX) — , so p respects labels. O

Corollary 7.11 Spread-cut decompositions generalise the biconnected component, cycle-cutset, cycle-hypercutset
and hinge-tree decompositions described in Section 5. They also generalise the class edge-defined acyclic guarded
covers which have tree decompositions.

In fact, we have the stronger result that spread-cut decompositions strongly generalise the biconnected compo-
nent, cycle-cutset, cycle-hypercutset and hinge decompositions described in Section 5. To establish this we simply
refer to the proofs of strong generalisation given by Gottlob et al [10] and observe that every hypertree decomposition
used to establish strong generalisation in that paper is also a spread-cut decomposition.

We now give an example of a family of (quite small) hypergraphs H,, for n = 1,2, ... where each H, has a
spread-cut decomposition of width 2n + 1, but hypertree width 3n.

3Note that this definition is different from the definition originally given in [5]. In fact, the definition given in [5] may be too weak to ensure
the tractable discovery property.
4This is most easily shown by using the “Robbers and Marshals” characterisation of hypertree width [13].
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Types:
H = (V, E) is a hypergraph; k is a positive integer.

GBENUMERATE(H, k)
1. For each A C F with |\| < k:
2. Calculate the set of (U\)-components of H;
Label each vertex v € (UM);
For each suitable set of labels £:
Set x :={v € (UX) | La(v) &€ L};
If (), x) has unbroken components, then output (\, ).

SAAIE IS

Figure 3: Definition of the procedure GBENUMERATE

Figure 4: The spread cut defined in Example 7.9 for the hypergraph H 4 defined in Example 2.5
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Example 7.12 For each positive integer n we define a hypergraph H,, as follows.
The set of vertices of H.,, is the union of five disjoint sets:

K={k|li=1,...,2n}
K ={klli=1,...,2n}
S={sili=1,...,n}

S ={si]i=1,...,n}
B:{bi’j|7;7j:17...,2n}

The set of hyperedges of H,, includes the following sets of binary edges, together with binary edges® linking
each vertex in B to each vertex in K U K’ U S U S":

{{kikj} i #g, i,5=1,...,2n}
HkLE Y li# 4, i, =1,...,2n}
{ki,sj}li=1,...,2n, j=1,...,n}
Uk, s [i=1,...,2n, j=1,...,n}
The hypergraph H,, also contains the following (non-binary) hyperedges:
{ej = {bi)j,kj,kn+j |7;= 1,2,...,2n} |]: 1,2,...,’)1}
{ei ={bij, ki knpi [7=1,2,....2n} |i=1,2,... ,n}
{fz = {bi+n,j;5i |]: 1327-'-3277'} | i= 132;---377'}
Ui =Abijn, sy 1i=1,2,....2n} | j =1,2,...,n}
The hypergraph H; is illustrated in Figure 5.
Now consider the following set of guarded blocks of H,,, which we will denote =,,:

{{e1,-.ven, fi,o s £l {kissj} 1, BUKU{s;}) |[i=1,...,2n, j=1,...,n}
U
{<{e’1,...,e;l,f17...,fn,{k‘g,s;-}},BUK’U{s;D |i=1,...,2n, j=1,...,n}
The set =, is illustrated in Figure 6
The width of =,, is clearly 2n+1, since each guard contains 2n+-1 hyperedges. Furthermore, it is straightforward
to verify that =,, is an acyclic guarded cover for H,, which has a decomposition tree.
Now consider the x-components and (UA)-components of the guarded blocks (A, x) € Z. By symmetry, we
only need to do this for one guarded block, for example:

Ax)={ersven f1, o ok, s}, BUK U {s1}) .

With this choice of A and x, the (U\)-components of H,, are {s;},j = 2,...,n and K’. The y-components are
{sj},j = 2,...,nand K’ U S’. Hence each y-component meets exactly one (UX)-component, so this guarded
block has unbroken components.

Now consider the labels of the elements of (U)):

La(s1) = (0, {ei;{k1,51}});
La(k) = ({si}1i=2,....n} {ei, {k1,s1}});
YweeNK —{ki}, La(v) = {{s;}|j=2,...,n},{e})

YweeNB, Lyv) = ({{s;}|j=2,...,n}U{K'},{e;});

Vv € finB, La(v) {H{sih1d=2,....n U{K} {fi});

Vv e fins', La(v) (KDALY -

The vertices of (UX) — x are precisely the vertices of S/, so we have shown that this guarded block respects
labels.

Hence we have shown that =,, is a spread-cut decomposition of H,, of width 2n + 1. However, we will show in
Proposition 7.13 that the hypertree width of H,, is at least 3n. 0

SNote that all of the edges of H,, defined so far are binary, which means that we have so far defined a graph G,,, which can be described in
graph-theoretic terminology as follows. Let K2, denote the complete graph on 2n vertices, Sy, denote the empty graph on n vertices, By,,2
denote the empty graph on 4n? vertices, and let G' 1 G’ denote the graph join of graphs G and G”, (that is, the graph constructed by joining
each vertex in G to each vertex in G’). Then we have that G, = ((Ka2p, 04 .Sp) W (Ka2p 1 Sy)) 04 By,,2.
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Figure 5: The hypergraph H; defined in Example 7.12. (Edges totally contained in other edges are not shown.)

Figure 6: The spread-cut decomposition =; defined in Example 7.12 for the hypergraph H;
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Proposition 7.13 The hypertree width of the hypergraph H,, defined in Example 7.12 is exactly 3n.

Proof: We first define the following subsets of the edges of H,,:

def
F = {617"'7€n7f]/_7""f1/7,}

ol {€l, - s, fiye oy fn}
The two edge-defined guarded blocks whose edge sets are F'U {{k1,s;} | j = 1,...,n} and F" U {{k}, s} | j =
1,...,n} form an acyclic guarded cover of H,, of width 3n. Since any edge-defined acyclic guarded cover has an
associated hypertree, we have shown that the hypertree-width of H,, is at most 3n.

We will now show that there are no width 3n — 1 hypertree decompositions of H,,.

It has been shown (Proposition 18, Page 262 of Gottlob et al. [10]) that a hypergraph H has a hypertree de-
composition of width 3n — 1 if and only if it has a normal-form hypertree decomposition of width 3n — 1. The
definition of a normal-form hypertree decomposition, given in Definition 17, Page 262 of Gottlob et al. [10], may
be reformulated as follows: a hypertree decomposition (=, T') is in normal form if T is a decomposition tree whose
root is edge-defined, and whenever p is the parent of s in 7', x(s) = (UA(s)) N (x(p) U x(br,(s))).

Let T" be a decomposition tree of any width 3n — 1 acyclic cover = of H,,. It will be enough to prove that
(2, T) is not a normal-form hypertree decomposition of H,,. Hence in the rest of this proof we shall assume, for
contradiction, that (=, T') is a normal-form hypertree decomposition of H,,.

We first make two straightforward observations about the guarded blocks in =:

e Ifp e =Zand B € x(p) then pis aleaf of T

This is because every vertex of H,, is directly connected to every vertex in B — x(p), so H,, has at most one
X (p)-component, and hence T has at most one branch out of p.

e If p € Zand B C x(p), then either F' C A(p) or I’ C A(p).

This is because if F* Z A(p), then there are at least 2n vertices of B not covered by edges of F'. Each hyperedge
of H,, not in F' meets at most one of these vertices, so we must have at least 2n hyperedges in A(p) — F, so
[A(p) N F| < n — 1. By symmetry, we also have that if F" € A(p), then |A(p) N F’| < n — 1. It follows that
there are at least (n + 1)? vertices of B not covered by A(p) N (F U F”). Since (n + 1)? > 3n for any n > 1,
these vertices cannot be covered by the remaining edges of A(p), so B Z x(p).

Assume first that there is no guarded block of = whose block includes B. In this case, each guarded block of =
is a leaf of T', by the observation above, so |Z| < 2. If we choose any p € Z, then, by assumption, there is some
x € B — x(p). All of the binary edges of H,, containing x must be covered in the only remaining guarded block, p/,
of 2,50 x(p') 2 KUK'USUS'. However, | K U K’'USUS’| = 6n, no hyperedge of H,, contains more than two
vertices of K U K’ U S U S, and |A\(p)| < 3n — 1, so it is impossible for any such = to cover all edges.

Hence we may assume that some guarded block of = includes all the vertices of B in its block. The nodes of
= with this property form a connected subtree of 7', so we can choose a unique p € Z such that B C x(p) and p
has no ancestor with this property. By the observation above, and by symmetry, we can also assume without loss of
generality that F' C A\(p).

We will now show that p is edge-defined. If p is the root of 7' then it is edge-defined by the definition of normal
form. Otherwise the parent s of p is a leaf (by the choice of p and the fact that all non-leaves must include B in their
block). So s must be the root of T', and p must be its unique descendant. In this case x(p) = (UA(p)) N (x(s) U
x(brs(p))) because (E,T') is in normal form. Since x(s) U x(brs(p)) includes all vertices of H,,, we again see that
p is edge-defined.

The set A(p) — F contains at most n — 1 hyperedges, and so cannot cover all of K'. Lety € K’ — x(p). None
of the edges of H,, in the set {y} x (B U K’ U S") are covered by p. Furthermore, these edges are x(p)-connected
in H,,, and T is a join tree of an acyclic cover, so all of these edges are covered by guarded blocks in a single branch
out of p. Let s be the neighbour of p in this branch.

If B Z x(s) then, as before, s is a leaf and this branch cannot cover all these edges, so T is not a cover. Hence
we may assume that B C x(s), which implies that either F' C A(s) or F/ C A(s), by the observation above.

Furthermore, since T’ is a join tree, there cannot be an edge from x(br,(s)) — x(s) to x(p) — x(s), so we know
that K’ C x(s), and hence F’ C x(s).
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The set A(s) — F’ contains at most n — 1 hyperedges, and so cannot cover all of S’. Hence x(s) cannot cover
all hyperedges in {y} x S’. Any such edge not covered joins x(br,(s)) — x(s) to x(p) — x(s), and so cannot be
covered below s because 7' is a join-tree.

Hence the guarded blocks of = cannot cover all edges of H,,, which gives the required contradiction. O

8 Conclusion and Discussion

We have introduced the general notion of a guarded decomposition and shown how it can be used to describe many
known tractable structural subproblems of the CSP. We have then defined a new form of decomposition, the spread-
cut decomposition, which sits in much the same place in the generalisation hierarchy as hypertrees. We have shown
that spread-cut decompositions can be used to define tractable structural classes of the CSP and that for some classes
of hypergraphs they allow us to obtain decompositions with a smaller width than any hypertree decomposition.

A number of open questions remain:

o Is there a family of hypergraphs for which the hypertree width is smaller than the width of the best spread-cut
decomposition by some constant factor?

e Do hypertree decompositions strongly generalise the class of all edge-defined acyclic covers?

e Do spread-cut decompositions generalise the class of all edge-defined decompositions?

e Can the conditions on spread-cut decompositions be relaxed? In particular, does the existence of any acyclic
guarded cover where every guarded block has unbroken components guarantee the existence of a spread-cut
decomposition with the same width?

It is somewhat surprising that we can achieve nearly the same generalisation results as hypertrees with a decompo-
sition that only allows polynomially many distinct guarded blocks for any hypergraph. More surprising still is that
we have shown that these spread-cut decompositions can have arbitrarily smaller width than the best edge-defined
decomposition. We believe that this is still an open question for hypertree decompositions.

References

[1] I. Adler. Marshals, monotone marshals, and hypertree-width. Journal of Graph Theory, 47(4):275-296, De-
cember 2004.

[2] I. Adler, G. Gottlob, and M. Grohe. Hypertree-width and related hypergraph invariants. In Proceedings of the
3rd European Conference on Combinatorics, Graph Theory and Applications (EUROCOMB’05), volume AE
of DMTCS Proceedings Series, pages 5—10, 2005.

[3] C. Beeri, R. Fagin, D. Maier, and M. Yannakakis. On the desirability of acyclic database schemes. Journal of
the ACM, 30:479-513, 1983.

[4] Chekuri C. and A. Rajaraman. Conjunctive query containment revisited. Theoretical Computer Science,
239(2):211-229, 2000.

[5] D. Cohen, M. Gyssens, and P. Jeavons. A unified theory of structural tractability for constraint satisfaction and
spread cut decomposition. In Proceeedings of IJCAI’05, August 2005.

[6] R. Dechter. Constraint Processing. Morgan Kaufmann, 2003.

[7] R. Dechter and J. Pearl. Network-based heuristics for constraint satisfaction problems. Artificial Intelligence,
34(1):1-38, 1988.

[8] R. Dechter and J. Pearl. Tree clustering for constraint networks. Artificial Intelligence, 38:353-366, 1989.
[9] E.C. Freuder. A sufficient condition for backtrack-bounded search. Journal of the ACM, 32:755-761, 1985.

21



[10] G. Gottlob, N. Leone, and F. Scarcello. A comparison of structural CSP decomposition methods. Artificial
Intelligence, 124:243-282, 2000.

[11] G. Gottlob, N. Leone, and F. Scarcello. Hypertree decompositions: A survey. In Proceedings 26th International
Symposium on Mathematical Foundations of Computer Science, MFCS’01, volume 2136 of Lecture Notes in
Computer Science, pages 37-57. Springer-Verlag, 2001.

[12] G. Gottlob, N. Leone, and F. Scarcello. Hypertree decomposition and tractable queries. Journal of Computer
and System Sciences, 64(3):579-627, 2002.

[13] G. Gottlob, N. Leone, and F. Scarcello. Robbers, marshals, and guards: game theoretic and logical characteri-
zations of hypertree width. Journal of Computer and System Sciences, 66:775-808, 2003.

[14] M. Gyssens, P.G. Jeavons, and D.A. Cohen. Decomposing constraint satisfaction problems using database
techniques. Artificial Intelligence, 66(1):57—-89, 1994.

[15] Ph.G. Kolaitis and M.Y. Vardi. Conjunctive-query containment and constraint satisfaction. Journal of Computer
and System Sciences, 61:302-332, 2000.

[16] A.K. Mackworth. Consistency in networks of relations. Artificial Intelligence, 8:99—118, 1977.
[17] K. Marriott and P. Stuckey. Programming with Constraints. MIT Press, Cambridge, Massachusetts, 1998.

[18] F. Rossi, P. van Beek, and T. Walsh, editors. The Handbook of Constraint Programming. Elsevier, 2006.

22



