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Problem description

We considered the following problem: Given a set of vertices V and a set of paths
P, where each path is a sequence of vertices, represent these paths somehow.

We explored representations in different dimensions and with different con-
ditions on the paths.

1-D

In this case we want a linear order of V. Possible conditions on paths:

(a) each path is increasing
(b) each path is ”monotone” - i.e. either increasing or decreasing
(c) each path is ”unimodal” - i.e. increasing for some prefix and decreasing for

the rest. Note that the prefix or suffix may be empty, so a monotone path is
unimodal.

? Work on this problem began at Dagstuhl Seminar No. 08191 “Graph Drawing with
Applications to Bioinformatics and Social Sciences”, May 2008.

Dagstuhl Seminar Proceedings 08191 
Graph Drawing with Applications to Bioinformatics and Social Sciences 
http://drops.dagstuhl.de/opus/volltexte/2008/1555
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2-D

In this case each vertex of V is represented as a point in the plane. Possible
conditions on paths:

(a) each path is increasing in x-order or increasing in y-order
(b) each path is monotone in x-order or monotone in y-order
(c) for each path there is some direction in which it is montone

Note that unimodal is also a possibility, but we didn’t yet explore that far.

Results

1-D (a)

We include this case only to point out that it is just a question of whether the
resulting directed edges form an acyclic graph.

1-D (b)

The decision version of this problem is NP-complete even for paths of lenghts
two [J. Opatrny: Total ordering problems. SIAM J. Computing 8(1):111-114,
1979].

1-D (c)

This can be tested in linear time. We eliminate the points one by one, placing
them from left to right. Suppose vertex set U remains; consider the subpaths
induced by U. As the next vertex to eliminate, choose a vertex v of U such
that no path uses v as an intermediate node. Paths may originate at v and may
terminate at v.

Claim 1: We obtain a valid solution for U by adding v at the left of a valid
solution for U-v. Proof. Adding a new origin/terminus at the left of a unimodal
path yields a unimodal path.

Claim 2: If no such v exists, then there is no unimodal ordering. Proof. We
prove the contrapositive: if there is a unimodal ordering then such a v alwyas
exists. Take a unimodal ordering and let v be the first vertex of U in this ordering.

2-D (a) (b)

We didn’t have anything on these.

2-D (c)

Observation 1. If every path has at most 2 edges, then any non-degenerate
placement of the points will do. Note that this extends to paths of 3 edges in
3-D.
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Observation 2. A monotone path is non-self-intersecting. Thus, if there is a rep-
resentation as monotone paths, then there is a simultaneous planar embedding.
The converse is not true, but if can find a simultaneous planar embedding such
that paths remain non-self intersecting even when edges are made longer, then
this is a monotone embedding.

Observation 3. (c) is more general than (b): consider 3 points a, b, c and paths
abc, bca, cab. By observation 1 any placement of points makes all paths mono-
tone. However, if we are restricted to x and y directions of montonicity, then
some 2 paths must share the x direction (say). But no two of those paths have
a 1-D monotone ordering.

Other Variant

In 1-D an interesting variant is to allow clustering: group the points into clusters
and find a linear order of clusters that makes the paths behave nicely if you ignore
what a path does inside a cluster. I believe that the unimodal algorithm extends
to the case where every cluster has some bounded size k: basically, instead of
eliminating a single point, we consider eliminating a set of k points. Correctness
should carry through, and the algorithm is poly time if k is fixed.
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